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Spaces via Wavelet Basis Expansions
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" Department of Theory of Functions, Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine, 2 Institut fir Mathematik,
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In this paper we deal with local Besov spaces of periodic functions of one variable.
We characterize these spaces in terms of summability conditions on the coefficients
in series expansions of their elements with respect to an orthogonal Schauder basis
of trigonometric polynomials. We consider a Schauder basis that was constructed by
using ideas of a periodic multiresolution analysis and corresponding wavelet spaces. As
an interim result we obtain a characterization of local Besov spaces via operators of
the orthogonal projection on the corresponding scaling and wavelet spaces. In order
to achieve our new results, we substantially use a theorem on the discretization of
scaling and wavelet spaces as well as a connection between local and usual classical
Besov spaces. The corresponding characterizations are also given for the classical Besov
spaces.

Keywords: local Besov spaces, Schauder basis, Fourier coefficients, periodic multiresolution analysis, wavelets,

scaling functions, trigonometric polynomials
2010 Mathematics Subject Classification: 42A10, 42C40.

1. INTRODUCTION

One of the crucial problems in the theory of approximation is to describe the smoothness properties
of functions by the behavior of the coefficients in their series expansions in terms of given bases or
frames. Besov spaces and their generalizations are particularly suitable for such studies. Recent
papers describing the smoothness of functions from these spaces by the decay of the coefficient
sequences are e.g., Bazarkhanov [1] for Meyer wavelets, Dinh [2] for mixed B-splines, and Hinrichs
et al. [3] for Faber-Schauder bases.

In the present paper we consider this problem for local Besov spaces of periodic functions of
one variable with respect to some orthogonal trigonometric Schauder basis. Let us first give some
motivation of our work. Let

[o¢]
Z an(f)emx
n=—o00

be the Fourier series of some function f € L3_, a,(f) the Fourier coefficients of f.

In view of the Parseval’s equality, it is easy to obtain the following result about the description of
the usual classical Besov spaces B, of periodic functions: f € BS,, & > 0, ifand onlyif f € I3,
and the norm
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Iak(f)I2> ,

a0 + 3

n=1

1<6 < o0,

sup | lao(f)| + 2™ ( >

neN 2n—l<|k|<2n

0 = oo,

is finite.

On the other hand, local properties of functions from the
Besov spaces can be investigated by expanding them in a series
with respect to the Haar basis. To give a short description of these
results let forn € N, v(n) = {k: k=0,...,2"1 —1},v(0) = {0}
be the sets of indices and {h,}, n € No, k € v(n) be the Haar
system. This system is an orthogonal Schauder basis in the space
LP([0,1]), 1 < p < o0, and for every f € LP([0,1])

D7D bur(Hhui(),

n = 0kev(n)

fx) =

in the sense of the norm of LP([0, 1]) [4, Chap. 3].
Romanyuk [5] obtained necessary and sufficient conditions

on the Fourier-Haar coeflicients b, ;(f) at which functions from

LP(]0,1]) belong to the Besov spaces. Namely, let 1 < p,0 < oo,

0 <o < 1/p thenf € B;‘ﬂ if and only if f € LP([0,1]) and the

norm

1p o\ 1/6

00
Z 2n(a—1/p+1/2)
n=20

(1.2)

> Ibax(HI?

kev(n)

is finite. In this case it is evident that the Fourier-Haar
coefficients by, (f) describe the local behavior of the function
f. Note that V. Romanyuk considered the multivariate case,
but since in the present paper we investigate functions of
one variable, we formulate his result only in the univariate
case.

Our aim in this paper is to combine these two approaches and
to describe local smoothness of periodic functions in terms of
summability conditions on the Fourier coefficients with respect
to an orthogonal Schauder basis of trigonometric polynomials
in the space L‘gn forall 1 < p < oo. The local smoothness is
understood in the sense of Besov spaces. We call these Besov-
type spaces as local Besov spaces (see Subsection 2.1 for a
definition).

Note that some results in this direction were obtained
by Mhaskar and Prestin [6]. There expansions of functions
from the local Besov spaces in series with respect to
a system of trigonometric frames were considered and

these spaces were described via coefficients of these
expansions. However, this system 1is not a Schauder
basis.

Let us sketch the main results of the present paper.
Let ¥ be a scaling function of a periodic multiresolution

analysis (PMRA) generated by de la Vallée Poussin means and
Y, n € N, be corresponding wavelets [7]. Let N, : = 3 - 2"
for n € N and Nyp: = Nj. By ¥,; we denote shifts

of Y¥r:

Yns(-): = Yy ( - %) , neNys=0,...,2N, — 1. (1.3)

n

We show that for a particular choice of v, the system {v,}
constltutes an orthogonal trigonometric Schauder basis in the
space Lz:z’ 1 < p < oo,andafunctionf € Lgﬂ can be represented
by a series (for more detailed information see Subsection 2.2)

0o 2N,—1

3N Vs,

n=0s=0

xeR, (1.4)

fx) =

converging in the norm of the space L‘g”, where the coefficient
functionals a,, s(f) are Fourier coeflicients of f with respect to the
basis {,,s}:

2
anstf) = (- ¥ns) = 5 f FYms()dx.
0

Because ¥, is even (see Subsection 2.2 for definition) and from
(1.3) we conclude that a,, s(f) can be represented in the following
way:

7f(x>wn (— —x)dx (f ) (N—)
0

where f * g means the convolution

an s(f)

2
1
(f*g) (x): = P /f(y)g(x —ydy, xeR.
0

For more information regarding trigonometric Schauder bases
we refer to Lorentz and Saakyan [8], Prestin and Selig [7], Selig
[9] and the references cited there.

Let I C R, |I] < 2m, be some segment and n € N. By
Kk (I, n) we denote the set of indices s which satisfy the properties
s = 0,...,2N, — 1 and there exists k € Z such that the point
w belongs to the segment I. For 1 < p < oo, n € Ny, and
the segment I we define the following sequence

1/p
N;/Z—l/p Z |an,s(f) |p , 1<p<oo
sex(I,n)

p = oo.

(L p): =

N,i/z max }an
sex(l,n

(1.5)
Let1] < p < oo, f € Lgﬂ,xo € [0,27),0 < a < 1,
0 < 0 < oo. Then the main result of this paper is written as
follows: A function f belongs to the local Besov spaces Bg,e (x0) if
and only if there exists an interval I C R, |I| < 2, centered at
Xo, such that the norm
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00 1/0
( > 2"90‘|cn(1,p)|9) , 0<6 < oo,
0

"=
sup 2"%|c (L, p)l, 6 = oo,

neNy
is finite.

We adopt the following convention regarding constants. The
letters C, C;, i = 1,2,..., mean positive constants which may
depend on parameters fixed for the spaces. Their values are not
necessarily the same in different parts of the text. When constants
depend on functions f, ¢ or some intervals I, we indicate this in
brackets.

The present paper is organized as follows: In Subsection 2.1 we
define the local Besov spaces and formulate their connection with
classical Besov spaces. In Subsection 2.2 we give definitions of the
orthogonal trigonometric Schauder basis that we work with and
describe expansions of functions from Lgn in a series with respect
to this basis. In Section 3 we formulate the main results of this
paper. In Section 4 we prove the main auxiliary statements. In
Section 5 we give proofs of the main results of the present paper.

2. PRELIMINARIES

As stated in Section 1, our aim in this paper is to describe the local
Besov spaces of functions f in terms of summability conditions
on the coefficients in a series expansion of f as in (1.4).

Let us first agree about the notation. As usual N is reserved
for the natural numbers, by Ny we denote the natural numbers
including 0, by Z the set of all integers and by R the set of all real
numbers.

Let1 < p < coand A C R be a Lebesgue measurable set.
By LP(A) we denote the space of functions f : A — R Lebesgue
measurable on A with the finite norm

()"
@] dt) , 1<p<oo,
Ifllap: = A 4 P

ess sup |f(1)], p = oo.
teA

When A = [0,27), we understand by LP([0,27)) the space
of functions f defined on the segment [0,27) and extended
2m-periodically to the real line with natural modification for
1/p
the norm ||flljo27)p: = (ﬁ Ozn [f(t)lpdt> . For simplicity,
by L*([0,2m)) we denote the space of 2 -periodic continuous
functions (equipped with ||f]l{o2r)0c0 @s its norm). Further,
we will write Lgﬂ instead of LP([0,27)) and ||f|, instead of
I1fl10,27),p-

2.1. The Local Besov Spaces of Functions
and Their Connection with Classical Besov

Spaces
Let us introduce the local Besov spaces Bg)g(xo) of periodic
functions. For a function f € LP(I) where I = [a,b] C R we

define the rth difference operator A} by

r

Af()y=)" (—D”"(Df(- +kt), reN, teR,

k=0

and for 0 < § < (b — a)/r we define the modulus of
smoothness by

CUI,r,p(ﬂ 8): = osups ”A{f(')”[a,b—rt?],p-

<t<

If§6 > (b —a)/r, we put

orrp(f,8): = inf||f — Plizp,

where the infimum is taken over all algebraic polynomials of
degree at most r — 1.

It will be convenient for us to use a sequential version of the
Besov spaces which we now define. For a sequence a = {a,,}52,
and numbers «,0 > 0 by ||a||g, we denote the following norm

o 1/6
ol ( > (2”"‘|an|)6> , 0<6 < oo,
allpq: =

n=20
sup 2™ |ay,|, 0 = 0.

HGNU

The notation a € by, means that the norm ||a||g 4 is finite.

Letl] < p <00,0 <6 <00, >0andr = [a] + 1. For
xo € R the local Besov space Bgﬂ (x9) is the collection of functions
f which satisfy the following properties:

(1) felb;
(2) there is a non-degenerate interval I C R, |I| < 2, centered
at xg, such that

{wl,r,p(f) 27”)}210 € bo .

The spaces Bgﬂ (x0) were considered in Mhaskar and Prestin [6].
By periodicity we can restrict ourselves to points xy € [0, 277).

In order to prove our main results, we use a connection
between the local and the classical Besov spaces of periodic
functions. Let us define these Besov spaces.

Letf € L‘;n, 1 < p < oc.For 8 > 0 we define the modulus of
smoothness by

Wplf8): = sup IOl

<t<

where, in contrast to the modulus of smoothness wy,(f, 8), the
norm is taken over the entire period of f, using the periodicity
of f in the case when the translates go outside of [0,2). Let
1 <p<ooa>00<6 < ooandrbe some integer number
greater than «.. The classical Besov space B“;‘);‘ consists of functions

fsuchthatf € Lgn and the sequence {w;“)p(f, 2’")}OQ o € bp,« for
some integer r > «. The space B;‘,Z)‘ is independentﬂof the choice
of raslongasr > « (see [10, Theorem 10.1, Chapter 2]). One can
find more information about Besov spaces in the monographs
[10, 11]. The following statement about the connection between
the two spaces mentioned above is proved in the paper [6].

Proposition A. Let 1 < p < oo, f € Lgn, a > 0,0 <
0 < o0, x9 € [0,21). Then f € B}‘;‘)g(xo) if and only if there
exists an interval I C R, |I| < 2w, centered at xy such that for
every infinitely differentiable on R function ¢ supported on I and
extended as a 21 -periodic function, the function f¢ is in BIO)‘,;.
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2.2. Expansions in a Series
Let us first give some necessary definitions. Let

V2, ~Z+Z<x<i-E
2|x|
G ) I S
81(x): = 1+(3<2M ))2’ 1T e=M=3Te 2D
0, T+E<Ixl=m,

be a coefficient function given on the segment [—, 7] and let as
above N, = 3 - 2" and M,: = 2", n € N. By ¢, we denote the
following function

Np+My

Z ke cos k-
&2, :

—Np—M,

on(): =

2Ny _

which is a modification of the de la Vallée Poussin kernel.
Let as above ¢, s denote shifts of the function ¢,:

ST
Ons(:): = @n <._N7)) neN,s =0,...,2N,, — 1.

n

In Prestin and Selig [7] it is proved that the sequence of spaces
{Va}52 |, defined as

= span{gan,s, s =0,...,2N, — 1},
provides a PMRA in L}, e, the system
{gon,s, s=0,...,2N, — 1} is a basis in the space V,;; V,, C Vyq1
for all n € N; it holds that clos; (Upen Va) = L3.. The

functions ¢, are called scaling functions of this PMRA and the
spaces V, are called scaling spaces.

The wavelet space W), which is defined to be the orthogonal
complement of V,, with respect to V41, i.e.,, W, = V41 © Vy,
is spanned by the translates of the function v, [7]:

= span{wn,s, s =0,...,2N, — 1},
where
2N, —M,
1 — km
Va(-) = (*) cos(Ny, + k)-,
=75 L, oy, ) ot
and
+7X Loy <
™ 3 =X=> 73
200 =1V ;(ﬂ(l ) (2.2)
b s b s
—I—, F<x=<2m—%,
Va6 -1))?

is a coefficient function given on the segment [—%,27 — T].
The functions 1, are called wavelets. Note that the functions g;
and g defined on the segments with lengths equal 27 can be
extended to R as 2m-periodic functions (and continuous since

sa(=m)=g(r) =0and ©(-5) =g (27 — ) =0).

For simplicity of notations we denote ¥: = ¢1, No: = N; and
forn e Ng,s=0,...,2N,, — 1,

t2N,,+s('): = Wn,s(‘)-

For f € LG» 1 < p =< o0, we define some trigonometric
polynomial operators o,. Let n € Ny, x € R and

2N,—»—1

on(f,x): = Y (ftdi(x), n=3,

k=0

2
where (f, ;) = ﬁ f f(x)tx(x)dx are Fourier coefficients of the
0

function f with respect to the basis {#;}2°_
us to put o, (f,x) =0ifn =0, 1,2.
We also use the following representation of the operators o,

o+ It is convenient for

2
1
oulfx) = 5 / FOIKn )y, (2.3)
0
2N,_,—1
where K, (x,y) = Y t;(x0)tx(y).
k=0

Using a similar technique as in Prestin and Selig [7], one can
prove that the system of polynomials {#};°_ is an orthogonal
trigonometric Schauder basis in the space LS. In view of
Theorem 9 [4, p. 12] and Theorem 6 [4, p. 10] we get that {#;}7°_

is a Schauder basis in the space L‘;ﬂ, 1 <p < oo,and

(2.4)

llon(fs)lp = CllfOllps

with some constant C > 0.
By Ty, n € N, we denote the set of all trigonometric
polynomials of the form

n
Z (ak cos kx + by sinkx), x € R.
k=0

T(x) =

From (2.3) and the representation of the kernel K,, [7, p. 421], it
can be derived that
on(T,:) =

T('), T € Tzn—l. (2.5)

Let

Ex(f)ps = inf IIf = Tl

be the best approximation of a function f € Lgﬂ by trigonometric
polynomials from T,.

A sequence of linear operators U, : Lgﬂ — Ty, n € Ny, is
called a sequence of near best approximation (with the constant

A > 0) for Lgﬂ if it satisfies the following condition:

|Lf - Un(f)”p =< )&Ezn—l (f)P
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For example, in the case p = oo the operators of de la Vallée
Poussin V2" determine a sequence of near best approximation
with the constant A = % + Znﬁ [12, Chap. 5, §2].

The following lemma results from the properties (2.4) and
(2.5).

Lemma 2.1. {0,(f)}°_ , is a sequence of near best approximation
(with some constant) for Lgn, 1<p<oo.

Further, for f € Lgﬂ, 1 < p < oo, we define operators 7y,
n € Ny, as follows:

T (f, x) = oug3(f,x) — opsa(f, %), x € R.

From Lemma 2.1 it is easy to see that a function f € L) ,

1 < p < o0, can be represented by the series

o0

f@) =" 1lf,x), xR,

n=20

(2.6)

where convergence is understood in the metric of the space lejn-
Using the definition of the operators 7,,, we can represent them
in the following form:

2N;—1 2No—1
w0 = Y ittt = Y (oo,  (27)
k=0 s=0
andforn € N
2N, —1
Tﬂ(f’ x) = Z (f’ toti(x) = Z (fa 1//n,s)lrlfn,s(x)-
2N, <k<2Np41—1 s=0
(2.8)

From (2.6)-(2.8) we get representation (1.4).

3. FORMULATIONS OF THE MAIN
RESULTS

In this section we formulate the main results of this paper. Let
us first explain the relationship between the local Besov spaces
B}‘;‘,Q (x0) and the behavior of the operators 7, near the point xj.
This behavior will be described by the condition that certain
norms of the operators belong to a sequential version of the Besov
spaces.

Theorem 3.1. Let1 <p <oo,f € L5 ,xy€[0,27),0 <a <1,
0 < 6 < oco. The following statements are equivalent:

(a) f € Bjy(xo);

(b) There exists an interval I C R, |I| < 2m, centered at xq such
that the sequence {|| T, (f, )1p}neo € bo.ws

(c) There exists an interval I C R, |I| < 27, centered at xq such
that for every infinitely differentiable on R function ¢ supported
on I and extended as a 2m-periodic function, the sequence

I (f2, )”p}z‘;o € by

Let further for 1 < p < oo and a segment I, {c,(I,p)}52,
be a sequence defined by the formula (1.5). And let ¢ be
some infinitely differentiable on R function supported on I and
extended as a 277 -periodic function. By {d,(I, ¢, p)} 5>, we denote
the sequence:

Np—

12—1/p [ *Not e
N,/ P > an,S(fg)p) , 1=p<oo,
dn(Lf,P)i = 12 <S=0 | !

1
N i, lanslfO)

, p = oo.

Theorem 3.2. Let1 <p <oo,felh ,x €[0,27),0 <a <1,
0 < 6 < oo. The following statements are equivalent:

(a) f € Bjy(xo);

(b) There exists an interval I C R, |I| < 27, centered at xy such
that the sequence {c,(I, p)}5°_ o € bo.as

(¢) There exists an interval I C R, |I| < 27w, centered at xq such
that for every infinitely differentiable on R function ¢ supported
on I and extended as a 2m-periodic function, the sequence

{dn(L C:P)}f,oz 0 € b@,w

This theorem is the discrete version of Theorem 3.1 in the
sense that the L‘gn norm of the operators t, is replaced by a
corresponding discrete norm (see Theorem 4.1).

For classical Besov spaces B;‘)g, a > 0, we can obtain a
result similar to Theorems 3.1 and 3.2 which is essentially of the
same kind as (1.1) and (1.2). To formulate this equivalence we

introduce the following sequence

Loty [Nam lp
Nn/ /p Z ’an,s(f)’p , 1<p<oo,

an(P)3 = s=0

1/2

n/

ogmax lans(H)| > p = 0.

Theorem 3.3. Let1 <p <oo,f € Lgn,

following statements are equivalent:

(a) feByg;
(b) The sequence {||tu(f, )lp}y— ¢ € bo.os
(c) The sequence {a,(p)};°_ € boa-

a>0,0<6 <o0. The

4. THE MAIN AUXILIARY STATEMENTS
4.1. A Property of the Kernel K, (x,y)

In this subsection we present some estimates for the kernel
K, (x,y). Further, by V[f] we mean the total variation of a
function f : R — R and by V2[f] the total variation of f defined
on the segment [a, b].

Lemma 4.1. There exists a constant C > 0 such that for every
neN,n>3:

Ko )] < 5 0 < |x—yl <2

|x — yI?
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Proof. Let N = 3-2"72, M = 2"72, n > 3. From Selig [9, pp.
91-93] it is known that

Kn(x,9) = Q¥(y — x) + cos N(y + x) Ryr(y — x), (4.1)
where
M-1
M — k)?
Q%I(x) =142 Z coskx + Z %cos(N-i—k)x
k=—M+1
N-M
= Z cos kx
k=—-N+M
N+M-1 2
1 (M — (lk| = N))
+— ————————— coskx,
2 |k\=NZ:M+1 M? + (Jk| = N)?
M—
M? — K2
Ryx) =1+2 Z ﬁcoskx
= M+ k
M—1
— k2
= Z ﬁcoskx.
k=—M+1 M+ k

Defining continuous coefficient functions by

) e, “1sxsl,
X)) =
£ 0, else;
1) |x| = 1- ﬂ’
_ _ 2
frt) = | s, 1-B<Ixl <148,
0, else,

where B € (0, 1), we can rewrite the polynomials Rys and Q%[ in
the following forms:

k
Ry(x) = Zg (M) cos kx, Q%I(x) ZfM ( ) cos kx.
keZ keZ
Let us first estimate |RM(y —x) | Using Proposition 2.2 [13], for
0 < |x—y|l <2 weget

IRm(y — )| =

ke%g(}@) cosk(y — x)
()
whre s (1) = (3) 26 () ().

Then, using the mean value theorem, we obtain that there exist
points Iy € (k,k + 1), k € Z, such that

(1) =) () o ()
() ()

, (4.2)

Since the system of the points { lﬁ, ke Z} is some partition of the

real line and g is a function having a first derivative of finite total
variation V[g'], it holds that

)

) - ) ()

C..,
1= Vg

1
< —V[¢

i (4.3)

Since ¢’ = 0 outside of the segment [—1, 1], it holds that V([g'] =
VL ¢l

From the first and second derivatives

by 4x by A4BxE—1)
gx) = “araop ¢ (x) = TSR
we see that ¢” = 0 at the points —ﬁ and ﬁ and ¢’ is

monotonously increasing on [— 1 —‘L] and on [“?, 1] and

monotonously decreasing on [— ] Therefore, the extrema

3 >3
are at —% and %:
, (V3 (V3 _3V3
swp g =g\ =5 )= €5 )=
xe[—1,1]

Since ¢'(—1) > 0 and ¢’'(1) < 0, the total variation of ¢’ is

VIE1=VL[g1=4 sup ¢(x)=3V3. (4.4)
xe[—1,1]
From (4.2), (4.3) and (4.4), we get
Rm(y —x)| < oo, 0 < [x—y| < 27. (4.5)
2Mx — yl

Analogously, we can estimate IQ% (y — x)|. Let us calculate V[f/;]
where

BB —(x—1))
_€2+(x_1)227 1-B<x=<1+8§,
/() — —(=x—1
Sy =) 1 —p<x< 148,
0, else.
Since fé = 0 outside of the segments [-1 — 8,—1 + ] and

[1— 8,1+ B]and fé is an odd function, it holds that V[ff;] =
PASATAL

From the second derivative
2814 x)(—362 4+ (14 x)%)

(I A

fE) =

we can see that f} = 0 at the point —1 and f}, is monotonously
increasing on [—1 — B, —1] and monotonously decreasing on
[—1, —1 + B]. This means that

1
j0) =fH-1 =
xe[—ls—lfls},)—uﬂ]fﬁ 0=l B
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Sincefé(—l - B) :f/g(—l + B) = 0, it holds that

_1+ﬂ[fﬂ =2 sup

o fe) =2

xe[—1—f,—1+8] B

and the total variation of flg is
4
5

Then, using Proposition 2.2 [13], for 0 < |x — y| < 2w we get
k k
Zf% N ) s (y —x)
keZ
2 (w))

keZ
26 (ky_ k k+1 k+2
where A%fu () _f%(ﬁ) = 2fu () +fu ()
From the mean value theorem it follows that there exist points
sk € (k,k + 1), k € Z, such that

wrg(£) = w0 (%) (%))

Since the system of the points { ¥, k € Z} is some partition of the
real line and fu is a function having a first derivative of finite total

variation, from (4.6) and (4.8) it can be derived that

> Jorg()] =S allu (%) -5 (2))

V[fé] = (4.6)

QY (y — x)| =

(4.7)

Ix yI2

(4.8)

keZ
C
< —V ul=—. 4.9
< VUl =2 (49)
In view of (4.7) and (4.9), we have
|Q%[(y—x)| < L, 0 <|x—y| <2m. (4.10)
= k=1 <
Finally, from (4.1), (4.5) and (4.10) we conclude that
K, (x, <— 7 0 —y| <2m.
Ko )| = 5 0 < lx =yl < 2n
O

4.2. A Property of the Spaces V,, and W,

In this subsection we formulate and prove the main auxiliary
statement. Let us make some preparations for this. We use the
Minkowski inequality in the following form:

b p\ /P

b m 1/p
S/(Ztﬁ(xﬂp) dx, 1 <p<oo
I=1

I=1|y a
(4.11)
(under appropriate conditions on the functions f; which appear
above). One can prove this inequality by using a similar technique

as in the proof of the generalized Minkowski inequality [14, pp.
18-19].

Since the coeflicient functions g and g defined by the
formulas (2.1) and (2.2) on the segments of length 27w have
the first derivatives (on corresponding segments) of finite total
variation, by similar techniques as in Lemma 4.3 [7] one can
prove the following estimates (with some constants C; and C,):

2N, —1
7 lensO]| = Civ/Na (4.12)
s=0 o)
2N, 1
> O] < Cy/Na (4.13)
s=0 )
Theorem 4.1. Letn € Nand (a, S)f o Y bean arbitrary sequence
of real numbers. Then, there exist constants C; > 0,i = 1,2,3,4,

such that for 1 < p < oo the following inequalities hold:

a1, 2N, —1 i 2N, —1
Ci2"2 ( > |an,s|f’) <1 D0 ans¥us)
s=0 s=0
. Nn—l
<0207 ( > |ans|1’>
s=0
(4.14)
For p = oo we have
2N, —1
C32§$:0T?-2)§\]n_1|an,s| = Z an,swn,s(')
s=0 00
<C27  max |anl. (4.15)
s=0,..., 2N, —1
Proof. For the sake of simplicity we denote
2N, —1
() =Y ansYns). (4.16)
s=0

First, we prove the right-hand side of (4.14). For p = 1 we have

o 2Nn 1
el = — / el b
2N,—1 2
< 3 landl / [rns0)|dx
s=0 0
2N, —1 or 2N, —1
= > lansl|¥n (—N—> lenwn(-)ul D langl- (4.17)
s=0 s=0

Let us estimate |v,(-)||;. For the Lin—norm of a polynomial

T € T, it holds that [15, p. 228]
2
T(x—£>), m e N.
m

m—1

21
T(- < —
1T _Slip - E

s=0
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Applying this estimate to ¥, with m = 2N, and using the
inequality (4.13), we obtain

2N, —1
—n/2
WOl = 53 ; ( )‘H an <crm,
(4.18)
From (4.17) and (4.18) we derive
2N,—1
It < C27"2 ) angl.
s=0

Let 1 < p < o0o. Using the inequality of Holder for sums

1/p 1/p' ) .
> labil < 3 laxl? M) L -+ =1,
k k k p p

and the inequality (4.13), we obtain

2N, —1 2Np—1
Z AnsPns(x)| < Z [@n,s| 1 Vrn,s ()]
s=0 s=0
2N,—1 1,1
= Z |ans||¢ns(x)p v
s=0
2N, —1 1
s( > |am|1’|wm(x>|>
s=0
2N, —1
x( > |wm(x)|)
s=0
2N,—1 1
5( > |am|f’|ws(x)|>
s=0
2N, —1 ﬁ
x( sup Y |wns(x>|>
x€[0,2m) ¢ _ o
L /2Nl
SCZZP/< Z |ans| |1pns(x)|> .
s=0
Therefore,
2N, —1 p 2Nn—1
> anstns)| = 2 D sl 1¥ns @)l
s=0 s=0
In view of (4.18), we have
2N,,—1 »
It O = — / s ¥ns()| dx
s=0
p 2Nn—1
<o > |ans|P—/|wm
s=0
2N, —1
= O Ol Y lanel?
s=0
2N, —1
<ot 3 Janslt = 2% 7P Z |ansl?,
s=0 s=0

and this implies that

2N, —1

w11 1p
It < €2"27 (Z |an,s|) :

s=0

Now, we prove the left-hand side of (4.14). Taking the inner
product in (4.16) with T3 v,,, we get that foralls = 0,...,2N, — 1

2

ans = (T, Yns) = 21 /t(x)lﬂn <X — %) dx. (4.19)
0

n

Let p = 1. Using (4.19) and the estimation (4.13), we obtain

2N,—1 2N,—1 1 o or
= — T - — ) dx
Z |an,s| Z Py A (X)\/fn (x Nn) ’
s=0 s=0
o 2N, —1
S A (x——)‘dx
s=0
2N, —1 o1
< swp 3 (3= 37)
x€[0,27) ¢ _ o Nﬂ

X

1 27‘[
E/ |T(x)|dx < C2"2||T()|l1.
0

2N, —1
Finally, C27"/2 Y |an| < IT()]h1-

Letnow 1 < p < co. From (4.19) and the inequality (4.11) we

derive that
1/p
1 2 ST P
E/O T(X)Yn (x* an) d.x‘ )

2N, —1 P aN,—1
( Z |un,s|P> = ( Z

s=0 s=0
_ 1/p
(S L o)
- Py EVE n
s=0 27 0

| g [Nt

< —

(2
s=0

o\ |P 1/p
I<X—I\Tn>‘ Wn(x)lp) dx
INp—1 o\ P
T (x — ﬂ) ) dx
Ny

1 2
=), |wn(x)|<§0
INp—1 o\ |P 1p
- a()

XE[O,M)(SZ:O r(x Nﬂ)‘) (K211

1/p

P
r(x—ff)') Wl

< sup
( 1 21\1an1
2N,
s=0
For the Lgn—norm of a polynomial T' € T, we use the following
inequality [15, p. 228]:

P p
T(-Z”S>‘> (1+—)||T()||p,meN
m

< c2f sup
x€[0,27)

o m—1
Sl)l(p (m Z

s=0
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Applying this estimation to T with m = 2N, and using the
inequality (4.18), we obtain that

2N, —1 1/p o
( 3 |an,s|P> < "5 22

s=0

Let p = oo. The right-hand side of the inequality (4.15) follows
from obvious inequalities and the inequality (4.13):

2N, —1
ItC)lloo = sup | Y Gustns(®)
x€[027) | ¢ — ¢
2N, —1

< sup Y fanl[Yns()]

xel0.2) ¢ _

2N, —1

< max ans| su nlx——

§=0,..,2N,—1 xelo2r] [T N,

2N, —1

= max Ans Z wl-——

s = 0,...,2N,—1 = Ny 0
< Cy/2N,, max lans| < 212 max lans|.

s = U, n—1 s = U, n—

Let us prove the left-hand side of (4.15). From the inequality
(4.19) fors = 0, ..., 2N, — 1 we get

1 2
lans| =< EA [T ()] ¥ (x — s /Ny)| dx

< Itllooll¥nlls < C27"2 (|7l co.

A

Finally, we conclude:

Cc2"? max

s =0,...,2N,—

) [ans] < 1T ]loo-

We formulated and proved Theorem 4.1 for a polynomial
T € W,, but using the same techniques and the inequality
(4.12) instead of (4.13) in the corresponding places of the
proof, one can prove a similar theorem for a polynomial
TeV,.

5. PROOF OF THE MAIN RESULTS
5.1. Proof of Theorem 3.1

In order to prove Theorem 3.1, we need some known statements
from the paper Mhaskar and Prestin [6], Theorem A and
Lemma A, and the following Lemma 5.1. Note that in the proofs
of this Lemma and Theorem 3.1 we use similar considerations
as in the proofs of Lemma 4.2 and Theorem 2.1 in Mhaskar and
Prestin [6].

Theorem A. Let 1 < p < oo, f € Lgn,a > 0,0 <
0 < oo, and {U,} be a sequence of near best approximation
(with some constant) for L};n. The following statements are
equivalent:

(@) f € B
(b) {E2n(f)p} € boas
(e {IIU(f) = Un—l(f)”p} € byg-

LemmaA. Let1 < p < oo, f € Lgn,a > 0,0 < 6 <
oo, and {U,} be a sequence of near best approximation (with
some constant) for Lgn. If, for some interval I centered at xo, the
sequence {|Un(f) — Un—1(f)ll1p} € bow, then for every infinitely
differentiable on R function ¢ supported on I and extended 27 -
periodically, the function f¢ is in B;";‘.

Lemma5.1. Let I C R, |I| < 2m, be an interval centered at x,
J1 and ] be intervals centered at xo such that ] C J; C I, ¢ be an
infinitely differentiable on R function supported on I and extended
as a 2w -periodic function such that {(x) = 1 for all x € ]| and let
f € L}. Then, for the operator

2
1
oulf) = 5 / FOKn(xp)dy, 1= 3,
0

we have

CL,¢,f)

llon((1 — C)f’ ')”],00 = on

Proof. Without loss of generality we can assume that J; is an
interval with length equal to |I|/2 and J is an interval with length
equal to |I|/4. For x € ], we have

A

2
o1 = )0l =5 / FO)L = 0K )l dy
0

1
o f QA = WNIIKu(x, y)|dy.

[0,27)\1

Sincex € Jand y € [0,2m)\];, then |I|/8 < |x—y|. Using Lemma
4.1, we get

1 C
=09l = 3 [ o0 - o5
[0,27m)\]1
<y | YO0y
[0,27)\]1
oo
<
Therefore,
C(,¢,
lou((1 = Of Mo = ZLED

2
O
Proof of Theorem 3.1. Let part (a) hold. In view of Proposition A,

it is equivalent to the fact that there exists an interval I centered
at xo such that for every infinitely differentiable on R function
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¢ supported on I and extended as a 27 -periodic function, the
function f¢ is in B;;‘); . According to Theorem A (with o, instead
of U,) it is equivalent to part (c). Thus, parts (a) and (c) are
equivalent.

Let part (c) hold and let I be the interval chosen as in that
part, let J; and ] be intervals centered at xp such that ] C J; C I
and ¢ be an infinitely differentiable on R function supported

on I and extended as 27 -periodic such that {(x) = 1 for all
X € ]1.
From the obvious inequalities, we get
Iea(fs Mz = T8 yp + MTa(f (X =), )lp
< Mzl Es llp + Ien(f (1 = £), )00
= (s llp
+ llon(f( = &), Mijoo + llon-1(f (1 =), )llc0s

and using Lemma 5.1, we obtain

C(Ié“f)

Il M < (Ll + =22

Since « € (0,1), {2752, €  bge and from the
condition of part (c) we know that {||7,(f¢,")llple, €
b« Therefore, {||Tu(f, )jplney € bow and part (b) is
proved.

Let part (b) hold, and I be the interval chosen as in that part
and let ¢ be an infinitely differentiable on R function supported
on I and extended as a 27 -periodic function. In view of Lemma A
(applied with o, in place of U, ), we get that f¢p € B"f’;‘ . According
to Theorem A this means that {|[z,(f¢, )|}y € bow. This
proves part (c).

[m]

5.2. Proof of Theorem 3.2

Let us first formulate and prove some auxiliary statements.

Lemma 5.2. There exist constants Cy, Cy > 0 such that for every
neNand0 < x <2m:

C

lon(x)| < XU (5.1)
G

[¥n ()] < PRI (5.2)

Proof. First, we prove estimation (5.1). Note that we can define
the scaling functions ¢, using an aperiodic coefficient function

on(-) = 2m2g3< )cosk

where
V2, x| <1-1,
1-3(x|—1) 1 1
g(x) = N l—3<x[<1+3,
0, else.

Let us calculate V[g;]. Since g5 = 0 outside of the segment
4
[—4/3,4/3], it holds that V[g}] = V’

second derivatives of g3

°y [g3 From the first and
3

o LR L
(x) = —W’ —%fxf—%,
0, else,
2
e R Crvriirt I
0, else,

we get that g = 0 at the points —5 (94 +/17) and

—ﬁ (94 +/17) and g is monotonously increasing on the

segments [—%, —ﬁ o+ \/ﬁ)] and [1—12 (9+ «/ﬁ) , %]
and monotonously decreasing on the segments

-5 (9+V17),—%]and [3, - . L (94 +/17)]. This means that
the extrema are at the points — 5 (9 + +/17) and 1 (9 + /17):

i(--em)

—g3< <9+«/_))

G+ VIO7 + V17
43

Since g} (—3) > 0and g} (3) < 0, the total variation of g} is

B+ V177 + /17

sup  gh(x)
xe[—4/3,4/3]

4
Vgl =Vilgl=4 sp  g=

xe[—4/3,4/3] V3
(5.3)
Then, using Proposition 2.2 [13], for x € (0, 2] we get
1 k
lpu(x)| = N ng <N7> cos kx
keZ
C k
< — A2g3<—> , (5.4)
Nulx keZ Nu

where A%g3(3) = &3(3) — 25 (581 + & (522).
From the mean value theorem we can deduce that there exist
points my € (k,k + 1) such that

k 1 My my
A2 A / _ | K )
o (5) - (2 (5) = (%))

Since the system of the points {5, k € Z} is some partition of the
real line and g3 is a function havmg a first derivative of finite total

variation V[g}], it holds that
[ Mh+1 Mk
<g3< N, ) g3<Nn>>‘

Yo (50)| - 2
<7v[g3 ¢

keZ keZ
= N, on’

(5.5)
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Thus, from (5.3)-(5.5) we get

C
lon(x)] < W

The function ¥/, can be estimated in the same way. We have that

Yu() = m Zg4 ( ) cos k-,

where
14+3(x—1) 1 1
Ntk l-3<x=<1+3,
_ 2-3(x—2) 1 2
() = ——=, 14+ <x<2+%,
—7)2

& 4H9(x—2) 3 3

0, else,

is an aperiodic coefficient function.

From the first and second derivatives gj and g, we get that the
points é(9 +4/17) and %(15 — /17) are extrema of the function
g Since gy (1— 1) > 0and g} (24 ) < 0, the total variation
of g is

Vigy] = 24, (é(w - ﬁ)) —2g, (é@ + Jﬁ))

VW17 + 307+ 17
. .

Using the same consideration as above, we have

C ) C
[Yn(x)| < WV[&] =< W
O

The main ingredient to prove the following lemmata is using
estimations (5.1) and (5.2). Therefore, we formulate and prove
these results for functions v, n € N, but they are true also for
functions ¢, n € N.

Further, by I’ we denote the complement of the interval I C
[0,277) to the segment [0,27), ie, I': = [0,27) \ I. In the
case when xp = 0 we use corresponding modification: I': =
[—m,7)\ I, where I C [—m, 7).

Lemma5.3. Let I C R, |I| < 2m, be an interval centered at
X0, ] be an interval centered at xo such that ] C I, and ¢ be an
infinitely differentiable on R function supported on ] and extended
2 -periodically, and let f € L} . Then, for1 < p < oo

(2%1 () * ¥) (%) ’p);

s=0
=l X

sek(I,n)

1

AN 5
((FE) * ) (%)‘ +aep (7)),

and for p = oo

() ¥ (%)’

+ G2

STT
= <
LomaJGoreun ()] < max

n

Proof. Without loss of generality, we can assume that the interval
] has a length equal to |I]/2. First, we consider the case 1 < p <
00. Using the inequality (a + b)? < a?+ b%,a,b > 0,0 < g <1,

with g = 1/p, we have
s P%

B

s=0
ST P Il)
sek(I,n)
ST P %)
| > ors v (N—)‘
sex(I',n) n

Let us estimate the second term in this inequality. From the
inequality (4.11), for 1 < p < oo we have

p Y
ST

2 (%)

sex(I',n) n
o p\ 1/p
1 ST

-| T |5 [recwm, (x— N—) dx

sex(I',n) 0

p\ /P

-[ = |

sex(I',n)

L / FO Y (x - Nl> d
1/p

Yn (x— %) dx.

Since x € J and % e I’ for some k € 7, we have that

S

1
2

Y F@PIE@)P

sek(I',n)

[11/4 < | — (o2 |
(3 oo (E))"
Ny
sex(I',n)
1/p
¢ 1
— I P - d
=7 | %) FP1E ) o o B
c 1/p
—W/ Y F@PE@P | dx
sek(I',n)
Le,
e )/Lf(x)lli( Jids < ((jj)).
n 27p
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1/p
Let p = o0o. From the obvious inequality rsr‘le}x las|] < Isreliag( |as| + Z i} wn < >‘P
mIa%x las], K = K; UKy, K1 N Ky = @, where K is a finite set of T Ny
SEK
indices, we get 1/p
< 2 Jwoww (F)f
ST - () n
((f{) *Yn) | — )| < max [((fO) * ) | —
..... N, sex(I,n) N, 1/p
s\ |?
+ max ((fe) * ¥n) ()’ + Z ((F(1=2)) * ¥ra) N
sex(I',n Ny sek(J,n) "

Let us estimate the second term in the last inequality. Using a
similar consideration (with corresponding modification) asinthe  [et us estimate the second term in this inequality. From

case 1 < p < 0o, we have inequality (4.11), for 1 < p < oo we have

((F¢) % ¥a) <ﬂ>

sellzl(?/xn) or » 1/p
s P (S HEES) (—)‘
_ _ N,
= seI?eIl’Xn) 2 / Lf(x)||§'(X)| ‘I/fn <x n> dx sex(J,n)
p\ 1P
C dx C(L,¢,f) T
< < . — _ _
< Sz JUAX f FeNE ()l ’ o E = 2 = / FE)A = () (x Nn) .
J XN, seJ
N\ 1/p
0 1 ST
-| = 5 [ rwa-cww, (x - ﬁ) dx
Lemma 5.4. LetI C R, |I| < 27, be an interval centered at xy, ] sek(n) [0,2)\]1 !
and ] be intervals centered at xo such that ] C J; C I, and ¢ be an 1/p
infinitely differentiable on R function supported on I and extended - Z FGPIL — c(olP ‘w ( - l) p W
2m-periodically such that {(x) = 1 forallx € J, and let f € L} . T 2m el g N, '
Then, for 1 < p < oo, we have [0.27)\)1
Z (f " ) (sn)’p ! Since for x € [0,27) \ J; and w € J for some
*Yy) | —
St k € Z, it holds that |I|/8 < ‘ %
1 we get
s\ [P —n(3/2—1/p)
sek(J,n) " » 1/p
D A=) y) (—)‘
and for p = oo o N,
1/p
ST
max * — < max ) ® Yy, C [f(x)lpll — C(x)P
sek(J,n) (f Wn) (Nn>’ sex(J,n) ((f§ v ) (Nﬂ)‘ = 237/2 Z (s+2kN,) 7
+ G5, N2 7 020\ \$€<Um) 7‘
1/p
C
Proof. Without loss of generality we can assume that |J;| = |I|/2 =< W / Z FEIPIL— ¢ ()P dx
and |J| = |I|/4. Applying Minkowski’s inequality for sums (with 0200y, \sex(n)
corresponding modification for p = o00) ) (4z,f)
o [ vom-cwie = —n(;;{) .
" (3 27p

; ’ 5 0,27\
<Z|ak+bk|P> s(kaV’ ol DT
k k k

Using a similar consideration (with corresponding modification),
we have that for p = oo we have
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ST
1— -
max ((F = 2)) = ¥m) <Nn)‘
< [ veom—conln (x- )| ax
max — X — X X — —
- sex(J,n) 2 ! Nn
[0,2)\]1
C dx
< —— max X)||1 — C(x
= 231/2 (1) / @il ¢l _ (s+2kNy)7 2
(0.270)\ x Nn
C(I,¢.f)
- 23n/2 °

O

Proof of Theorem 3.2. The equivalence between (a) and (c) follows
from Theorem 4.1 and the equivalence between (a) and (c) of
Theorem 3.1.

Let now part (c) hold and I be the interval chosen as in that
part. Let J; and ] be intervals centered at xo such that ] C J; C I,
and ¢ be an infinitely differentiable on R function supported on
I and extended as a 27 -periodic function such that {(x) = 1 for
all x € J;. Using Lemma 5.4 forn € Nand 1 < p < oo (with
corresponding modification for p = 00), we get

1

NL/2Vp Z (f = vn) (;T)‘p

sex(J,n)

P
<N (e v) (%)' AR
sex(J,n) n
1/2-1/ ot s P%
<N, "(Z ((f;)wn)<N>‘) + CL g, 27"
s=0 n

Since {27"}7°_ ) € by for 0 < @ < 1 and from the conditions
of part (c), we have that part (b) also holds.

Let part (b) hold. Let I be the interval as in that part and I; be
an interval centered at xo such that I; C I. Let ¢ be an infinitely
differentiable on R function supported on I; and extended 27 -
periodically. Then, from Lemma 5.3 forn € Nand 1 < p < oo,

we have 1
N2 ZN"_l( ) | st\ P\’
n 5;) (fe) * ¥ (M)’
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