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Data assimilation permits to compute optimal forecasts in high-dimensional systems as,
e.g., in weather forecasting. Typically such forecasts are spatially distributed time series of
system variables. We hypothesize that such forecasts are not optimal if the major interest
does not lie in the temporal evolution of system variables but in time series composites
or features. For instance, in neuroscience spectral features of neural activity are the
primary functional elements. The present work proposes a data assimilation framework
for forecasts of time-frequency distributions. The framework comprises the ensemble
Kalman filter and a detailed statistical ensemble verification. The performance of the
framework is evaluated for a simulated FitzHugh-Nagumo model, various measurement
noise levels and for in situ-, nonlocal and speed observations. We discover a resonance
effect in forecast errors between forecast time and frequencies in observations.

Keywords: Kalman filter, neural activity, prediction, dynamical system, verification

1. INTRODUCTION

Understanding the dynamics of natural complex systems is one of the great challenges in
science. Various research domains have developed optimized analytical methods, computational
techniques or conceptual frameworks to gain deeper insight into the underlying mechanisms
of complex systems. In the last decades, more and more interdisciplinary research attracted
attention building bridges between research domains by applying methodologies outside of
domains. These cross-disciplinary techniques fertilize research domains and shed new light on
their underlying properties. A prominent example is the mathematical domain of dynamical
systems theory that traditionally is applied in physics and engineering and that has been applied
very successfully in biology and neuroscience. For instance, taking a closer look at the spatio-
temporal nonlinear dynamics of neural populations has allowed to identify epilepsy as a so-called
dynamical disease [1]. This approach explains epileptic seizures as spatio-temporal instabilities
hypothesizing that epileptic seizures emerge by phase transitions well-studied in physics. Another
example is control theory that is well-established in electric engineering, e.g., in the cruise-control
in automobiles or the flight control of airplanes. Similar control engineering techniques have been
applied in neuroscience for some years now, e.g., to optimize electric deep brain stimulation in
Parkinson disease [2, 3].

Weather forecasts are an everyday service provided by national and regional weather services
that allows to plan business processes as well as private activity and serves as a warning system
for extreme weather situations, such as floods or thunderstorms. Weather forecast is also an
important research domain in meteorology that has been developed successfully in the last decades
improving the forecasts for both global phenomena and local weather situations. In detail, todays
weather services employ highly tuned and optimized meteorological models and data processing
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techniques to compute reliable forecasts. Specifically the
combination of an efficient model and measured meteorological
data enables researchers to provide various types of predictions,
such as the probability of rain or the expected temperature in
certain local regions. This optimal combination of model and
data is achieved by data assimilation [4] and yields corresponding
optimal forecasts.

In other research domains, prediction methods are rare
but highly requested. For instance, the prediction of epileptic
seizures [5] would dramatically improve the life of epilepsy
patients and spare some of them health-critical drug treatments.
The typical approach of seizure prediction classifies measured
neural activity [6, 7] into seizure-no seizure data, what however
does not provide forecasts of neural activity. Although such
forecasts are made possible by data assimilation techniques,
until today research in neuroscience does apply data assimilation
rarely. In recent years, data assimilation methods have been
applied in neuroscience for model parameter identification
primarily [3, 8-12]. The present work extends these studies
by a framework to both compute and validate forecasts in
neural problems. Although large parts of the methodology
presented is well-established in meteorological forecasts [4],
we extend the techniques by a focus on spectral features
in measurement data. Such spectral data features play an
important role in neuroscience since there is almost-proofed
evidence that neural information processing is encoded in
rhythmic activity. For instance, mammalian visual perception
is achieved by synchronization in the frequency range [30
Hz; 60 Hz] [13] and unconsciousness and sleep is reflected in
increased activity in the frequency range [0.5 Hz; 4 Hz] [14].
Moreover, epileptic seizures exhibit strong rhythmic patterns [1].
Consequently, we aim to forecast spectral distributions over
time. To our best knowledge the present work is one of
the first to predict spectral distributions optimally by data
assimilation.

Most recent data assimilation studies apply the unscented
Kalman filter [3, 10] that performs well for low-dimensional
models. The present work considers the ensemble Kalman
filter [15, 16] that has been shown to outperform the unscented
Kalman filter and still performs well for high-dimensional
models [17]. One of the major differences to previous studies
is that the data assimilation cycle applied here does not
estimate system parameters but providing reasonable forecasts.
We provide a detailed description of the data assimilation
elements and its extension to spectral feature forecasts. The
additional verification of the ensemble forecasts gives insights
into the power and weakness of spectral feature forecasts.
For instance, we find a resonance effect between forecast
time and the oscillation frequency of observations that yields
improved verification metrics although forecasts are not
improved.

The work is structured as follows. The Methods section
introduces the model, simulated observations, the ensemble
Kalman filter and the verification metrics applied. The
subsequent section shows obtained results for in situ-, nonlocal,
and speed observations and various measurement noise levels. A
final discussion closes the work.

2. MATERIALS AND METHODS
2.1. The Model

Single biological neurons may exhibit various types of activity,
such as no spike discharge, discharge of single spikes, regular
spike discharge, or spike burst discharges. These activity modes
can be described by high-dimensional dynamical models. A more
simple model is the FitzHugh-Nagumo model [18, 19] describing
spike discharges by two coupled nonlinear ordinary differential
equations

d—V:V—1V3—w+I (1a)
dt 3

dw
rgz(V—i—a—bw) (1b)

with membrane potential V, recovery variable w and
corresponding time scale 7 , external input I, and physiological
constants a = 0.1,b = —0.15. In our study, we consider two
models. The nature model is non-homogeneous and time scales
and input vary according to

10t
7,(t) = 10 + ?, 0<t<T (2a)
0.95¢
I,(t) =035+ T, 0<t=<T (2b)

with maximum time T. This model is supposed to describe the
true dynamics in the system under study and typically that one
does not know. The change of 7, and I,, over time results in a
shift of oscillation frequency of the system, i.e., from larger to
smaller frequencies. Such a non-homogeneous temporal rhythm
is well-known in neuroscience, e.g., in the presence of anesthetic
drugs [20, 21]. The false model is not complete and represents
just an estimate of the system under study. This is the model with
which one describes systems and, typically, it is not correct. We
assume that we do not know the non-homogeneous nature of the
true model and assume temporally constant time scale and input

=20, I;=13 (3)
leading to a single oscillation frequency. We point out that
t(T) = 7 and I,(T) = Iy and both models converge to each
other for t — T.

The model integration over time uses a time step of 0.01 and
every 50 steps a sample is written out running the integration
over 5 - 10* steps in total. Initial conditions are x(t = 0) =
(1.0,0.2)". After numerical integration, we re-scaled the unit-less
time by ot — t with &« = 0.002s rendering the sample time to
At = 1 ms and the maximum time to f,,;, = 1s. This sets the
number of data points to N = 1,000.

To reveal non-stationary cyclic dynamics, we analyze the
time-frequency distribution of data with spectral density
S(tgsvm), k=1,...,K, m=1,...,M for number of time points
K and number of frequencies M. The Morlet wavelet transform

* I\\Ty ¥ ' —t /
WIlyl(t,v) = [my(t)\y (W) dt
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FIGURE 1 | Noise-free dynamics of the Fitzhugh-Nagumo model and corresponding observations. (A) The model trajectory in phase space for non-stationary (black)
and stationary (red) dynamics. (B) The time series of corresponding observations Hl[x] for non-stationary and stationary dynamics. (C) The time-frequency evolution of
observations for non-stationary dynamics in the true model with Equation (2). (D) The time-frequency evolution of observations for the stationary dynamics with
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applied uses a mother wavelet W with central frequency f, = 8
and the time-frequency distribution has a frequency resolution
of Av = 0.5 Hz in the range v € [5 Hz; 20 Hz]. The parameter
a = f;/v is the scale that depends on the pseudo-frequency v.
By the choice of the central frequency f;, the mother wavelet has
a width of 4 periods of the respective frequency. This aspect is
important to re-call while interpreting temporal borders of time-
frequency distributions. For instance, at a frequency of 15 Hz
border disturbances occur in a window of 0.26 s from the initial
and final time instant.

Figure 1A presents the phase space dynamics of the true
model (black) and the false model (red) and one observes
nonlinear cyclic dynamics. For illustration, Figure 1B shows the
potential V. Oscillations of the true model (black) decelerate
with time while the false model dynamics (red) is a stationary
limit cycle. This can be seen even better in the time-frequency
distribution shown in Figures 1C,D of the corresponding
observations.

2.2. Observations

To relate model variables to observations, data assimilation
introduces the notion of a measurement operator H: X € M —
Y € O. This operator maps system variables x € M in model
space M to observable variables y € O in observation space O.

The system dynamics can be observed in various ways and the
observation operator is chosen correspondingly. Measurements
directly in the system are called in-situ observations and,
typically, the measured observable is proportional to a model
variable. In this case, the operator is proportional to the
identity. Examples for such observables are temperature or
humidity in meteorology and intra-cellular potentials or Local
Field Potentials in neurophysiology. Conversely, measurements
outside the system are called nonlocal observations capturing
the integral of activity from the system. Examples for such
observations are satellite radiances or radar reflectivities in
meteorology and encephalographic data and the BOLD response
in functional Magnetic Resonance Imaging in neurophysiology.

The present study considers scalar in-situ observations,
nonlocal observations and temporal derivatives and in-situ
observations. We begin with in-situ observations y(t) disturbed
by measurement noise

y(t) = V(D) + k&), (4)
where &(t) are Gaussian distributed uncorrelated random
numbers with (£(¢)) = 0, (£(t)E(t)) = 8(t — t'), (-) denotes
the ensemble average and V/(¢) is the membrane potential from
model (1). The noise level « is chosen to k¥ = 0 (no noise), xk =
0.5 (medium noise), and « = 0.8 (large noise). Figure 2 shows
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FIGURE 2 | Noisy in-situ observations. (A) Time series for medium noise level k = 0.5. (B) Time series for large noise level k = 0.8. (C) Time-frequency distribution for
medium noise level k = 0.5. (D) Time-frequency distribution for large noise level k = 0.8.
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the noisy observations under study. The oscillation frequency
decreases corresponding to the non-homogeneous dynamics (2).
From Equation (4), one reads off the observation operator

H=(10)en"™

with y = Hx,x = (V, w)! € %2
For comparison, we also consider nonlocal observations with
the observation operator

H=(11)en™
yielding

y(t) = V(1) + w(t) + k&(1), (5)
for the same noise levels « as above. Figure 3A shows time series
and corresponding time-frequency distributions. The frequency
of the oscillation decreases over time similar to the in-situ
observations.

As already stated, the aim of the present work is to introduce
the idea to forecast temporal features. As a further step in
this direction, let us consider temporal changes of the signal
evolution, i.e., the speed of the system. To this end the definition
of the observation operator # is extended to

y(t) = Hx(t)

with

H=(4 0) en? (©)
yielding

0 =0 e,
for two noise levels k = 0.0 and k = 0.02. Numerically, the

derivative dV(t)/dt is implemented as V(t,) — V(t,—;) at time
instance t,. Figure 3B shows the corresponding time series. We
recognize the short time scale of the spike activity in in-situ
observations as couples of sharp positive and negative spikes.

2.3. Ensemble Transform Kalman Filter

One of the major aims of data assimilation techniques is the
optimal fit of model dynamics to observed data. Here, we
introduce the major idea with a focus on the 2-dimensional
model (1) and the scalar observation. Observations y(t) evolve in
the 1-dimensional observation space, while the model solutions
are embedded in the 2—dimensional model phase space.

2.3.1. Analysis Ensemble
To merge observation y(t) and model background state x;() at
time t optimally, the best new model state x, minimizes the cost
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FIGURE 3 | Nonlocal and speed observations at various measurement noise levels «. (A) Time series and time-frequency distributions of nonlocal observations
(B) time series of speed observations.

function

C(xg) (xq — Xb)tB_l(Xa —Xxp) + ()’ - Hxa)t()’ — Hx,)/R

(7)

min!,

i.e., the solution is the minimum of the cost function C. Here,
H is the observation operator, x, is called the analysis, B is
the model error covariance matrix and R the observation error.
If the assumed dynamical model and the assumed observation
operator used in the data assimilation procedure are the true
model and operator, respectively, then the assumed observation
error is identical to the true error, i.e., R = «2. However, typically,
one does not know the true observation error x and R can just be
estimated. This is the case we consider in the present work. In
the present implementation R = 1.5. For given matrix B and the

scalar R, the optimal new model state is

X, = Xp + BHt(y — Hxp). (8)

R + HBH'

This is the major result of the 3DVar technique for scalar
observations [10].

Conversely, if the covariance error matrix B is not known,
it can be estimated from the model. To this end, one considers
an ensemble of model states {xé},l = 1,...,L of L ensemble
members and estimates B by

~
~

B %)

(10)
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with the ensemble mean x;, = Zlelxé/L and Xy = (xé)k.
In applications, we choose L = 10 if not stated differently.
Introducing the equivalent of X in observation space Y = HX,
Equation (8) reads in model space

1

X =X = TR+ YY

XY'(y — Hxy) (11)

and in observation space

t

m(}’ L)) (12)

Ya—Yb =

with y,, = Hx, . Since YY' and R are positive-definite scalars,

Ya = Yb
Y=

0 < <1 (13)

stating that the analysis equivalent in observation space y, is
always closer to the observation as the background equivalent in
observation space yy,.

The ensemble transform Kalman filter (ETKF) [22] optimizes
observation and background ensemble members {xlb} to gain
an analysis ensemble {x} in the ensemble space. This space is
L-dimensional and is spanned by the ensemble members

Xp = Xp + Xw

with the ensemble space coordinates w € fR~. Re-considering the
optimization scheme (7) in this space

w=PY'(y—j)/R P=(L—-DI+YY/R) ' entxt

with y, = HX, and the identity matrix I € RE*E. Then the
analysis ensemble mean X, and its covariance P, reads

X, = X + Xw (14)

P, = XPX'. (15)

The analysis ensemble members can be calculated by

x; =X+ Xwi{, (16)

withw) e R 1=1,...
analysis mean

, L. Let us define the deviations from the

W=w_-w I=1,...,L (17)
1

corresponding to (10) and with W/ € 9L, Defining the matrix
W e R with columns W/, the ansatz P = WW?!, and
Equation (15) yields X, = /L — 1XW. With the singular value
decomposition P = UDU’, the orthogonal matrix U and the
diagonal matrix D, essentially we gain

W = UDV2U',

where D}(i2 = /Dy This is the square-root filter
implementation of the ETKF [23].

Equation (7) implies that all states, observations, covariances
and operators are instantaneous. Extensions of this formulation
are known, e.g., as the 4D-ENKF or the 4DVar [24-26]. Most
of these previous extensions imply an instantaneous observation
operator H. In the previous section, we considered the speed
of observations as the observations under study implying the
temporal derivative of observed signals. This derivative is
nonlocal in time and hence non-instantaneous. Here, we argue
that the system evolves on a time scale that is much larger than
the sampling time or, in other words, the sampling rate is high
enough that the temporal derivative can be considered as being
local in time. Consequently, Equation (7) may still hold in a good
approximation.

2.3.2. Inflation

In each analysis step, the analysis equivalent in observation
space y, moves away from the model background state y
closer to the observation y, cf. discussion of Equation (13).
This assumes that observations reflect the true state. Of course,
observations usually are errorneous due to measurement errors
or errors in the observation operator. This is taken care of by
the model error covariance matrix R. The uncertainty of the
model state in observation space is described by the covariance
estimator YY’. However, the model has errors which are not
completely reflected by the state estimate error covariance matrix
YY?, since this is calculated based on an ensemble of model
forecasts with the same simulated model equations. To take
care of the model error and draw the analysis closer to the
background state, typically one enhances the ensemble spread by
inflation.

For in situ- and nonlocal observations we have implemented
constant multiplicative inflation by scaling w, in Equation (16)
by a factor w, — 1.4 - wl. In addition, we employed additive
covariance inflation by B — B + 0.15I in Equation (10) with the
2 x 2 unity matrix I. For speed observations, we have reduced the
multiplicative inflation factor to 1.05 and the additive covariance
inflation factor to 0.05.

2.4. Data Assimilation Cycling

Putting together models and data assimilation, the model
evolution is controlled by observed data optimizing the initial
state of the model iteration. Our data assimilation cycle starts
with initial conditions from which the model evolves during the
sampling interval. The model state after one sampling interval
At is the background state or first guess x;,. The subsequent data
assimilation step estimates the analysis state x, that represents
the initial state for the next model evolution step. In other
words, data assimilation tunes the initial state for the model
evolution after each sampling interval. Using the ETKE this
cycling is applied for all ensemble members which obey the
model evolution and whose analysis state is computed in each
data assimilation step. Initial ensemble member model states
were xl(O) = (m,m),1 = 1,...,L with random uniformly
distributed numbers 5y, 1, in the range 1y, 72 € [0; 1].
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2.5. Ensemble Prediction and Verification
The aim of the present work is to show how optimal forecasting
can be done. Free ensemble forecasts are model evolutions over a
time typically longer than the sampling time. This forecast time
is called lead time. The initial state of the free forecasts are the
analysis model states determined by data assimilation.

In the present work, we are interested in forecasts at every
sample time instant. To this end we compute the model activity
at a certain lead time. This forecast is computed for all ensemble
members what renders it an ensemble prediction. The forecasts
are solutions of the model ¥/ (¢; t,) at time t > ¢, with initial
analysis state x, at time t = f, and lead time T = t —
ty. To compare them to observations, forecasts are mapped to
observation space yielding model equivalents

Y (6 1) = HY (5 ).

Later sections show free forecasts yf (t; t—T) with fixed lead time.
In the following, model forecasts with the sampling time as lead
time T = At are called first guess.

Naturally, one expects that the forecasts diverge from
observations with longer lead times but the question is which
forecasts can still be trusted, i.e., are realistic. Essentially we ask
the question how one can verify the forecasts. To this end, various
metrics and scores have been developed [27]. Since most forecasts
are validated against observations, metrics are based on model
forecast equivalents in the observation space.

2.5.1. First Guess Departure Statistics
To estimate the deviation of forecast ensemble members )/{1(1) with

forecast ensemble means )_/ = Zlelyfq(l),n = 1,...,N from
observations y,, n = 1,...,N of number N, we compute the
mean error (bias)

| N
bias=ﬁr§yﬂ—)—/{,,

the root-mean square error

rmse =

1 N
_ _7)2
NE (Vn yﬁ)

n=1

and the ensemble spread

1 1 o -
spread:NZ ﬁz(” —)’{4)2.

n=1 /=1

For scalar observations and corresponding forecasts, i.e.,
temporal time series, )/ = yf(tn; th — T), n = 1,...,N and
N is the number of time points. Conversely, for time-frequency
distributions S(#,v) computed from the observation time series
by a wavelet transform (cf. section 2.1) with K time points and M
frequencies,yﬁ = S(tp,vm), k=1,..., K, m=1,...,M, n =
(m — 1)K + kand N = KM is the number of all time-frequency
elements.

The time-frequency distribution represents the spectral power
distribution S at various time instances. Since spectral power is
a positive-definite measure, the distance of two time-frequency
distributions could be computed differently as a root mean square
error. We can interpret the rmse as the Euclidean distance
in high-dimensional signal space. However, the spectral power
lies on a manifold in signal space and hence the distance
between spectral power values is a Riemannian distance [28, 29].
Alternatively, the distance between time-frequency distributions
may represent the temporal average of distances between two
instantaneous power spectra S (fx, v), S2(#, v) at time instance
t. A corresponding well-known distance measures is the time-
averaged Itakura-Saito distance (ISD) [29, 30]

M

1 Sobs(tks Vin) Sobs(tis Vi)
ISD, = — - —
M = Sp(te vm) Se(tk> vim)
1 K
ISD = }I;ISD;(.

This distance measure is not symmetric in the spectral
distributions and hence not a metric. As an alternative, one may
also consider the log-spectral distance (LSD) [29, 31]

1 M Sobs(tr> Vin) ? 1 K
LSDy = | — 10log,, =" | , LSD = — Y LSD;
M2 [ 81075 (b4 vm) K2

m=1 k=1

which has the advantage that it is symmetric in the distributions.
In both latter measures S,y and Sy are the power spectra of
observations and forecasts, respectively.

As pointed out above, we hypothesize that spectral features
extracted from forecasts can be predicted in a better or more
precise way than forecasts themselves. Since measurement noise
plays an important role in experimental data, we evaluate
predictions for medium and large noise levels x compared to
k = 0. The skill score [32]

rmse(k)

SS(k)=1-— Kk =0.5,0.8

rmse(k = 0)’

reflects the deviation of forecast errors at medium and large
noise levels from noiseless forecasts. For SS = 0, forecasts have
identical rmse and SS < 0 (SS > 0) reflects larger (smaller) rmse,
i.e., worse (better) forecasts. The skill score SS is less sensitive
to the bias as the rmse, and that also plays an important role in
the evaluation of forecasts (similarly to the standard deviation).
However, for small bias SS > 0 is a strong indication of improved
forecasts.

According to Equation (10), the ensemble is supposed to
describe well the model error. The ensemble spread represents
the variability of the model and an optimal ensemble stipulates
spread = rmse [33]. The spread-skill relation [34]

SSR — spread

rmse
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quantifies this relation. If SSR > 1, the ensemble spread is too
large yielding bad estimates of the analysis ensemble and free
forecasts, whereas SSR < 1 reflects a too small spread giving
observations too much weight and yielding bad estimates of
analysis ensemble and forecasts as well.

2.5.2. Ensemble Distribution Statistics

A representative forecast ensemble has the same distribution
as the observations. This can be quantified by computing the
rank of an observation in a forecast ensemble [35, 36]. If
this rank is uniformly distributed, then the ensemble describes
well the variability of the observations. Conversely, if the
rank distribution has an U-shape (inverse U-shape) then most
observations lie outside (inside) the range of the ensemble and
the forecast ensemble is not representative. To estimate the shape
of the rank distribution, we parameterize it by a beta-function

(o + B)
I'(@)T'(B)

flx) = 271 —xf xelo,1]

with the gamma-function I'(x) and two parameters o, 8 > 0.
For a uniform distribution « = B = 1, and U-shape (inverse
U-shape) distributions have o, § < 1 (a, 8 > 1). Computing the
sample of ranks r € [0, L] from the set of forecast ensembles and
observations, their mean y and variance o2 permits to estimate
the function parameters by

W WL — )
ST
R L—

5 (1_%)<M(62M)_1>_

The derived B—score [35]

/3621_1/\/%

equals 0 for a uniform distribution and 8. > 0 (8, < 0) reflects
the ensemble overestimation (underestimation) of the model
uncertainty for an inverse U-shaped (U-shaped) distribution. In
addition, the S-bias [35]

~

By=B—a

quantifies the skewness of the rank distribution and 8, = 0
reflects symmetric distributions. f—bias values 8, > 0 (8, <
0) reflect a weight to lower (higher) ranks and the majority of
ensemble members is larger (smaller) than observations.

3. RESULTS

At first, we consider in-situ observations and evaluate the
data assimilation cycle to illustrate some properties of the
ETKEF. Subsequently, we present forecasts for in-situ observations
as time series and time-frequency distributions and evaluate
the corresponding ensemble forecasts by statistical metrics
well-known from verification in meteorology. To understand
the specific nature of in-situ observations, subsequently we

also consider nonlocal observations and speed observations
and present corresponding verification results. Eventually, we
compute advanced statistical estimates specific for spectral power
distributions and verify corresponding forecasts.

3.1. Data Assimilation Cycle—in-situ

Observations

To start, we consider in-situ observations. Figure4 shows
observations, the ensemble mean of first guess and analysis
equivalents in observations space. We observe that the analysis
(red) is always closer to the observation (black) than the first
guess (blue). This validates Equation (13). Moreover, visual
inspection tells that higher noise levels yields worse fits of the first
guess and the analysis to observation. This will be quantified in
more detail in later section 3.3 .

To illustrate the ensemble evolution, Figure5 shows
observations and the ensemble mean (blue solid line) and the
single ensemble members (blue dots) of the first guess in an
initial and final time interval. We observe that the ensemble
starts with a narrow distribution while it diverges rapidly after
several time steps. The ensemble spread about the ensemble
mean reached after the initial transient phase remains rather
constant over time.

3.2. Forecast—in-situ Observations

Now let us turn to the forecasts. In the data assimilation cycle,
after one model step and hence one sampling time interval, the
analysis is computed and initializes the phase space trajectory
of the model evolution for the subsequent model step. In free
forecasts yf (t; ta), the model is integrated over a certain lead
time T = t — t, initialized by the analysis at each time
instant f,. Figures 6A-C shows time series of observations and
forecast ensemble mean equivalents for two lead times. For the
short lead time T = 10 ms the first guess equivalent follows
rather closely the observation, whereas it is phase-shifted to the
observation for large lead time 40 ms. This holds true for all noise
levels.

The time-frequency distribution of the observations and
forecast equivalents is shown in Figures 6D-F. The time-
frequency distribution of forecasts at short lead time resembles
well the time-frequency distribution of observations, whereas
prominent differences between large lead time-forecasts and
observations occur, especially at the temporal borders.

3.3. Verification—in-situ Observations

To quantify the differences between forecasts and observations
detected by visual inspection in section 3.2, we compute the
forecast departure statistics subject to the lead time. Figure 7A
shows that rmse of time-frequency data increases monotonically
with lead time and it increases and finally decreases when based
on time series data. The periodicity of rmse results from the
increasing forecast-observation delay that increases with the lead
time. Hence at a phase lag of 7 when the lead time is half the
mean oscillation period the rmse is maximum. This explains why
the two rmse minima have a temporal distance of ~ 70 ms what
corresponds to one period of the mean system frequency of 14
Hz. Moreover, the bias decreases monotonically with the lead
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FIGURE 4 | In-situ observations y, ensemble mean of first guess H[Xp] and ensemble mean of analysis H[xa] in observation space for no noise k = 0 (A), medium
noise level k = 0.5 (B), and large noise level « = 0.8 (C). In (A) the right panel zooms in a signal part illustrating that the analysis mean (in observation space, red
color) is closer to the observations (black color) than the first guess mean (in observation space, blue color) in accordance to theory, see section 2. In all panels,
observations are color-coded in black, first guess equivalents in observation space in blue and analysis equivalents in observation space in red.
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FIGURE 5 | lllustration of the temporal evolution of ensemble spread in observation space. (A) « = 0, (B) x = 0.5, (C) « = 0.8. Observations are color-coded in black,
the ensemble mean of the first guess is color-coded in blue and solid line and the single ensemble members are color-coded in blue and single dots.
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observations are color-coded in black, the ensemble mean of first guess equivalents in observation space Hlx] is color-coded in blue. (D-F) Time-frequency
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window of 4/f from the left and right temporal borders where f is the corresponding frequency, cf. section 2. (A,D) x = O, (B,E) x = 0.5, and (C,F) x = 0.8.

time for time series and increases for time-frequency data. To
summarize these findings, we compute the skill score SS. Since
the rmse for different noise levels approach each other for large

lead times the skill score approaches SS = 0 (Figure 7B). We
observe that the skill score of time-frequency data exceeds SS of
time series data.
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(D) Spread-skill ratio SSR =spread/rmse. (E) Features of ensemble rank histogram B-score and B-bias with respect to lead times. Colors in (A,C,D,E) encode « = 0
(orange), k = 0.5 (black), and k = 0.8 (red), line types in (B,D,E) encode time series data (dashed-dotted) and time-frequency distributions (solid). The estimates

bias, rmse, and spread are averages over N = 1,000 observations for each lead time.

The ensemble spread decreases with lead time in both time  shows that 8. decreases from positive to negative values both
series data and time-frequency data to values smaller than the  for time series and time-frequency distribution data. This reveals
rmse. This yields a decreasing spread-skill relation where SSR an underestimation of the model uncertainty. The A—bias
is well below SSR = 1 for both time series data and time-  remains positive-definite for time series data whereas 8, of time-
frequency distribution data. We note that SSR falls faster to lower  frequency distribution data decreases from positive to negative
values for time-frequency distribution data. Since one expects of ~ values. This result reveals that the majority of ensemble members
good filters that the ensemble variations (spread) explain well the  are larger than the time series observations and smaller than the
error (rmse), here the forecast ensemble of time series explains  time-frequency spectral power observations.

better the observations than time-frequency data since their SSR To understand better why the ensemble spread shrinks at
is closer to SSR = 1. large lead time, Figure 8 compares the ensemble mean of the

The reliability of the ensemble forecasts can be evaluated by = model forecasts in phase space with the true phase space data.
rank histograms, i.e., the f—score B, and B—bias ;. Figure 7E  The forecasts exceed the true data at lead time T = 1 ms.
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The blue-coded points represent the false model data.

FIGURE 8 | Phase space dynamics for short and long lead times. The ensemble mean of forecasts and the true data are color-coded in red and black, respectively.

Conversely the forecast spread is much smaller than the true data
at T = 80 ms since the forecasts obey the false model dynamics
that evolves on a smaller phase space regime. Consequently the
spread shrinkage with the lead time results from the smaller phase
space regime of the false model.

3.4. Nonlocal Observations

To understand how specific the gained results from in-
situ observations are, we compare them to statistics of
other data type. Now let us consider nonlocal observations
subjected to various noise levels. Figures 9B-D shows the
time-frequency distributions for three noise levels and three
lead times T. Forecasts at medium lead time T differ
clearly to observations and forecasts at short and long lead
time.

To understand this, we take a closer look at the forecast
time series at T 40 and compare it to the observations,
cf. Figure 9A. Re-call that the analysis sets the initial condition
for forecasts. For a lead time T 40 ms the forecasts
are in a fixed phase relation to an observation oscillations
with vy 12.5 Hz since then T 1/vg is exactly
one period of this oscillation. This fixed phase relation is
observed in Figure 9A at ~0.5 s. Before and after that time,
the observation frequency is larger and smaller, respectively, see
also Figure 6, and the forecasts are out of phase. In addition, in
the beginning and end the forecasts do not evolve rhythmically
yielding missing spectral power, cf. Figures 9B-D. Summarizing,
forecasts may resonate with oscillatory observations at frequency
Vo = 1 / T.

The departure statistics between forecasts and observations
resembles the findings for in-situ observations, cf. Figure 10A.
Time-frequency distributions have almost optimal skill score
SS for medium and large lead times, however with too small
ensemble spread (SSR is very small). Conversely, time series data
yield worse skill score but larger ensemble spread. Moreover,
the rmse and bias have a maximum at about T = 25 ms and
a minimum at about T = 45 ms. The minimum is explained

above as a resonance between forecast time and observation
frequency.

These results are in good accordance to the rank histogram
features B. and Bj seen in Figure 10B. Very short lead times
yield B. > 0 reflecting an overestimation of the spread, otherwise
Be < 0 reflecting a too small ensemble spread. This holds true
for all data types and all noise levels. The S—bias is similar to
Figure 7 and shows that the majority of the ensemble members
is larger than the time series observations and smaller than the
spectral power values.

Summarizing, the ensemble varies much with the lead time
what indicates a fundamental problem in the ensemble forecast.

3.5. Speed Observations

Spectral power takes into account data at several time instances.
Since to our knowledge Kalman filters have not been developed
yet for observation operators nonlocal in time, we take a first
step and consider speed observations subjected to two noise
levels. Figure 11A compares observations, first guess and analysis
in data assimilation cycling for the same number of ensemble
members as in the previous assimilation examples. We observe
that the first guess and analysis do not fit at all to the observations
and hence the assimilation performs badly.

To improve the assimilation cycle, we diminish the
observation error to R = 0.01 drawing the analysis closer
to the observations. In addition, a larger ensemble improves the
estimation of the model covariance inflation and we increase
the number of ensemble members to L = 50 while decreasing
the inflation factors to 1.05 (multiplicative inflation) and
0.05 (additive inflation). Figure 11B demonstrates that these
modifications well improve the assimilation cycle. Now the
first guess and analysis fit much better to the observations. An
increased noise level renders the first guess and analysis less
accurate.

The forecasts in Figure 12 show that the assimilation cycle
captures the upper observation spikes for T = 40 ms whereas
forecasts at larger lead times are worse.
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This can be quantified by departure statistics metrics as shown
in Figure 13. The rmse increases slightly with lead time, i.e., the
forecast error is larger for larger forecast times, while the bias
is rather lead-time independent. Moreover, we observe that the
spread is much smaller than the rmse. Since reliable ensemble
forecasts should have a unity spread-skill ratio, this too small
spread reflects a too small analysis inflation factor.

These results are in good accordance to the rank histogram
features B. and B seen in Figure 14. The negative values of S,
for all lead times reflects the underestimation of the spread and
the f—Dbias B, &~ 0 indicates that this underestimation is present
for all forecast values. This holds true for both noise levels.

3.6. Advanced Statistical Measures

Since the rmse is not an optimal measure to quantify the
difference between time-frequency distributions, we compute
more advanced measures specific for power spectra. The Itakura-
Saito distance (ISD) and the log-spectral distance (LSD) increase
with the lead time for in-situ observations with a light local
maximum at about T = 40 ms, cf. Figure 15A. A closer look
at Figure 6 reveals that the forecast spectral power at T = 40
is much smaller than the observation spectral power explaining
this local increase of distance. The time-frequency distribution
distances are rather similar in all noise levels. Moreover,
spectral distances between nonlocal observations and forecasts
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exhibit a strongly non-monotonic dependence of the lead time.  time for both data types. Moreover, ISD and LSD are slightly
This is in good accordance to the results with the rmse in  smaller than their equivalents for the full time interval shown in
Figure 10. Figure 15A.

Time frequency distributions appear to represent instant-
aneous spectral power. However, the spectral power distributions
at subsequent time instances are strongly correlated dependent 4, DISCUSSION
on the frequency. The correlation length is t = 4/f leading
to distortions at the temporal borders. Since the major spectral ~ The present work applies well-established techniques known
power occurs in the frequency interval [11 Hz; 15 Hz], i.e, for  in meteorology to find out whether they can be useful to
correlation times 0.27 < 7 < 0.36, we define distorted time  forecast spectral features in other science domains where spectral
intervals with width 0.3 s and estimate improved time-frequency ~ dynamics plays an important role, such as in neuroscience. For
distribution distances neglecting the distorted initial and final  in sifu- and nonlocal observations, the assimilation of spectral
time interval. Figure 15B shows the corresponding results. We  features is indirect since the features are computed after the
observe that rmse, ISD and LSD depend similarly on the lead  computation of conventional forecasts, i.e., in time series. We
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show that they strongly improve skill scores (Figures?7, 10)
for large lead times, whereas their spread is worse than for
conventional forecasts for large lead times. This holds true for all
measurement noise levels under study. In general, the ensemble
forecast verification points to problems with the ensemble spread
in all data types. This may result from a poor estimation of the

model error covariance B by too few ensemble members and a
non-optimal choice of the inflation factor.

Since time-frequency distributions show time-variant spectral
power, it is necessary to verify forecasts by spectral power-
specific measures and take care of spectral power-specific
artifacts, cf. Figure 15. The conventional estimate rmse and the
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spectral-power specific estimates ISD and LSD behave similarly ~ operators [37], future work will consider integral observation
with respect to the lead time. Small differences between rmse and  operators.
both ISD and LSD originates from the fact that ISD and LSD Since spectral feature forecasts are sensitive to certain
are time-averages over instantaneous spectral distance measures,  frequencies, they are sensitive to lead time-observation frequency
whereas rmse averages over all frequencies and time instances  resonances. Such resonances seem to improve the forecast
and hence smoothes differences. Consequently ISD and LSD  although these resonances are artifacts. To our best knowledge,
appear to be better verification measures of time-frequency  the current work is the first to uncover these resonances that may
distributions. Since LSD is a metric but ISD is not, future work  play an important role in the interpretation of forecasts.
will derive score measures based on LSD equivalent to the skill The ensemble data assimilation cycle involves several modern
score SS. Moreover, we find that the border artifacts introduced  techniques, such as multiplicative and additive covariance
by the wavelet transform do not affect our results qualitatively.  inflation that well improves the forecasts. As a disadvantage, the
Nevertheless, we recommend to exclude these artifacts in future ~ spread for short lead times is too large . Future work will improve
work. the ensemble statistics by adaptive inflation factors [38] and
Conversely, speed observations consider the dynamical quality control methods, e.g., first guess checks [39] to remove
evolution of the system and are a very first approximation to  outliers in every data assimilation step. This will surely contribute
a direct spectral feature. This is true since speed observations  to improve ensemble forecasts.
do not take into account the system state and observation The ensemble Kalman filter applied is one possible technique
at a single time instance only. Future work will extend this  to gain forecasts. Other modern powerful techniques are
approach to a larger time window what allows to compute the  the variational methods 3D- and 4D-Var [40], hybrids of
power spectrum that can be mapped to a single time instance. ~ ensemble and variational techniques like the EnVar [41] and
Since generalizations or differential operators are integral  particle filters [42, 43]. These techniques have been applied
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successfully in meteorological services world-wide and future
work will investigate their performance in forecasting of power
spectra.

Eventually, the present study considers a specific model
system that exhibits a single time scale due to a single oscillation
frequency. However, natural complex systems exhibit multiple
time scales what may render the Kalman filter less effective and
the superiority of the time-frequency data less obvious. In the
future, it will be an important task to extend the present work
to multi-scale Kalman filters [44, 45].
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