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The problem of hidden periodicity of a bivariate exponential sum
f(n) = Z//L ajexp (—i(wj,n)), where ay,...,any € C\{0} and n € 72, is to recover
frequency vectors w1, ..., wn € [0, 27)? using finitely many samples of f. Recently, this
problem has received a lot of attention, and different approaches have been proposed to
obtain its solution. For example, Kunis et al. [1] relies on the kernel basis analysis of the
multilevel Toeplitz matrix of moments of f. In Cuyt et al. [2], the exponential analysis has
been considered as a Padé approximation problem. In contrast to the previous method,
the algorithms developed in Diederichs and Iske [3] and Cuyt and Wen-Shin [4] use
sampling of f along several lines in the hyperplane to obtain the univariate analog of the
problem, which can be solved by classical one-dimensional approaches. Nevertheless,
the stability of numerical solutions in the case of noise corruption still has a lot of
open questions, especially when the number of parameters increases. Inspired by the
one-dimensional approach developed in Filbir et al. [5], we propose to use the method of
Prony-type polynomials, where the elements w1, ..., @y can be recovered due to a set
of common zeros of the monic bivariate polynomial of an appropriate multi-degree. The
use of Cantor pairing functions allows us to express bivariate Prony-type polynomials in
terms of determinants and to find their exact algebraic representation. With respect to
the number of samples the method of Prony-type polynomials is situated between the
methods proposed in Kunis et al. [1] and Cuyt and Wen-Shin [4]. Although the method of
Prony-type polynomials requires more samples than Cuyt and Wen-Shin [4], numerical
computations show that the algorithm behaves more stable with regard to noisy data.
Besides, combining the method of Prony-type polynomials with an autocorrelation
sequence allows the improvement of the stability of the method in general.

Keywords: bivariate Prony’s method, exponential sum, frequency analysis, noisy data, common zeros

1. INTRODUCTION

Let N € N be an integer, a1, az, ..., ay € C\{0} and w; = (wj1,wj2) € [0, 2m)? with wj # wy for
j#kj,k=1,...,N.Letus consider a function f: Z? — C of the form

N
f() =" ajexp (—i(wj,n)), (1)
j=1

wheren = (nj,m) € Z*> = 7Z x Z and (wj,n) = wj1n; + wjan,. The function f is called N-
sparse bivariate exponential sum with the pairwise distinct frequency vectors @1, >, . .., wyN and
coefficients ay, ay, . .., an.

Frontiers in Applied Mathematics and Statistics | www.frontiersin.org 1

May 2020 | Volume 6 | Article 16


https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#editorial-board
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#editorial-board
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#editorial-board
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#editorial-board
https://doi.org/10.3389/fams.2020.00016
http://crossmark.crossref.org/dialog/?doi=10.3389/fams.2020.00016&domain=pdf&date_stamp=2020-05-26
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#articles
https://creativecommons.org/licenses/by/4.0/
mailto:h.veselovska@tu-braunschweig.de
https://doi.org/10.3389/fams.2020.00016
https://www.frontiersin.org/articles/10.3389/fams.2020.00016/full
http://loop.frontiersin.org/people/281479/overview
http://loop.frontiersin.org/people/826037/overview

Prestin and Veselovska

Prony-Type Polynomials

The problem of hidden periodicities (the PHP problem) is
to find vectors w;,®s,...,@N out of finitely many function
evaluations f(n), n € N C 7Z), #N < oo, that
are called samples of f. The PHP problem is a fundamental
problem in digital signal processing and has many practical
applications [6-8]. Besides, similar problems occur in other fields
of mathematical analysis (see, for example, [9]).

It is convenient to use the following notations for the
exponent vectors

exp (—iw;) = (exp(—iwj1), exp(—iwjn)) = (zj,1,2j2) = z;,

i=1,...,N,
that together with the multi-index notation z;‘ = z]"i zjné for

n = (n1,ny) € Z2 allows us to rewrite the exponential sum (1) in
a litte bit more compact form

N
fy=>" a4z (2)
j=1

In the representation (2), the elements z;,...,zy C T =
T x T, where T = {z € C:|z| = 1} stands for the torus,
are called the parameters of the exponential sum f. In such
a way, instead of dealing with detecting the frequency vectors
®1,®),...,®N, one can consider an analogous problem and
search for the parameters z;, . . ., zy. The problem of finding the
parameters zp, . . ., Zy using finitely many samples f is called the
problem of parameter estimation of an exponential sum f.

The univariate problem of the parameter estimation has been
considered initially by de Prony [10]. For a one-dimensional
exponential sum

N N
f(n) = Z aj exp (—iwjn) = Z ajz]’»“, ne€Z,
‘ =

j=1

Prony has proposed to recover the unknown parameters by
computing the simple roots of the so-called Prony polynomial

N N
p@=[]e-2)=)_ p* (3)
j=1 k=0

with the leading term py = 1 and with the following properties
of the coefficients

N N N N
Yopdfk—a) =) a0z y pig =) aig p(z) =0,
k=0 j=1 k=0

j=1
g=0,...,N—1. (4)

Given the samples f(n) forn = —N 4+ 1,..., N, one can find the
coefficients of the Prony polynomial by solving the linear system
of Equations (4). The obtained system can be written in matrix
form as

Tnp = —fn, (5)

€ CN*N is the Toeplitz matrix, p =

where Ty(f) = (fi,j)

(PO)Pb e

and fN = (fN»fN—I: e
additional samples of f with f(n) = f, for all n € Z. Analogically
one can write the Prony polynomial in the determinant form as

N—1
i,j=0

T . . .
, pN_l) € CN is the vector of polynomial coefficients

T
, f1) € CN is a column vector of some

Tn fy

(6)

After specifying the Prony polynomial, it is easy to detect
the required parameters and consequently find the frequencies
1, ®), . .., wN. The advantage of Prony’s method is its simplicity.
However, such method is unstable in the case of noisy
data, i.e., when

N
f(n) = Zaj exp (—iwjn) +e(n), neN,

j=1

with a noisy part £(n) of the signal.

Recently, the problem of parameter estimation, in general, and
Prony’s method, in particular, have received a lot of attention, and
different approaches have been proposed to obtain a solution.
On the one hand, various approaches have been developed
to stabilize Pronys method (see [5, 11, 12]). For example,
in Filbir et al. [5] the use of orthogonal polynomials and
an autocorrelation sequence enabled stability. Newly, in Cuyt
et al. [2], the exponential analysis has been considered as a
Padé approximation problem which has helped to restore the
parameters even though the separation distance between them is
small. On the other hand, the question about the generalization
of Prony’s method to the multidimensional case has been raised
[13, 14]. Among the multivariate techniques, the first complete
generalization has been proposed in Kunis et al. [1]. This method
relies on the kernel basis analysis of the multilevel Toeplitz matrix
of moments of f, and requires at least (2N + 1) samples, where
d denotes the dimension. In contrast to the previous one, the
algorithms developed in Potts and Tasche [15], Diederichs and
Iske [3], and Cuyt and Wen-Shin [4] use sampling of f along
several lines in the hyperplane to obtain the univariate analog of
the problem, which can be solved by classical one-dimensional
approaches. Let us remark that the method proposed by Cuyt
and Wen-Shin [4] is characterized by the absolute minimum
of samples (d 4+ 1)N, where d again is the dimension of the
problem. The same problem has been considered in Sauer [16]
on the hyperbolic cross, where it was shown that the Prony’s
problem with N frequency vectors can be solved using at most
(d + 1)N? logZd’ZN evaluations of f. Very recently, for a real
coefficient set aj,ap,...,ay € R\{0}, the multidimensional
problem of parameter estimation has been considered as a type
of sparse polynomial interpolation problem [17] which solution
remains stable despite the noise corruption. Nevertheless, for the
complex setting the stability of numerical solutions in the case of
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noisy data still has a lot of open questions, especially when the
number of parameters increases.

Motivated by Pan and Saff [18] and Filbir et al. [5], we propose
the method of Prony-type polynomials in the two-dimensional
case, where the parameters z;,...,zy can be recovered as
a set of common zeros of the monic bivariate polynomial
of an appropriate multi-degree. Besides, the combination
of the method of Prony-type polynomials and a bivariate
autocorrelation sequence improves the stability of the method
in general.

The outline of this paper is as follows. In section 2,
we recall basic concepts related to bivariate polynomials and
the Grobner basis theory. In section 3, we define bivariate
Prony-type polynomials and introduce the method of Prony-
type polynomials. Using the new method together with an
autocorrelation sequence in section 4, we present an approach
that allows more stability in the presence of noise. Numerical
results are provided in section 5, where we compare different
versions of the method of Prony-type polynomials with the
method proposed in Cuyt and Wen-Shin [4].

We believe that the concept of the Prony-type polynomials can
also be extended to the multivariate case. However, first one needs
to study in detail properties of such multivariate polynomials,
and then to analyze a structure of ideals and varieties they
build, which causes certain technical challenges which we hope
to overcome in future.

2. NOTATIONS

2.1. Monomials and Cantor Functions
In this subsection based on Cox et al. [19] and Dunkl and
Xu [20], we recall some notations and definitions related to
bivariate monomials.

For a pair of non-negative integers k =
Zﬁ_ and a bivariate complex variable z =
multi-index notations

(k1,k2) €
(z1,22) we use

k ki _k
2 =12z}, (7)

(Z,k) = (k> Z) = Zlkl +22k2)

and for any real number @ € R
az = (0zy,0z3).

The product (7) is called a monomial in variables z;, z; and the
sum of exponents |k| = k; + k; is called the total degree of the
monomial z¥.

In contrast to the one-dimensional case, dealing with bi-
variate polynomials naturally requires some fixed order of
monomials. Here we stick to the Graded Lexicographic Order.
However, we would like to mention that the Graded Reverse
Lexicographic Order can be used alternatively (see [19]).

Let @ = (a1, a2) and B = (B, B2) be elements of Zi; we say
that & is greater than B with respect to the Graded Lexicographic
Order (Grlex) @ >gex B, if || > |B] or || = |B| and @) — 1
is positive. Accordingly, we say that a monomial z* is greater

than a monomial z# with respect to the Grlex, z* > grlex P,
ife > grlex B.

For some n € Z., there is a fixed number of monomials
Xk e Z2, of total degree equal to n. Having fixed the Grlex
monomial order, one gets also the number of monomials of the
total degree less than or equal to n [20], namely,

#H": kl=n} = n+1, 8)
n+1)(n+2
#HZ": |k <n) = M
2
Besides, due to the Grlex all bivariate monomials can be placed
into one row of ordered monomials. Enumerating the elements
and taking into account the total degree, we get the following:

n n—1
1 > Z1 22, e Zl’ Zl 22, ey
~—— —— = —— N
0 1 2 n(n+1) n(n+1)+1
2 2 >
A S 4,
—_—— —— ——
n(n2+1)+,», n(n2+1)+n’ (n+1)2(n+2)

)

Knowing that some monomial z¥ is the N-th element in (9), we
can rewrite N in terms of n and i as

1
No et

2 (10)

with neZ,, 0<i<n.

This representation of N tells us that the total degree of z*
equals n and the monomial takes the place i in the sequence of
all monomials of total degree n. This means that the exponent
k has the form k = (ki,k;) = (n — i,i). The one-to-one
correspondence between the set of all monomials z¥, or set of all
bivariate exponents, and between the set of nonnegative integers,
i.e. numbers of positions that these monomials take in the row of
ordered monomials is provided by the Cantor pairing function
and its inverse. The Cantor pairing function

(k1 + k2)? + Ky + 3k,
2

c(ki, kp) =

maps the integer grid, Z2, onto the set of nonnegative
integers Z, by assigning to each vector k = (k,k;) € Z2 the
nonnegative integer c(k;, kz) € Z4 [21].

Herewith, there exist the inverse Cantor functions

Lr:Zy — Zy,
such that the Cantor map is one to one
c(I(N),r(N)) =N,

lc(k1,k2)) = ki, r(c(ki, k2)) =k

for all N,ki,k; € Z4. The Cantor pairing function and the
inverse Cantor functions help us further to collect a suitable set
of monomials when constructing Prony-type polynomials.
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2.2. Grobner Basis and Its Applications
In the following subsection we summarize some facts about the
Grobner basis theory that help later to deal with common zeros of
polynomial systems. For more details we refer to Sturmfels [22]
and Cox et al. [19].

We consider a bivariate polynomial p as a linear combination
of finitely many monomials,

p(z) = Zpkzk, peC, KCZi, #K < cc.
ke

Let TI[z] denote the ring of bivariate polynomials with
complex coefficients. Having fixed the monomial order, for each
polynomial p € I1[z], we can define the unique multi-degree

MD(p) = max {k €72 pi# o} 72,

grlex

the unique leading term

LT(p) = pmp(pz ",
and the unique total degree
TD(p) = IMD(p)|.
Let P be some set of polynomials from IT[z],

P = {pl,...,pk} C H[Z]>

then, the ideal (P) generated by P is the set consisting of all
polynomial linear combinations of elements of P

T =(P)=(p1>--->Pk)

= {q1p1+~-~+qkpk, P> Pk €P, q1,...,qk € H}.

With the fixed monomial order, let us consider for an ideal Z the
set LT(Z) of leading terms of elements of Z, thus
LT(Z) = {az"‘ . there exists p € Z with LT(p) = az“} ,
furthermore, let (LT(Z)) denote the ideal generated by the set of
leading terms LT(Z)
(LT(Z)) = (az* : az* € LT(T)).

Thus, the ideal (LT(Z)) is called initial ideal of the ideal Z.

It is well-known that the ideal generated by the leading terms

of the initial set of the polynomials P = {py,...,pi} in most of
the cases does not generate the initial ideal of (LT(Z)), i.e.

(LT@) # (LT(p1)s. .., LT(pr))- (11
Instead, we have

(LT@)2(LT(p1), .. ., LT(pr))-
Moreover, (LT(Z)) can be strictly larger than

(LT(p1),...,LT(px)). The problem of having equality in

(11) leads to the notion of Grobner bases. A finite subset
G= {gl, o ,gt} of the ideal 7 is said to be a Grébner basis of the
ideal 7 if the initial terms of its elements generate the initial ideal,

(LT(D)) = (LT(g1), . .., LT(g)).

Grobner bases are very useful for solving systems of multivariate
polynomial equations since they reveal geometric properties of a
set of solutions that are not visible from P directly.

Suppose P is, as previous, a set of polynomials, then the variety
V of P is the set of all common complex zeros of the elements of P,

V(P)={zeC*: p(z) =0, forallp € P}.

An interesting and useful property of a variety is that it stays
the same after replacing the set of polynomials by another set of
polynomials that generates the same ideal. Therefore, for the ideal
7T = (P) and its Grobner basis G, it holds

V(P) =V((P)) = V((G)) = V(G).

This means that instead of looking for the common zeros of the
original set of polynomials P one can deal with the polynomials
that built the Grobner basis of the ideal Z, and this is usually more
convenient, once one has computed G. Typically, a system of
multivariate polynomial equations has infinitely many solutions.
However, the range of our interest is restricted to the case, when
the set of common zeros is discrete or, in other words, when
the polynomials have finitely many common zeros. To be able to
judge a dimension of varieties let us recall some other important
concept of the Grobner basis theory.

A monomial z¥ is called standard, if it is not in the initial
ideal (LT(Z)), i.e., z* ¢ (LT(Z)). The set of standard monomials
of an ideal 7 is called residue ring and is denoted by IT[z] \ Z. To
find the set of standard monomials one normally needs to look
at the leading terms of the elements of the Grobner basis. Then,
all monomials that are less than leading terms of the elements
of the Grobner basis (less with respect to the fixed monomial
order) build the set of standard monomials of Z or the residue
ring. Some particular properties of the residue ring of Z provide
useful information about the dimension of varieties.

Lemma 2.2.1. [19]. The variety V(ZI) is finite iff the set of standard
monomials is finite. The number of points in V(I) is at most
#T1[z) \ T, i.e., #V(T) < #T1[z] \ T.

Using just the leading terms of the polynomials from P and
collecting all monomials that are less than leading terms of P, one
can obtain the set of monomials WV that includes IT[z] \ Z. In the
case when the cardinality of WV is finite, one can already say that
the set of common zeros is discrete, and by I1[z] \Z C W, one
can also obtain an upper bound for the number of zeros.

Example 2.2.1. Let us consider the ideal 7= (z‘l1 — z%, zlzg —

22, Zg — z3). For such an ideal the set of leading terms LT(f)
with respect to Grlex results in LT(f) = {z‘ll, zlzg, zg}. So we see
that the cardinality of W, of the set of pairs of integers in the
shaded region in Figure 1, is finite. Therefore, without further
computations, one can assert that the variety )7(/1\) of the ideal
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FIGURE 1 | Set Win Example 2.2.1.

7 is discrete and consist of at most 9 elements. Alternatively
we may say that the set of common zeros of the system of
polynomial equations

32 _ 2 _ 2 3 _
z21—2,=0, z2157—2"=0, z5—2=0

is finite and consists of at most 9 common zeros. Here it is easy
to check that such a system actually has 3 common zeros, and so
less than 9.

3. PRONY-TYPE POLYNOMIALS
3.1. The Polynomials

Let f: 7Z* — C be an N-sparse bivariate exponential sum with

parameters zj, . . ., zy, and coeflicients aj, ay, . . ., ay € C\{0}
N
n n
fo) =) az) = Z“J %152 (12)
j=1

Since f depends on n, we consider f as a bi-variate sequence
f(n) = fu, n,. Let us remark, that further in the paper the number
N € Z4 will always denote the number of parameters in (12),
and we assume it to be known. In the two-dimensional case
using f we build an analog of the Toeplitz matrix mentioned in
the original Prony algorithm. Namely, let us consider the matrix

N = {ieZZ: i= (l(k)—l(j),r(k)—r(j)), k,j:O,...,N—l}.

(13)

For the same N € Z., we denote by

O \N-1 N4
i = (z(l(/),r(]))> - (020)"
j=0 j=0

the row vector of monomials that obviously consists of the first N
monomials from the row of ordered monomials (9).

The next object we consider is some set of elements from the
integer grid Dy C Z?2 defined in the following way:

N = {(l(j),r(j)):j:N

The set Dy is called the degree set of f, and it consists of exponents
we will use further for constructing Prony-type polynomials. For
all vectors m = (mj, my) € Dy, let us denote by

.,N+l(N)+r(N)}.

N-1
N—
fim = (fm—(l(i),r(i)) ) [ o=t

the column vectors called the column vectors of additional

samples. The set of indices of the vectors fy n,, for all m € Dy

we denote by
:{iEZZ:i:m— N—l},

(14)

(l(i),r(j)), meDy, j=0,...,

which we call an additional index set.

Definition 3.1.1. Given an N-sparse bivariate exponential sum f,
for allm € Dy we define Prony-type polynomials as determinants
of the following block matrices:

PY(z) = (15)

1
det Ty

From the cardinality of Dy, it follows that there are exactly
I(N) + r(N) + 1 polynomials Py for the N-sparse f. Moreover,
the total degree of such polynomials can differ by one.
Rewriting N @ + i in terms of n € Z4 and
0 < i < n (see (10)), provides some additional information
about the number of Prony-type polynomials of a certain
total degree

foo Jiny—10),r(1)=r©)  *** SUN=1)—1(0),{(N—1)—r(0)
Jio)=11),10)—r(1) foo o IN=D) =1 (N=1) (1)
e (N : : : :
v = (o110 r(’))"FO Ji0)~1(k),r(0)—r(k) fi -1 —rd  SIN=D) 1R (N—1)—r(R)
J10)=IN=1),r(0)=r(N=1) JUD)=IN—=1),r(1))—r(N—1) " " foo

which we call the bivariate Toeplitz matrix or shortly bi-Toeplitz
matrix of f-samples. The index set of the elements of 7Ty we
denote by

#[meDN: TD(P?}):I(N)—kr(N)] =n+1—i
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#{m € Dy : TD(PY) = I(N) + r(N) + 1} =i

Theorem 3.1.1. Letf: 7Z? — C be an N-sparse exponential sum
of the form

f(n)

N N
= Zaj exp (—i(wj,n)) = Z ajz]'-‘,
j=1 j=1
with coefficients a; € C\{0} and parameterszj € T,j=1,...,N,
where the number of parameters N has the representation N =

Lnjl) + i, for some n € Zy and 0 < i < n. Besides, let Dy be the
degree set

Proof. (A) First of all, we prove that the parameters

Z1,2,...,ZN belong to the set of common zeros of Prony-
type polynomials, ie., Py(z;) =0, for all j = >N, and
allm € Dy.

Assuming that f: 72
exponential sum with parameters zi,...
coeflicients aj, a, . . .

— C is an N-sparse bivariate
zy € T? and
,an € C\{0}, we construct the degree set

Dy = (G0 7)) j = No. o, N+ ION) + r(N)).
Taking some m = (m;,mp) € Dy, we represent the
corresponding Prony-type polynomial P} in the following form:

NP 1
_ {(1(;),4,)) L= .,N+l(N)+r(N)}. PR() = g ARG,
and, for all m € Dy, let PY be the corresponding where
Prony-type polynomials
1 Joo Jin-1rv-1) Jonms
PR(z) = —— f-10 “ fIN=D =1/ (N=1) S —1,m,
det Ty . .
AN(z) = : . : . .
JiN-1,—rv-1) Joo Jom —IN=1)m—r(N-1)
If the parameters z;, j = 1,...,N, are pairwise distinct with
at least n pairwise distinct components, namely, for £ = 1,2, 1 coe (NI AN=D) ™
Owing to the definition of the exponential sum f(n), we have
N N N
> ajz 00 > ajzj(.l’o) > ajz;ml’mZ)
=1 =1 j=1
N N
Zi ajz( 1 O) ; ajz;o,o) ; ajZ]('ml 1 m2)
Aﬁ(l) _ J= J= =
N
Za] —I(N—1),~r(N—1)) Zlaz N—1D)+1,-r(N-1)) Za; L =IN=1m—r(N=-1)
=
1 z(1,0) - Zzm
Applying multi-linearity of determinants to the first row of
AR} (z), we can rewrite A (z) as the sum of N determinants
0,0 1,0
“1121(1 ) allzfl ) azllflml ,my)
N N N
~1,0 0,0 -1,
Zajz](- ) Zajz](. ) Zajz;ml 2)
N =1 =1 j=1
Aj@ = =)
i1=1
i Zaj —I(N—=1),—r(N—1)) Zaz( IN=1)+1,-r(N-1)) Zaz(’”l ~IN=1),my+r(N—1))
1 z(1,0) z(m1,m2)
Zie F zkye if jp #F kp p = 1,...,n, then the parameters
zj,j = 1,..., N, form the set of common zeros of the polynomial ~ Repeating this process up to the penultimate row of the

set Py = (P} :m € Dy).

determinant AY}(z), we represent this determinant as a certain
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combination of sums

1 N N N
PRI o U S TR
N d (i15125.-iN) V772
et
75\] i1=1i=1 iN=1
where
AR i) (@) =
0,0 1,0 .
“ilzgl ) “ilzgl ) ailzglml my)
a2 ) gzt

(—I(N=1)+1,—#(N—1)) o

iz, a Z(mlfl(Nfl),mz*Y(Nfl))
N

—I(N—1),—r(N—1
LIN=D.~r(N-1) "

AinZiy,

1 2(1,0) z(m1,mz)

Among all the determinants AT

G iN)(z) there are two types:

L: determinants with at least two equal indices i; and i, for
someq # p,0 < g,p <N;
IL.: determinants where all indices ix, k = 1, ..., N, are different.

Let us consider the determinants of type I. We assume that for
some g # p, 0 < g,p < N, some indices i; and i, coincide, for
example, iy = i) = i’. In this case the determinant AE‘ill)iZ,»--)iN)(Z)
vanishes, namely

A™ G iging), type 1(Z)

g —lq)+1,— ' k+1(g),
aiqZSq (@—r(9) aingq @+ -r@) aingqﬂq) m+r(g))

(=Up),=r(p)) @ z(—l(p)+1,—r(P)) @ z(k—l(P),M—r(P))

iy Z;, ipLi, C Gipk,

1 2(10) 2k

l{/—l(q),—r(q)) ai/zgfc—l(q),m—r(q))

ajz
=Z(—l(p)+l(q),—r(p)+r(q))
i/

a /zlﬁff*l(q),mff(Q))

AT

1 . 20em)

=0.

Consequently, in the representation (16) nonzero terms are
just determinants A?i‘l b iN)(z) with pairwise distinct i, k =
1,...,N. Hence,

1 N
Pﬁ(z):m Z

il,ip...in=1

ij # ik # j

A, i) (@) (17)

Let us consider the value Py(z;) for some fixed parameter z;,
1 <j < N, using (17). Since all the indices iy, . . . iy also run from
1 to N, the index j of the parameter z; must coincide with some
index is, 0 < s < N, and it results in the vanishing of Py} (z;), since

A™ G iin) ()

g gl @)

s i

a Ll@—1(9) a L @D+L=r@)

s i s i

' (1L0) (mym)
1 z; s z;

1,0) . (mimy)

). — 1z A

Zdjlj(- (g),—(q)) j 'j
W0 (mim)

1 z; "z

As the multidegree m = (m;,mp) € Dy, the polynomial
P (z) and the parameter z; were arbitrarily chosen, it follows
that Prony-type polynomials vanish at the points z;,z5,...,zn,
namely P (z;) = 0, forall z;,j = 1,..., N, and for all m € Dy.

(B) Now let us show that the set of Prony-type polynomials
Py = ({PN(z): m € Dy} can not have more than N
common zeros.

Let N € Z4 be, as previously, the number of parameters
and Py be the set of the Prony-type polynomials, Py =
{PK,‘ ‘me DN}. By Zy we denote the ideal generated by Py,
In = (Pn). In the first part of the proof we have shown that
having N parameters a lower bound for the number of common
zeros of Prony-type polynomials is N. To find an upper bound for
the cardinality of the variety V(Py), we will use Lemma 2.2.1 and
the fact that for any ideal Z generated by the set of polynomials
P ={p1,...,px} itholds (LT(Z))2(LT(p1), ..., LT(py)).

Let us start with the number of parameters N € Z, that for
some n € Z can be represented in the form

nn—+1)
—

N =

Then, the vector of Cantor

value (

inverse functions takes the
I(N), r(N)) = (n,0) and, obviously, I(N)+ r(N)=n.
Therefore, the degree set Dy consists of all the bivariate
exponents of the total degree n,

Dy = {(n,0),...,(,n—1i),...,(0,n)}.

This means that there are n+1 Prony-type polynomials and all of
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them are of total degree n. For this reason, all initial monomials
for the ideal Zyy are among the monomials of the total degree less
than or equal to n — 1. To visualize the sets of initial monomials,
it is very convenient to use an integer grid [19], where each point
denotes the exponent vector of the corresponding monomial. In
Figure 2A, we illustrate the set of monomials of the total degree
less than or equal to n — 1. According to (8), there are exactly
@ = N such monomials. Thus, there are at most N initial
monomials. Lemma 2.2.1 tells us that, under above conditions,
the number of points in V(Zy) is also at most N. This means that
the Prony-type polynomials can have at most N common zeros
in this case.

Now let for the same n € Zy the number of parameters
N € Z be of the form

n(n+1)
— + 1.
> +

In this case (l(N), r(N)) — (n — 1,1), but the value
I(N) 4+ r(N) = n is still the same. Therefore, the degree set Dy
also consists of n + 1 elements, however, in this case we start with
the exponent (n — 1, 1) and end up with (n + 1,0),

Dy ={(n—1,1)....Gn—i)...,(0,n),(n+1,0)

1 2 - n2  nt o0 ot

- Step n

FIGURE 2 | lllustration of sets of initial monomials. (A) Step O, (B) Step 1, (C) Step 2, (D) Step /, (E) Step n, and (F) Stepn + 1.

1 2 2 n-2 n n+1

Stepn+1
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As a result, we have got one additional point on the integer
grid (see Figure 2B) that corresponds to the monomial 2™,
Hereupon, the upper bound for the number of potential initial
monomials has been increased by one in comparison with the
previous step. Namely, the set of potential initial monomials of
Zn belongs to the set consisting of monomials of total degree less
than or equal to n — 1 and of the monomial z’f“. Hence, the
ideal Zy generated by the Prony-type polynomials can have at
most @ -+ 1 = N initial monomials. However, with respect
to Lemma 2.2.1 the number of common zeros of Prony-type
polynomials cannot exceed the number of initial monomials.
This means that the Prony-type polynomials can have at most
”(”T'H) + 1 = N common zeros.

In the same way, for any N = @ + i, where 0 < i < n,

we get that the number of initial monomials of ideal Zy does
not exceed w + i (see Figures 2C-E). Thus, the number of
common zeros of the Prony-type polynomials is not exceeding
_ n(n+1) :
N = T + 1.
In step n + 1, where

_74‘7’1‘}‘1—7;
2 2

the vector of Cantor inverse functions takes the value
(l(N),r(N)) =(n-+1,0) and I(N)+r(N)=n+ 1. For this
reason, the degree set Dy consists of all the bivariate exponents
of the total degree n + 1,

Dy ={(n+ 1,0),...,(i,n—1),...,(0,n+ 1)}

and there are n + 2 Prony-type polynomials (see Figure 2F).
Hence, for such N all the initial monomials for Zy belong to
the set of monomials of total degree that does not exceed n + 1.
Having w = N such monomials, we finish with at most
N common zeros for the set of the Prony-type polynomials Py.
Taking N = M +i4,0 < i < n+ 1, we will repeat
the previous scenario, but in this case with n + 2 steps. Since
each integer number can be uniquely represented in the form
(10), it follows that for arbitrary chosen N € Z the Prony-type
polynomials Py for m € Dy can have at most N common zeros.
Moreover, in the first part of the proof it is pointed out that the

common zeros are precisely the parameters zj, j = 1,...,N.[J

Remark. The Prony-type polynomials can be considered as some
direct generalization of the univariate Prony polynomial (3).

. . I(N+m),r(N+m) .
Using notation PI{] ) = P} for some integer m,

let us rewrite the Prony-type polynomials, see Definition 3.1.1,
PU for m e Dy = [(l(j),r(j)) Ci=N,...,N+IN)+ r(N)},
in the form

N-1
PY(z) = Zpk,mz(l(k)”(k)) +PN,mZ(l(N+m)’r(N+m)),
k=0

where the leading coefficient py,,» =1, m =0,...,I(N) + r(N)
according to Definition 3.1.1. Moreover, the remaining
coeflicients are defined as

det 7",
Pik,m = —,
det Ty

where the matrix 7y, is the matrix formed by cutting out
the k-th column of the bi-Toeplitz matrix Ty, Tyx =

N-1 .
(fl(i)_l(j)’"(i)_’(f))i,jzo,j;ék’ and appendlng to TNk the column

vector £, © = £, ((N+-m),r(N+m))> namely
T = (Tak | o).

By Cramer’s rule the coeflicients of the polynomial Py} are the
solutions of the corresponding linear system of equations

INPm = —ftN, m> (18)

I.v.:l € CN*N js the bi-Toeplitz
i,j=0

1

where v = (fi)—1), r()—r())

matrix, £y, m = N, ((N4-m)r(N+m) = (fl(N+m)—l(j),r(N+m)—r(j))j]1:)
€ CN are the column vectors of the additional samples defined
above, and p,, = (po,m,pl,m, . ,pN,l,m)T € CV is the vector
of the coefficients of a Prony-type polynomial Py. It is easy
to see that the linear systems of equations (18) provide the
following properties of the coefficients pj , j = 1,...,N, m =
0,...,I(N) + r(N),

N—1
> Pl rR—r(q) + PN, mfiN-+m)—q).r(N-m)—r(q)
k=0
N N—-1
(@ 106 (k)
= 2ag S )
=1 k=0
N
—l(q), I(N+m),r(N+
£ a (ta)r(@) N’mZ£< m),r(N+m))

j=1

N
= Z tljZ; (l(q))r(q))PZ’z;(Zj) = 0,
j=1

forq=0,...,N—1landm = 0,...,I(N) + r(N). It is obvious,
that such properties of coeflicients and the systems of equations
(18) are similar to the properties (4) and the system (5) from the
one-dimensional case.

Corollary 3.1.1. The Prony-type polynomials depend only on
the parameters z;, and they are invariant under a choice of the
coefficients aj, forj = 1,...,N.

Proof. From the representation (17) it follows, that as soon
as all indices ix for k = 1,...,N are pairwise distinct in the

determinant A?i‘l b l.N)(z), we can rewrite it as

Am(il,iz,,“,iN) (Z)
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0.0) . (m1,m2)

i 2, aiZ;,

= aiNzg;l(N—l),—r(N—l)) oo gy gM N =D —r(N-1)

iN
1 . z(m1,m2)
ZEO,O) z(m1>m2)
1 i
=apap...anN Z('7I(N71),71'(N71)) . Z(mlfl(Nfl),mzfr(Nfl))
IN IN
1 - z(m1,m2)

=aiay...aN Aa,iz,i..,i,\z)(z)'

Using the same procedure for the determinant of the bi-Toeplitz
matrix 7y, one gets a similar representation

N
detTy =ajay...an Z

i, ip...iN=1

A(ib

i2,..iN)>

ij # ik #j
where
zgo,o) LN=D.r(N=1)
1 1

~ (=1,0) I(N—1)—1,r(N—1)
A(il 25e0iN) T Zj "z,

(—IN—1),~r(N—1)) ©0)

ZiN PR ZlN

Such representations of determinants result in the mentioned
properties of the Prony-type polynomials, namely

1 N
PR(z) = Y A @
N detTy & (i15125--iN)
ip,ip.. iy =1
i % ik %]
-1
N
= |aay...an Z Ay insoin) aja...anN
il,ip...iN =1
ij # ik #j
N
Am
2. (i1ssmnin) (2)
i iy =1
i % ik ]
-1
N N
- Z A(1'1,1'2 ,,,,, iN)(z) Z A(’IJZ ----- in)

ilip. . iy =1 i,y .. iy =1

ij ik #] i kA
O

3.2. PTP Algorithm

The results from the previous subsection provide the following
computational algorithm that allows detecting the parameters
and frequency vectors of the N-sparse bivariate exponential sum,
we call this method PTP algorithm.

Algorithm:  PTP algorithm for N-sparse exponential sum
Input: NeN
f(n), forn e Iprp(N)=1IyU Iﬁ
Set up Py = {PN(z): m € Dy}
Compute  V(Py)
Output 1:  V(Pn) = {z1,...,2N}
Output : {wy,..., 0N}

The number of samples of f required by the PTP algorithm is
discussed in the lemma below.

Lemma 3.2.1. Let N = @ +i forn € Zy, 0<i<n,
and Iy, II'\F be the sets defined in (13) and (14) respectively.
The set of samples Ipp(N): = Iy U I; required for the PTP
algorithm satisfies

6N — J(VT+8(N—i)+1)—4i, i>0,
#Iprp(N) =
6N+ 3(1— 8N +1), i=0.

Proof. Let N be an integer. The index set Iy C 7?2 of the elements
of the matrix 7y fulfills by definition

Vkely:—kely A (—k=k & k=(0,0)).
Each element of Iy belongs to one of the four sets listed below:

My = {(k1, k) € Iy :

M, = {(k1,k2) € I :

Mz = {(k;,ky) €Iy : ki +ky =0 A k; >0},

My = {(ki,ky) €IN: ki +k, =0 A ky >0}
={kely: —keMs}.

ki +ky > 1},
ki+k <—-1}=lkely:

v

_kEMl})

Moreover, the zero vector (0,0) is in the set M3 and in the set
My, simultaneously. However, all the other elements k € Iy are
exactly in one of the sets My, M, M3, M4. Consequently, we get

I;\,:M1UM3
={lkika)ely: ki+ky>1V ki+ky=0 A k;y >0},

and

Iy=I4U{-k: keI})

I N{—k: keI = {(0,0)}.
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This allows us to compute the cardinality of the set Iy in terms
of the cardinality of Iy, namely

#IN ::2#1&-—

Finally, to compute all the samples that are required by the PTP
algorithm we can use the equality

#IN UL = #Iy + #I5 \ Iy = 2#I3 — 1 + #I}; \ In.
Now the aim is to find the number of elements of I}, und Iﬁ \ Iy
for given N € N. As it has been mentioned before, each integer
number N can be represented as N = @ + i, where n € Z
and 0 < i < n. Carrying out the transformation

N="00 1 & w4+ n+2(0-N)=0

& n= 2(«/I—G—S(N—z)—l)

will help us later to formulate the result.

Let us start with N 21+D for some n € N, then
((N) r(N)) = (n,0). Consequently, the set Iy consists of all
differences of tuples k,n € Zy _(,0), where the set Z2 is
defined as

+,<n

ZZ

ten=1keZ : k<gin}.

To compute the cardinality of I}, we decompose this set into
disjoint subsets, where the number of elements is easier to
compute. As the first subset of I}, we consider the set that
consists only of integer vectors with non-negative components.
We denote this set as

I =tk ko) € Byt kika = 0) = {(0,0),(1,0),...,
g

Itis easy to see that the set IT, , is exactly the exponent set of the
5

monomials at the positions 0, 1,. . ., @ —1=N-1in(9),

and therefore it has exactly N elements. The remaining vectors
(k1,ks) € Iy need to have either k; < 0 or ky < 0. With respect
to the definition of I}, one gets, on the one hand, that if k; < 0
then k; > —kj. On the other hand, for k; < 0 it follows that
ky = —k;. First of all, let us consider the vectors (ki, k) of Iy; with
the negative second component. In this case k; can be one of the
numbers —1,—2, ..., —(n — 1). Consequently, all these elements
belong to one of the disjoint sets

Ry = k= (ki,k2) € I} : kp = —1}
={(1,-1),(2,-1),...,(n — 1,-1)},
Bippen =tk =(kiko) € Iy : kr = —2)
=1{(2,-2),(3,-2),...,(n — 1,-2)},
Ry = k= (ki,k2) € I : ko = —(n — 1)}

={(n—1,—-(n—-1)}
The cardinality of these sets is easy to compute, namely

#I%

NkZ__P _P, P=l,...,l’l—l.

(0,n—1)}.

Now let us consider the elements of Iy, which have not yet been
included in any of the previously mentioned subsets. These are
the vectors (kq,kz) € I3, with a negative first component. Then,
such elements need to belong to one of the sets defined below

Qg = tk=(kik) € Iy : ki =1}
={(-1,2),(=L,3),...,(=Ln— D},

rhiees = k= (kikp) € Iy : ki = —2)
={(-2,3),(=2,4),...,(=2,n — 1)},

;\7,k1=—(n—2) ={k=(ki,k) € I;{, : kg
— (= —2)n— D).

=—(n-2)}

Also for these sets it is easy to deal with the number of elements,

,n—2.

#Iz*v,klz—p:”_P_l’ p=1...

All these sets have been constructed to make a partition of Iy,. As
a result, for the cardinality of I}, one gets the representation

n—2 n—1
* * *
Y = #1y g + P TR Y0 P
P i=1

n—1

= n<n+1)+2(n—z—1)+2(n—z
:n(n+1 "ZZH_"XEI

_ n(n+1) (n—2)(n— 1) (n—1n
T2 2 2

- %(3;12 —3n+2). (19)

Finally, let us determine the cardinality of I} \ I, i.e., the number
of additional samples, for which we need to compute the vectors
fn,m, m € Dy, that have not yet appeared in Iy. For N = @
the degree set Dy consists of all k = (ki,k3) € Zi with |k| = n.
Consequently, for each element m € Dy there exists some 0 <
i < n,such thatm = (n—1,1). According to the definition, the set
IN consists of all vectors m —n wherem € Dy andn € Z+ < (n0)"
To check which of these vectors are already in Iy, i.e. in the set of
all the differences k — n where k,n € Z2 , let us analyze all

possible cases:

+,< (n,0)°

(1) Letm = (n,0) € Dy andn = (ny, n) € Z?
n = (n,n) with n; > 0 one has

< (n0)" Then, for

m—n=(n—10)—(n; —1,n) € In.
——— ——

ZZ

2
z €LY~ (n0)

€L~ (n0)

However, if n; = 0, then the element m — n = (1, —n,) does
not belong to Iy, and, therefore, it is in the set Iﬁ \ IN-
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(2) Letm = (0,n) € Dy andn = (ny,n3) € Zi <(n0).Then, for
n = (ny, np) with n, > 0 one has

m—n=0,n—1)—(n;,n —1) € ly.
—_— —,——

e7?

2
€Z +,<(n,0)

+,< (n,0)
However, if n, = 0, then m — n = (—ny, n) is located in the
set I; \ IN.

(3) Letm € Dy be of the formm = (n — i,i), where0 < i < n
and n = (n,m) € Zi,< (no) Then, for n = (n1,n3) with
np > 0 one has

m-—-n=n—ii—1)—(n,n —1) €ly.

e7?

€Z +,< (n,0)

2
—+,< (1,0)
If n, = 0and n; > 0 simultaneously, then

m—-—n=mn—i—1,i)—(n; —1,0) € Iy.
— S—

e7?

€z +,< (n,0)

2

+,< (n,0)
However, in case ny = np; = 0 the vector m — n = m is an
element of I}} \ Iy.

Hereby, we identify all k € I}; \ Iy and get the representation

II'\," \ Iy = Dy U {(n,—1),(n,=2),...,(n,—(n — 1))}
Uf{(—1Ln),(=2,n),...,(—(n—1),n)},

which means that

#IG\ Iy =3n—1. (20)
Together with (19), it provides the number of all required
samples, namely

#Iy UL = 3n%. (21)

In terms of N we can represent the number of samples (21) as
3
#IN UL = 6N + 5(1 — V8N +1).

Now let us consider the case, when N € N is of the form
N = M—i—i,wheren € Z4 and 1 < i < n. Owing to
(l(N), r(N)) = (n — i,1), the set Iy consists of all vectors k — n

where k,n € Zi’<(n_i’i). In this case the subset IItI,Zi of I}; has

the structure
I;\TZZ = {(0,0),(1,0),...,(0,7’1— 1),(n,0),...,(n—i+ 1,1_ 1)}
i

and therefore the cardinality of I{ , for such number N is

2
Z2

# o, = "(";r D 4 i, Similar to the case considered before, we
»E5

make the partition of I} using the set I;],Z%r and the following sets

ket = (L=1),@,=1),..., (1, — 1)},
thems = ((2.-2),3,=2),..., (n,2)},

Moy = (1= 1,=(n = 1)), (n,—~(n — 1))}
and

By = ((=1,2,(=1,3),..,(~Ln = 1)},
ke = ((=2.3),(=2,4),...,(=2,n = 1)},

I;\],klz_(n_z) ={(=(n—=2),n -1}
Apparently, for the cardinality of the above listed sets it holds

#I;\],kzzfp:n_p—i_l) le,...,n—l

#g——p=n—p—1L p=1...,n=2

As aresult, it is easy to compute the number of elements of Iy

n—2 n—1
1, ,
#I = #I;]’Zi + Z#I;,)kl?i + Z#Iz*v,kzzi E(3n —n) +i.
i=1 i=1

Now it remains to clarify, how many new elements we have
in II‘G \ Iy, i.e. how many vectors m — n with m € Dy and

n e Zi ~(n_i there exist, such that they have not yet appeared
in Iy. For N = @ + i, where 1 < i < n, the set Dy is of
the form

Dy ={(n—1i,i),...,(0,n),(n+1,0),...,(n+2 —i,i— 1)}.
To answer the above question, let us consider all possible cases:

(1) Letm = (0,n) € Dy andn = (n;,m) € Z?

+,< (n—i,i

)- Then,
for n = (n1, np) with n, > 0 one has

m—n= (0,n—1) —(n;,n, — 1) € Iy.
N — —— ——

e7?

2
To< (n—i) €Z;

< (n—ii)
However, if n, = 0, then m — n = (—ny, n) is not located in
the set Iy.

(2) Let m = (my,my) € Dy with |m]|
If additionally n = (n;,n;) € Zi)< (n—ivd)
it holds

nand m # (0,n).
with n, > 0, then

m—n=(m,m —1)—(n,n —1) €ly.

e7?

2
€z To< (n—i)

o< (n—ii)
In the same way, for all n; = 0 and n; > 0 it holds

m-—n= (m; —1,my)—(ng — 1,n) € In.

c7?

+,< (n—i,i) €L

2
+,< (n—i,i)

However, if n; = ny = 0, then the differencem — n = mis
not in the set Iy.
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(3) Letm = (n+ 1,0) € Dy, then forn = (n;,n;) € Zi (i)
with 77 > 0 one has

m—-n= (n0) — (n—1,nm)e€ly.
—— —
€Zi . (n—ii) ezl _ (n—ii)

If ny = 0,thenm — n = (n + 1, —ny) is not in the set Iy.

(4) Let m € Dy with |m| = n+ 1 and m # (n + 1,0). This
means that all the vectors are of the form (n + 2 — j,j — 1),
j = 2,3,...,i Then, for all n = (n;,ny) € Zi)< (n—ii) with
ny > 0 it holds

m-n=mn+1—jj—1)—(n —1,m) € ly.

e7?

2
€L Y (i)

+,< (n—1i,i)

If n; = 0 and 1, > 0, then likewise

m—-—n=m+2-—j,j—2)—(n,n —1)ely.

e7?

2
€L S (n—ii)

+,< (n—i,i)

Finally, if n; = ny = 0, m — n = m does not belong to Iy.
Having analyzed all cases, we can identify all elements
ofk e Iji \ Iy,

II‘\," \ Iy =Dy U{(—-1,n),(=2,n),...,(—n,n)}
U{n+1,-1),(n+1,-2),...,(n+ 1,n— 1)}
and the computation of its cardinality results in
#I5 \ Iy = 3n. (22)

Altogether it gives us the total number of required samples

in the case when N € N is of the form N = @ + 1,
ne’Zy,1<i<mn,
#Iy U I =30 +2(n+i) — 1. (23)

We can rewrite the obtained result in terms of N in the
following way

1
#INUIﬁ:6N—5(\/1+8(N—i)+1)—4i.

Combining all considered cases together, we have the total
number of samples

6N — 3(VI+8(N—i)+1)—4i, i>0,
#Iprp(N) =

6N+ 3(1 — /BN +1), i=0.
O

For example, Figure 3 illustrates the case when the number of
parameters N = 4. In this case the sample set Iprp(4) includes
17 elements, and consists of the index set I, of the extended
samples set I} and of the degree set D4. In general, the PTP
algorithm requires O(6N) f-samples what places the algorithm

R
> > %

o o o % . i

{ * I+N

e Q’ ‘ ...... . ..... , ..... * ...... . » Dy

w2

FIGURE 3 | Sample set Ip7p(4).

in terms of sample requirements between the method proposed
in Cuyt and Wen-Shin [4] with the absolute minimum of samples
(d+1)N and the method from Kunis et al. [1] that requires at least
(2N + 1)? evaluations of f. Sampling sets similar to the set Ip7p
also have been considered in Josz et al. [17].

4. AUTOCORRELATION SEQUENCE AND
PRONY-TYPE POLYNOMIALS

As it was mentioned before, a certain disadvantage of the original
Prony method is its instability in case when data are corrupted
by noise. Since the Prony-type polynomials are a bi-variate
generalization of the one-dimensional approach, the pure PTP-
algorithm also inherits instability in noisy data case. Therefore,
in this section we introduce the method based on the Prony-
type polynomials and a windowed autocorrelation sequence that
allows gaining more stability in case of noise corruption.

4.1. Localized Kernel
In this section, using the one-dimensional localized kernel
constructed in Filbir et al. [5], we define a two-dimensional
localized kernel and analyze its properties.

First of all let us introduce the necessary notations. For
a Lebesgue measurable function F: R — R we use
common notations

[Flloc = esssup [F(x)],
xeR

Il = / F(x)dx.
R

Let S > 2 be an integer and H: R — [0,1] be an S times
continuously differentiable function with the properties

H(t) = H(—t), for te R; H() =0, if [t| > 1,

and bounded norm H; = IIEIIII = f_llﬁ(t)dt, 0 < Hy < 2 (see
[5]). Then, for some integer M € N we define a two-dimensional
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window function Hyy : R2 — [0,1] with

Hy(t) = Hy(t1)Hp(t), (24)
where M ist called the window size and the functions

Hu(h = H(4

window functlons.

are called the corresponding one-dimensional

Proposition 4.1.1. Let M € N satisfy the following inequality

H//
1H" oo M (25)
3H,
and Wy be a bivariate trigonometric polynomial of the form
Wa(x) = ) Hu(m)exp (—i(x,m)). (26)
meZ2

Then, Wy is real-valued, Vy(—x)
maximum at zero with

MH,
2
Moreover, there exists a constant L that depends only on S,
such that

Wy (x) and gains its

2
) < max | Wy (x)| = Uy (0) < 2M — 1)

LWy (0
W0 < e 1(0)

1%l oo
where x = (x1,x2) € [—m,7]? and x # (0,0).

Proof. Let us, first of all, consider a trigonometric polynomial of
one variable
\'IT'M(x) = Z ﬁM(m) exp (—ixm).

meZz

On that occasion, the structure of the window function Hy; and
the properties of the bivariate exponential function allow us to
represent the bivariate polynomial W), as a tensor product of
one-dimensional polynomials Wy, namely

Wp(x) = Y Hy(m)exp (—i(x,m))
meZ?
= Y Hy(my)exp (—ixym) Y Hy(my) exp (—ixym)
myEZ myEZ
= Wpr(x1) Wpr(x2).
On the one hand, in Filbir et al. [5] it has been proved that,

once M satisfies the condition (25), there exists the constant L
determined only by S, such that the one-dimensional kernel W
has the following localization properties

LW (0)

[W(x)| < RS

On the other hand, the modulus of the tensor product
kernel in the bivariate case can be evaluated by the absolute

value of its univariate components (see [23]). Using the facts
mentioned above for the bivariate kernel Wj;(x), we obtain the
following estimation

(0)
W] < Uy OTy(Ixlloc) < —u b0
M || 1%

The facts that all Wy;(x) are real-valued and W);(—x) = ¥p(x)
follow immediately from the structure of the polynomials[].

4.2. Symmetric Exponential Sum and

Autocorrelation Sequence

In this section we discuss the application of the method
of Prony-type polynomials to some special type of an N-
sparse bivariate exponential sum and the use of a windowed
autocorrelation sequence.

Let N € Z4 be an integer, ag, a1, . . .,an € C, @y = (0,0) and
wj = (wj1,j2) € [0,7)?, wj # wp, forj# kandjk=0,...,N,
be pairwise distinct frequency vectors. In addition, we assume
that the elements a; and @; have the following properties a_; = @;
forj =0,....,N,a; # 0ifj # 0,and @_j = (w—j1,0—j2) =
(—wj1, —wj2) = —wjforallj =0,...,N.

Let us consider a function f : Z? — R of the form

neZ?

N N
Z aj exp (—i(wj,n)) = Z ajz]'-',

j=—N j=—N

fm) = 27)

where n = (n1,m) € 7Z? and (wj,n) = wj1n1 + wjony. The
function f‘ is called symmetric N-sparse bivariate exponential sum
with the pairwise distinct frequency vectors @, @2, . ..,@n and
coeflicients ag, a1, . . ., ay and parametersz_n, . . ., ZN.

The fact that the symmetric exponential sumf foralln € 72
is real-valued follows from the above-mentioned properties of the
frequency vectors @; and coefficients a;, j = 0, ..., N.

Further, we introduce indicators of the exponential sum (27)
similar to those used in [5]. Namely, let N* be a number of
distinct frequency vectors ; in (27)

v -

and by F we denote a set of all the indices j that occur inf

s

Moreover, for some M > 1, let us consider a windowed
autocorrelation sequence {ypr(n)},cz2 with the elements

2N + 1, if ag # 0,
2N, ifa0:0

{0,£1,42,...,£N
{(£1,42,...,£N},

}, ifag # 0,
if ag = 0.

Z HM(k)f(k)f(k+n) +f(k—n)’ ne

ZZ
2 bl
keZ?2

ym(n) = v (0 )

where Hy is some two-dimensional window function (see (24)),
and W) is a localized kernel of the form (26).

Frontiers in Applied Mathematics and Statistics | www.frontiersin.org

14

May 2020 | Volume 6 | Article 16


https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#articles

Prestin and Veselovska

Prony-Type Polynomials

Theorem 4.2.1. Let M > 1 be an integer and {yp(n)},cz2 be a
windowed autocorrelation sequence with the elements

fk+n)+f(k—n

5 (28)

> Hy(Wf (k)

keZ?

ym(n) = T (0 )

Then, the following statements hold:

(a) All elements yym(n) of the autocorrelation sequence
{ym(0)}ez2 are real and yyr(n) = yp(—n) for eachn € 72

(b) If one denotes

Yy (@ — o))

- - < bl k f}
W:(0,0) ©

Akm = Re “kZ‘Tj
jeF

then the elements yp(n) can be represented as

ymm) =Y dyexp(—i(@pn) =Y gz (29)
keF keF
(o If M c N is chosen such that it
satisfies  the  inequality  (25), then  for  each
m € Dy» = {(l(j),r(j)) Cj= NN KN+ r(N))

P}\I]l* (Z) = P]n\}’N* (Z),

where PY}. are the Prony-type polynomials built out of

{f(n)}nezz, and the Prony-type polynomials Py . are
constructed out of {ypr(n)},cz2. Therefore, the parameters
zj, j € F, are common zeros of both polynomial sets.

Proof. Since part (a) of Theorem 4.2.1 easily follows from the

properties off’ and the structure of the autocorrelation sequence
itself, let us move on directly to part (b).
(b) Considering the value

W1(0,0)ypr(n)
Fk+n) +f(k — n)

= > Hu®)f (k) .
keZ?
N 1 N
-3 0 3 g 3 a3 sk
keZ? j=—N m=—N
N 1 N N
=Y Y an s | Y welt e Y at
keZ2 j=—N k=—N k=—N
N 1 N
=Y @ 2 0 X rumaka
k=—N j=—-N kez?
N
+ax Z a; Z HI\/I(k)zjll‘z,:k z;
j=—N  kez?

N N
— k k
=3 [ X 7Y ot
k=—N j=—N keZ7?
N
+ax Y aj Y Hu(zfzs, | 2
j=—N  kez?
N N
SHILIES ST
N
+ag Z ajVy(w; — wy) | 2}
j=—N
V(@ — wj)
=3 re[a gt o)),
k=—N jeF ¥1(0,0)

and dividing both sides by W(0,0) completes the proof.

(c) Since the elements of both sequences {]?(n)}nezz and
{ym(n)},cz2 do not only have the same number of parameters
N*, but all parameters z;, j € F, are also the same, assertion (c)
follows immediately from Corollary 3.1.1 C.

Using autocorrelation in the case of noisy data helps us
to stabilize the result. Theorem 4.2.1 provides the following
algorithm that we call PTP-A algorithm.

Algorithm: PTP-A algorithm for symmetric
N -sparse exponential sum
Input: {\I eN,
f(m) forn € Lyyo(M,N*)
Autocorrelation  yp(n), forn € Iprp(N™)
Set up for Ppr+ = {PN«(z): m € Dy+}
Compute V(Pr+)
Output 1: {z_N>...,ZN}
Output: {w_N,...,oN}

Lemma 4.2.1. Let N* = @ +i,forn € Ziand0<i<n,

then, the set of samples Lyo(M, N*) off’ required by the PTP-A
algorithm with the window size M fulfills

#Iauto (M: N*)
AM? 4 (4M — 3)/8(N* — i) + 1 — 4i — AM + 6N* — 2, if i > 0,

AM? + 4(M — 1)+/8N* + 1 — 8M + 6N* + 3, if i=0.
Proof. To investigate the number of samples of the N-sparse

bivariate exponential sum f‘ that are needed for the
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PTP-A-algorithm, let us, first of all, analyze the structure of
the autocorrelation sequence itself. For some fixed n € Z? and
given the size of the window M, an element of the autocorrelation
sequence defined in (28)

fk+n +f(k—n)
2

ym(n) = ) > Hu(K)f (k)

wwo
keZ?
involvesf(k),f(k—l—n), andf(k— n). On the one hand, this means
that to compute one element yp(n) we need all values of f(k),
for k = (ki,ky) € Z? with ||[kllec < M, since Hy(k) = 0
if either |k;] > M or |ky] > M. We call the set of vectors
k € Z? that has the property ||k||c < M with some fixed window
size M a window sample set and denote it by Iyingow(M) = {k €
Zi :|k]loo < M} (see Figure 4B). On the other hand, y(n) also
requires values of j‘ (k+n)and ]A‘ (k — n), which of course supply
some new samples off that have not yet appeared in Iyindow(M).
However, these new sampling vectors are not more than the shifts
of the window set in n and —n direction (see Figures 4B,C).
When applying the PTP-A algorithm, the structure of the
Prony-type polynomials stays the same as for any N*-sparse
exponential sum, the only difference is that we use yys instead of

f‘ . This means that to build the Prony-type polynomials one needs
to have the values of the autocorrelation sequence yy(n) for all
n € Iprp(N*) = Inx Ulg* . Everything that is not changeable while
computing yar(n) for eachn € In+U II'\,F* is the window sample set

Iyindow (M) consisting of 2M + 1 samples off‘. However, choosing
different n € Iy~ U Iy, causes different directions of shifting of
Lyindow(M) and results in new samples of ]A’ because computing
ym(n) requires f‘(k + n) and f(k — n). So, we need to move
Lyindow(M) in n and in —n for all n € I+ U I;,* to obtain the
whole sample set for the PTP-A method. As it was mentioned
in the poof of Lemma 3.2.1, the set I+ has the properties Yk €
Iy : =k € I+ A (—k=k < k= (0,0)) and some elements of
I« are located also in Iy+. This means that among the vectors
{-n:n € Iy+ U .} the new ones used for shifting are only
such that {—n:n € Iy+\I{.}, and all other vectors have already
occurred in I+ U Iﬁ*. Thus, all the shift vectors build the set

Igniet(N*) = {n € I+ UL} U {—nin € Ina\Iy. ),

which we call the shift set (see Figure 4A). Taking into account
the above-mentioned properties of the shift set and some facts

TR S
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R A & A & & & AV
XXX
> ®

& *lprp(NY)

-6 6

-4}
-6

(a) Shift set Ishift(N*)
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(c) Shifts of window samples

FIGURE 4 | Sample sets of PTP-A algorithm. (A) Shift set /gt (V
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(d) Sample set Louto(M, N*)
*), (B) Window sample set lyindow(M), (C) Shifts of window samples, and (D) Sample set /a0 (M, N*).
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from Lemma 3.2.1, we can assert that
#lin(N*) = #In+ + 2805, \ Inv = 2#I3. — 1+ 2815\ In+.

The set Igp; (N*) almost builds the rectangular set

=(mi,my) € Z%: |m| <n+1, |my| <n, ifi>0,
Ry =
m = (my,my) € 73 : ifi =0,

[my| < n, [ma| < n,

see Figure 4A, where n € Zy and 1 < i < n follow from the
representation N* = @ + i. Clearly, the number of vectors
that are in R+ \Lgnife (N*) can be computed as #Rn+ — #Ighig (N*).

Since we are shifting the rectangular window sample set

Ivindow(M) using the vector n from the almost rectangular set
Iinire(N*), we get the set

Luto(M,N*) = (k£ n:k € Lyingow(M),n € Iy« UL},

see Figure 4D, that also almost builds a rectangle

RN+*m

m=(m,my) € Z3 : |m| <M+n, |my| <M+n—1, ifi>0,

=(m,m) €Z2: m| <M+n—1, m| <M+n—1, ifi=0.

The number of vectors that lack in Iy to form the rectangle

Rn+m is caused exactly by the absence of vectors n €

RN+ \Lshite(N*), and is equal to #Rn+ — #Igpir (N*). It follows
#Iauto(Mx N*) = #RN*,M -

(#Rn+ — #Lpin(N)).

Accordingly, the number of points in the rectangles are

Qn+2)—1D2Hn+1)—1), ifi>0,
RN* =
Qn+1)—1)?% ifi =0,
QM+n+1)—-1DQ2M+n)—1), ifi>o0,
RN+Mm =
QWM +n) — 1)2, if i = 0.

Taking into account (20), (21) for i = 0, and (22), (23) when
i > 0, and simplifying the corresponding expressions, we obtain

#Iauto (M, N*)

AMA+2n+1D)M—-1)—3n2 —=5n—2i+1, if i >0,
4M +2n)(M — 1) — (3n*> + 3n — 1), if i=0

and in terms of N* this equals

#Lauto(M, N*)

AM? + (4M — 3)/8(N* — i) + 1 — 4i — 4M + 6N* — 2, if i > 0,
— 1)J/8N* + 1 — 8M + 6N* + 3,

4M? + 4(M ifi=0

that finishes the proofl].

4.3. Autocorrelation Sequence and
Exponential Sum Without
Symmetry
As we have seen in the previous section, the PTP-A algorithm
is applicable for symmetric exponential sums. In this subsection
we propose a generalization of this method to non-symmetric
exponential sums.

Let us consider the N-sparse bivariate exponential sum

neZ?

Z ajz]

Zaj exp (—i{wj, n

j=1

where N € N, aj,a3,...,ay € C\{0} and w; = (wj1,wj2) €
[0,27)? with wj # o for j # k and exp(—iw)) = z;,
jok = 1,...,N. Then, we symmetrize f by forming the
real-valued sequence
FA@) = f) + ), neZ2

which we call an assistant sequence. It is easy to see that the
sequence f* is of symmetric structure (27), therefore all the
statements described in the previous section hold for f*, and this
allows us to apply the PTP-A algorithm to recover the parameters
of f*. The problem here is that the set of parameters we get as
output, obviously includes not only zi, . . ., zy butalso zi, . . ., Zn.
Therefore, we need to add a few steps more to the original PTP-A
algorithm to distinguish the true parameters from the additional
one. To this aim, let us, first of all, recover the coefficients of f*,

i.e, a_n,...,an. This can be done by solving the linear system
of equations
1 1 . 1 iy
L)) U).r(1) Z1D.r(1))
-N —(N-1) N a_(N—1)
Z(_I(J%IN)J(ZN)) g((2N21r§2N)) Z](\II(ZN)J(ZN)) an
Joo
= fl(l),r(l)
fian.rn)

Having recovered the coefficients a_y;,...,ay of the assistant
sequence f*, we are interested in the exact coefficients of the
initial exponential sum f. The coeflicients we are looking for form

Frontiers in Applied Mathematics and Statistics | www.frontiersin.org

May 2020 | Volume 6 | Article 16


https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#articles

Prestin and Veselovska

Prony-Type Polynomials

one of the N-subsets of the set A = {a_p, .. .,an}. So we need to
analyze all subsets of set A that consist of N elements, where the
order of elements is not important.

Let us denote by Ay the set of all N-subsets of set A. Since
#AN = (zlf;]), we can represent the set Ay in the following way:

AN = [{ﬂ1,1,-.-,aN,1}, {al,#AN»-naaN,#AN}]-

It is obvious that the given sample f(0,0) is just the sum of
ai,...,an. Therefore, we can use this information to find out
which of these N-subsets of A is the correct set, or in other
words, which consists of the initial coefficients. 113\}7 computing
for each N-subset the sum of its elements S = ) ;" ; af-‘ for k =
1,...,#AN and finding the minimum among all the differences
[Sk — f(0,0)], i.e, ming—; x4y ISk — f(0,0)|, we can determine
the exact coefficients ay, . .., ay. This method is described in the
next sub-algorithm:

Sub-Algorithm 1:  Test for coeflicients

Input: A_N,...,aN,
£(0,0)
Form AN =
{{al,b e :aN,l}) e {al,#AN> e :aN,#AN}}
Compute AN™ = {S1, ..., Seay)
Find peN:
ISp — f(0,0)] = ming—y,__ 24y ISk — f(0,0)]
Output: {a1p,....anp} = {a1,...,an}

In order to find the exact parameters of the exponential sum
f among zj,...,zyN, but also Zi,...,zy, we describe a similar
procedure. In this case, we consider the set of all N-subsets of the
setP ={z1,...,ZN,Z1, ..., ZN}. However in this case the order of
elements is important. We denote this set by

Py = {{11,1,--~,ZN,1}, ceo {Zl,#PN,---,ZN,#PN}}, (30)
where #Py = (2]3?!. To distinguish here between the true and

additional parameters we use the value f(1,1) and for k
1,...,#Pyn we consider the differences between 25\1:1 aiz; and
f(1,1). Then, one of these N-subsets, for which the difference
|Zfil aizix — f(1,1)| is minimal, forms the set of the exact
parameters of the exponential sum f. Thus, we have got the
second sub-algorithm:

Sub-Algorithm 2:  Test for parameters

Input: Zl,...,ZN, Zi,...,ZN,
f(,1)
Form Py =
[{Zl,la . ,ZN,I}a ey {Zl,#PN> e ,ZN,#PN}]
sum __ N N
Compute P = {31, aizils - o> i GiZigPy)
. N
Find peN:|Y i aizip — f(1,1)] =
. N
ming_y,spy | 2y @izix — f(1,1)]
Output: Z] =Z1p,--->ZN = ZNp

In general, we have the algorithm to find the frequency vectors
of the exponential sum f:

Algorithm: PTP-AS algorithm

N eN,
f(m), fornely UD}S

Input:

f*(n) = f(n) + f(n)

Symmetrization

Set up Pn = {Piy(2z): m € Dy}
Compute V(Pnr)

Output 1 {z_N,...,ZN}

Compute {a_n,...,an}

Test for coefficients
Test for parameters

Sub-Algorithm 1:
Sub-Algorithm 2:

Output 1: {z1,...,2n}

Output: {@1,...,0N)

5. NUMERICAL COMPUTATIONS

In this section we present some numerical results related to the
stability of the suggested methods in case of noise corruption.
We have implemented the PTP, PTP-A, and PTP-AS
algorithms in Mathematica with a working precision of 50
digits. For numerical computation we use the following
numerical method, which we call an intersection method.
For the intersection method we use three (for example the
first three) Prony-type polynomials Py, m € D;:,:
[(l(j),r(j)) 1 :N,...,N+2}, for an exponential sum f
independently of a number of parameters N in the sum. Then,
having found common zeros of the first and the second, and of

the second and the third polynomial, we compute the intersection
of these two zero sets under the condition that at least one
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digit after the comma coincides. To avoid the case when the
intersection set consists of too many parameters, at the end
of the intersection method we perform an additional test for
the common zeros asking for N elements z; = (z1,22;) that
have components with an absolute value between 0.99 and 1.01,
namely 0.99 < |z;j| < 1.01,j=1,...,Nandi=1,2.

TABLE 1 | Results of Experiment 1.

Experiment 1. For the first experiment we have considered the
5-sparse exponential sum

n e 7?2,

5
f(n) = Z aj exp (—i{wj,n)) + &(n),

j=1

with complex coefficients aj,az,...,a5 € C\{0}, pairwise
distinct ~ frequency  vectors  w; = (wj1,wj2) € [0, 2m)?,
j=1,...,5 and additive noise &(n). The noise &(n) is
also complex-valued and is of the form e(n) = €el?

5 parameters Number of successful runs with a random absolute value € uniformly distributed in
Method [1 x 1077,9 x 107"], n = 2,...,30 and a random angle ¢
Noise PTP PTP-AS-50 PTP-AS-100 uniformly distributed in [0, 277).
10-2 20 97 97 Using the data of one hundred randomly generated collections
103 - 100 100 of coeflicients and the separated frequency vectors
10~ 90 100 100
105 100 100 100 {{111,02,013,114, as}, {wl)w2>w3sw4:w5}})
TABLE 2 | Results of Experiment 1.
5 parameters Error of computations
Method MNS PTP PTP-AS-50 PTP-AS-100
Noise
1072 2.59 8.96 x 1078 2.46 2.44
108 1.93 1.40 x 1072 0.285 0.404
1074 1.31 453 x 1078 0.150 0.150
10°° 0.47 1.09 x 1073 8.67 x 107° 1.16 x 1076
10 0.22 1.77 x 1074 1.69 x 1076 1.02 x 1077
1077 0.01 110 x 107° 1.97 x 1077 1.37 x 1078
10°8 7.42 x 107 9.93x 1077 1.45 x 1078 5.48 x 1010
1079 9.76 x 107° 1.27 x 1077 1.03 x 1079 1.40 x 10710
1010 1.00 x 107 1.01 x 1078 1.62 x 10710 1.04 x 10711
1011 1.07 x 1076 1.14 x 107° 2.52 x 10~ 1.39 x 10712
10712 1.38 x 1077 1.54 x 10710 2.48 x 10712 7.89 x 10714
1013 9.42 x 1079 1.36 x 1071 112 x 10718 1.60 x 10714
10714 9.06 x 1010 1.43 x 10712 1.93 x 10714 1.11 x 1071°
1016 7.46 x 1071 9.08 x 10~ 1.68 x 1071° 1.22 x 10716
10716 1.41 x 10711 1.10 x 10714 213 x 10716 211 x 10717
1017 1.13 x 10712 1.18 x 1071° 1.37 x 10717 1.32 x 10718
1018 9.32 x 10714 1.10 x 10716 1.94 x 10718 1.41 x 10719
101 1.33 x 10714 1.09 x 10717 8.40 x 10-20 2.03 x 10720
10720 111 x 1071° 1.45 x 10718 1.23 x 10720 9.17 x 10722
1021 9.43 x 1017 1.20 x 1071 2.84 x 102 1.04 x 10722
10722 112 x 1077 1.18 x 1020 2.86 x 10722 117 x 10728
10-28 8.34 x 1071¢ 1.33 x 1072 1.32 x 10728 1.90 x 10724,
10-24 9.23 x 1072 1.19 x 10722 8.55 x 10725 1.77 x 10728
1072 1.20 x 10720 1.22 x 10728 1.92 x 1072 2.46 x 10726
1026 1.06 x 10721 1.23 x 10724 2.24 x 10726 8.73 x 10728
10727 1.03 x 10722 1.23 x 10728 1.31 x 10727 6.47 x 1072°
10728 9.42 x 10724 1.04 x 1026 2.36 x 10728 1.33 x 107%°
10729 6.92 x 10725 1.21 x 10727 6.95 x 1070 1.48 x 10790
10-%0 1.14 x 1072 6.06 x 10729 1.15 x 1070 1.18 x 10731
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we have tested on these data three algorithms, namely, the
method of the minimal number of samples (MNS) of Cuyt and
Wen-Shin [4] with the sampling direction A = (1,0) and the
shift vector § (0,1), the PTP algorithm and the PTP-AS
algorithm with window size M = 50 and M = 100 (PTP-AS-
50 and PTP-AS-100, respectively). In our numerical experiments
we consider as an error the £,-norm,

Awj = lwj —@jll, j=1,...,5
where @j, j =1,...,5, are frequency vectors recovered due to
one of the considered algorithms. Afterwards, we consider the
maximal deviation A = maxj=,..5(Awj) per trail, and for each
level of noise n = 2,...,30, we compute the average of the
maximal deviations over 100 settings.

The obtained numerical results of Experiment 1 are shown in
Tables 1, 2 and Figure 5.

Experiment 2. For the second experiment we have considered
the symmetric 6-sparse exponential sum

neZ?

6
fm) =" ajexp (—i(wj,n)) + £(n),

j==6

with complex coefficients aj,a;,...,a¢ € C\{0}, pairwise
distinct frequency vectors wj = (w1, wj2) € [0,7)?,
j=1,...,6, and additive noise &(n). As in the previous
case the noise &(n) is also complex-valued and is of the form
&(n) = € el with a random absolut value € uniformly distributed
in [1x1077,9%x1077], n = 2,...,30 and a random angle ¢
uniformly distributed in [0, 277).

Here, we have used the data of one hundred randomly
generated collections of coefficients and the well separated

N=5

1
1078
oo — PTP

B o5 — PTP-AS-50

10-20 — PTP-AS-100
10-25 — MNS
10-30

10731 10726 10721 1076 10" 1076

Noise level

FIGURE 5 | Results of Experiment 1.

TABLE 3 | Results of Experiment 2.

12 parameters Number of successful runs
Method PTP PTP-A-50 PTP-A-100

Noise

102 23 100 100

10738 61 100 100

104 90 100 100

10-° 100 100 100

frequency vectors

[{al, ay, as, a4, as, g}, (@1, @2, @3, @4, @5, (06}]

with the propertiesa_j = gjand w_j = —w; forallj = 1,...,6.
We have tested on these data three algorithms, namely the same
MNS method with the sampling direction A = (1,0) and the
shift vector § = (0, 1) (see [4]), the PTP algorithm and the PTP-A
algorithm with window size M = 50 and M = 100 (PTP-A-50

TABLE 4 | Results of Experiment 2.

12 parameters Error of computations
Method|  \ins PTP | PTP-AS-50 |PTP-AS-100
Noise
1072 5.12 0.154 1583 x 1073 | 3.14 x 10~
102 5.36 0.187 1.68 x 107 | 2.39 x 107°
104 4.51 0.0674 249 x 107° | 2,66 x 107°
1075 3.62 2.65 x 1073 | 2.10 x 1076 | 2.47 x 1077
1076 3.28 315 x 1074 [ 2.83x 107 | 2.33 x 1078
107 1.95 250 x 1075 | 1.70 x 1078 | 2.18 x 10~°
10-8 1.74 2.63 x 107% [ 3.22 x 1079 |2.27 x 1010
10-° 1.00 2.95 x 1077 [2.39 x 10710|2.43 x 10"
10-10 0.52 312 x 1078 [2.43 x 10711 |2.82 x 1012
1011 0.29 2.81 x 1079 [1.94 x 1072|255 x 1012
10712 0.42 3.46 x 10719/2.64 x 1071%|1.76 x 10~ 14
1018 0.34 2.26 x 10711(2.85 x 1071%|2.42 x 1015
1014 0.12 3.04 x 10712246 x 10719|2.28 x 10716
10-18 0.061 311 x 10713|2.15 x 10710|2.69 x 10~ 17
1016 517 x 1074 |3.17 x 10714{2.22 x 10717 |2.04 x 1018
1017 516 x 1075 |2.56 x 1071%{2.49 x 10718 |2.52 x 1019
10-18 7.94 x 1078 |2.77 x 10718{2.27 x 10719 |2.22 x 10-20
10719 577 x 1077 |2.69 x 10717 |3.33 x 10729 |3.10 x 10"
10-20 7.21 x 1078 |3.07 x 10°18{1.87 x 1072 |2.43 x 1022
10~ 2.38 x 1079 |3.30 x 10719{2.09 x 10722 |2.45 x 1023
1022 2.68 x 10719/2.96 x 10720 |2.50 x 10723 |2.74 x 10~
10-28 2.98 x 10711(3.45 x 1072 [2.15 x 1072*|2.46 x 10~25
10~ 9.00 x 107123.10 x 10722 |2.07 x 1072%|2.65 x 10~%°
10-2° 6.67 x 10718(3.32 x 10723 (2.94 x 10726 |2.10 x 10~27
10-26 5.66 x 10714/2.92 x 10724]2.29 x 10727 |2.31 x 10~2®
10-%7 5.78 x 1071%3.07 x 10725 |2.53 x 10728 |2.27 x 10~%°
10728 418 x 10716/3.08 x 10726 [2.17 x 10729 2,78 x 10~%°
1020 1.97 x 10717 ]2.98 x 10727 |2.26 x 1073 |2.27 x 10-%!
10-%0 1.26 x 1078(3.49 x 10728 |1.89 x 10731 |2.36 x 10732
Nx=12
10 =
1074
109 — PTP
g 1071 — PTP-A-50
w
10-18 — PTP-A-100
10724 — MNS
10720
10:5“‘1 ' 1‘0L2‘5' {0;21' 1?)"15' 16"“ ' ‘10I'5' o
Noise level
FIGURE 6 | Results of Experiment 2.
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and PTP-A-100, respectively). In our numerical experiments we
consider the £;-norm error, Aw; = |@; — @jll2, j = —6,...,6,
and compute the average of the maximal deviations A =
maxj——s¢,..6(Aw;j) over 100 settings. The numerical results of
Experiment 2 are shown in Tables 3, 4 and Figure 6.

As numerical computations show, the methods of the PTP
type stay more stable in the case of noise corruption. Moreover,
the PTP-A algorithm has a good performance, even if the level of
noise is of the order 1072, Of course, in this case we need to ask
for more samples (see Lemma 4.2.1) of the exponential sum.
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