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We revisit the asymptotic analysis of probabilistic construction of adjacency matrices
of expander graphs proposed in Bah and Tanner [1]. With better bounds we derived a
new reduced sample complexity for d, the number of non-zeros per column of these
matrices (or equivalently the left-degree of the underlying expander graph). Precisely
d = O (logs(N/s)); as opposed to the standard d = O (log(N/s)), where N is the
number of columns of the matrix (also the cardinality of set of left vertices of the
expander graph) or the ambient dimension of the signals that can be sensed by such
matrices. This gives insights into why using such sensing matrices with small d performed
well in numerical compressed sensing experiments. Furthermore, we derive quantitative
sampling theorems for our constructions which show our construction outperforming the
existing state-of-the-art. We also used our results to compare performance of sparse
recovery algorithms where these matrices are used for linear sketching.

Keywords: compressed sensing (CS), expander graphs, probabilistic construction, sample complexity, sampling
theorems, combinatorial compressed sensing, linear sketching, sparse recovery algorithms

1. INTRODUCTION

Sparse binary matrices, say A € {0,1}¥, with n <« N are widely used in applications including
graph sketching [2, 3], network tomography [4, 5], data streaming [6, 7], breaking privacy of
databases via aggregate queries [8], compressed imaging of intensity patterns [9], and more
generally combinatorial compressed sensing [10-15], linear sketching [7], and group testing
[16, 17]. In all these areas we are interested in the case where n << N, in which case A is used as
an efficient encoder of sparse signals x € R with sparsity s < n, where they are known to preserve
¢! distance of sparse vectors [18]. Conditions that guarantee that a given encoder, A, also referred
to as a sensing matrix in compressed sensing, typically include the the nullspace, coherence, and the
restricted isometry conditions, see [19] and references there in. The goal is for A to satisfy one or
more of these conditions with the minimum possible 7, the number of measurements. For uniform
guarantees over all A, it has been established that  has to be Q2 (s*), but that with high probability
on the draw of random A, 1 can be O (slog N/n) for A with entries drawn from a sub-gaussian
distribution, see [19] for a review of such results. Matrices with entries drawn from a Bernoulli
distribution fall in the family of sub-gaussian but these are dense as opposed the the sparse binary
matrices considered here. For computational advantages, such as faster application and smaller
storage, it is advantageous to use sparse A in application [1, 14, 18].

Herein we consider the n achievable when A is an adjacency matrix of an expander graph [18],
expander graph will be defined in the next section. Since the construction of such matrices can be
construed as either a linear algebra problem or equivalently a graph theory one (in this manuscript
we will focus more on the linear algebra discourse). There has been significant research on expander
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graphs in pure mathematics and theoretical computer science, see
[20] and references therein. Both deterministic and probabilistic
constructions of expander graphs have been suggested. The best
known deterministic constructions achieve n = O (sl"'”‘) for
some « > 0 [21]. On the other hand random constructions, first
proven in Bassalygo and Pinsker [22], achieve the optimal n =
@ (slog (N/s)), precisely n = O(sd), with d = O (log (N/s)),
where d is the left degree of the expander graph but also the
number of ones in each column of A, to be defined in the next
section. However, to the best of our knowledge, it was [1] that
proposed a probabilistic construction that is not only optimal but
also more suitable to making quantitative statements where such
matrices are applied.

This work follows the probabilistic construction proposed in
Bah and Tanner[1] but with careful computation of the bounds,

is able to achieve n = O (s log (N /s)) withd = O (710%;]5/5) )

We retain the complexity of n but got a smaller complexity for
d, which is novel. Related results with a similar d were derived in
Indyk and Razenshteyn [23] and Bah et al.[24] but for structure
sparse signals in the framework of model-based compressing
sensing or sketching. In that framework, one has second order
information about x beyond simple sparsity, which is first order
information about x. It is thus expected and established that it is
possible to get a small # and hence a smaller d. Arguably, such
a small complexity for d justifies in hindsight fixing d to a small
number in simulations with such A as in Bah and Tanner [1], Bah
et al. [24], and Mendoza-Smith and Tanner [14], just to mention
a few.

The results derived here are asymptotic, though finite
dimensional bounds follow directly. We focus on for what
ratios of the problem dimensions (s,n,N) does these results
hold. There is almost a standard way of interrogating such
a question, ie., phase transitions, probably introduced to the
compressed sensing literature by Donoho and Tanner [25]. In
other words, we derive sampling theorems numerically depicted
by phase transition plots about problem size spaces for which
our construction holds. This is similar to what was done in Bah
and Tanner [1] but for comparison purposes we include phase
transition plots from probabilistic constructions by Buhrman
et al. [26] and Berinde [27]. The plots show improvement over
these earlier works. Furthermore, we show implications of our
results for compressed sensing by using our results with the phase
transition framework to compare the performance of selected
combinatorial compressed sensing algorithms as is done in Bah
and Tanner [1] and Mendoza-Smith and Tanner [14].

The manuscript is organized as follows. Section 1 gives the
introduction; while section 2 sets the notation and defines some
useful terms. The main results are stated in section 3 and the
details of the construction is given in section 4. This is followed
by a discussion in section 5 about our results, comparing them to
existing results and using the results to compare the performance
of some combinatorial compressed sensing algorithms. In section
6 we state the remaining proofs of theorems, lemmas, corollaries,
and propositions used in this manuscript. After this section
is the conclusion in section 7. We include an Appendix in
Supplementary Materials, where we summarized key relevant

materials from Bah and Tanner [1], and showed the derivation
of some bounds used in the proofs.

2. PRELIMINARIES
2.1. Notation

Scalars will be denoted by lowercase letters (e.g., k), vectors by
lowercase boldface letters (e.g., X), sets by uppercase calligraphic
letters (e.g., S) and matrices by uppercase boldface letters (e.g.,
A). The cardinality of a set S is denoted by |S| and [N]: =
{1,...,N}. Given S C [N], its complement is denoted by S°: =
[N]\ S and xg is the restriction of x € RN to S, i.e., (x5)i = x;
if i € S and 0 otherwise. For a matrix A, the restriction of A
to the columns indexed by S is denoted by As. For a graph,
I'(S) denotes the set of neighbors of S, that is the nodes that are
connected to the nodes in S, and e;; = (x;, ;) represents an edge
connecting node x; to node y;. The £, norm of a vector x € RV is

1/
defined as ||x||,: = (Zfil xf’) P

2.2. Definitions

Below we give formal definitions that will be used in this
manuscript.

Definition 2.1 (£p-norm restricted isometry property). A matrix
A satisfies the £,-norm restricted isometry property (RIP-p) of
order s and constant §; < 1 if it satisfies the following inequality.

(1 =89 IxIh < IAxI5 < (1 +89) IIx|h, V¥ s-sparsex. (1)

The most popular case is RIP-2 and was first proposed in Cand‘es
etal. [28]. Typically when RIP is mentioned without qualification,
it means RIP;. In the discourse of this work though RIP-1 is
the most relevant. The RIP says that A is a near-isometry and
it is a sufficient condition to guarantee exact sparse recovery
in the noiseless setting (i.e., y = AX); or recovery up to some
error bound, also referred to as optimality condition, in the noisy
setting (i.e., y = Ax + e, where e is the bounded noise vector). we
define optimality condition more precisely below.

Definition 2.2 (Optimality condition). Given y = Ax 4+ e and
X = A (Ax + e) for a reconstruction algorithm A, the optimal
error guarantee is

X —xllp < Cios(x)g + Calxllp, 2

where Cy, C; > 0 depend only on the RIP constant (RIC), i.e., d;,
and not the problem size, 1 < g < p < 2, and 0,(x)4 denote the
error of the best s-term approximation in the £;-norm, that is

min

s—sparse z Iz = xllg- ®

os(x)g: =

Equation (2) is also referred to as the £, /£, optimality condition
(or error guarantee). Ideally, we would like £,/¢,, but the best
provable is £, /¢; [28], weaker than this is the £;/¢; [18], which
is what is possible with the A considered in this work.

To aid translation between the terminology of graph theory
and linear algebra we define the set of neighbors in both notation.
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Definition 2.3 (Definition 1.4 in Bah and Tanner [1]). Consider
a bipartite graph G = ([N], [n],£) where £ is the set of edges
and e;; = (x;, ;) is the edge that connects vertex x; to vertex y;.
For a given set of left vertices S C [N] its set of neighbors is
I'(S) = {yjlxi € Sand ¢;; € £}. In terms of the adjacency matrix,
A, of G = ([N],[n], ) the set of neighbors of Ag for |S| = s,
denoted by A, is the set of rows with at least one non-zero.

Definition 2.4 (Expander graph). Let G = ([N], [n], £) be a left-
regular bipartite graph with N left vertexes, n right vertexes, a
set of edges € and left degree d. If, for any € € (0,1/2) and any
S C [N] of size |S| < s, we have that |[T'(S)| > (1 — €)d|S]|, then
G is referred to as a (s, d, €)-expander graph.

The € is referred to as the expansion coefficient of the graph.
A (s,d, €)-expander graph, also called an unbalanced expander
graph [18] or a lossless expander graph [29], is a highly connected
bipartite graph. We denote the ensemble of # x N binary matrices
with d ones per column by B(N,n; d), or just B to simplify
notation. We also will denote the ensemble of n x N adjacency
matrices of (s, d, €)-expander graphs as E(N, n; s, d, €) or simply
E.

3. RESULTS

Before stating the main results of the paper, we summarise here
how we improve upon existing results in Bah and Tanner [1],
which is generally true of standard random construction of such
matrices. Essentially in the random constructions we want one
minus the probability in (5) to go to zero as the problem size
(s,n,N) — oc. In Theorem 4.1 (which was Theorem 1.6 in Bah
and Tanner [1]) for this to happen we require d = O (log(N /s))
based on the bound (7). In this work we derived a tighter bound
than (7), which is (12), that requires d to be smaller than the
standard bound by a factor of log(s).

The main result of this work is formalized in Theorem 3.1,
which is an asymptotic result, where the dimensions grow while
their ratios remain bounded. This is also referred to as the
proportional growth asymptotics [30, 31]. We point out that it has
been observed in practice that applying these matrices (including
the simulations we do in this manuscript), which necessitate
having finite dimensions, produces results that agree with the
theory. However, the theoretical analysis used in this work cannot
be applied to the finite setting.

Theorem 3.1. Consider ¢ € (0, %) and let d,s,n,N € N, a
random draw of an n x N matrix A from B, i.e., for each column of
A uniformly assign ones in d out of n positions, as (s,n, N) — 0o
while s/n € (0,1) and n/N € (0, 1), with probability approaching
1 exponentially, the matrix A € E with

d:@<l°g(7N/s)>, and :(9(510%&), @)

elogs €?

The proof of this theorem is found in section 6.1. It is worth
emphasizing that the complexity of d is novel and it is the main
contribution of this work.

Furthermore, in the proportional growth asymptotics, i.e., as
(s,n,N) — oo while s/n — p and n/N — § with p,é € (0,1),
for completeness, we derived a phase transition function (curve)
in §p-space below which Theorem 3.1 holds, but above which
Theorem 3.1 fails to hold. This is formalized in the following
lemma.

Lemma 3.1. Fixe € (0, %) and let d,s,n,N € N, as (s,n,N) —
oo while s/n — p € (0,1) and n/N — § € (0,1) then for
p < (1 —y)ppr(é;d,e)and y > 0, a random draw of A from
B implies A € E with probability approaching 1 exponentially.

The proof of this lemma is given in section 6.2. The
phase transition function ppr(§;d,€) turned out to be
significantly higher that those derived from existing probabilistic
constructions, hence our results are significant improvement
over earlier works. This will be graphically demonstrated with
some numerical simulations in section 5.

4. CONSTRUCTION

The standard probabilistic construction is for each column of
A to uniformly assign ones in d out of n positions; while
the standard approach to derive the probability bounds is to
randomly selected s columns of A indexed by S and compute the
probability that |A;| < (1 — €)ds, then do a union bound over
all sets S of size s. Our work in Bah and Tanner [1] computed
smaller bounds than previous works based on a dyadic splitting
of S and derived the following bound. We changed the notation
and format of Theorem 1.6 in Bah and Tanner [1] slightly to be
consistent with the notation and format in this manuscript.

Theorem 4.1 (Theorem 1.6, Bah and Tanner [1]). Consider
d,s,n,N € N, fix S with |S| <'s, let an n x N matrix A be drawn
from B, then

Prob (|A5| < as) < pﬂ(s’ d) . e[”'\yn(us,mﬂl)] (5)

with ay : = d, and the functions defined as

2
n(sd) = ———=, and 6
P 254 2ns3d3 (©)
1 s irlog, (s)—1
(@) = |:3510g(5d) + XS; 214 Q=2}%97", ()

where v; is given by the following expression

(n—ai)-”H(aZi_ai)+ai-7-L(u2i_ai>—n-H(ﬂ) (8)
n—a; a; n

1 1

and H(-) is the Shannon entropy in base e logarithms, and the
index set Q = {2j};0:g(§(s)71‘

a) If no restriction is imposed on as then the a; for i > 1 take on
their expected value a; given by

. R ai ) . _
Gy = @ (2 - —l> , forie {21}]1.2%(3) " 9)
n
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b) If ag is restricted to be less than as, then the a; for i > 1 are the
unique solutions to the following polynomial system

. . 1 —
agi —2aia%i+2afa2i - a%a4i =0, forie {2]}]-(;%(5) 2, (10)
with ay; > a; for each i.
In this work, based on the same approach as in Bah and Tanner

[1], we derive new expressions for the p,(s,d) and ¥, (as, . . .,a1)
in Theorem 4.1, i.e, (6) and (7) respectively, and provide a

simpler bound for the improved expression of W, (as, . . ., ay).
Lemma 4.1. Theorem 4.1 holds with the functions
Puls,d) = 273912174 (11)

v, (as...,a1) = —
n

1[3log2 3
|: (;g 1og%s+<logzs—5) log as

+Z;wl}, fore =257 (2)

ieQ

The proof of the lemma is given in section 6.3. Asymptotically,
the argument of the exponential term in the bound of the
probability in (5) of Theorem 4.1, ie., ¥, (as,...,a;) in (12)
is more important than the polynomial p,(s,d) in (11) since
the exponential factor will dominate the polynomial factor. The
significance of the lemma is that ¥, (as, . .., a;) in (12) is smaller

than W, (g, ...,a1) in (7) since 31(;‘%2 logg s+ (log2 s— %) log a
in (12) is asymptotically smaller than 3slog(5d) in (7), because
the former is O(polylogs) while the latter is O(s), since we
consider a; = O(s).

Recall that we are interested in computing Prob (|As| < a;)
when a;, = (1 — €)ds. This means having to solve the
polynomial equation (10) to compute as small a bound of
v, ((1 —€)ds,.. .,d) as possible. We derive an asymptotic
solution to (10) for a; = (1 — €)ds and use that solution to get
the following bounds.

Theorem 4.2. Consider d,s,n,N € N, fix S with |S| < s, for
n>0821ande € (0,3), letann x N matrix A be drawn
from B, then

Prob (IASI <(1- e)ds) < pu(s,d,€) - exp [n -, (s, d,e)] (13)

where
4/ . Jog,(1—€)+3
pulsdye)= Ve (14)
V20(1 —€)3d3
1
v, (s, d,e) < o [nﬂ_l(ﬂ —1)(1 — €)dslog,(s/2)
—(5log2)logs s — 2logdlog, s] . (15)

The proof of this theorem is also found in section 6.5. Since
Theorem 4.2 holds for a fixed S of size at most s, if we want this
to hold for all S of size at most s, we do a union bound over all
of size at most s. This leads to the following probability bound.

Theorem 4.3. Consider d,s,n,N € N, and all S with |S| < s, for
T > 0,ande € (0, %), let an n x N matrix A be drawn from B,
then

Prob (|As] < (1 — €)ds) < pn(s,dye) - eN¥NGEdI] (1)
where
M. Jogy(1-e)+5/2
prlsd )= \/;0(1\/E es)3d371(1 —/N) 4
Wy (s, dye) < —I%log (%) + %
- T(leo;gz)dﬁlog (%) Yo(N).  (18)

Proof: Applying the union bound over all S of size at most s to
(13) leads to the following.

Prob (|A;| < (1 — e)ds) < (Ij)pn(s, d,¢) (4] (19)

Then we used the ug})er bound of (143) to bound the
combinatorial term ( S) in (19). After some algebraic
manipulations, we separated the the polynomial term, given in
(17), from the exponential terms whose exponent is

Uy (s,de):=H (%) + %\I/n (s.dy€).

(20)
We upper bound Wy (s,d, €) in (18) by upper bounding # (3)
with — % log () + & and the upper bound of W,, (s, d, €) in (15).
The o(N) decays to zeros with N and its a result of dividing the
polylogarithmic terms of s in (15), and 7 = nB~Y(B — 1) in (15).
This concludes the proof. O

The next corollary easily follows from Theorem 4.3 and it is
equivalent to Theorem 3.1. Its statement is that if the conditions
therein holds, then the probability that the cardinality of the set
of neighbors of any S with |S| < sis less than (1 — €)ds goes to
zero as dimensions of A grows. On the other hand, the probability
that the cardinality of the set of neighbors of any S with |S] <'s
is greater than (1 — €)ds goes to one as dimensions of A grows.
Implying that A is the adjacency matrix of a (s, d, €)-expander
graph.

Corollary 4.1. Given d,s,n,N € N, and ¢ € (0, %), ford >
cqlog(N/s) cyslog(N/s)
elogs €?

A be drawn from B, in the proportional growth asymptotics

andn > , with cg, ¢, > 0. Let an n x N matrix

Prob (IASI <(1-— e)ds) — 0. (21)
Proof: 1Tt suffice to focus on the exponent of (16), more precisely
on the bound of Wy (s, d, e) in (18), i.e.,

g<i> + S uilog (%) +o(N). (22)

S
N N 2log2 N

N
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We can ignore the o(N) term as this goes to zero as N grows, and + t(l—edp _ 0 (29)
show that the remaining sum is negative. The remaining sum is 2

o6 () + 3~ g e (3)

[ -etm)] e

Hence, we can further focus on the sum in the square brackets,
and find conditions on d that will make it negative. We require

s (1 —e)d s
—log(—)+1———"log(~ )
og(N)+ 2log2 Og(z) =0
2log2 (log (N/s) + 1)
24
= A O log)2) @4
dZM, d¢cy > 0. (25)
€logs

Recallt = nB~1(B—1) and B is a function of €, with B(¢€) ~ 1+e.
Therefore, 7 is a function of €, and t(¢) = O(¢), hence there
exists a ¢y > 0 for (25) to hold.

With regards to the complexity of n, we go back to the right

hand side (RHS) of (24) and we substitute % with C; > 0

for d in the RHS of (24) to get the following.

—log(%) L1 Cyt(1 —€)log (N/s) -

0. 26
2€log2 (26)

Cuslog(N
Now we assume n = w

this in (26) to get the folloewing.

Cyt(1 —
_log(%>+l_u<o,

with C,, > 0 for n and substitute

2Cyslog2
2C,slog2 (log (N 1
n> ns 08 (og( /9+ ) (27)
Cyte(l —€)
log (N
& > w, d¢, > 0. (28)
€

Again since t(€) = O(¢), hence there exists a ¢, > 0 for (28) to
hold. The bound of n in (28) agrees with our earlier assumption,
thus concluding the proof. O

5. DISCUSSION

5.1. Comparison to Other Constructions

In addition to being the first probabilistic construction of
adjacency matrices of expander graphs with such a small
degree, quantitatively our results compares favorably to existing
probabilistic constructions.We use the standard tool of phase
transitions to compare our construction to the construction
proposed in Berinde [27] and those proposed in Buhrmanet al.
[26]. The phase transition curve ppr(S;d,e) we derived in
Lemma 3.1 is the p that solves the following equation.

(1 —e)dplog(ép) te(l —e€)d
2log2

—olog (8 _
plog (3p) +p 2cy log2

where ¢, > 0 is as in (28). Equation (29) comes from taking the
limit, in the proportional growth asymptotics, of the bound in
(18), setting that to zero and simplifying. Similarly, for any S with
|S| < s, Berinde [27] derived the following bound on the set of
neigbors of S, i.e., A;.

N d d eds
Prob (|As| <(1-— e)ds) < (s)(ecjs) (f) .

We then express the bound in (30) as the product of a polynomial
term and an exponential term as we did for the right hand
side of (16). A bound of the exponent is carefully derived as
in the derivations above. We set the limit, in the proportional
growth asymptotics, of this bound to zero and simplify to get the
following.

(30)

(ed —1)1logp —logd + (1 + €d) — edlog (e/d) =0. (31)
We refer to the p that solves (31) as the phase transition
for the construction proposed by Berinde [27] and denote
this p (the phase transition function) as ppr(8; d,€). Another
probabilistic construction was proposed by Burhman et al. [26].
In conforminty with the notation used in this manuscript their
bound is equivalent to the following, also stated in a similar form
by Indyk and Razenshteyn [23].

Prob (JA,] < (1 — €)ds) < <N> (‘i”> “* (32)
s ds

where v > 0. We again express the bound in (32) as the product

of a polynomial term and an exponential term. A bound of the

exponent is carefully derived as in the derivations above. We set

the limit, in the proportional growth asymptotics, of this bound

to zero and simplify to get the following.

(ed—1)logp —logs + 1 — edlog (ve/d) =0. (33)
Similarly, we refer to the p that solves (33) as the phase transition
for the construction proposed by Burhman et al. [26] and
denote this p as ppm(§; d, €). We compute numerical solutions
to (29), (31), and (33) to derive the phase transitions, for the
existence (probabilistic construction) of expanders, ppr(S; d, €),
pB1(8; d,€), and ppp(8; d, €) respectively. These are plotted in
the left panel of Figure 1. It is clear that our construction has a
much higher phase transition than the others, as expected from
our previous results, see Figure 9 in Bah and Tanner [1]. Recall
that the phase transition curves in these plots depict construction
of adjacency matrices of (s, d, €)-expanders with high probability
for ratios of s, n,and N (since p : = s/n,and § : = n/N) below the
curve; and the failure to construct adjacency matrices of (s, d, €)-
expanders with high probability for ratios of s, n, and N above the
curve. Essentially, the larger the area under the curve the better.

Remark 5.1. It is easy to see that ppi(8; d,€) is a special case
of ppm(8; d, €) since the two phase transitions will coincide, or
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FIGURE 1 | Plots of phase transitions for probabilistic construction of expanders, with fixed d = 25 ¢ = 1/6,and § € 1076,1|ona logarithmically spaced grid of
100 points. (Left) A comparison of pgT(8; d, €), pg(8; d, €), and pg\(8; d, €), where cp = 2. (Right) A comparison of pg7(3; d, €) denoted as PBT, (8; d, €) to our
previous pgr(8: d, €) denoted as pgr, (8: d. €) in Bah and Tanner [1] with different values of N, (ie., 210,212, and 220) and ¢ = 2/3.

4 — — ppry(0;N,d,e), N =27
ppr, (6; N,d,€), N =2'2
3 —-—-ppr,(6; N,d,€), N =22
P, (d;d, €)
2 1 1 1
0 0.2 0.4 0.6 0.8 1

equivalently (31) and (33) will be the same, when v = e~'. One
could argue that Berindes derivation in [27] suffers from over
counting.

Given that this work is an improvement of our work in
Bah and Tanner [1] in terms of simplicity in computing
ppr(8; d,€), for completeness we compare our new phase
transition ppr(8; d, €) denoted as ppr,(8; d, €) to our previous
pBr(8; d, €) denoted as pgr, (§; d, €) in the right panel of Figure 1.
Each computation of ppr, (8; d, €) requires the specification of N,
which is not needed in the computation of pgr, (8; d, €), hence the
simplification. However, the simplification led to a lower phase
transition as expected, which is confirmed by the plots in the right
panel of Figure 1.

Remark 5.2. These simulations also inform us about the size of c,.
See from the plots of ppr(8; d, €) and ppr,(8; d, €) that the smaller
the value of ¢, the higher the phase transition but since ppr,(8; d, €)
has to be a lower bound of ppr,(8; d,€), for values of c, much
smaller than 2/3, the lower bound will fail to hold. This informed
the choice of ¢, = 2 in the plot of ppr(8; d, €) in the left panel of
Figure 1.

5.2. Implications for Combinatorial
Compressed Sensing

When the sensing matrices are restricted to the sparse binary
matrices considered in this manuscript, compressed sensing
is usually referred to as combinatorial compressed sensing a
term introduced in Berinde et al. [18] and used extensively in
Mendoza-Smith and Tanner [14] and Mendoza-Smith et al. [15].
In this setting, compressed sensing is more-or-less equivalent to
linear sketching. The implications of our results on combinatorial
compressed sensing are two-fold. One is on the £;-norm RIP,
we donate as RIP-1; while the second is in the comparison

of performance of recovery algorithms for combinatorial
compressed sensing.

5.2.1. RIP-1

As can be seen from (2), the recovery errors in compressed
sensing depend on the RIC, i.e., &;. The following lemma deduced
from Theorem 1 of Berinde et al.[18] shows that a scaled A drawn
from E have RIP with §; = 2e.

Lemma 5.1. Consider € € (0, %) and let A be drawn from E, then
® = A/d satisfies the following RIP-1 condition

(1 =2¢) IIxly = 1 ®x[ly < [Ix[l1, Vs-sparsex.  (34)
The interested reader is referred to the proof of Theorem 1 in
Berinde et al. [18] for the proof of this lemma. Key to the holding
of Lemma 5.1 is the existence of (s, d, €)-expander graphs, hence
one can draw corollaries from our results on this.

Corollary 5.1. Consider € € (0, %) and let d,s,n,N € N. In the
proportional growth asymptotics with a random draw of an n x N
matrix A from B, the matrix ® : = A/d has RIP-1 with probability
approaching 1 exponentially, if

d:O(M>, and

:O<slog(N/s)>. (35)
elogs €2

Proof: Note that the upper bound of (34) holds trivially for any
® = A/d where A has d ones per column, i.e., A € B. But for
the lower bound of (34) to hold for any ® = A/d, we need A to
be an (s, d, €)-expander matrix, i.e., A € E. Note that the event
|As| > (1 — €)ds is equal to the event ||Asx|l; > (1 — 2€)d||x|,
which is equivalent to || ®sx||; > (1 — 2¢)||x];, for a fixed S, with
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|S| < s. For A to be in E, we need expansion for all sets S, with
|S| <s,ie., A € E. The key thing to remember is that

Prob (|| x|, > (1 — 2¢)]lx])

= Prob (|As] = (1 —€)ds), forall{S : |S| <s}. (36)
The probability in (36) going to 1 exponentially in the
proportional growth asymptotics, i.e., the existence of A € E
with parameters as given in (35), is what is stated in Theorem
3.1. Therefore, the rest of the proof follows from the proof of

Theorem 3.1, hence concluding the proof of the corollary. O

Notably, Lemma 5.1 holds with ® having much smaller
number of non-zeros per column due to our construction. More
over, we can derive sampling theorems for which Lemma 5.1
holds as thus.

Corollary 5.2. Fix € € (O,%) and let d,s,n,N € N. In the
proportional growth asymptotics, for any p < (1 — y)ppr(8; d, €)
and y > 0, a random draw of A from B implies ® : = A/d has
RIP-1 with probability approaching 1 exponentially.

Proof: The proof of this corollary follows from the proof of
Corollary 5.1 above, and it is related to the proof of Lemma 3.1
as the proof of Corollary 5.1 is to the proof of Theorem 3.1. The
details of the proof is thus skipped. O

5.2.2. Performance of Algorithms

We wish to compare the performance of selected combinatorial
compressed sensing algorithms in terms of the possible
problem sizes (s,n,N) that these algorithms can reconstruct
sparse/compressible signals/vectors up to their respective error
guarantees. The comparison is typically done in the framework
of phase transitions, which depict a boundary curve where
ratios of problems sizes above this curve are recovered with
probability approaching 0 exponentially; while problems sizes
below the curve are recovered with probability approaching
1 exponentially. The list of combinatorial compressed sensing
algorithms includes Expander Matching Pursuit (EMP) [32],
Sparse Matching Pursuit [33], Sequential Sparse Matching
Pursuit (SSMP) [13], Left Degree Dependent Signal Recovery
(LDDSR) [11], Expander Recovery (ER) [12], Expander Iterative
Hard-Thresholding (EIHT) [19, Section 13.4], and Expander £¢-
decoding (ELD) with both serial and parallel versions [14]. For
reason similar to those used in Bah and Tanner [1] and Mendoza-
Smith and Tanner [14], we selected out of this list four of the
algorithms: (i) SSMP, (ii) ER, (ii) EIHT, (iv) ELD. Descriptions
of these algorithms is skipped here but the interested reader
is referred to the original papers or their summarized details
in Bah and Tanner [1] and Mendoza-Smith and Tanner [14].
We were also curious as to how £;-minimization’s performance
compares to these selected combinatorial compressed sensing
algorithms, since ¢;-minimization (¢;-min) can be used to solve
the combinatorial problem solved by these algorithms, see [18,
Theorem 3].

The phase transitions are based on conditions on the RIC
of the sensing matrices used. Consequent to Lemma 5.1, this
becomes conditions on the expansion coefficient (i.e., €) of
the underlying (s, d, €)-expander graphs of the sparse sensing

matrices used. Where this condition on € is not explicitly given
it is easily deducible from the recovery guarantees given for each
algorithms. The conditions are summarized in the table below.

The theoretical values are what will be found in the reference
given in the table; while the computational values are what
we used in our numerical experiments to compute the phase
transition curves of the algorithms. The value for e was set to
be 1071, to make the €, as large as possible under the given
condition. With these values we computed the phase transitions
in Figure 2.

The two figures are the same except for the different sparsity
value used. The performance of the algorithms in this framework
are thus ranked as follows: ELD, ER, £;-min, EIHT, and SSMP.

Remark 5.3. We point out that there are many way to compare
performance of algorithms, this is just one way. For instance,
we can compare runtime complexities or actual computational
runtimes as in Mendoza-Smith and Tanner [14]; phase transitions
of different probabilities, here the probability of recovery is 1 but
this could be set to something else, like 1/2 in the simulations in
Mendoza-Smith and Tanner [14]; one could also compare number
of iterations and iteration cost as was also done in Mendoza-Smith
and Tanner [14]. We further point out that such comaprisons could
be conducted with real-world data simulations, as was done in
Mendoza-Smith and Tanner [14].

6. PROOFS OF THEOREMS, LEMMAS, AND
PROPOSITIONS

6.1. Theorem 3.1

The proof of the theorem follows trivially from Corollary 4.1.

Based on (21) of Corollary 4.1 we deduce that A € E with

cqlog(N/s)
elogs and

probability approaching 1 exponentially with d >

n> C"Sk)giz(ms), with ¢, ¢, > 0, hence concluding the proof. [
€

6.2. Lemma 3.1

The phase transition curve ppr(8; d, €) is based the bound of the
exponent of (16), which is

i) i_t(l—e)di
N

S
N~ 2log2 N log (3) +oN).  (37)

-

In the propotional growth asymptotics (s,n,N) — oo while
s/n - p € (0,1) and n/N — 8§ € (0,1). This implies that
o(N) — 0 and (37) becomes

(1 — €)dplog(ép)
2log2
te(l—¢€)d (1 —¢€)dp
 2¢, log2 2 ’

—plog(8p) +p —

(38)

where ¢, > 0 is as in (28). If (38) is negative then as the problem
size grows we have
Prob (|A5| <(1-— e)ds) — 0. (39)

Therefore, setting (38) to zero and solving for p gives us a
critical p below which (38) is negative and positive above it.
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FIGURE 2 | Phase transitions plots of algorithms with fixed d = 25, ¢ as in the fourth column of Table 1 with e = 10~ 15, ch=2andd e [10*6, 1] ona
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)
logarithmically spaced grid of 100 points. (Left) k = 3s for pggpp(8: d, €). (Right) k = [(2 + e)s] for pggpp(6: d, €).
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TABLE 1 | Recovery conditions on e.

Theoretical values

Computational values

Algorithm

Condition Sparsity Condition Sparsity
SSMP [13] & <1/16 k=(c+1)s, c>1 @ =1/16—¢ k=T@2+e)s], k=3s
ER[12] o <1/4 k=25 a=1/4—e k=2s
EIHT [19] e < 1/12 k =3s eg=1/12—-e k =3s
ELD [14] o < 1/4 k=s g =1/4 k=s
£1-min [18] e <1/6 k=2s e=1/6—e k=2s
The critical p is the phase transition p, i.e., ppr(8; d, €), where x Prob (‘Al[i] = l}ﬂ) Prob (‘Afij L5J> . (42)
below ppr(8; d, €) is parameterized by the y in the lemma. ThiDs ? 2 : ’
concludes the proof. In a slight abuse of notation we write Z to denote applying the
6.3. Lemma 4.1 j

jelm]

By the dyadic splitting proposed in Bah and Tanner [1], we let

As = Al[ . UA% ‘| such that |[Ag| = ’A( ‘ UA2 and therefore
Prob (|A;| < a;) = Prob (’Ali ua, | = as) (40)
- ZProb <’A uad, = ls) (41)

li=d
In (41) we sum over all possible events, i.e., all possible sizes of
I;. In line with the splitting technique, we simplify the probability

to the product of the probabilities of the cardinalities of ‘A}ﬂ
2
and ‘Afi | and their intersection. Using the definition of P,(-) in

Lemma 28.2 (Appendix), thus leads to the following.

Prob (|A,| < ay)
a3 A3

Z > 2 P (lS”% s lis J)

=2dl  —gp
l(]dl =d

sum m times. We also drop the limits of the summation indices
henceforth. Now we use Lemma 8.1 in Appendix to simplify (42)
as follows.

1 2]1 1 2]1
S E Enatiit)
llQo l]Ql }121
fle[qoljze[qlljse[ﬁ]

1_[ Prob ('A]él

ja=1

= 2) ]_[ Prob('Ajlg1

Now we proceed with the splitting—note (43) stopped only at
the first level. At the next level, the second, we will have g, sets
with Q, columns and r, sets with R, columns which leads to the
following expression.

)0 SIS BEA U NN
" P 7 SR
Q Q (S
ji€lqol j2€lq1l jzeln]

=) @3
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2 22—1 252 i3 12i3—1 23
|: Z Z Py <ﬂQl’l[&}’lL&J> x Py (lézl’l(ﬂ] ,IL&J>
s s 2 2 2 2
Q Ry
ja€lqz] js€lr2]

@ ‘
ja
l_[ Prob (’AQ2

ja=1

) P2t )
_ 4 Js
= FQz) 1_[ Prob (’AR2

J5=q2+1

- Fﬁz) } (44)

We continue this splitting of each instance of Prob(:) for
[log,s1 — 1 levels until reaching sets with single columns
where, by construction, the probability that the single column
has d non-zeros is one. Note that at this point we drop
the subscripts j;, as they are no longer needed. This process
gives a complicated product of nested sums of P,(-) which we
express as

22 2 P <lQ°’l(%vlL%°J)

log loy Iry
[Z PR GRS Uy
lg, Ir,
|:><|: > P,,(14,12,12)Pn(l3,lz,d)Pn(lz,d,d):|~~~:|.

1Qf1g, s1-1

(45)

Using the expression for P,(-) in (133) of Lemma 8.2 (Appendix
) we bound (45) by bounding each P,(-) as in (134) with
a product of a polynomial, 7(-), and an exponential with
exponent Y (+).

1//n<lQ 1yl Q )
E E E ﬂ(lQo,lQo ,lQO)e TRV
21715

loy loy Iry

[ZZ” (l‘?l’l(%vﬁ%o x

IQZ IRZ

‘//n(lkl:l Ry ol ﬂ)
lRl,erTw,lL%”).e ) «

e'”"<lQl ’l{%vlt%i)n (
37w (layhy k) x el (13,1, d) x

L%[
lo
[log s1—1

eV (bd) 7 (15, d, d) - e'/fnUz’dxd)} - } (46)

Using Lemma 8.4 in Appendix we maximize the ,,(-) and hence
the exponentials in (46). We maximize each v, (-) by choosing I
to be a(.). Then (46) will be upper bounded by the following.

%(aQ 2. Qy -4 Q )
2 E § :n(lle Qq 1 )e L X
5115

IQO lQl lRl

llfn(aa a4 Q) -4 Q )
E E 7T<lQ],lQ1 g )xe T
=115

lo, Iry

w,,(agl,a Ry @ ILI)
n(lRl,erTw,lLRTlJ).e | L x

|: Z - (14’12,12) x e¥n(a1,02,82) o (13,12’d) eVn(a3.a2.d)

lQ [logy s1—1

(47)

7 (I, d,d) ~e‘/’“(“2’d’d)} :|

We then factor the product of exponentials. This product
becomes an exponential where exponent is the summation of the
Y (-), we will denote this exponent as ‘T!n (as, s az,d). Then
(47) simplifies to the following.

o Vn(asard) | ZZZTL’ (lQO’l[%VlL%J) x

loy loy Iry

[ZZ” (ZQI’Z(%PZL%J) o (IR“ZfRT”’lLRTIJ> g [

lo, Ir,

x| ¥
lq
[logy s1—1

T (14, lz, lz) T (13, lz,d) T (lz,d, d) ] .. i|

(48)

We denote the factor multiplying the exponential term
by T (l...,h,d), therefore we have the following
bound.

Prob (|A,] < a) < T (..., l,d) - e(Pn(@sad) (49
where \I’n (as, .. .,az,d) is exactly W, (as,...,az,d) given by
(78) in [1, Broof of Theorem 1.6]. Consequently, we state the
bound of W, (as,...,az,d) and skip the proof, which is as
thus.

Uy (@ and) = ) v fore= 2% (s0)

ieQ

where ; is given by (8). The upper bound of I (I, . .., L, d) is
given by the following proposition.

Proposition 6.1. Given Iy < as, Irs21 < agg21,-+- > < az, we

have
-3 L 3log, s+9 log, s—2
I'I(ls,...,lz,d) <277 .el . 521982577 . (g)%8257 7, (51)

The proof of the proposition is found in section 6.4. Taking log
of right hand side of (51) and then exponentiating the results
yields

m(l....Ld)

1 9 3
< exp |:Z —3log2 + <E + Elog2 s) logs

3
+ <log2 s— 5) log a{| (52)
— 239/2,1/4 e[% log, slogs+(log, s—3) log as | (53)
lo;
— 27 39/2,1/4 6[3 2g2 log%s-s—(logzs—%)logas]. (54)
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Combining (54) and (50) gives the following bound for (49)

log 8
Prob (|As] < a) < 2732261/ exp [%

+ <log2 s

It follows therefore that p, (s, d) = 27359/2¢1/4 35 in (11) and the
exponent in (55) is n - W, (as, . ..,a1), which implies (12). This
concludes the proof of the lemma. O
6.4. Proposition 6.1

By definition, from (48), we have

log% s

3 ~
_ 5) logas + ¥, (as,...,d)j|

(55)

Mo obd)i= 35303 (lan g ) >
lag loy Iry
[ZZ” (lQl’lr&VlL@J o (lRl’er—lvlLR—lJ) ' [
loy Iry ’ ’ i i
><|: > 71(14,12,l2)7r(l3,lz,d)n(lz,d,d):|-~-:|. (56)
lQﬂogzﬂfl

From (138) we see that 7(-) is maximized when all the three
arguments are the same and using Corollary 8.1 we take largest
possible arguments that are equal in the range of the summation.
Before we write out the resulting bound for IT (ls,. .o b, d), we
simplify notation by denoting 7 (x, x, x) as 7 (x), and noting that
Qriog, s7—1 = 2. Therefore, the bound becomes the following.

XY T )| T

lQl
x 71 (Ig,) |: |:Zn(l4)n(l3)n(lz)j| ] (57)

L
Properly aligning the m(-) with their relevant summations
simplifies the right hand side (RHS) of (57) to the following.

n(....Ld)

Z” (lQo) Z lQ1 ZTL’ lR1 X -
x Zn (1) Zn (15) Z” () (58)

Iy I3 L

From (138) we have 7 (y) defined as

5

2 — 2
Ty, 3,y) = (Z) ,/w < G) V2my. (59)

We use the RHS of (59) to upper bound each term in (58), leading
to the following bound.

()zf ()zf

v (3) v
I3

sy ra

(60)

v (3 v

For each Q; and R;, i = 1,...,[log,s] — 2, which means we
have [log, s] — 2 pairs plus one Qp, hence (60) simplifies to the
following.

5\ 2 2[log, s1—3
O] e s

RPN o
13 12
- 5 5712[og, s1-3
<|va () (00vagy) - (a1v/30) -
X (qnogz 5172«/5‘_3) : (rﬂog2 5] 72\/‘1_2) (62)
- 5 5712[og, s1-3
= \/E <Z> . (qoqm " q[log, 51727[10g25W72) .
(aqyaq,ar, - -a3a2)1/2. (63)

From (61) to (62) we upper each sum by taking the largest
possible value of Iy, which is a(), and multiplied it with the
total number terms in the summation given by Lemma 8.1 in
Appendix . We did upper bound the following two terms of (63).
log, s—l (64)

qoq17192729373 * * * Gflog, s1-2"Tlog, s]—2 = §

3
1/2 < 2— Z . (as)logzs—i x

(65)

(aQﬂan AR, 4Q, AR, AQ3 ARy * * - a3az)

3
S% log, s+3

Details of the derivation of the bounds (64) and (65) is in the
Appendix . Using these bounds from (63) we have the following

upper bound for I'T (ls, e, d).
5 P 2[log, s1—3
N(....hbd) < |:«/271 (Z) i| <Slog2s—1) «
( i_ (a )logzs 3 %logzs—ﬁ-%) (66)
<2~ Cei . (a)'o82° =3 . salogysty (67)

From (66) to (67) we used the following upper bound.

™ T

< 4210g2 s—=1 _ 224

2[log, s1—3

24 logys—2 _ (68)
The bound (67) coincides with (51), hence concluding the proof.

O
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6.5. Theorem 4.2

The following lemma is a key input in this proof.

Lemma6.1. Let0 < o < 1, and &, > 0 such that ¢, — 0 as
n — o0o. Then for a; < as,

forc= —ﬂnil, (69)

2
ayi = 2a; + caj,

where

1+ \/1 —4(1 —gy)? (1 — eod) e—od
2(1 — gy) (1 — e7d)

B = (70)

The proof of the lemma is found in section 6.6. Recall from
Theorem 4.1 that

3log2
2

1 5 3
V, (a5, ...,a1) = — log; s + logzs—i logas +
n

N ilog,(s)—1
Zzl.w,}, for © = {2757, (71)

ieQ

where 1; is given by the following expression

i _ai> +ai-H (aZi_ai) —n-?—t(@) (72)
a; a; n

We use Lemma 6.1 to upper bound ; in (72) away from zero
from above as n — 0. We formalize this bound in the following
proposition.

("—ﬂi)'H(

Proposition 6.2. Letn > 0 and B > 1 as defined in Lemma 6.1.
Then

-1 AN

Vi < —am(B—1p~" (1- 82 (73)

The proof of Proposition 6.2 is found in section 6.7. Using

the bound of ¥; in Proposition 6.2, we upper ¥ (as, . ..,a;) as
follows.

31 3
\Il(us,...,al)_n[ 0g2 lgzs—}—(logzs—f)logas
-1
—Z L(ﬂ )} (74)
20 51— %)
77(,3—1) ai 1[3log2. ,
_ S T ]
- B %:(21' n>+n[ 2 o8 st
3
(log2 s— E) log a{| . (75)

Then setting a; = (1 — €)ds and substituting in (75), the factor
multiplying % becomes

310g2

log; s + (log2 s — ;) log[(1 — €)ds] (76)

3 log

log2 s +log(1 — €)log, s +logdlog, s +

log, slogs — §log [(1 — e)d] — %logs (77)

510g logs s + (log,(1 — €) — 3/2) logs + log dlog, s +
log [(1 —e)2d732] (78)
510g2 logzs + logdlog, s + log[(1 — €)™ 324~ 3/2]

—Hogsl"gz(1 9-3/2, (79)

The last two terms of (79) become polynomial in s, d and €, when
exponentiated hence they are incorporated into p,(s, d, €) in (14),
which means

pu(s.d€) = pu(s,d) - exp [log [(1 — €)~¥/2d /2] +
10g510g21 €)— 3/2]

2=359/2,1/4 (1-— e)*3/2d’3/251°g2(175)73/2(81)

% . Slog2(1—6)+3
26(1— ep3d

(80)

(82)

which is (14). The first two terms of (79) will grow faster than a
polynomial in s, d and € when exponentiated, hence they replace
in (75), the factor multiplying % Therefore, (79) is modified as
thus

n(ﬂ—l) (i 71)

2i n

51
|: 0g2 logzs—f-logdlogz]

zeQ
(s d, e) (83)

The factor ) ;. (2% . %) in (83) is lower bounded as follows, see
proof in section 6.8.

S a;
> (5

159

(1 — €)ds.

) - log, (s/2) (84)
- 2n

Using this bound in (83) gives (15), thus concluding the proof. O
6.6. Lemma 6.1

Recall that we have a formula for the expected values of the a; as

N A N VP
foi = & (2 - J) for i € {2/}2897, (85)
n ]
which follow a relatively simple formulas, and then the coupled
system of cubics as
2 Vi logz(s) -2

‘121 2a; ‘121 + 2a ayi —ajas; =0 forie {2 } , (86)
for when the final a; is constrained to be less than a,. To simplify
the notation of the indexing in (86), observe that if i = 2/ for a
fixed j, then 2i = 2/ and 4i = 272, Therefore, it suffice to use
the index aj, aj+1, and aj;, rather than a;, a»;, and ay;. Moving the
second two terms in (86) to the right and dividing the quadratic
multiples we get the relation

aj+1 — 261]'
2 - 2 >
s %

aiyr — 24a;
j+2 j+l (87)
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which is the same expression on the right and left, but with j
increased by one on the left. This implies that the fraction is
independent of j, so

aj+1 — 2a;
2
%

=¢ = a1 =a2+ca), (88)

for some constant ¢ independent of j (though not necessarily of
n). This is in fact the relation (85), if we set ¢ to be equal to —1/n.
One can then wonder what is the behavior of c if we fix the final
as. Moreover, (88) is equivalent to

cajyr + 1= (caj+1)% (89)
which inductively leads to
caj+ 1 = (cag + 1)21, >0, (90)

so that one has a relation of the I/’ stage in terms of the first

stage. Note this does not require the g, to be fixed, (90) is how
one simply computes all a; for [ > 0 once one has a and c. The
point is that ¢ to match the a; one has to select ¢ appropriately.
So the way we calculate ¢ is by knowing ay and as, then solving
(90) for I = 5. Unfortunately there is not an easy way to solve for
¢ in (90) so we need to do some asymptotic approximation. Let’s
assume that g; is close to a;. So we do an asymptotic expansion in
terms of the difference from a;.

To simplify things a bit lets insert ag = d (since gy is a; in our
standard notation) and then we insert what we know for a;. For
a; we have c = —n~!, see (85). We then have from (90) that

a = c_l(cd—i—l)zl—c_1 and a; = —n(—d/n—l—l)zl—l—n. (91)

So if we write a; = (1 — &,)a; and consider the case of &, — 0 as
n — 0. The point of this is that instead of working with 4; we can
now work in terms of ¢,,. Setting a; = (1 — &,,)a; gives

led+ 1) — V= —n(1 — &) [(—d/n 12— 1] . (92)

We now solve for ¢ as a function of &, and d. As &, goes to zero
we should have ¢ converging to —n~!.
Letan = 2, for0 < @ < land ¢ = —B(en, d)/n, then,

dropping the argument of B(-, -), (92) becomes

Z<1_,3:>“ —;:n(l—en)(l—i)a —n(1—e). (93)

Multiplying through by 8/n and performing a change of variables
of k = an, (93) becomes

k k

The left hand side of (94) simplifies to

—apdy282 2
capd _ % +O(k™?). (95)

The right hand side of (94) simplifies to

B B(1 — &,)e a2 d?

-2
ok +0O(k™%). (96)

B(l—en)e ™ —B(1—ey)

Matching powers of k in (95) and (96) for k® and k™! yields the
following.

Pl _ 1 = B(1 — ep)e 4 — B(l —¢,), and (97)

o2 B2dPe Pl = B(1 — &,)a>d?e . (98)
Both of which respectively simplify to the following.

Pl _ 1 = B(1 — &) (e*“d — 1) , and (99)

Be Pl = (1 — g,)e 4. (100)

Multiply (99) by B and subtract the two equations, (99) and (100),
to get
(1— &) (1 - e*‘*d) BB+ (l—ee =0 (101)

This yields

1+ \/1 —4(1 — ;)2 (1 — e2d) god

= 2(1 —&,) (1 — e=2d) (102)

To be consistent with what ¢ ought to be as &, — 0, we choose

1+ \/1 —4(1 —g,)? (1 — ed) e—od

plend) = 21— £,) (1 — e9)

» - (103)

as required - concluding the proof. 0

6.7. Proposition 6.2

We use Lemma 6.1 to express ¥; in (72) as follows
. 4 2
() (5]
n n—aj
a; + ca? a; + ca?
o [H (i ) - 7—[( , )] (104)
aj; n—aj
a; a; 1+ ca;
=[-8
n n 1—%

+a; [7—[ (14 ca) —H (% . IJ:C;’)} (105)

Vi

n

Note that for regimes of small s/n considered

a;
1+cai<1——.

n
(106)
We need the following expressions for the Shannon entropy and
it’s first and second derivatives

1 a;
—==c<——, = @ <-—, and
n

H(z) = —zlogz — (1 — z) log(1 — 2), (107)
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H(z) =

(108)

<1
0g

) 5 and
1
/} [//( )

-2 (109)

But also H(z) = H(1 — z) due to the symmetry about z = 1/2.
Similarly, H"(z) is symmetric about z = 1/2; while #/(z) is anti-
symmetric, i.e., H'(z) = —H'(1 —z). Using the symmetry of H(z)
we rewrite 1/; in (105) as follows.

1 i
IJ:C; )} (110)
n

From (106), we deduce the following ordering

a; 14 ca;

_"[H<%>_H(f 1—a

n

Vi

ai

~+a; [7—[ (—caj) —H (* .
n

1+ ca;

i

ai ai

< — < —ca; <1/2.
n

S (111)

The last equality in (111) follows from that we assume 2fa; < n,
where 1 < 8 < 2 but very close to 1. This is a valid constraint
on the cardinality of the supports a;. To simplify notation, let
X1 4. 11+Ca“,’, x, = %, and x3 = —caj, which implies that

x1 < x5 < x3 < 1/2. Therefore, from (110), we have

Vi = —n[H () —H &) +ai [H () —HE)]  (112)
= —n[H (x2) —H (x)] + a; [H (x3) — H (x2)
+H (x2) —H (x1)] (113)

= —(n—a;) [H (x2) =H (x1)]+a; [H (x3) —H (x2)](114)
< —(n—ap)(x — x))H (x2) + ailxs — x2)H' (x2) (115)
[ai(xs — x2) — (n — ai)(x2 — x1) | H (x2). (116)

Observe that the expression in the square brackets on the right

hand side of (116) is zero, which implies that
ai(x3 — x2) = (n — a;)(x2 — x1)- (117)

This is very easy to check by substituting the values of x, x2, and

x3. So instead of bound (115), we alternatively upper bound (114)
as follows

VUi < —(n—a)x — x1)H (E21) + ailxs — x2)H (£32), (118)
where &1 € (x1,x2), and &35 € (x2,x3), which implies
&1 <&, and H (&1) > H (632). (119)

Using relation (117), bound (118) simplifies to the following.

Vi < —ai(xs — x2)H (§21) + ailxs — x2)H (§32) (120)
= —ai(xs — x2) [H' (621) — H' (£32)] (121)
—ai(x3 — x2) (621 — &32) H" (&31) » (122)

for &31 € (x1,x3). Since &1 < £33, we rewrite bound (122) as
follows.

Vi < ai(xs — x2) (532 — &21) H” (631) (123)

< an(xs —x)H" (x3), (124)
where n = &35 — &1 > 0, and the last bound is due to the fact
that x3 > &31.

Going back to our normal notation, we rewrite bound (124) as
follows.

Vi < ain (—Cﬂi - E) H (—caj) (125)
-1

=an—P —1)—Ff—F——0~ 126
= ajn (/3 )/3%(1 o) (126)

ain(p —1)
_ L 127
p(1—5%) "
This concludes the proof. O

6.8. Inequality 84

The series bound (84) is derived as follows.
s a; s a s
Y =G+ G

ieQ
s
Z —_
2n

@) ot G : 05/2)(128)

n

(1 —e€)ds s (1—e€)ds
e

2log, (s/2)

1 —e€)d
+<iq£4jij) (129)
sn 2
s 1 s 2
JCONES
( >:| (1 —e€)ds (130)
sn 2
1 1
— 1—
< ottt ) (1—e€)ds
1 2
= M(l — €)ds. (131)
2n
That is the required bounds, hence concluding the proof. O

7. CONCLUSION

We considered the construction of sparse matrices that
are invaluable for dimensionality reduction with application
in diverse fields. These sparse matrices are more efficient
computationally compared to their dense counterparts also used
for the purpose of dimensionality reduction. Our construction
is probabilistic based on the dyadic splitting method we
introduced in Bah and Tanner [1]. By better approximation
of the bounds we achieve a novel result, which is a
reduced complexity of the sparsity per column of these
matrices. Precisely, a complexity that is a state-of-the-art
divided by logs, where s is the intrinsic dimension of the
problem.

Our approach is one of a few that gives quantitative sampling
theorems for existence of such sparse matrices. Moreover, using
the phase transition framework comparison, our construction is
better than existing probabilistic constructions. We are also able
to compare performance of combinatorial compressed sensing
algorithms by comparing their phase transition curves. This is
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one perspective in algorithm comparison amongst a couple of
others like runtime and iteration complexities.

Evidently, our results holds true for the construction of
expander graphs, which is a graph theory problem and is of
interest to communities in theoretical computer science and pure
mathematics.
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