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A New Nonconvex Sparse Recovery
Method for Compressive Sensing

Zhiyong Zhou* and Jun Yu

Department of Mathematics and Mathematical Statistics, Umeéa University, Umed, Sweden

As an extension of the widely used ¢,-minimization with O < r < 1, a new non-convex
weighted ¢, — ¢4 minimization method is proposed for compressive sensing. The
theoretical recovery results based on restricted isometry property and g-ratio constrained
minimal singular values are established. An algorithm that integrates the iteratively
reweighted least squares algorithm and the difference of convex functions algorithm
is given to approximately solve this non-convex problem. Numerical experiments are
presented to illustrate our results.

Keywords: compressive sensing, nonconvex sparse recovery, iteratively reweighted least squares, difference of
convex functions, g-ratio constrained minimal singular values

1. INTRODUCTION

Compressive sensing (CS) has attracted a great deal of interests since its advent [1, 2], see the
monographs [3, 4] and the references therein for a comprehensive view. Basically, the goal of CS is
to recover an unknown (approximately) sparse signal x € RN from the noisy underdetermined
linear measurements

y=Ax+eecR", (1)

with m < N, A € R™N being the pre-given measurement matrix and e € R being the noise
vector. If the measurement matrix A satisfies some kinds of incoherence conditions (e.g., mutual
coherence condition [5, 6], restricted isometry property (RIP) [7, 8], null space property (NSP)
[9, 10], or constrained minimal singular values (CMSV) [11, 12]), then stable (w.r.t. sparsity defect)
and robust (w.r.t. measurement error) recovery results can be guaranteed by using the constrained
£1-minimization [13]:

min ||z||; subjectto [|[Az —yll2 <n. 2)
zeRN

Here the ¢;-minimization problem works as a convex relaxation of €o-minimization problem,
which is NP-hard to solve [14].

Meanwhile, non-convex recovery algorithms such as the ¢,-minimization (0 < r < 1) have
been proposed to enhance sparsity [15-20]. £,-minimization enables one to reconstruct the sparse
signal from fewer number of measurements compared to the convex £;-minimization, although
it is more challenging to solve because of its non-convexity. Fortunately, an iteratively reweighted
least squares (IRLS) algorithm can be applied to approximately solve this non-convex problem in
practice [21, 22].
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As an extension of the £,-minimization, we study in this paper
the following weighted ¢, — £; minimization problem for sparse
signal recovery:

min [|z|; — «|lz]|] subjectto [[Az—yl2 <n, (3)
zeRN

where y = Ax + ewith e, < 7,0 <o <1l,and0 <r < 1.
Throughout the paper, we assume that « # 1 when r = 1.
Obviously, it reduces to the traditional £,-minimization problem
when « = 0. This hybrid norm model is inspired by the non-
convex Lipschitz continuous ¢; — ¢, model (minimizing the
difference of £; norm and ¢, norm) proposed in Lou et al. [23]
and Yin et al. [24], which improves the ¢;-minimization in a
robust manner, especially for the highly coherent measurement
matrices. Roughly speaking, the underlying logic of adopting
these kinds of norm differences or the ratios of norms [25] comes
from the fact that they can be viewed as sparsity measures, see
the effective sparsity measure called g-ratio sparsity (involving
the ratio of £; norm and £; norm) defined later in Definition 2
of section 2.2. Other recent related literatures include [26-29], to
name a few.

To illustrate these weighted ¢, — 1 norms (||-|I} — «||-[I}),
we present their corresponding contour plots in Figure 1'. As
is shown, different non-convex patterns arise while varying
the difference weight « or the norm order r. And the level
curves of weighted ¢, — ¢; norms approach the x and y axes
as the norm values get small, which reflects their ability to
promote sparsity. In the present paper, we shall focus on both
the theoretical aspects and the computational study for this
non-convex sparse recovery method.

This paper is organized as follows. In section 2, we derive
the theoretical performance bounds for the weighted ¢, — ¢;
minimization based on both -RIP and g-ratio CMSV. In section
3, we give an algorithm to approximately solve the unconstrained
version of the weighted £, —£; minimization problem. Numerical
experiments are provided in section 4. Section 5 concludes with a
brief summary and an outlook on future extensions.

2. RECOVERY ANALYSIS

In this section, we establish the theoretical performance bounds
for the reconstruction error of the weighted £, — ¢; minimization
problem, based on both r-RIP and g-ratio CMSV. Hereafter, we
say a signal x € RN is s-sparse if ||x|lp = Zfil I{x; # 0} <,
and denote by xs the vector that coincides with x on the indices
inS C [N]: ={1,2,---,N} and takes zero outside S.

2.1.r-RIP

We start with the definition of the s-th r-restricted isometry
constant, which was introduced in Chartrand and Staneva [30].

Definition 1. ([30]) For integer s > 0 and 0 < r < 1, the s-
th r-restricted isometry constant (RIC) §; = &,(A) of a matrix

VAll figures can be reproduced from the code available at https://github.com/
22y583661/Weighted-1_r-1_1-minimization

A € RmM*N jg defined as the smallest § > 0 such that
(1 =8)llxlly < [[Ax]l; < (1 +8)llxl} (4)
for all s-sparse vectors x € RN,

Then, the r-RIP means that the s-th r-RIC §; is small for
reasonably large s. In Chartrand and Staneva [30], the authors
established the recovery analysis result for ¢,-minimization
problem based on this r-RIP. To extend this to the weighted
£, — ¢; minimization problem, the following lemma plays a
crucial role.

Lemma 1. Suppose x € RN O<a <1land0 < r < 1, then
we have
.
(N —aN") <min Ixil) < lxlly —alxl] < N"" —a)|x]].
i€[N]
(5)

In particular, when S = supp(x) C [N] and |S| = s, then
r
(s — as") (qleisn |in> < lIxl; — elixll} < "7 = o)lixllf. (6)

Proof. The right hand side of (5) follows immediately from the
norm inequality x|, < NY™=11x||; for any x € RNand0 < r <
1. As for the left hand side, it holds trivially if min;c[ny |x;| = 0.
When minje[ny |xi| # 0, by dividing (minie[N] |xi|)r on both
sides, it is equivalent to show that

N

Ix;1 ' al Il
> (i)~ \ 2w
; min;e[ng |l min;e[ny |

j=1 j=1

>N —aN'".
(7)

| .
m,wehavea] > 1lforanyl <j <N,

and to show (7) it suffices to show

By denoting a; =

r

N N
Za}—a Zaj > N —aN".
=1 =1

.
N N

Assume the function f(ay,az,- - ,an) = Xia]f -« (Xi aj> .
= J=

Then, as a result of
r—1

N

_ 1 3

a—ak_mk —ar a; >0 foranyl <k <N,
j=1

we have f(aj,az,- -+ ,an) > f(1,1,- -+ ,1) = N — aN". Thus, the
left hand side of (5) holds and the proof is completed. (6) follows
as we apply (5) to xs.

Now, we are ready to present the r-RIP based bound for the £,
norm of the reconstruction error.
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FIGURE 1 | The contour plots for weighted ¢, — €1 norms with different & and r. The first row corresponds to the cases that r = 0.5 with different « = 0, 0.3, 1, while
the second row shows the cases that r = 0.1,0.4, 0.7 with fixed a = 1.

Theorem 1. Let the £,-error of best s-term approximation of x be
os(x); = inf{||x — z||,»z € RNis s-sparse}. We assume that a > 0
is properly chosen so that as is an integer. If

_ (as)l_g — oc(as)%

p= 2 ®)
s 2 +as2
and suppose the measurement matrix A satisfies the condition
Sas + b(S(aJrl)s <b-1, 9)

then any solution x to the minimization problem (3) obeys

1% = xll2 < Com"™ 12 4 Cos'7F - as?) TV Toy(x)r - (10)

. _ 21/r(l+bl/r)

with Cy = [Ty and
C, = 22 [(14805) T4 (1=8 (4 1)) 7]

(b*bg(a+1)s*1*6as)l/r

Proof. We assume that S is the index set that contains the largest
s absolute entries of x so that oy(x), = ||xsc||r and leth = x — x.
Then we have

llxsly + llxse Iy — erllxlly

r r
[l — ellxlly

> |1%ll; — ellX}

= [lxs 4 xsc + hs + hsel; — eellx + hs + hsell}

> [lxs + hslly + llxse + hselly — a(llx + hslly + llhse]l1)"

> [lxslly — hslly + lhsell; — llxselly — ellx + hsll] — allhsell]
> llxslly — sy + lhselly — llxselly

—allxl] — ellhslly — allhs 1,
which implies

Ihselly — ellbselly < llhsll; + ellhslly 4 2llxsell7. (1)

Using the Holder’s inequality, we obtain

r/2 m

pR!

i=1

1-r/2

m
ARIL < D (@AmyH = m"~"| Ahl);.

i=1

By ||Ax — y|l2 = |lell2 < n and the triangular inequality,

I ARll2 = (A% — y) — (Ax — y)ll2
< |Ax — yll2 + |Ax — yll2 < 27. (12)
Thus,
IAR|IL < m' "2 || Ah|ly < m"~"*@2n)". (13)

Arrange §¢ = S; U S, U - - -, where §; is the index set of M = as
largest absolute entries of h in S, S; is the index set of M largest
absolute entries of h in (SU )¢, etc. And we denote Sg = SU ;.
Then, by adopting Lemma 1, for each i € S, k > 2,

h T—alh !
_ s Ml — el

.
|hi] < min |hj| = |h]" < Cmin |hj|)
JESk-1 ESk—1

- M — oM
(14)
r/2
Thus we have |hg,|} = > hil? =
iESk
s, Ii—cllhs, . I} sy, Iy—ellhs,_ IIf .
M2 sk er—otM’k i leli’% _aM"%l . Hence it follows

that
(ks lly — elihs 1)

) T sl = Sl
>1 >1 >1
> ks lls < T

e 2 —()[M% Ml_% —O[M%
(15)
Note that
> ks Iy = llhsell} and > Nk T = 1Y ks lT = llhse ],
k>1 k>1 k>1
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therefore, with (11), it holds that

D Ik lls <

l[hse|l7 — ellhse 1§

1-Z r

=2 M 72 —aM:?2

- IAslly + cclihsll] + 2/ xse I}

- M'=1 —aM:?

- s' 2l hsll + as2 (Al + 2]xse

M=z —aM?
1—-L r
_ (s72 +oz52)r||h50||£ erZIIxscIIZ. (16)
- M=z — gM:?

Meanwhile, according to the definition of r-RIC, we have

IARIL = l|Ahs, + Y _ Ahs,If
k>2

> | Ahs,|I7 — 1Y Ahs, |17
k>2

> ||Ahg, Il — ) "Il A, Iy
k>2

> (1= Snps) sy 15 — (14 8a0) Y Il N5
k>2

Thus by using (16), it follows that

r r
("2 + as2)lhgy Iy + 2llxse
AR, = (1 = Spgs) b s — (1 + Sar) - b2 .

1-L r
M 2 —aM2
1+ 8y 2(1 4+ 8pm)
= (1 — Sps — T) sy ll5 = ———— Il I
M 2 —aM2

I r T r
2 — 2 2 — 2 .
where b = M_=eM2 (“S)IJ @(@9)? Therefore, if Sy +
s 24as2 s 24as2

bép+s < b — 1, then it yields that

r r

2014 8372 +asz)~!
ho Il < ————— || AW|I® r
Ihsolly = g7 MM+ =5 1o N

bm =712 (2n)" 21+ 83)(s' 77 +as?)~] -

X .

T b—bdpys—1—8Mm b—bSp4s—1—0m sellr
(17)

On the other hand,

D lhsllz | =D Ikl

k=2 k=2

(872 4 as?)llhs, 15 + 2l

- MI=2 — qM:2
1 2172 4 asz) !
= Ellhsollﬁ + fllxﬂl:
<! |AR!
= o\ b boares — 1 — oy

21+ 8y)(s' 2 4as2)”t
llxse II7
b—bSpis — 1 — Sm

r
asz)7!
T llxsll;

< Ah||”
< b—b8M+S—1—6M” Il

2(1 = Spi4s)(s' 72 4 as2)~!

Xsc r
b= boyr. — 1 — biy [l2cse
1-r/2 r
- m (2n)
T b—bSpgs — 1 — 8y
2(1 — Sppes)(s1™7 + as2) 7!
I lxselly.  (18)

b—bopys — 1 —38pm

Since (v} +v£)1/r < 2V=1(y; 4v,) for any vi, v, > 0, combining
(17) and (18) gives

iz < Ny llz + D ks, Il2
k>2
- 21/r71 2171/7*’,”1/7—1/2'7
- (b — bdprgs — 1 — 837

274 875 2 ast) T
lxse I

(b — boares — 1 — o317

gl 2ml/r=1/2p
(b — bdprys — 1 — Sp)V/7

21/r(1 _ 8M+S)1/r(sl—% + as%)fl/r
llxse [l

(b — bdprgs — 1 — Sp)V/7
21/rm1/r—1/2(1 + bl/r)
= Ui
(b - b(s(a+1)s —-1- 5as)1/r

221+ 8a) VT 4+ (1 = 8(ag1ys) "]
(b— bs(a+1)s -1- aus)l/r

_r ro_
x (872 4+ as2) 7V x|l

=Cm/™ V2 4 Co(s'™7 + as%)*l/ras(x)r. (19)

The proof is completed.

Based on this theorem, we can obtain the following corollary
by assuming that the original signal x is s-sparse (o5(x), = 0) and
the measurement vector is noise free (¢ = 0 and n = 0), which
acts as a natural generalization of Theorem 2.4 in Chartrand and
Staneva [30] from the case« = Oto any o € [0, 1].

Corollary 1. For any s-sparse signal x, if the conditions in
Theorem 1 hold, then the unique solution of (3) with n = 0 is
exactly x.

Remarks. Observe that r-RIP based condition for exact sparse
recovery given in Chartrand and Staneva [30] reads
Sas < a7 2(1 = 8(ap1ys) — L,

while ours goes to

as < b(1 — 8(a+1)s) -1
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1-r r
with b = (@) —e@)?
s 2+4as2

sufficient condition established here is slightly stronger than that
for the traditional £,-minimization in Chartrand and Staneva
[30]ifx € (0,1].

2.2. g-Ratio CMSV

Before the discussion of g-ratio CMSV, we start with presenting
the definition of g-ratio sparsity as a kind of effective sparsity
measure. We list the detailed statement here for the sake
of completeness.

< a7 when o € (0,1]. Thus, the

Definition 2. ([12, 31, 32]) For any non-zero z € RN and non-
negative q ¢ {0, 1,00}, the q-ratio sparsity level of z is defined as

q
llzlli ot
(D) = <7 .

lzllq
The cases of q € {0,1,00} are evaluated as limits: so(z) =
llzllx

(20)

lim s4(z) = lizllo, seo(2) = lim s4(z) = T and s1(z) =
q—0 q— 0 o

liml sq(z2) = exp(Hi(7(2))), where n(z) € RN with entries
q*)

wi(z) = lzil/llz|l1 and H; is the ordinary Shannon entropy

Hi(m(2)) = — Yy mi(2) log mi(z).

We are able to establish the performance bounds for both the
£y norm and ¢, norm of the reconstruction error via a recently
developed computable incoherence measure of the measurement
matrix, called g-ratio CMSV. Its definition is given as follows.

Definition 3. ([12, 32]) For any real number s € [1,N], q €
(1, 00], and matrix A € R™N| the q-ratio constrained minimal
singular value (CMSV) of A is defined as

lAz]|2
min .
27#0,54(2)<s ||Z||q

pq,s(A) = (21)

Then, when the signal is exactly sparse, we have the following g-
ratio CMSV based sufficient condition for valid upper bounds of
the reconstruction error, which are much more concise to obtain
than the r-RIP based ones.

Theorem 2. Foranyl < q <00,0 <a <l and0 <r <1,
if the signal x is s-sparse and the measurement matrix A satisfies
the condition

-r (A) > 0, 22
a0 ”
then any solution X to the minimization problem (3) obeys
. 2n
% —xllg < , (23)
a4 q—r_(A)
dﬁ) fq=D rg—D)
) or+l 1r Sl/rfl/qn
lx — x|l < ( ) - . (24)
1l -« 1% q-r (A)

o(25) T

Proof. Suppose the support of x to be Swith |S| < sand h = x—x,
then, based on (11), we have

Ihselly — ecllhse NIy < llhslly + ellhsll}- (25)
Hence, for any 1 < g < 00, it holds that
IRll; — ecllRlly < llhslly + lhse Nl — ellhslly — ellhselly
< llhslly — ellhslly + llhsll; + ellhs]y
< 2|lhsll; < 25"l hg |}, < 25" 4Rl

Then since (1 — a)||kll] < |Ikll} — allk|l], it implies that (1 —
a)llhll] < 251_r/q||h||;. As a consequence,

q _9
-1 1=r/q\ q-1)
Sq(h):(nhnl)q E(zs )
Allq l—«a
2 (qfl) q-r
:( )rq s,
1l—«

Therefore, according to the definition of g-ratio CMSV the
condition (22), and the fact that ||Ah|, < 27 [see (12)], we can
obtain that

(26)

lAR|l2 lAR]l2
14 q g—r (A) < = |lhllg <
q,( 2 )7(»171)57(;1—1) ”h”q P q q-r (A)
I—a q’<lza)r(q71)sr(q71)
= 2L )
P q g—r (A)
q(ﬁ) fg=1 (gD

(27)

which completes the proof of (23). In addition, (1 — a)||h||] <
Ihlly — ek} < 2s'~7/4||h||] yields

2 1/r
Ikl < (1—) s/ ny,
—

27’+1 1/r
< .
T\l -« 0

Therefore, (24) holds and the proof is completed.

Sl/r—l/q}7

_a g (A)
q)(ﬁ>f(‘1*l)sr(q71)

(28)

Remarks. Note that the results (11) and (12) in Theorem 1 of
Zhou and Yu [12] correspond to the special case of @ = 0
and r = 1 in this result. As a by-product of this theorem, we
have that the perfect recovery can be guaranteed for any s-sparse
signal x via (3) with n = 0, if there exists some q € (1,00]
such that the g-ratio CMSV of the measurement matrix A fulfils
_q ¢ (A) > 0. As studied in Zhou and Yu [12, 32],
q,(ﬁ)'(%l)sfwﬂ)
this kind of g-ratio CMSV based sufficient conditions holds
with high probability for subgaussian and a class of structured
random matrices as long as the number of measurements is
reasonably large.

Next, we extend the result to the case that x is compressible
(i.e., not exactly sparse but can be well-approximated by an
exactly sparse signal).
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Theorem 3. Foranyl < q<00,0<a <land0 <r <1,if
the measurement matrix A satisfies the condition

—r (A) > 0,

4 g-r_ (29)
q)(ﬁ> 7('1*1)Sr(q—1)

0

then any solution X to the minimization problem (3) fulfils

2n

4 g (A)
q,(i) 1q—1) ¢r(g=1)

4 1/r Sl/rfl/qn
% —xll» < ( )
l—«o P q q—r (A)

q)(i>7(‘17—1)y(q71)

”55 - x”q = + Sl/qil/ras(x)h (30)

(31)

Proof. We assume that S is the index set that contains the largest
s absolute entries of x so that oy(x), = ||xs||, and let h = x — x.
Then we still have (11), that is,

hsell; — allhsell < lIbslly + alihsllf + 2llxselly. (32)
As a result,
(1= a)[Rl} < IAl; — allhl}
< lIhsll} + llhselly — ellsl} — allhse I}
< 2llhslly + 2l I}
< 25" Rl + 2llxse ) (33)

holdsforanyl < g < 00,0 <@ <land0<r <1
To prove (30), we assume h # 0 and |kl >

217 . . ..
5 . o A otherwise it holds trivially. Then
a(12z) @D

A2

a_ _gr (A)
q,(ﬁ)"q”)s’(‘l‘l)

—

4 r(qq—l) q-r
lhllq > p = sq(h) > . =y

4
= Il > """ Al

which implies that (1 — &) ||k} = (1 — a)||k|] > 451_’/q||h||;.
Then combining with (33), it yields that

Ihllg < 7T DY lxsell, = sV ||xge ||, = 97T o(x),
(34)

Therefore, we have

2n

hllq < @ + sV g (x),, (35)
q*r

q(ﬁ) 1q=D §rlq—1)

which completes the proof of (30).

Moreover, by using (33) and the inequality (v] + Vg)l/r =
2Y/7=1(y; + v,) for any v1, v, > 0, we obtain that

1 1/r 3
Il < <fa) @s" ARG + 205 1T
1/

r
22/ VA g e )

<< 1 )l/rzz/r—l J/r-1/q 2n

—a P . o (A + 205(x)r
q,(ﬁ) q—1) r(q=D
. 4 1/r Sl/'rfl/q'7 +< 4 >l/ro(x)
“\l—-«a o g g (A -« s
q,(ﬁ) r(q—1) ¢r(g—1)
(36)

Hence, (31) holds and the proof is completed.

Remarks. When we select « = 0 and r = 1, our results

reduce to the corresponding results for the ¢;-minimization or

Basis Pursuit in Theorem 2 of Zhou and Yu [12]. In general,

the sufficient condition provided here and that in Theorem 2 are

slightly stronger than those established for the £;-minimization
q —r

in Zhou and Yu [12], noticing that (ﬁ) ra=1) sr(?ai—w > 2%5

q —r
and <%)r(q71) sh > 4‘1%5 foranyl < g <o00,0 <a <1,
and 0 < r < 1. This is caused by the fact that the technical
inequalities used like (25) and (32) are far from tight. And this is
also the case in the -RIP based analysis. In fact, both r-RIP and g-
ratio CMSV based conditions are loose. The discussion on much
tighter sufficient conditions such as the NSP based conditions

investigated in Tran and Webster [33], is left for future work.

3. ALGORITHM

In this section, we discuss the computational approach for the
unconstrained version of (3), i.e.,

1
min - ||Ax — y||2 + A(l|x||” = e||x[|7), 37
xeRNZH vl (Nl flxl7) (37)

with A > 0 being the regularizer parameter.

We integrate the iteratively reweighted least squares (IRLS)
algorithm [21, 22] and the difference of convex functions
algorithm (DCA) [34, 35] to solve this problem. In the outer
loop, we use the IRLS to approximate the term |x||}, and
use an iteratively reweighted £; norm to approximate [x||].
Specifically, we begin with x° = argmin ||y — Ax||3 and &g = 1,

xeRN
forn=0,1,---,

1
X" = arg min ~||Ax — y|I3 + A W"x|3 — anv™(|x]l1,  (38)
xeRN 2

where W" = diag{((x)* + £,)"/471/2} and v* = ||x”||1_1. We
let £,01 = €,/10 if the error ||x"1 — x*|, < ./€,/100. The
algorithm is stopped when &4 < 1078 for some .
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FIGURE 2 | Successful recovery rate for different « with r = 0.3 and r = 0.7 in the noise free case, while varying the sparsity level s.
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As for the inner loop used to solve (38), we view
it as a minimization problem of a difference of two
convex functions, that is, the objective function F(x) =
(31Ax = yl5 + AW"x3) — arv™xli = :G(x) — H).
We start with x"t% = 0. For k = 0,1,2,---, in the
k + 1 step, by linearizing H(x) with the approximation
H(x" LRy 4 (pmtk oy — x 1K) where y"+ 1K ¢ gH(x" 1), je.

Y"1k is a subgradient of H(x) at 1K, Then we have

o1
KA argmin - [|Ax — yllg + Al W”xll%
xeRN

— (akv”llx”+l’k||1 + (akv”sign(x”“’k),x - x”“’k))
1
= argmin - ||Ax — yll% + Al W”xll% — (akv"sign(x"“’k),x)
xeRN 2

= (ATA +22(W"TWM ATy + arvsign(x" 5],

where sign(-) is the sign function. The termination criterion for
the inner loop is set to be

||xn+1,k+1 _ xn+1,k||2

max({||x" 15, 1)

for some given parameter tolerance parameter § > 0. Basically,
this algorithm can be regarded as a generalized version of
IRLS algorithm. Obviously, when o = 0, it exactly reduces
to the traditional IRLS algorithm used for solving the £,-
minimization problem.

4. NUMERICAL EXPERIMENTS

In this section, some numerical experiments on the proposed
algorithm in section 3 are conducted to illustrate the performance
of the weighted ¢, — ¢; minimization in simulated sparse
signal recovery.

4.1. Successful Recovery

First, we focus on the weighted ¢, — ¢; minimization itself. In
this set of experiments, the s-sparse signal x is of length N = 256,
which is generated by choosing s entries uniformly at random,
and then choosing the non-zero values from the standard normal
distribution for these s entries. The underdetermined linear
measurements y = Ax + e € R™, where A € R™N isa
standard Gaussian random matrix and the entries of the noise

. i.i.d.
vector {ej,i = 1,2,---,m} = N(0,02). Here we fix the
number of measurements m = 64 and select a sequence of s
as 10,12, - -+ ,36. We run the experiments for both noiseless and

noisy cases. In all the experiments, we let the tolerance parameter
8 = 1073, And all the results are averaged over 100 repetitions.

In the noiseless case, i.e., 0 = 0, we set A = 107°. In Figure 2,
we show the results of successful recovery rate for different « (i.e.,
o = 0,0.2,0.5,0.8, 1) while fixing r but varying the sparsity level
s. We view it as a successful recovery if || X — x||»/[|x|l, < 1073.
We do the experiments for r = 0.3 and r = 0.7, respectively.
As we can see, when r is fixed, the influence of the weight o
is negligible, especially in the case that r is relatively small. But
the performance does improve in some scenarios when a proper
weight « is used. However, the problem of adaptively selecting
the optimal o seems to be challenging and is left for future
work. In addition, we present the reconstruction performances
for different r (i.e, r = 0.01,0.2,0.5,0.8,1) while the weight
« is fixed to be 0.2 and 0.8 in Figure 3. Note that small r is
favored when the weight « is fixed. And a non-convex recovery
with 0 < r < 1 performs much better than the convex
case (r = 1).

Next, we consider the noisy case, that is ¢ = 0.01. We set
) = 107% And we evaluate the recovery performance by the
signal to noise ratio (SNR), which is given by

lIxll2
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FIGURE 3 | Successful recovery rate for different r with @ = 0.2 and @ = 0.8 in the noise free case, while varying the sparsity level s.
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FIGURE 4 | SNR for different o« with r = 0.3 and r = 0.7 in the noisy case, while varying the sparsity level s.

As shown in Figures 4, 5, the findings aforementioned can still be
seen here.

4.2. Algorithm Comparisons

Second, we compare the weighted ¢, — ¢; minimization with
some well-known algorithms. The following state-of-the-art
recovery algorithms are operated:

e ADMM-Lasso, see Boyd et al. [36].

e CoSaMP, see Needell and Tropp [37].

e Iterative Hard Thresholding (IHT), see Blumensath and
Davies [38].

{1 — £, minimization, see Yin et al. [24].

The tuning parameters used for these algorithms are the same
as those adopted in section 5.2 of Yin et al. [24]. Specifically,
for ADMM-Lasso, we choose A = 107%, 8 = 1, p = 1072,
g% = 1077, ¢ = 103, and the maximum number of iterations
maxiter = 5,000. For CoSaMP, maxiter=50 and the tolerance is
set to be 1078, The tolerance for IHT is 10712, For ¢; — ¢
minimization, we choose the parameters as £?* = 1077, & =
107°, ¢ = 1072, MAXoit = 10, and MAXit = 500. For our
weighted ¢, — ¢; minimization, we choose A = 107, r = 0.5
but with two different weights « = 0 (denoted as £y 5) and o = 1
(denoted as o5 — £1).

We only consider the exactly sparse signal recovery in
the noiseless case, and conduct the experiments under the
same settings as in section 4.1. We present the successful
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FIGURE 6 | Sparse signal recovery performance comparison via different algorithms for Gaussian random matrix.

recovery rates for different reconstruction algorithms
while varying the sparsity level s in Figure6. It can be
observed that both £y5 and ¢p5 — ¢; outperform over other
algorithms, although their own performances are almost
the same.

5. CONCLUSION

In this paper, we studied a new non-convex recovery method,
developed as minimizing a weighted difference of £, (0 < r < 1)
norm and ¢; norm. We established the performance bounds

for this problem based on both r-RIP and g-ratio CMSV.
An algorithm was proposed to approximately solve the non-
convex problem. Numerical experiments show that the proposed
algorithm provides superior performance compared to the
existing algorithms such as ADMM-Lasso, CoSaMP, IHT and
01 — £, minimization.

Besides, there are some open problems left for future work.
One is the convergence study of the proposed algorithm in
section 3. Another one is the generalization of this 1-D non-
convex version to 2-D non-convex total variation minimization
as done in Lou et al. [39] and the exploration of its application
to medical imaging. Moreover, analogous to the non-convex
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block-sparse compressive sensing studied in Wang et al. [40],
the study of the following non-convex block-sparse recovery
minimization problem:

min ||z]l3, — allzll3, subjectto Az —yll» <, (39)
zeRN

where ||z||2,, = (Zle llz[i] IIE)I/r with z[i] denoting the i-th block
of 2,0 < o < 1,and 0 < r < 1, is also an interesting topic for
further investigation.
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