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singularly perturbed unsteady
Burger-Huxley equation

Imiru Takele Daba'* and Gemechis File Duressa?

!Department of Mathematics, Dilla University, Dilla, Ethiopia, 2Department of Mathematics, Jimma
University, Jimma, Ethiopia

This article deals with the numerical treatment of a singularly perturbed
unsteady Burger-Huxley equation. The equation is linearized using the
Newton-Raphson-Kantorovich approximation method. The resulting linear
equation is discretized using the implicit Euler method and an exponential
spline method for time and space variables, respectively. Richardson's
extrapolation technique is employed to increase the accuracy in the temporal
direction. The stability and uniform convergence of the proposed scheme are
investigated. The scheme is shown uniformly convergent with the order of
convergence O(r+¢2) and O(r2+¢2) before and after Richardson extrapolation,
respectively. Several test examples are considered to validate the applicability
and efficiency of the scheme. It is observed that the proposed scheme provides
more accurate results than the methods available in the literature.
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1. Introduction

Singular perturbed non-linear parabolic partial differential equations have many
applications in real life scenarios. A good example of singularly perturbed nonlinear
differential equations is the mathematical model for the prototype model used to
describe the interaction between non-linear convection effects, reaction mechanisms,
and diffusion transport. This equation has many intriguing phenomena such as bursting
oscillation [1], interspike [2], population genetics [3], bifurcation, and chaos [4]. Several
membrane models based on the dynamics of potassium and sodium ion fluxes were
found in Lewis et al. [5].

Many researchers have made efforts to construct analytical and numerical methods
for Burger equations, for instance, Ismail et al. [6], Javidi et al. [7], Estevez [8],
Krisnangkura et al. [9], Satsuma et al. [10], Wang et al. [11], Hashim et al. [12, 13],
Khattak [14], Krisnangkur et al. [9], Mohammadi [15], Sari et al. [16], Appadu et al.
[17, 18], and Appadu and Tijani [19], and references therein. A Burger-Huxley equation
in which the highest order derivative is multiplied by a perturbation parameter ¢ (0 <
& << 1) is termed the singularly perturbed Burger-Huxley equation (SPBHE). Due to
the presence of the perturbation parameter and the nonlinearity in the problem, finding
their solutions are tedious task. For instance, due to the presence of the perturbation
parameter, the solution exposes boundary/shrill interior layer(s), and it is not easy to
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find a stable numerical approximation. The methods suggested
in Ismail et al. [6], Javidi and Golbabai [7], Estevez [8],
Krisnangkura et al. [9], Satsuma et al. [10], Wang et al.
[11], Hashim et al. [12, 13], Khattak [14], Mohammadi [15],
and Sari and Giirarslan [16] and other standard numerical
methods on a uniform mesh is insufficient to approximate the
SPBHE. Thus, to resolve this drawback, the fitting approaches
are competitive computational techniques to overcome the
limitations of classical numerical methods. Kaushik and Sharma
[20] presented a uniformly convergent finite difference method
(FDM) for the problem Equation (1). Gupta and Kadalbajoo
[21] developed a numerical method that comprises an implicit-
Euler method and a monotone hybrid finite difference operator
with a Shishkin mesh type for the problem Equation (1). A
robust numerical method that consists of a backward-Euler
method and an upwind FDM on an adaptive nonuniform grid
for Equation (1) is suggested by Liu et al. [22]. Kabato and
Duressa [23] and Jima et al. [24] considered a similar problem as
in Liu et al. [22] and proposed a parameter uniform numerical
method based on fitted operator techniques. Kehinde et al.
[25] developed a fitted operator FDM for the two-dimensional
semilinear singularly perturbed convection-diffusion problem.

However, there has been little development in the numerical
treatment of the problem Equation (1). This work aims to
develop and analyze an ¢, which is a uniformly convergent
numerical method for solving the problem Equation (1).
First, the nonlinear terms are linearized by using the
Newton-Raphson-Kantorovich approximation method. Then,
we approximate the resulting singularly perturbed parabolic
convection-diffusion equations using the implicit Euler method
for the time derivative and fitted the exponential spline method
for the space derivative on a uniform step length. Finally, to
enhance the order of convergence in the time variable, the
Richardson extrapolation technique is applied to the temporal
variable. The novelty of the presented method, unlike Shishkin
and Bakhvalov mesh types, does not require a priori information
about the location and width of the boundary layer.

2. Continuous problem

On the domain Y = yx; x xy = (0,1) x (0, T], we consider
singularly perturbed Burger-Huxley equation of the form

~ _ a3 923
£:3(z,t) = F
J(2,0) = J0(2),z € A p»
3(0,t) = Op(1),I(1,1) = O1(t), t € xt,

1

Where 0 < & < 1 is a singular perturbation parameter and
o > 1,0 > 0,and A € (0,1). The functions (1), @1(¢),
and Jp(z) are assumed to be sufficiently smooth, bounded, and
independent of €.
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Lemma 2.1 (Maximum principle). If 3 € C>1(T), J|yy = 0,
and £ 3|y > 0, then |5 > 0.

Proof. See Gupta and Kadalbajoo [21].

An immediate consequence of Lemma 2.1 for
the solution of problem Equation (1) resulted in
Lemma 2.2.

Lemma 2.2 (Stability estimate). Let J(z,t) be the solution of
problem Equation (1), then we have,

IS1 = TS0l + IS51o -

Proof. See Gupta and Kadalbajoo [21].

3. Formulation of the numerical
scheme

3.1. Quasi-linearization

The Equation (1) is rewritten as

30 = (5 —e23) @0 =@ nd3E N @0 e T,

J(z,0) = J0(2),z € x>
3(0,1) = O(1),I(1,t) = O1(t),t € (0, T],

(2)

Where  ¢(z,t,3(2, 1), J(2, 1)) = —a?s% +

0(1—-I)(3—A) is the non-linear function  of
2,1, 3(z, 1), Jz(z, t).

To linearize the semi-linear term of Equation (1),

we choose the reasonable initial approximation for

the function J(z,t) in the term ¢(z,t (2, t),3.(z 1))

and denote it as 30(zf) that satisfy both initial and
boundary conditions which are obtained by the separation
of variables method of the homogeneous part of the
problem under consideration and is given by Kabeto and
Duressa [23].

30z, 1) = J0(2) exp(—721) 3)

Thus, the nonlinear term
of Equation (2)
Newton-Raphson-

as

¢(2,1,3(2, 1), 3z(2, 1))
linearized by applying the
approach

can be

Kantorovich approximation

(2 t, S0 (2,8, 35D (2,0) = ¢(2,£, 50 (2,0, 5P (2, 1) +

D, 1) — 30z, )25 13, 1,30 (2, 1), 5P (2, )+

@D 1 — 5P )23 12630 @, 1,3 0) + -
(4)
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Where {

of £(z,1,3(z, 1), J2(2, 1)).
Substituting Equation (4) into Equation (2), we have

3k }k o are a sequence of approximate solutions

€30 (1) = 3V (1) — e3EH (2, 1)
+ o35 V(1) + gz )3F Dz, 1)
=v(z,t),

(5)
SEHD (2,0) = J9(2), 2 € X

kD0, 1) = Og(t), t € Ty
KD (1 1) = ©4(t),t € X,

where

(2 t) = —4u, (26,30 1,50, 1),
4zt = —&31(z 630, rmék’( H),
Wz t) = (26,30 (2, 1), 3P (2, 1)
— 3051z 6,30z, 1), 3P (2, 1))
—3Wex 126, 3B (2,0, 3P (2, 1)).

{3,

3.2. Temporal semi-discretization

We define the uniform mesh for the domain x; as
Xt = T?/I = {tj =jt,Vi=0,2,3,--- ,M,T = 1/M} and we
approximated the temporal derivative term of Equation (5)
using implicit Euler method, which gives

(1+ M) Shtl(g, tir1) = —e§H (e, tir1)
+o(, rJ+1>Is’; 'z i)
+ q(z i) 2 t41) — vz i)
_ <\k+1(z’ t]),
Sktl(z0) = “sé“(z),z € X p
“si:(o f41) = Ooltj1),0 <j < M- 1,
(L b)) = O1(541),0 < j <M — 1.

(6)

Since @ (2, tjy1) = @™ > 0and q(z,tj11) > q* > 0,z € X,
Equation (6) exhibits boundary located at z = 1 and admits a
unique solution.

the of
Equation (6), the local truncation error estimate is bounded by

Lemma 3.1 (Local Error Estimate). In solution

2
|17 = € 0
Where C* is a positive constant independent of ¢ and <.

Proof. On applying Taylor’s series expansion on Skt1(z, ti+1)
yields

§1(z, 1) = KL, 1) + 185 (2, 4) + O(1)?).

This implies
Sz, 1) — Sz ) L
— L =8 +o0). @
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Substituting Equation (5) into Equation (7) we have

S (z31) - (z.h)

T
—_ (—e\szz @ 8) + o @ )3 1)
+a(z )3 (@ ) = vz 1)) + O(0)
= (14 o&M) Sz t40) — tulz ) + Sz, 1) = O(1)?).
(8)

Subtracting Equation (6) from Equation (8) and the local
truncation error LTEj; = &k (z,t+1) - l(z, tiy1) at
(j + 1)th is the solution of a BVP

(14 t£M) LTEj 1 = O((1)?), LTEj41(0) = 0 = LTEj;1(1).
©)

Hence, applying the maximum principle on the operator
gives
[L7E 1 ] = € @2

Lemma 3.2. [Global Error Estimate (GEE)] The GEE in the

temporal direction of Equation (6) is given by
|Eill = C@), Vi< T/

Proof. Using Lemma 3.1, we obtain the following GEE at (j)th

time step
18] = [ 2oy o] . j=1se
< ILTE1lloo + ILTEzll o + ILTE3lloo + - - - + ¢ ||OO
< cj(r)? (by Lemma3.1)
< a () (1)
<al() (jt<7T)
=< C(1),

Where ¢y, C are positive constants independent of ¢ and 7.

Lemma 3.3. The solution \sk‘H(z) of the Equation (6) is

bounded by
amSkt1(z, ¢; —(*(1 -
ML L) SC(I—I—S_’" exp (M>),
az™m _ €
Xz
0<m<4.

Proof. See Gupta et al. [21].

3.2.1. Spatial semi-discretization
We define the uniform mesh for the space domain [0, 1] as

TN ={zi=it,Vi=1,2,3,--- ,N,z9 = 0,2y = 1,{ = 1/N}.

Equation (6) can be rewritten as

Rk+1 Rk+1
—e8 @ 1) + @ (@ 5108 @ t)
+1(z i)z, t41) = 9z tj41),

2 (10)
3(o, tir1) = Op(tj41),3

0<j<M-1,

(1> t]—‘,—l) = @l(tj-‘rl))z € Xz»

03 frontiersin.org
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Where r(z,tjt1) = (q(z, tit1) + %) and ¢(z,tj11) =

RIS 1)

For spatial dlscretization of Equation (10), we use an
exponential cubic spline method

The approximation solution & Lof Equation (10) obtained

by the segment S (z) passing through the points (z,,\s] +1)
‘()

2j+1 . .
and (z,-_,_l,?r;il). Each mixed spline segment g N

has the form [26].

= AjeV#%) 4 Bie™V@=%) 4 Ci(z—2)+D;,0 <i <N,

(11)

Where Aj, Bj, Cj, and D; are constants and ¥ # 0 is a free

parameter that is used to enhance the accuracy of the method. To
find the values of A;, B;, C;, and D; in Equation (11), we denote

i+1
@)

j+1 j+1 j+1 4+
@) =", I (@) =V, 5
1 i+1
£ e @) (12)
dz2 = & 22 = Sijt1-

Differentiating twice both sides of Equation (11), we get

j+1
2587 2)

= W2 (Al.ew(Z—Zi) + Bie—w(Z—Zi)) .
z

(13)

Using the relation in Equation (12) into Equation (13) at
z = zj, we get
j+1
B8 @)

7 i =V (Ai + B))

and it yields

(14)

Where o = ¢€andi=0,1,2,---,N.
Again substituting Equation (12) into Equation (13) atz = zjy1,
we obtain

i+1
&S, (zit1)
dz? N

]

i+1 = ? (A + Bie ™€)

and it gives

ZZE'
Aj=e0 (;“) — Bje 20, (15)
[
From Equations (14) and (15), we have
02 (8j4; — Zje 0 02 (g0 — g
= LB —Bie) an ) and 5= EEL = Em)
207 sinh (0) 202 sinh (o)
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Substituting Equation (12) into Equation (11) at z = z; and

Z = zj4+1, we obtain
i+1 2j+1 i+1
STz = = Ai+ B+ Dj, and 8

LjHl
(zi41) = 3§+1

= A;je? + Bie ¢ + Cit + D;,

which implies

(c»]""l @J"H)
417N (2 B
Ci = ! ! - ( z+12 l) and
¢ e
2
&jt+1 e
D; = ‘\S'; — (QZ .:ul'). (17)

The first derivative continuity condition at z = z;, that is
Sa—1(zi) = Sa(z;) gives
2 - - - Jj+1 Jj+1 +1
l (0)1;:,',1 +2w2ai+w1ai+1) = (\SJ’ 1~ ‘\s]i +“§Jl+l>,
i=12,---,N—1,

(18)
where
(sinh(g) — Q) (29 cosh(p) — 2 sinh (Q))
wl=|————) and wp = - .
02 sinh (0) 0?sinh ()

Now from Equation (10), we have

e8i 1 = oMz DY @in) + 7 @ DI zim)

— ¢t l(ziy),

H ) i1 . . )
e8i = oM (@) @) + 7T @) @) — ¢/ (z),
- ; 2+l ; Jj
eBiy1 = witY( Zi—i-l‘)U]z (zig1) + P i)Y (zig1)
— @ (zit1),
" (19)
Where we approximate ijz (zi— 1),msJ (zj) and < sJ (zit1)
as
1 Yy syt
TSJJF (zi—1) = —+1+ 30 =L
j+1 +1
Sy o S Y
‘SJZ (z) = t+12€ i— (20)
2+l 3y ?’“+J“
7 i) = =

Substituting Equation (20) into (19), we have

Kj+1

o ; AR AR A
eBi_1 = w]+1(2i—1) ( i+l 22 i—1
+ TJ_H(ZI I)N‘]_H (zi-1) ‘/)]-H(Zz 9l
i Kj+1 {\}+1 . .. .
e = @i tl(z) [ =L ) + Pt () I () — o/ (),
i ) AR A I
£Bir] = w1+1(z,‘+1) i+l 2é i—1
+ 7z DI (zig1) — @ @it
21
04 frontiersin.org
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Substituting Equation (21) into Equation (18) and

rearranging, we get

[2

j+1 j+1
. <_3w1wlj L wzwf

~+1 AR
(St

20 7 ~Nicl

2w w,ffll
—t -

J+1
1
n a)lwl+1 +a)1rl+ )@]—i- +
j+1 , ,
2w1w{+1 + 2wy 7J~+1 ;V]'—H_i_

Jt1 j+1
wlw! L a)zwl

3ol ] i+1Y aj+1
t—2r T “’1’]1+1 Yi+1
+1 .
= (“)1‘/’;—1 + a)zsﬂf +oi1pj+ 1i+1> :

(22)
To grip the effect of the perturbation parameter &, we
multiply the perturbation parameter of Equation (22) by fitting
factor o (p), we obtain

3a)1wj +11

J+1

—w +2 !

=@ _ ) g
i—

‘“ + Loy rl+1
( d(’o) + 2w w1+11 —2w1w1_H + 2lw r’“) “sJJrl +
1 +1
3
( LA +fw1"+1> A

i+1
w1</ff 14—wztﬂfr +w1<ﬂ] )

(23)
Where p = g
Evaluating the limit of Equation (23) as £ — 0

limg_s.g (%) (éd‘“(iz — o) — 285+ (ie) + S+ (e + z)) +
(@1 + ) limg_, o (wi+1(i0)) (§J+1(iz 4oy — St — e))
=0.
(24)
When the boundary layer is on the right side of the domain,
from the theory of singular perturbation [27], the solution of
Equation (10) is of the form

]-H( 1
]+1( )

exp (—wj"'l(z)?) + 0 (¢),

() ~ 3 () @ -

(25)
Where 3 \50 (z) is the solution of the reduced problem

) &+l . .
wf“(z);a“&%z(zz + @8 @) = gt (),

N} 0

&j+1 j+1
JTm=0e1".

with 2

Using Taylor’s series expansion for @7 +1(z) about the point
z = 1 and restricting to their first terms, Equation (25) becomes

F1) ~ 8 @) + @ - &y

exp (—wj"'l(l)(le;z)) +0(e). (26)
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Equation (26) at z; = i€ and as £ — 0 becomes

. K . 2j+1 j+1 &j+1
limg o §10) ~ 87 + (0] - 5 )

exp (—wj'H(l) (% — ip)) + O(e),

limg o I (G = Do) ~ § 0 + (] - 5 )
exp (—wf“(l) —ip+ p)) +0(e),

lime o §1(+ DO ~ 5 0 + (0] = § W)
exp (—wj'H(l) (% —ip — p)) + O(e).

Plugging the above equations into Equation (24), we get

j+1
=l W (l)p). 27)

o (p) = @/ (0)p(w] + @) coth ( .

Finally, from Equations (23) and (27), we get

VMY gt o2, N, (28)
where
NMYHL_ gL | pesftl | prgfth
_ 3 i ol
by = 2@ % o IJ“+ ATil 4 g,
ﬁlc 20'(/7) + 2w w— 2w1wl+l —|—2E(1) T}+
1
o = —a(p) %+w2wf“+3‘”lfjl+£w1/+l
i+1°
j+1 +1
H] —E(ﬂ(p'zl-i-wz‘ﬂl + o195 )

For sufficiently small mesh sizes, the above matrix is non-

singular and |9f] >

)191-"" ’ (i.e., the matrix are diagonally
dominant). Hence, by Nichols [28], the matrix ¢ is M-matrix
and has an inverse. Therefore, the system of equations can be
solved by matrix inverse with the given boundary conditions.

4. Convergence analysis

Lemma 4.1 (Dlscrete Max1mum Principle). If the discrete
function msJ satisfies \SJ > 0, 0n dY. Then £NM~YJ.+1 >0
on YNM implies that ¥ i Z 0 at each point of ™

This lemma gives assurance for the presence of a unique
discrete solution.

Lemma 4.2 (Discrete Uniform Stability). The solution @Yi +l of
the discrete problem (28) at (j + 1)th time level and n =
ming<;<N [r’ l, where 7 is some positive constant that
satisfies

££\I,M§Ji+1 H

n

+ max { 5vi+1

>

AP

&j+1

1))
; +

Proof. We define barrier functions (171] +1) as

J+1\E
(")

—z+ ¥,
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£, “sJ“ H ; ; Proof. From the truncation error of Equation (20), we have
1| &t q ’
Wherez—i—l—max[%] 'SJ H
n (UN ¢
s 2j+1 A~
. . o d ) S e sV @) 8 d (@)
On the boundary points, we obtain €_,= dz’h — dIZ T N vl =
I PITE)
il 30 at e R B
anE o |EMET g i BT pane) ¢ e
(17]+ ) =z+¥M = T dz dz ©0 dZ 120 dz>
0 0 n g @) L @ | 8 i)
1] [aj+l j 1= dz iz =3 a5 tn A
+ max”ojo s “é\l H +6e7110) > o, +ﬁ D (E)
3 dz>
(29)
M&st H Wherezj—1 <& < zj41.
(Hj—H) — 745 m]+1 Substituting
N n
4 max{ NSJ+1 NJJrl’}:l:@j—i-l(N) > 0. - J;+1 L
asEﬂzw/]; r]Jr r\§]+ (pJ , B=iit1
Now, on the discretized spatial domain Té\] , we have
. :l: N
(oM (H{H) _ VM (Zi g+
B o
Up(ﬂ) _ wlz;z—l — ]+1 + z+1 +€w1/+1 (Z:l:N‘H_l)
+(22 4 2010] ) — 201 0]]] +2£w2/+1) <Zi:v’.“)
j+1
—o(p) )} j+1 3w1w1 i+1 ,‘]—H
+<_T 2 tem 1 +torriy Sit1
—a(p) sorol] j+1 wlerl rﬁ‘ 1
=4 N 2 —ww;  + + Lwy ~Nicl
. i+1 1
(22 420wl —2010]] + 200 /“ A
j+1 . +1
—o(p) w1 +1 3w1w 1 i+1 j+1
i(—ip - 255 o w) — +Z“’1r§+1 Ji+1
+(@w14ii+zewzrz“+ewldii> ’
j+1 j+1 j+1 j+1 1
£t (w19]1] +2000] "+ orgl[) + (Corrlt) + 20+ tor1r]]) 2
i+1 i+1 EYMYT H i+1 1
= (torr ]+ 200nd ™ 4 bl ) (4 max {57 H)
j+1 +1 ¢
Fl (u)WIZ 1+ 2w2(pl + w1 ) ,
>0, since #tl(z) > n > 0.
. 1T
By Lemma 4.1, we obtain (Hi ) > . .
) . into Equation (18), we get
0,0 < i < 1. Hence, the required bound
is obtained. Cit] A '+1 .
€ (3];'71 - 2?‘; C\‘ZH)
Lemma 4.3. The local truncation error in space semi- 5 i1 FRAR it i1
discretization of the discrete problem (28) is given =lor | @, dz ”Z’—l‘Y]z‘—l %
as
Jj+1
2 jr1d] S
Aj aj+1 +20%wy ()T ST )
@) - ¥, H < ce, ( i Ty T i
on [ B0 prign ) g,
R TS R 1541 ~ Pir |- 0)

Where C is a positive constant independent of ¢ and £.
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the
Equation (30), we have

Considering corresponding exact solution to

oe (f&j"'l(zi_l) - 2§j+1(zi) + §J+1(Zi+1)>

; AT (z;_
Zezwlwﬁl(ziq)i(z’ D,

dz
620)1 <7j+ (zi 1)«SJ+1 §0]+ (zi—1 )
) Rj+1 (. . ..
+ 262502 <w1+1(x,-)dddz(xl) + r]+1(zi)?d+1(li)>

A (xi41) N

- 2£2w2gj+l(zi) + oy <wj+1(5i+1) 7z

P i )Y (zig) — ¢i+1(2i+1)) . (31

Subtracting Equation (30) from Equation (31) and denoting
ep =Vt (zp) - 8,

for B =i,i£ 1 we arrive at

(as — Ezwlr{:ﬂ) eji—1 + <—20£ — 2€2w2rg+1) e;j
+ (08 — €2w11’]:+i) eit1

1
=2 (wlw]+

j+1
1€y + 20m] e§+wlw{+1eé+1)- (32)

Inserting Equation (29) in Equation (32), we obtain
(08 — Eza)lrﬁ_i) eji—1+ <—208 — 262(1)21{:4—1) ej
i+1
+ (US — (20)17]1.::_—1> eit+1,

4 Btz
= Y (wlw —a)sz +w ]+1> 7(21)

1+1 dz3
ZS 11 d4 SJ+1(Z)
+B( wlwl 1+w1w{+1>7dz4
€6 j+1 11y PYITLE)
+ 2 (Zwlel — !t w{H) - R ED)

Using the expressions wj_1 = w; — Kwi/ + %w(z)(zi) and

wiy1 = o+ lw] + gw(z)(gi) in Equation (33), we have

i+1
(os — Zza)lrtl) ei—1

+ (—208 - 2€2w21{+1) e + <os — ézwlrl_H) ei+1 = Ei(0),

(34)
i 3j+1(,.

Where Ei(0) = § Qo1 —wp)w! T V5G4 o(e6),
Hence, for the choice of w; + wy = 1/2, we obtain E; (¢) =
O (¢4).

The matrix representation of Equation (34) is
C—ANT=E (35)

Where - r = trid (—oe,20¢e,—o¢g), A =

trid (Eza)lr;ti, 2£2a)1r§+1, E%)y{ii)
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T = E =

[_El (Z)) _E2(€)3 e

[e1. e, - ,eN_l]t, and

—En—1(0)]".

Following Venkata et al. [30], it can be shown that

c(e),

Where C is a constant, independent of £ and &.

ITh= 5 x 0(¢) =

Theorem 4.4. Let 3(z,t) and fsJi+l be the solution of
Equations (5) and (28) at each grid point (z;, tj+1), respectively.

Then, the following uniform error bound holds
max |3(z, tj41) — 3]1-5-1‘ <C (T + 62) .
b]

Proof. By combining the result of Lemmas 3.2 and 4.3, the
required bound is obtained.

4.1. Temporal Richardson extrapolation

In this section, we use the Richardson extrapolation
technique to improve the accuracy and order of convergence
of the discrete method (28) in the time direction. For that, we
consider the tensor product meshes T and /2
both the meshes Y and T/

in spatial direction and un1form in time with step sizes 7 and

, where
are uniform and identical

7/2, respectlvely Let TO = TV A TN2 It is clear that
Tg] g T ¥, Furthermore, let 3 Lz, tiy1) forall (zj, tj11) €

e and 3%(z;, tiy1), forall (z;, tjy1) € e /2 be the solutions

of the discrete scheme (28). Then we define

Sexp(zis 1) = 25 (zis tir1) — 8 (@i tj41)s (2o i 11) € T,

(37)

Where Sexp is the Richardson extrapolation of 3, which

has an enhanced order of convergence by one in time. This
technique is known as Richardson extrapolation technique.

Theorem 4.5 (Error After Extrapolation). Assume that N >
Np satisfies the assumptions (28). Let I be the solution

of Equation (5) and Sexp be the extrapolated solution of

Equation (28) on the two nested meshes TN’T and TZN o/ 2

Then, the new error bound takes the form
| = Sep)in )| = € (0% +£2).

Proof. We consider the expansion of J"(z;, tiv1) (zin tir1) €

?N’r/n forn=1,2as

3"z tig1) = Sz tir1) =2~ "V TE (2 b4 )AT (2 tig1),
(38)
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TABLE 1 Comparison of EN'™, EN™, pN.v, (EN™)extp, ENir,, and rllr, for Example 5.1 with results in Liu et al. [22].

Before richardson extrapolation

276 2.8408e-03 1.4682¢-03 7.4364e-04 3.7377e-04 1.8731e-04 9.3761e-05
278 4.0156e-03 2.0020e-03 9.8557e-04 4.8685e-04 2.4170e-04 1.2040e-04
2710 4.8909e-03 2.4214e-03 1.1410e-03 5.4081e-04 2.6150e-04 1.2838e-04
2712 5.3650e-03 2.8201e-03 1.3852¢-03 6.4340e-04 2.9416e-04 1.3782e-04
271 5.4742e-03 2.9441e-03 1.5118e-03 7.4879¢-04 3.5703e-04 1.6336e-04
2716 5.4827e-03 2.9641e-03 1.5399¢-03 7.8120e-04 3.8923e-04 1.9002¢-04
2718 5.4827e-03 2.9644e-03 1.5416e-03 7.8591e-04 3.9638e-04 1.9820e-04
EN* 5.4827e-03 2.9644e-03 1.5416e-03 7.8591e-04 3.9638e-04 1.9820e-04
e 0.8871 0.9433 0.9720 0.9875 0.9999

After richardson extrapolation

270 1.1757e-04 3.3841e-05 9.0748e-06 2.3391e-06 6.0263e-07 1.4996e-07
278 1.6763e-04 5.5737e-05 1.5609e-05 4.1335e-06 1.0628e-06 2.8261e-07
2710 2.5551e-04 6.9513e-05 1.8120e-05 4.4961e-06 1.1200e-06 2.8300e-07
2712 2.7297e-04 7.2989e-05 1.8782¢-05 4.5990e-06 1.1281e-06 2.8341e-07
21 2.7342e-04 7.3024e-05 1.8789e-05 4.6006e-06 1.1284e-06 2.8346e-07
2710 2.7377e-04 7.3049¢-05 1.8794e-05 4.6016e-06 1.1287e-06 2.8350e-07
2718 2.7377e-04 7.3049e-05 1.8794e-05 4.6016e-06 1.1287e-06 2.8350e-07
Egct; 2.7377e-04 7.3049¢-05 1.8794e-05 4.6016e-06 1.1287e-06 2.8350e-07
rfx}; 1.9060 1.9586 2.0301 2.0275 1.9932

Results in Liu et al. [22]

276 0.025289 0.017672 0.0090066 0.0048378 0.0025035 0.0012731
278 0.038607 0.019497 0.011221 0.0062852 0.0033405 0.0017233
2710 0.093183 0.070120 0.044773 0.020546 0.010545 0.0051608
2712 0.17017 0.10083 0.062216 0.039526 0.020493 0.010027
271 0.20410 0.16703 0.092110 0.052580 0.028766 0.016523
2716 0.20450 0.15975 0.12612 0.06.9772 0.038531 0.020526
2718 0.25614 0.21031 0.13406 0.085618 0.048834 0.026219
ENT 0.25614 0.21031 0.13406 0.085618 0.048834 0.026219
T 0.2844 0.6496 0.6469 0.8100 0.8973

The symbol | shows values of ¢ in the column.

Where 3" is the approximate solution and ', for n = 1, 2, is the 0 forall (z, tj+1) c aTNT/1 where 9YNT/" denotes the
remainder term. The function & is the solution of the problem boundary of TN addition, for all (z;, t 41) € TNT/n,
52 where n = 1, 2, we have
£e& (2 tj1) = —Z’IWS(% tit1),(z1) € T Nor/k
(39) NP (25, 111)| =[€NT/" (3" = ) (zis tig1)
£(z,1) = 0,(z,t) € Y. —2~ =D N g (7, 454 ))

. . < C((r)*+2).
To show the convergence of the Richardson technique,
we need to formulate the estimate for the remainder term Then applying the discrete maximum principle, we get

I on Y™ for n = 1,2. It is clear that Iz tir1) = IT" (2, tj41)| < C((0)* + £2).
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TABLE 2 Comparison of EN'™, EN™, pN.r, (EN™)extp, ENir,, and rlir, for Example 5.2 with results in Liu et al. [22].

Before richardson extrapolation

276 2.2225e-03 1.1579¢-03 5.8916e-04 2.9661e-04 1.4877e-04 7.4503e-05
278 3.4104e-03 1.7015e-03 8.3475e-04 4.1158e-04 2.0411e-04 1.0162¢-04
2710 4.4223e-03 2.1536e-03 1.0013e-03 4.7090e-04 2.2677e-04 1.1112e-04
2712 5.0534e-03 2.6284e-03 1.2705e-03 5.7857e-04 2.6065e-04 1.2122e-04
2714 5.2401e-03 2.8042¢-03 1.4305e-03 7.0176e-04 3.2939¢-04 1.4772e-04
2716 5.2884e-03 2.8530e-03 1.4768e-03 7.4538e-04 3.6902e-04 1.7849¢-04
2718 5.3005e-03 2.8654e-03 1.4887¢-03 7.5704e-04 3.8034e-04 1.8926e-04
EN* 5.3005e-03 2.8654e-03 1.4887¢-03 7.5704e-04 3.8034e-04 1.8926e-04
e 0.8874 0.9447 0.9756 0.9931 1.0069

After richardson extrapolation

270 9.4527e-05 2.718%¢-05 8.0891e-06 2.3427e-06 6.1922¢-07 1.5941e-07
278 1.4676e-04 4.7702e-05 1.3418e-05 3.5488e-06 9.9968e-07 2.8086e-07
2710 2.7265e-04 7.1303e-05 1.7154e-05 4.2520e-06 1.0546e-06 2.6286e-07
2712 2.7366e-04 7.2313e-05 1.8164e-05 4.3530e-06 1.0975e-06 2.7226e-07
21 2.7381e-04 7.2463e-05 1.8371e-05 4.4612e-06 1.1010e-06 2.7378e-07
2710 2.7384e-04 7.2530e-05 1.8382¢-05 4.4819e-06 1.1109e-06 2.7602e-07
2718 2.7388e-04 7.2533e-05 1.8384e-05 4.4820e-06 1.1110e-06 2.7603e-07
Egct; 2.7388e-04 7.2533e-05 1.8384¢-05 4.4820e-06 1.1110e-06 2.7603e-07
rﬁlx}; 1.9168 1.9802 2.0362 2.0123 2.0090

Results in Liu et al. [22]

276 0.038767 0.018983 0.0096122 0.0050867 0.0026211 0.0013306
278 0.044450 0.020109 0.010519 0.059653 0.0031896 0.0016508
2710 0.083339 0.066120 0.040769 0.019284 0.0091775 0.0049998
2712 0.18762 0.084106 0.057234 0.03309 0.019041 0.0092260
271 0.19755 0.15347 0.083864 0.046945 0.025508 0.014930
2716 0.21340 0.15016 0.11582 0.061958 0.033441 0.017672
2718 0.28299 0.17036 0.11805 0.074251 0.041879 0.022413
ENT 0.28299 0.17036 0.11805 0.074251 0.041879 0.022413
T 0.7322 0.5292 0.6689 0.8262 0.9019

The symbol | shows values of ¢ in the column.

Then this estimate for I'”, together with the Equations (37) Equation (40) gives the following error bound for the
and (38), yields Richardson extrapolate scheme:

(3 = Sexp) (i tj41) = 3 (2 tj41) s o
— (2% i) = ' i ) o ) = O (1 4+ £2). (40) 5 = Sep)(ai tr40)| < € (0 +22).
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TABLE 3 Comparison of EN'™, EN™, rNw, (EN")extp, ENir,, and rlli, for Example 5.3 with results in Kaushik and Sharma [20] for 7 = 0.001.

oy N> 16 32 64 128 256
Before richardson extrapolation
276 1.1441e-02 3.3769¢-03 1.0928¢-03 5.2467e-04 2.5971e-04
278 2.4264¢-02 1.0286¢-02 3.5936e-03 1.2628¢-03 5.5544e-04
2710 2.9305¢-02 1.4883¢-02 7.0408¢-03 3.0236¢-03 1.2559¢-03
2712 3.0111e-02 1.6059¢-02 8.3119¢-03 4.0215¢-03 2.1264¢-03
2714 3.0130e-02 1.6165e-02 8.5381e-03 4.3332¢-03 1.8652¢-03
2716 3.0130e-02 1.6165e-02 8.5447¢-03 4.3660e-03 2.2016e-03
2718 3.0130e-02 1.6165¢-02 8.5447¢-03 4.3661e-03 2.2042¢-03
2720 3.0130e-02 1.6165¢-02 8.5447¢-03 4.3661¢-03 2.2042¢-03
ENT 3.0130e-02 1.6165¢-02 8.5447¢-03 4.3661¢-03 2.2042¢-03
T 0.89833 0.91977 0.96868 0.98609
After richardson extrapolation
276 1.1118e-03 4.0166¢-04 1.3159¢-04 4.1281e-05 1.0687¢-05
278 1.2086e-03 4.4528¢-04 1.6502¢-04 4.9481e-05 1.2714e-05
2710 1.3224¢-03 5.3328¢-04 1.9675¢-04 5.8906e-05 1.5096¢-05
2712 1.4246¢-03 5.4330e-04 1.9900e-04 5.9563¢-05 1.5227¢-05
2714 1.4275e-03 5.4350e-04 1.9907e-04 5.9565€e-05 1.5228e-05
2716 1.4280e-03 5.4357¢-04 1.9909¢-04 5.9571e-05 1.5241e-05
2718 1.4280e-03 5.4357¢-04 1.9909¢-04 5.9571e-05 1.5241e-05
2720 1.4280e-03 5.4357¢-04 1.9909¢-04 5.9571e-05 1.5241e-05
BN 1.4280e-03 5.4357¢-04 1.9909¢-04 5.9571e-05 1.5241e-05
e 1.3935 1.4490 1.7407 1.9667
Results in Kaushik and Sharma [20]
276 3.9974e-02 2.1987¢-02 1.1611e-02 5.969¢-03 3.028e-03
278 4.0840e-02 2.2530e-02 1.1904e-02 6.126e-03 3.108e-03
2710 4.1057¢02 2.2675¢-02 1.1982¢-02 6.166 e-03 3.129e-03
2712 4.1111e-02 2.2711e-02 1.2002¢-02 6.176e-3 3.134e-03
P 4.1111e-02 2.2711e-02 1.2002¢-02 6.176e-03 3.134e-03
2716 4.1128¢-02 2.2722e-02 1.2008¢-02 6.179¢-03 3.136e-03
2718 4.1129¢-2 2.2723e-2 1.2008¢e-2 6.179¢-3 3.136e-3
2720 4.1129¢-2 2.2723e-2 1.2008¢e-2 6.179¢-3 3.136e-3
ENT 4.1129¢-2 2.2723e-2 1.2008¢e-2 6.179¢-3 3.136¢-3
I 0.8560 0.9202 0.9586 0.9784

The symbol | shows values of ¢ in the column and — shows number nodal points in space direction.

5. Numerical examples, results, and

discussion

N,
E¢ T _ max(zi,tj+1)€YN>M| (%N,T (zi» tj+1) - %ZN,‘L’/Z(ZI,’ tj+1)>|’
(Before extrapolation),
)T _
(Eé\] Jextp = MaAX(z; f1)eTNM
N, IN,7/2
| (Sext;(zi, ti+1) = Sexp / (zis tj+1)) l,
(After extrapolation),

Four test examples are presented to illustrate the efficiency of
the proposed method. The exact solutions for these problems are
unknown for comparison. Therefore, we use the double mesh
principle to estimate the error as given in Gupta et al. [31].
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TABLE 4 Comparison of EN.7, EN7 fNt (EN)extp,

Before richardson extrapolation

for Example 5.4 with results in Derzie et al. [29].

10.3389/fams.2022.1061245

10° 1.0681e-02 5.6600e-03 2.9086e-03 1.4738¢-03
1072 1.2760e-02 6.7431e-03 3.4351e-03 1.7144e-03
1074 1.2850e-02 6.8269¢-03 3.5117e-03 1.7800e-03
10-° 1.2850e-02 6.8276e-03 3.5125¢-03 1.7808e-03
ENT 1.2850e-02 6.8276e-03 3.5125¢-03 1.7808e-03
T 0.91232 0.95888 0.97997

After richardson extrapolation

10° 6.5119e-04 1.6178e-04 4.0204e-05 1.0013e-05
1072 8.1736e-04 1.6222¢-04 5.3063e-05 1.3552¢-05
1074 8.9593e-04 2.2944e-04 5.7591e-05 1.4263e-05
107° 8.9673¢-04 2.3022e-04 5.8203e-05 1.4621e-05
Exy, 8.9673e-04 2.3022e-04 5.8203e-05 1.4621e-05
o 1.9617 1.9838 1.9931

Results in Derzie et al. [29]

10° 0.01070 0.002336 0.0005212 0.0001290
1072 0.02550 0.005796 0.001409 0.0003555
1074 0.09929 0.07841 0.06262 0.04828
107° 0.09929 0.07841 0.06260 0.04979
ENT 0.09929 0.07841 0.06260 0.04979
T 0.34061 0.32488 0.33031

The symbol | shows values of ¢ in the column.

Vo
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Numerical Solution

Numerical solution for N = 64, M = 40, and ¢ = 2~ (A) Example 5.1 and (B) Example 5.2.
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Where R (z,-, tir1 ) and

the numerical solution obtained before
TN’M

extrapolation, respectively,

in

Frontiers in Applied Mathematics and Statistics

Sextp (2is tj+1)

denote
after
with N  mesh

11

calculated as

intervals in the spatial direction and M mesh intervals
in the temporal direction. The rate of convergence is
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FIGURE 2
Effect of the ¢ on behavior of the solution with layer formation (A) Example 5.1 and (B) Example 5.2.
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FIGURE 3
Numerical solution for N = 64, M = 40, and ¢ = 2~ and at different time levels (A) Example 5.1 and (B) Example 5.2.

ré\f,‘[ = logz (Eé\[’t /Egl\]’.[/2 S (Before extrapolation), Example 5.1. Consider the following SPBHE:
2N,t/2 ~ ~ ~
(R extp = logy ((BX"extp/ (B2 Pextp) B P13 (1-)E-05)=0(zneT,

(After extrapolation). 3(z,0) = z(1 — 22),z € %z,
3(0,1) = 0 = 3(1,0),t € xt.

For each N and M, the parameter
Example 5.2. Consider the following SPBHE:

uniform maximum absolute error and
uniform rate of convergence are computed 93 923 | ~ 03
usin: s P ZT; —¢ azl\ ‘sETz‘ =0(zt) €T,
& (z,0) = z(1 — 22),z € Xz,
3(0,¢) = 0 = 3(1,6),t € x¢.
ENT = max, Eé\] T, (Before extrapolation), Example 5.3. Consider the following SPBHE:
T N,t .
Eg‘tP = maxe E“"tp’ (After extrapolation), I 5327‘3 F 38— 1= —-05),(zt)eY
Nt — log, (EN’”/EZN’T/2> , (Before extrapolation), at 322. dz
N N2 3(z,0) = sin(72),z € xz»
T T , .
Textp = log, (Egctp/Eextp ) , (After extrapolation). 3(0,) = 0 = (L, 1), ¢ € xt.
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FIGURE 4

Example 5.1 on (A), Example 5.2 on (B), Example 5.3 on (C), and Example 5.4 on (D), the error plot for different values of .
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Example 5.4. Consider the following SPBHE:

aev a2 X
% —s%z‘z‘ +S%—‘Z‘ =0,(zt) e,
3(z,0) = sin(72),z € xz»
3(0,1) =0 =23(1,t) = 0,t € xr.
The computed ENT ENT Nt (Eév’r)extp, Egcf, and
”g&; of the considered problems using the proposed scheme

are depicted in Tables 1-4. From these tables, one can
observe that the developed scheme converges independent of
the perturbation parameter with the order of convergence
one before Richardson extrapolation and with the order of
convergence two after Richardson extrapolation. In addition,
from these Tables, one can observe the comparison of the
scheme with the results in the articles [20, 22, 29]. The
comparison confirms that the scheme provides a more accurate
result than some schemes in Derzie et al. [29], Kaushik and
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Sharma [20], and Liu et al. [22]. In Figure 1, the numerical
solution profile of Examples 5.1 and 5.2 when N = 2%, M = 40,
and ¢ = 278 are given, which shows that a strong boundary
layer is created near z = 1. The effect of ¢ on the solution profile
is shown in Figure 2 and the figure shows as ¢ — 0 strong
boundary layer is created near z = 1. The effect of the time step
on the solution profile is depicted in Figure 3. This figure depicts
the existence of the boundary layer at z = 1 with time variable
t — 1. Figure 4 shows the uniform convergence of the proposed
scheme in the error plot for Examples 5.1-5.4.

6. Conclusion

A higher order parameter uniform numerical scheme
for singularly perturbed unsteady Burger-Huxley equation is
presented. The developed scheme constitutes the implicit Euler
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in the time variable and the exponential spline method in the
space variable. In addition, Richardson’s extrapolation technique
is implemented to improve the accuracy in the time direction.
The stability and convergence analysis of the scheme are
discussed and proved. It is found that the scheme proposed is
uniformly convergent with linear and second order convergent
before and after Richardson extrapolation. Four test examples
are presented to illustrate the efficiency of the proposed scheme.
It is found that the proposed scheme gives better results than
the methods described in Derzie et al. [29], Kaushik and Sharma
[20], and Liu et al. [22].
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