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Dynamic analysis and optimal
control of COVID-19 with
comorbidity: A modeling study
of Indonesia
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Comorbidity is defined as the coexistence of two or more diseases in
a person at the same time. The mathematical analysis of the COVID-19
model with comorbidities presented includes model validation of cumulative
cases infected with COVID-19 from 1 November 2020 to 19 May 2021 in
Indonesia, followed by positivity and boundedness solutions, equilibrium point,
basic reproduction number (R0), and stability of the equilibrium point. A
sensitivity analysis was carried out to determine how the parameters affect
the spread. Disease-free equilibrium points are asymptotically stable locally
and globally if Rp < 1 and endemic equilibrium points exist, locally and
globally asymptotically stable if Ry > 1. In addition, this disease is endemic in
Indonesia, with Ry = 1.47. Furthermore, two optimal controls, namely public
education and increased medical care, are included in the model to determine
the best strategy to reduce the spread of the disease. Overall, the two control
measures were equally effective in suppressing the spread of the disease as
the number of COVID-19 infections was significantly reduced. Thus, it was
concluded that more attention should be paid to patients with COVID-19
with underlying comorbid conditions because the probability of being infected
with COVID-19 is higher and mortality in this population is much higher.
Finally, the combined control strategy is an optimal strategy that provides an
effective guarantee to protect the public from the COVID-19 infection based
on numerical simulations and cost evaluations.

KEYWORDS

COVID-19, comorbidity, stability, sensitivity analysis, optimal control, cost evaluation

1. Introduction

The COVID-19 virus was reported in the Wuhan-Hubei Province of China
in December 2019 and was spread rapidly to various parts of the world [I-
6]. Symptoms are usually mild and appear gradually. In general, the symptoms
of COVID-19 are fever, dry cough, and tiredness. In addition, there are other
symptoms such as chest pain and tenderness, nasal congestion, headache, conjunctivitis,
diarrhea, loss of sense of taste or smell, skin rash, or discoloration of the
fingers or toes [6]. The symptoms experienced are usually mild and appear
gradually. Furthermore, moderate and severe infection symptoms can occur in

01 frontiersin.org


https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#editorial-board
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#editorial-board
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#editorial-board
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#editorial-board
https://doi.org/10.3389/fams.2022.1096141
http://crossmark.crossref.org/dialog/?doi=10.3389/fams.2022.1096141&domain=pdf&date_stamp=2023-01-06
mailto:fatmawati@fst.unair.ac.id
https://doi.org/10.3389/fams.2022.1096141
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/articles/10.3389/fams.2022.1096141/full
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Rois et al.

humans and appear gradually, such as having fever and
cough accompanied by difficulty in breathing or shortness of
breath, chest pain, and others [1, 6]. Individuals with previous
comorbidity (such as diabetes, lung, and heart disease) are
more likely to develop severe disease with stronger COVID-
19 symptoms than individuals who do not have a comorbidity
[7, 8]. In the case of COVID-19 comorbidity in Indonesia, 12
different diseases have been recorded, which range from the
most at risk to the least at risk, namely hypertension, diabetes
mellitus, heart, pregnancy, lung, kidney, immune disorders,
cancer, other respiratory disorders, asthma, tuberculosis, and
liver [9].

The first case in Indonesia was reported directly by
President Jokowi Widodo on 2 March 2020 and there were
as many as two people infected, namely a mother and
child suspected of contracting it from a Japanese citizen
[10]. Data from web [11], on 2 October 2020, to be
precise, indicate that Indonesia was ranked 23 out of 215
countries reported being infected with 295,499 confirmed
cases, 10,972 reported deaths, and 221,340 reported recoveries.
Meanwhile, according to data on 14 June 2021, Indonesia
was ranked 18 out of 222 countries reported being infected,
with 1,919,547 confirmed cases, 53,116 reported deaths, and
1,751,234 reported recoveries.

The increasing number of COVID-19 cases requires a
control strategy to control the COVID-19 outbreak. Control
technique isolation and individual quarantine are the most
efficient measures whenever a new outbreak occurs in a
region without a vaccine or therapy [12, 13]. Several appeals
or mitigations from WHO to control COVID-19 are social
distancing, use of masks in public places, and intensive contact
tracing (tracing) followed by quarantine of individuals who have
the potential to contract the disease, and isolation of infected
individuals in hospitals or independently [14]. Therefore, public
education plays an important role in controlling the outbreak
because it can convey information regarding how to prevent and
reduce the transmission of COVID-19.

Furthermore, it is necessary to use mathematical modeling
to determine the spread of COVID-19 infection and whether
the control measures are effective. WHO also acknowledges
that mathematical modeling can help health decision-makers
(doctors or health professionals) and policymakers make
decisions or find solutions (governments) [15]. The Susceptible-
Infected-Removed (SIR) model is a mathematical representation
of how diseases spread. The SIR model was first developed
in 1927 by Kermack and McKendrick, who established it as a
reference work and contributed significantly to the development
of the mathematical theory of disease transmission [16, 17].
Several studies are related to the spread of disease, for example,
research on the Coronavirus that caused SARS [18] and MERS
[19, 20].

Soewono [21] applied the SEIR model, which has four
subpopulations: susceptible (S), exposed (E), infected (I),
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and recovered (R), to simulate the spread of COVID-19.
This model is an improvement on the SIR COVID-19
model. Furthermore, Das et al. [22] add a subpopulation
of C (infected with comorbidity), so that the population is
divided into five subpopulations, namely S, E, I, C, and
R. The comorbidity referred to in this study is a general
congenital disease, while research from Omame et al. [23] also
proposed a comorbidity COVID-19 model, Omame et al. model
coinfection with comorbidities (especially diabetes mellitus).
So, Omame et al. built a model by dividing the population
into eight subpopulations, namely susceptible (S), susceptible to
comorbidity (S;), individuals infected with COVID-19 without
comorbidities (I), isolation and hospitalization for individuals
infected with COVID-19 without comorbidity (H), recovered
from COVID-19 but without comorbidity (R), infected with
COVID-19 and comorbidity (I;), isolation and hospitalization
for those infected with COVID-19 and comorbidity ( H),
and recovered from COVID-19 but with comorbidity (R¢). In
another study, Jia et al. [24] by incorporating subpopulations of
isolation (H) and quarantine (Q), the model provided divides
the population into seven subpopulations, namely S, E, I, A,
Q, H, and R. The model is also based on the most recent
data from the WHO, indicating that susceptible individuals
must first be quarantined to stop the further spread. Research
on COVID-19 was also conducted by Prathumwan et al. [25]
by adding quarantine subpopulations (Q) and isolation (H)
as well so that the model constructed has six subpopulations,
namely S, E, I, Q, H, and R. The mathematical model that has
been formed needs control to reduce the number of COVID-
19 infections. Researchers discussing control issues include
Deressa and Duress [26], Olaniyi et al. [27], and Das et al.
[22]. Deressa and Duressa provide three controls, namely public
education, protecting yourself from COVID-19 infection (such
as wearing masks, washing hands, and maintaining distance),
and treating individuals infected with COVID-19 in hospitals.
In comparison, Olaniyi et al. provide two controls, public
education and individual care management in hospitals. Other
researchers, Das et al. [22], provide two controls to reduce the
number of infected with comorbidity and without comorbidity,
namely the control other than using drugs and the vaccination
process. There are many studies related to COVID-19 besides
those mentioned above, see for example the following literature
studies [28-54].

By combining the research of Das et al. [22], Jia et al.
[24], and Prathumwan et al. [25], the COVID-19 model will
be constructed in this study. The discussion is divided into
the following sections: The model formulation is presented
in Section 2 followed by model validation and mathematical
analysis in Section 3. A numerical simulation of the model
without control is given in Section 4. Section 5 presents the
model with controls and its simulation is given in Section 6. The
last discussion on cost evaluation is presented in Section 7. The
study is concluded with some key points in Section 8.
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2. Model formulation

We consider the new COVID-19 model with eight
subpopulations, as shown in the compartment diagram in
Figure 1.

Based on the compartmental diagram in Figurel and
the model assumptions, we have the following system of
differential equations:

a _ _BSI_BSC o o
dE B1SI  BrSC
_—= — _— E_ E,
dt N N * "
dl
7 = EaE—hI—rI—diI— ul,
dcC
i (1—&)aE — hyC — 1 C — d)C — uC, 1)
dQ p1B1QI  p2f2QC
= = q5- -~ - 13Q—puQ,
it q1 N N r3Q — unQ
dH pp1B1QL  gp2B2QC
— = OhI+8h,C
7 11+ ohC+ N + N
—r4H — d3sH — uH,

dj
5 = =0 mI+1-8hC

1 —=p),p1QL (1 —g)p28.QC

+ N + N rs] —d4] — i,

dR
i il +1rC+r3Q+rgH + r5] — pR.

In this model, the COVID-19 model is divided into
susceptible (S), exposed (E), infected without comorbidity
(I), infected with comorbidity ( C), isolated (Q), treatment
isolated (H), isolated without treatment (J), and recovered (R).
Susceptible subpopulation increases with the recruitment or
birth rate denoted by 7 and can be infected due to contact with
infected individuals without comorbidity and with comorbidity
denoted by B1 and B, respectively. Susceptible individuals who
are quarantined are denoted by q; and cannot be returned to
being susceptible due to the effects of public anxiety, which
make some assumptions or opinions that susceptible individuals
need to be quarantined, so that if quarantine is successful,
then recovery is denoted by r3 and if not successful due
to contact with infected individuals without comorbidity and
with comorbidity, showing symptoms of being infected, then
isolation is denoted by p; and p,, respectively. Furthermore,
p and g are the proportion of changes from quarantine to
isolation. The progression from exposed to infection is denoted
a, and £ is the proportion of change from exposed to infection
without comorbidity. From the infected subpopulation without
comorbidity and with comorbidity, isolation is denoted by h;
and hy. The parameters r1, r2, 13, and r4 indicate the recovery
rate of the subpopulations infected without comorbidity,
infected with comorbidity, quarantine, isolated with treatment,
and isolated without treatment. Furthermore, deaths from each
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subpopulation are denoted by i and deaths from COVID-19 in
subpopulations I, C, H, and ] are denoted by dy, d3, d3, and dj.

3. Mathematical analysis
3.1. Model validation

We calibrate our model (Equation 1) using cumulatively
confirmed COVID-19 cases for Indonesia. We have retrieved
COVID-19 case data from the Republic of Indonesia Task Force
(SATGAS) situation report for the period 1 November 2020
to 19 May 2021 [9]. The parameter fitting uses the Isqcurvefit
command, and the value of MAPE = 0.026022 is obtained.
The results of the fitting parameters seem to match the infection
case data as shown in Figure 2, and new parameter values are
obtained according to conditions in Indonesia as follows in
Table 1.

3.2. Positivity and boundedness of
solutions

The change in the total population is given by

dN
dt

Todt  dt At At At dt o dt

7 —uN —diI —d,C—dsH — d4],

@, dr
ar’

<7 — uN,

whose solutions give

N < E o+ (N 0) — f) eI,
0 I
Consequently as t — 00, then lim;— oo N (£) < % . So, we can
conclude that N is boundedness to N (1) < %
Considering the above solutions, we have that the model has
a boundedness solution which is contained in a feasible region
2, where

Q= {(s, ELC QH]J R |N®< %}

Next, we show the positivity of solving the Equation (1) system
by following Riyapan et al. [42] and Rois et al. [46], as follows:

Theorem 1. Let S, E, I, C, Q, H, ], and R be the system
solutions (Equation 1). If S(0) > 0, E(0) > 0,1(0) > 0,

C(0) >0,Q(0) = 0,H(0) = 0,J(0) = 0,and R(0) > 0,
then all solutions are positive for every t > 0.

Proof. 1. Take the first equation of the system (Equation 1)
as follows:

ds o B1SI _ B2SC _

ar N N
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FIGURE 1
Compartmental diagram of the COVID-19 model with comorbidity.
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FIGURE 2
Parameter fitting results from the COVID-19 model.

TABLE 1 Parameter values according to the fitting of the infected cases of COVID-19 in Indonesia.

Parameter Value Parameter Value Parameter Value
7 3783175.865 rs 0.088554 s 0.00059843
B 0.65799 hy 0.007884 p 0.090862
Ba 0.79664 I 0.00034162 q 0.28312
@ 0.16574 o 0.99779 dy 0.00086579
n 0.0068295 s 0.9533 d 0.022871
r 0.0025349 o 0.25098 ds 0.36203
r 0.030397 £ 0.022219 dy 0.76233
r 0.31851 0 5812 x 1075 w 0.0138

Frontiers in Applied Mathematics and Statistics

04 frontiersin.org


https://doi.org/10.3389/fams.2022.1096141
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Rois et al.

I C
Letn = % + %
s S(n+q1+ 1)
= — = ,
Jt n+q+n
ds
E+S(n+q1+u) =7,
d e(qlJFM)tJrfot'?dSS )
( — ( ) _ n_e(ql-f—u)t-i-fot r]ds) (2)

then a homogeneous solution is obtained

d (e(‘ll‘f‘ﬂ)t"‘f(; ndsg (t))

=0,
dt

S() = ke*(qlﬂl)t*fot nds

Thus, let us assume that the solution is non-homogeneous

S (t) = ke~ (@+m)t=fy nds, )

Next, substituting the Equation (3) into the Equation (2)

to get
kO _ @y fnds,
dt
t
k() = / rel@+y+fy ”dxdy—l— K. (4)
0

The Equation (4) is substituted into the Equation (3), we get

t
S (t) — / ne(q1+ll-))’+ f({rl dxdy X e_(ql'Hl*)t_fotn ds
0
+S(O)e*(q1+,u)t7fot nds

So, S(t) is positive for t > 0.

2. Take the fifth equation of the system (Equation 1) as follows:

Q _ ¢ mAQL _ pprQC

a1 N N P HQ
Letw = % + %.
iT? = q1S— Qw+r3+ w),
iT?+Q(w+V3+M) =qS,
s

dt

then a homogeneous solution is obtained

d (e(r3+/4)t+f0t wdsQ (t))
dt

=0,

ke—(73+u)t—f0t wds.

Q)
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Thus, let us assume that the solution is non-homogeneous
t
Q) = ke—(fs-i-ﬂ)t—fo wds (6)

Next, substituting the Equation (6) into the Equation (5)

to get
dk (t) _ qlse(rﬁ-u)t—i-fot a)ds’
dt
t
k@) = / qlse(r3+“))’+fgwdxdy+K. (7)
0

The the Equation (7) is substituted into the Equation (6),
we get
t
Q) = / qlse(r3+p_)y+fé'w dxdy « e—(r3+u)t—f0tw ds
0
+Q(0)67(T3+M)t7f0tw dS.

So, Q(t) is positive for t > 0.

3. Take the second equation of the system (Equation 1) as

follows:

dE BiSI  BrSC
& _ P P2 JE— WE> —aE — uE,
it N N G HE=TeRmu
or

dE®H > —E(a+p),
dt

[EO - [

E®t) > e—(Oé-‘rll«)H-k’
E(t) > E(0)e @it

Thus, E (t) is positive for t > 0. Furthermore, in the same

way as proof number 3, I (t), C(t), H(t), ] (t), and R(t) can
be shown respectively to be positive. O

3.3. Equilibrium point and basic
reproduction number

The equilibrium point of the system (Equation 1) is

obtained by setting the right-hand side to zeros. Therefore,
the first equilibrium point is obtained, namely the disease-free
equilibrium point, as follows:

X0 = (50, B2 1° % Q% HO, O, RO)

b3 s s T
(—, 0,0,0, L ¢, o, 1L 3).
ai aias aiasp

Where a; = g1 + pand as = r3 + p.

Furthermore, the basic reproduction number, denoted by

Rg, is obtained using the next-generation matrix method
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[55,56]. The constituent components of the next-generation (S*, E*, I*, C*, Q*, H*, J*, R*) with
matrix method only consist of infected subpopulation groups, ras
. st = )
namely: A1Ro
" i
E" = 7R Ro—1),
SI SC azko
ﬁlT + ﬁZN nk TEa
f= 0 ,and v = —&aE+ a3l . I* = o (Rp — 1),
aza
0 —(1—&)aE + asC 24370
« _ 1—-§na
aya4qRo
The partial derivative evaluated at X gives Q* = azuwjﬂ,
3
H* = (Ro — 1) Ag,
B Biasp Bras i
0 (asu+qm+q1r3) (asp+qiu+qirs) J* = (Ro— 1) As,
= r302a3a4a5q1 7
F(X> 0 0 0 R = (Ry — 1) Ag + 392930495017
L0 0 0 HA3
e 0 0 with A} = asp + wuq1 + qir3, A2 = p1fragpaé +
andV(X0> - —Ea a3 0 |. p2ﬁ2u3élias(l - f)( Az_) AlA%} (Ro — 12+a2a3%4u5A1R0(,lA% )_
fig 1 pp1 1q1a4asu qp2pP291a3as 1
L~ (1 - S) a 0 aq ad%o uzél_o, + ilza;; + + A3
_ d-0mé , (- 5)h2(1 ) (1—P)»01/31M$ﬂ4ﬂ5m
As = a7R0( aas + aas + +
1— 1—
The inverse of the V(XO) matrix is ( q)pzﬁzlj‘zaasm( E)), and Ag = /;Zgio rfaoﬁfzin ! +
r4dy | r5ds
The existence of the endemic equilibrium point X* depends
1 0 0 on the value of Rg. If the value of Ry < 1 is taken, then the
v-1o gaé 1 endemic equilibrium point X* does not exist because it is clear
(lazga ‘63 1 that E*, I*, C*, H*, and J* are obtained negative. If Ry = 1,
204 a4 then we get the equilibrium point X* = X9, which causes the
equilibrium point X* not to exist. Furthermore, if Ry > 1, then
Based on the F(XO) and V! (XO) matrices, the next- we get 8%, E*, I, C*, Q*, H*, J*, and R* are positive and the
generation matrix FV ! can be formed so that we can obtain endemic equilibrium point X* exists.
Brasuéa Braspa(1-§) Brasp Brasu
. aaz(asptqiutqirs) | aas(aspt+qiutairs) as(aspt+qiutairs) as(aspt+quatqirs)
Fv " = 0 0 0

0 0 0

So, the basic reproduction number is obtained based on the 3.4. Local stabi llty
eigenvalues of the FV~! matrix as follows:

The local stability of the equilibrium  point

Ry = p (M) = aspa (B1&ag + Praz (1 — 5))' is obtained by linearizing system (Equation 1),
arazas (asp + g1+ q1r3) which yields the following jacobian matrix below:
By —By—a; B B - &5 B - &S B B; Bi By ]|
B,—B; —By—a Bi5-B BS_p -B; —B; B, —B
0 Ea —as 0 0 0 0 0
i 0 (1—&)a 0 —ay 0 0 0 0 @
q1+ B3 B3 Bs—% 33—% B3 —By—as B3 B3 B3
—Bs —Bsg Bg — Bs B7 — Bs Bg — Bs —Bs5 — ag —Bs —B;s
—Byg —By Bijo—By Bji—Bg  Bja—Bg —By  —Bg —ay —By
L 0 0 r p) 13 T4 rs —n
Next, the second equilibrium point is obtained, With By ﬂlSI + ﬂzzfzc’ = % + % B3 = % +
namely the endemic equilibrium point X* = pzf\,#, $B4 = "lf}ll + mf]zC’ Bs = pp%ﬂzl Ay quf,%QC, Bg =
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9h1+P”11\’?1Q,B7 — Shy + qu[\/?ZQ)BS _ pp%ﬂlu_ qulgzc’Bg _

A-DopQl | (=DnBQC g (1 g)py 4 C2J0AQ

Bll = (1_5)}12 + (1*!])+/32Q’ and 312 = % +
(I*qg\/[)zﬂzcl

3.4.1. Local stability of disease-free equilibrium
point
Evaluating (8) at x0 yields

10.3389/fams.2022.1096141

In the Equation (11), it is clear that k; > 0, and if Ry <
1, then k > 0 and k3 > 0. Therefore, the stability
property of the equilibrium point X0
is established using the Routh-Hurwitz criterion. Furthermore,
the equilibrium point X9 is asymptotically stable if and only if it
satisfies the following criteria:

1. k; >0,
2. k3 > 0,and
3. kiky — k3 > 0.

[ —ay 0 —p1C1 —B2Cy 0 0 0 0

0 —ay B1Cy B2Cy 0 0 0 0

0 Ea —a3 0 0 0 0 0

]<XO)— 0 1-%§« 0 —ay 0 0 0 0

T @ 0 —-p1h1C2 —02$2C2 —as 0 0 0 |’
0 0 Ohy + pp1P1Co 8hy + qp22Ca 0 —as O 0
0 0 (1= h +(1—p)p1f1Cs (1 =8 hy+(1—q)p2$2C2 0 0 —az 0
L 0 0 r r 3 r4 15 —[

With C; = asi and Cy — ap The - Criteria eq?a-tio'ns (1) -and (%) have been met ?0 that the
(as+q1) ptqurs (as+q1)ut+qirs disease-free equilibrium point X? is locally asymptotically stable

characteristic equation for the |J (XO) — A | = 0 is as follows:

(—ar —A) (—as — A) (—ag — A) (—a7 — A) (= — A)

—az — L Bi1Cy B2C1
gd  —a3—Ai 0 |=0. 9)
1-8a 0 —a4 — A

Based on the Equation (9), we obtain the eigenvalues A} = A, =
A3 = Mg = A5 < 0. Therefore, the stability of the disease-free
equilibrium point depends on

if it meets k1ky — k3 > 0 where

kiky — k3 > 0,
(a2 + a3 + aq)

agfraCié n azfraCy (1 — 5))

<aza4 (1 —Rg) +azaq +
as as

+ada3 (1 — Ro) + aza3 (1 — Rg) > 0.

It is clear that the Routh-Hurwitz criteria are satisfied;
thus, the roots of the characteristic Equation (11) have negative

o —n2—r AG p2C1 0 real parts. Therefore, the disease-free equilibrium point is
1= fo  —a3— 0 (10) asymptotically locally stable if Ry < 1.
1-8a 0 —a4 — A
From the Equation (10), we obtain the following . . A
L . 3.4.2. Local stability of the endemic equilibrium
characteristic equation: .
point
A+ kA2 4+ koh+ ks =0, (11) Evaluating (8) at X* yields
with
[ B, — Bz B By — ﬂlTS* By — ﬁZTS* B B B B |
B—B B OF-B B--B  -B -B -B -B
0 Ea —a3 0 0 0 0 0
(x) = 0 (1-8a 0 —ay 0 0 0 0
= . « ,
q1+B; By By—L2BL gy mBE g By By B
—Bs —Bs Bs — Bs B7 —Bs  Bg —Bs —Big —Bs —Bs
—Byg —By Bio—By9  Bi1 —By9 Bia —By9 —Bg —Bi7 —Byg
L 0 0 1 r r3 r4 s =i |
kl = az + a3+ ay, With B = /311‘321 + %’ B, = % + ﬂz]\]C ,
ky = aza3 (1 — Rg) + azaq (1 — Ryp) By = ,01/31(22*1* 4 pzﬂzg*C*’ By = p1p1I* + pzﬂzC*’ Bs =
avan + agP1aCié n a3praCr(1 -85 . P BLQT quBZQ*C*N pIZu‘hQ* N
a3a4 (13 114 > an NZ + N2 N B6 = 9}(1; + T, B7 - 8’;2 +
* I* 1— * T
k3 = azazayq (1 — Rg). %)BS = %‘F%,Iﬁ = (P)%‘l’
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FIGURE 3
Projection of three orbits of the model on the | — C plane.

1— *C* 1— *
( q)/;\ZI/ZSZQ , Blp = (l—g)hl _|_( P)I/\}I,BIQ , B, =

(L= 8)hy + DA g (pobil |y (-a)phC)
Bi3 = B, + ay,Bi4 = By + a», Bis = B4 + as, Big = Bs + ag,
and Bi7 = By + a7.

The characteristic equation of the |J (X*) — )J’ =0is

A8 kA7 4+ ko0 + k3n® + kart + ks + kA2 + ko
+kg =0, (12)

It is difficult to prove analytically that all eigenvalues of J have
negative real parts for Ry > 1. However, from our numerical
simulations (case Rgp > 1), all eigenvalues have negative
real parts.

Figure 3 gives the projection of three orbits of three different
initial conditions when Rp > 1 on the I — C plane. The
component (I, C) of the equilibrium X* is not (0, 0). This
simulation indicates that the endemic equilibrium X* is locally
asymptotically stable when R > 1.

3.5. Global stability analysis

In this study, we prove the global stability of disease-free
and endemic equilibrium points by constructing the suitable
Lyapunov function and following the theorem from Alligood
etal. [57].

3.5.1. Global stability of the disease-free
equilibrium point

Theorem 2. Disease-free equilibrium point X is globally
asymptotically stable if Ry < 1 and unstable if Ry > 1.
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Proof. Defined Lyapunov function
L =k1E+ kI + k3C, (13)

where

K1 = ajazasay,
wBiazay
Ky = ————, and
N
hrazas
K3 = —————.
N

The function L needs to be proven to determine whether

Lyapunov is strong or weak for X°.
L(Z%) = L(s% B 10 €% Q% 1O, ) /),
L (7*) =

It is proven that L <7*) = 0. Next,

K]EO + 1(210 + K3CO =0.

L(¥) = x1E + k2l + «3C,

Because V (S, E,I,C,Q H,J,R) # (8%, E%1°, °, Q°, H,
]0, RO), so it is proved that L (?) > 0.
Thus, the Equation (13) can be reduced to

oL
ot

_ A dl o dC
T T T

<,8181 + B2SC )
= K1 7]\] — ﬂzE

+u2 (§aE —a3l) + 3 (1 — §) aE — a4C),

50, we obtain

B1SI + B2SC wBrazas§ ok
=aymazay| ————— —mE+ ————
N ajazazasN
n nprazaz (1 —§aE  mpil  7frC
ayayazasN a1N aN -~

_ T
LetS = ap> Sowe get

aL

T = ala%a3a4E (Rp —1).

Based on the description above, it can be concluded that
0if E =
Lasalle’s invariance principle, the disease-free equilibrium point
in the spread of COVID-19 (XO) is globally asymptotically stable
if Ry < 1. O

aL

9% < 0if Ry < 1 and % = 0. Hence, by

3.5.2. Global stability of the endemic
equilibrium point

Theorem 3. If Ry > 1, then the endemic equilibrium point X* is
said to be globally asymptotically stable.
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TABLE 2 Stability conditions.

Equilibrium point

Existence requirement

Global stability type

10.3389/fams.2022.1096141

Stability condition

X0 None

Asymptotically stable

Ry<1

X* Ry>1

Asymptotically stable

Ry > 1 and strong Lyapunov function

Proof. The Lyapunov function is defined as follows:
1
L= 2[Ss+Ep+1 + Cc+ Qq + Hyr +Jj + Re]’, (14)

Where S = (S—8*), Eg = (E—E*),I; = (I-T*), Cc =
(C-C*), Qo= (Q-Q"), Hy = (H-H*),J; = (] = J*),
and dan Rg = (R — R*).

The function L needs to be proven to determine whether the
Lyapunov function is strong or weak for X*.

L(—x”‘) -

1 2

L(7*) - E[s§+E?‘E+1;‘+c§+Q”é+H;§+I}“+R;’;]
= 0.

L(S*, E*, I*, C*, Q*) H*, ]*) R*),

Where §§ = ($*—$*), Ef = (E*—E*), I} = (I* —TI*),
Co = (G~ C), Q4 = (Q° — @) Hjy = (H* — 1Y), Jf =
(]* - ]*), and RT2 = (R* - R*). It is proven that L (7*) =0.

1
L(¥) =5 [Ss+Ep +11 +Cc + Qo+ Hyr +Jy + Re*

Because V (S, E,I,C,Q H,J,R) # (S° E°, I°, 9, Q°, HO,
J, R%), so that it is proven that L(¥) > 0. Next, we check
that the Equation (14) is reduced to

oL
i [Ss + Eg 4+ I1 + Cc + Qq + Hi + J; + Rg]

d
S SHE+I+C+Q+H+]+RI,

= [Ss+ Eg +I1 + Cc + Qq + Hi + Jj + Rg]
[t —uS+E+I+C+Q+H+J+R
—dI — dyC — d3H — d4]],

Let 7 = wp(S*+E*+I*+C*+Q*+H*+J* +R*) +
diI* 4+ dyC* + d3H™ + dy4J*. So that it gives

=[Ss+Eg + 11+ Cc+ Qq + Hy +Jj + Re]

x[—=[w(Ss+Eg+ 11+ Cc + Qq+ Hu + Jj + Rp) + dy (I —TI*)
+dy (C—C*) +ds (H—H*) +dy (] - )1,

= —[Ss+ Eg + I + Cc + Qq + H + J; + Rg

x [w(Ss + Eg + I + Cc + Qq + Hu + Jy + Rp) + dy (I - I¥)
+dy (C—C*) +ds (H—H*) + dy (] = J9)]1.
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Based on the description above, it can be concluded that
9L < 0ifRy > land &k = 0if S=$*, E=E", I=1I*, C=
C*, Q= Q*, H=H* ] =J* and R = R*. Hence, by Lasalle’s
invariance principle, it means that the endemic equilibrium
point in the spread of COVID-19 (X*) is globally asymptotically
stable if Ry > 1. O

The terms of existence and the type of stability of the
equilibrium point of the system of equations are summarized in
Table 2.

3.6. Sensitivity analysis

The
parameters

sensitivity analysis aims to determine the
the COVID-19
virus. The sensitivity index of the basic reproduction
the of the

parameters contained in the basic reproduction number

that cause spread of the

number  depends on differentiation

[58, 59]. Sensitivity index Rg to the parameters is
as follows:
oo Moo K
da Ry a+pn

Ro _ RoP1 _ P1&ay

B 31 Ry Piéas+ Praz (1 — &)’
Ro_9Ro oy _ paas (1 —§)

P2 9By Ry~ Pr&as+ Baaz (1 - &)
fo_ R & Pifas — Prfas

§ 708 Ry Pikas+fraz(1-§)
fo_Roqr @

TRl P

q1 Ko q1+ K

Ro _ ORo Py _ agprhé

b 9h Ry —a3z (Braz (1 — &) + Brasé)’
R = Ro 1 _ Bir1as§ ’

darp Ro  —az (Braz (1 — &) + Brasé)

Ro_ Rodr _ Brdiasé

d 7 9dy Ry —az (Baaz (1 — €) + Prasé)’
Ro_ Rohy _ pahaas (1 - &)

by ™ 9hy Ry~ —as(Braz (1 — &) + Prasé)’
R0 _ Ry _ Parzaz (1 —§) ’

* 9rp Ry —ag(Braz (1 — &) + Pragé)
Ro_ Rody _ Barzaz (1 —§)

& 9dy Ry —ay (Braz (1 — &) + Prasé)’

frontiersin.org


https://doi.org/10.3389/fams.2022.1096141
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Rois et al.

TABLE 3 Sensitivity analysis.

10.3389/fams.2022.1096141

Next, the graph of the solution Ry < 1 is obtained in

No Parameter Sensitivity index Figure 4.
The analysis results from 3.4.1, and Theorem 2 are illustrated
! % —0.9761 numerically. Numerical simulations with some initial values
2 B 0.9754 show that the graph solution is toward and close to the disease-
3 “ 05715 free equilibrium point X° (converging toward the disease-free
. J o636 equilibrium point Xp). Based on the graph, this means that after
: ' all this time, no individual has been infected with COVID-19.
> " —00625 The numerical results support the analysis that if Ry < 1, then
6 o 0.0522 the disease-free equilibrium point X? is asymptotically stable
7 B 0.0246 locally and globally given different initial values.
R A 0.0084 We show the stability of the endemic equilibrium point, the
: i parameter values in Table 1 are used, and three different values,
? M 00066 so we get Rg = 1.47 > 1. Similarly, the disease-free equilibrium
10 8 —0.0057 point is obtained
11 3 0.0025 0
X" = (21071493, 0, 0, 0, 79018695, 0, 0, 174052991)
12 d, —0.0007
and the endemic equilibrium point is given as
Ro_ R = (@ (226 +2) B2 +2$16) 1° +ag (1 = §) fo + Pras) p +2a10 (1 = §) a3 + Prag)
" dn Ro a%a%a%ai
B ((—a) g1 + a2)) e+ a2 (a2 +q1) E — 1) B2 — (((a11) q1 — ady) @ — a3, (a11 + q1)) B1&) w2
R
~2(anaqr (Bi& + B2 (1 =€) anp + appa (€ — 1 anfz — fréar) qian)
Ada ’
With ag = (4d1 +a+dy+hy+hy 4 g1+ 4+ 7’2)) X* = (S* EX I*. C* Q* H*, J* R*)
a9 = di +a +4dy + hy + 4hy + q1 + 11 + 42, alp =

(di+a+dr+hi+h+q+r+r)an =h +r+di,
andayjy = hy + 1y + ds.

The parameter sensitivity index is shown in Table 3.

From Table 3, we can see that the most sensitive parameters
are q; and B. A positive index means that if we reduce
the parameter by almost 10%, then the value of the basic
reproduction number can decrease by 10%.

4. Simulation of the model without
control

This section presents a numerical solution of system (1)
using the Fourth-order Runge-Kutta method. The parameter
values used in this simulation are shown in Table 1 and three
different initial values. In this simulation, the stability of the
disease-free equilibrium point is shown from the parameter
values given in Table I, except for the parameter q; =
0.56574, the value is Ry = 0456 < 1. Based on the
value of these parameters, the disease-free equilibrium point is
obtained, namely
X0 = (6527542, 0, 0, 0, 83496205, 0, 0, 183499868) .

Frontiers in Applied Mathematics and Statistics
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= (6031017, 10196616, 1933377, 63222893,
2119885, 362896, 798735, 30671327) .

The solution graph for the case of Ry > 1 is obtained
as follows in Figure 5.

The numerical simulation results support the analysis from
3.4.2 and Theorem 3 that some of the initial values given are
obtained by the graph of the solution leading to the endemic
equilibrium point X* (converging to the endemic equilibrium
point X*), which means there is a spread of disease due
to COVID-19. The numerical simulation results follow the
analysis that if Ry > 1, the endemic equilibrium point X* is
asymptotically stable locally and globally with different initial
values. Based on the given parameter values, we obtain Ry > 1.
This means that there is an outbreak of disease due to COVID-
19. Therefore, it is necessary to take control measures to reduce
the outbreak.

4.1. Effect parameters

The effect of parameters on Ry was analyzed using
contour plots. We choose two significant parameters, g
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and B, and provide a contour plot as a function of Ry.
The impact of some Ry parameters is further investigated
in Figure 6. Figure 6 shows that increasing the parameter
q1 decreases the value of Rgp. This implies that increasing
quarantines has the effect of reducing the spread of COVID-
19. Meanwhile, an increase in the B, parameter resulted in
an increase in the Rp value and implied that an increase in
contacts of individuals with comorbidities would increase the
spread of COVID-19, especially individuals with comorbidities.
Therefore, increasing quarantine and reducing contact with
individuals with comorbidities are important.

5. Optimal control problem

5.1. Comorbidity COVID-19 model with
optimal control

The control variable given to the COVID-19 model consists
of preventive measures through education (1) and individual
treatment efforts for infected (1) . So the model with control is
given as follows:

ds (B1SI 4 B2SC)
= () L gis— s,
dE (B1SI + B2SC)
i 1 —=uy) N o«E — UE,
dl
= =&aE — (h1 +up) I — ril —diI — ul,
dcC
e = (1—Sj)aE—(hz-l—uz)C—rzC—dzC—MC,
aQ p1B1QI  p2f2QC
i qS N N r3Q—pQ, (15)
pp181QI

6h [+ 28

= Emtw) I+
C

+% + (8hy + u2) C — r4H — d3H — pH,
dJ
= (@ =0 +ux) I

(1= 8l + 1) ¢4 L= PP _p)lf;lﬂlQI

1— C
I Q)IszﬂzQ Car,

dR
i rnl+rnC+rQ+riH +r5] — uR.

The function that minimizes the number of infected cases
without comorbidity (I) and the number of infected cases with
comorbidity (C) over a time interval [0, T] can be defined as

T
J(ul,uz)zfo (I(t)+C<t)+%(Alu%JrAzu%)), (16)

Where Ay and A, are the relative cost associated with the
controls u1 and uy, and T is the final time. The aim of the control
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FIGURE 6
Effect parameters of Rg
(B2 x g1 €[0.1:0.79664] x [0.1:0.16574]).

is to minimize the cost function.
J(ul, u5) = min J(uy, uz),
Subject to the system (Equation 15), where 0 < (u1,uz) <1
andt € (0, 7).
5.2. Optimal control analysis

The Hamilton function can be defined as follows:

H=I+C+- (A1u1 + Az
(n _a- (ﬂ1SI+ B28C) _ S M5>
N

i, <(1 (ﬂlSHI;ﬁzSC) oF — ME>
+13 (EaE — (1 +uz) I — riIl — diI — pul)
+Aq ((1 &)aE — (hz + uz) C—nrnC—-—dC— ,LLC)

) C
s PI,BIQ pzﬂ;}Q Q- MQ) (17)
+26 ((0h1 +uy) I+ %

C
+ % +(6h2+u2)C—r4H—d3H—,uH>
+X17 (((l —0)h + uz) I+ ((1 —8)hy + u2) C
1— 1 1— C
L P)I\l;lﬂlQ ¢ q)lf\)]zﬂzQ B a7]>
+Ag (11l +1rC+r3Q+rgH + r5] — uR).

Based on Pontryagin’s principle, the Hamilton function
will reach an optimal solution if it satisfies the state equation
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and the costate equation, and the condition is stationary. The
equation state is obtained by deriving the Hamilton function
(Equation 17) for each variable costate as Equation (15). Next,
the equation costate is the negative value of the derivative of
the Hamilton function (Equation 17) for each variable state

as follows:
dh _ OH _
= s =1 —%2)
<(1 —up) (B1l + B2C) + (I —uyp) (B1SI + ﬂzSC)>
N N2
+q1 (A1 — A5) +A1p
I
+/OlﬁlQ (b + (1= p) 27 — 1s)
+'02’32(2 (a2 + (1= q) A7 — 25),
dv  0H (1 —uy) (CSB2 + ISB1)
W——ﬁ—(h—h) 2
+Ara + Aot — Az — g (1 — &)
I C
+’01£le (rp+ (1 —p) 27 — hs) + Lf\sz
(r6q+ (1= q) A7 = 45),
diy _ 0H (1 —wup)Spr (1—uy)Sp1
o T T MR ( N - N )
+h1 (A3 — 0k — (1 —0) A7)
+up (A3 — A — A7) + 11 (A3 — Ag) — Az(—dy — )
+p1f]1Q(A5—k6p—k7(1—p))—1, (18)
dhy __oH
a —  aC
o (A —u)Spy (1 —u1) (CSB2 + IS1)
= @2 —21) < N + N2 >
+hy (hg — X8 — A7 (1 = 9))
72 (Ag — Ag) + up (Ag — Ae — A7) — Ay (—d2 — )
Il
+p1§# (—)»5 + Aep + A7 (1 —p))
pf2Q  p2B2QC
+(%— 2sz )(f\s—lsq—M(l—q))—
drs 3H B (1 —uy) (CSB2 + 1SB1)
+7r3 (A5 — Ag)
ppil  p1B1QI
+( 1N1 - lNl2 )()\5 —pre — (1=p) A7)
C C
+ (% _ pz’j\;zQ ) (A5 —r6q — A7 (1 — q)) + Asp,
d¢  0H (1 —uy) (CSB +ISB1)
@ - - M Al)( N2 )
1
+r4 (ke — Ag) + mf]le (=25 +26p + 47 (1= p))
C
402200 g (1 q))

N2
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dv; _ 9H (1 —u1) (CSPa + ISP1)
P =2 - M)( N2 )
p11QL

+75 (7 = A) + =5 (ks + hep +37 (1-p)
+2RUE (st agq 7 (1- @) 407 (ds 1),
dig oH (1 —up) (CSB2 +ISB1)
A~ R QZ_M( N2 >
+ 2L (s +agp+27 (1-p)

C
40220 o rea (1—4) + rgp.

N2

With transverse condition
2 (T) = 22 (T) = 23 (T) = rg(T) = rs(T)
A7 (T) = Ag (T) = 0.

The stationary condition for the optimal control problem

= (1) =

(16) is obtained by deriving the Hamilton function (17)
on the control variables u; and up (% =0, gz; —O)

successively obtained

_ (B1SI+ B2SC) (A2 — A1)
1 = and
NA;
I (23 —de — A7) + C(Ag — Ag — A7)

Ay

uy =

The control variables in the COVID-19 model with preventive
measures through education and treatment efforts for infected
individuals are defined as 0 < u; < 1and 0 < up < 1. So, the

optimal control u} and u} can be expressed as

u} = maks {O, min ((ﬂls*lmrﬁzs*c*)(xrh),1) } and

NA;

uj = maks ’0, min (I*O”:*_AG_M)XZC*()”4_)”6_)”7) s 1)] .

The optimal system is obtained by substituting the optimal
control variables ] and uj into the system of state (Equation
15) and costate (Equation 18) equations.

6. Simulation of the model with
control

The method used in solving this optimal control problem
is the forward-backward sweep method. In this numerical
simulation, the parameter values used are presented in Table 1
according to the state of the COVID-19 case in Indonesia. Next,
the initial values given are as follows Sy = 270,911,990, Ey =
1,000,000, Iy = 412,784, Cp = 500,000, Qo = 100,000,
Hy = 56,899, Jo = 200,000, and Ry = 341, 942, with simulation
intervals t € [0,100]. The results of the optimal numerical
control simulation are presented as follows:
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FIGURE 7
The optimal control simulation results with u; # 0.

80 80 100

6.1. Using the control strategy u; # 0 and
U; = 0

Figure 7 shows the control strategy u; # 0 and uy = 0. This
is the result of education that makes all individuals always be
careful, such as interacting outside the home. Implementing this
strategy on subpopulations exposed, infected with comorbidity,
infected without comorbidity, and isolation is significantly
reduced. Implementing the control strategy u; # 0 and up = 0
can also increase the subpopulation of quarantine. Furthermore,
the control strategy profiles #; # 0 and u = 0 to reduce the
number of COVID-19 cases during ¢ = 100 are presented in
Figure 8.

The control strategy u; # 0 and up = 0 is given by one
(maximum) from the beginning of the period to t = 99.9 and
decreases significantly to zero at the end of the period. Control
is terminated at the period’s end, meaning no more control

is given.

6.2. Using the control strategy u; = 0 and
u #0

0 and uy #
0. This strategy can reduce the subpopulation infected with

Figure 9 shows the control strategy u

comorbid and without comorbid because there is an increase
in the care of infected individuals. Implementing this strategy
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FIGURE 8
The optimal control profile with uy # 0.

on subpopulations exposed, infected with comorbidity, infected
without comorbidity, and isolation is significantly reduced.
Implementing the control strategies u; = 0 and up #* 0 can
also increase the subpopulation of quarantine. Furthermore, the

profiles of ug 0 and up # 0 control strategies to reduce
the number of COVID-19 cases for t = 100 are presented in
Figure 10.

The control strategy u1 = 0 and up # 0 is given by one
(maximum) from the beginning to t = 48.6 and decreases slowly
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The optimal control simulation results with u, # 0.
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FIGURE 10
Optimal control profile with up # 0.

until # = 100 reaches zero which means control is stopped at the
end of the period.

6.3. Using the control strategy u; # 0 and
u #0

Figure 11 indicates a combined control strategy. This results
from education that makes all individuals always be careful (such

Frontiers in Applied Mathematics and Statistics
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as interacting outside the home) and increased care for infected
individuals. Combined control strategies can control or reduce
deployment significantly. Furthermore, the combined control
strategy profile to reduce the number of COVID-19 cases during
t =100 is presented in Figure 12.

The combined control strategy consists of two concurrent
administrations of control. The control u; is given by one
(maximum) up to t = 65.4 and decreases significantly until the
end of the period reaches zero. Then, control u is assigned one
(maximum) until ¢ = 39.5 and then decreases until + = 100
slowly reaches zero. Both controls are terminated at the end of
the period, which means they are no longer given control of u;
and uy.

6.4. Comparison of total infections using
all strategic control scenarios

The varying initial values of the exposed subpopulations

are given. Total infected subpopulations for different
initial ~ conditions from exposed subpopulations are
E(0) = 200000,E(0) = 1000000,E(0) = 10000000, and

E(0) = 100000000 successively from left to right using the three
control strategies shown in Figure 13.

From Figure 13, it can be seen that the number of infected
subpopulations was reduced by applying the third strategy
compared to other strategies. Based on strategies 1-3, it can be
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concluded that strategy 3 is the best strategy to minimize the
number of people infected with COVID-19 in the community.

7. Cost evaluation

The cost evaluation aims to determine the most minimal
cost-effectiveness  strategy of COVID-19 spread control

Frontiers in Applied Mathematics and Statistics 16

measures. Cost evaluation in this study uses average cost-
effectiveness ratio (ACER) and incremental cost-effectiveness
ratio (ICER). According to the approach to cost-effectiveness
analysis, ACER is defined mathematically as follows:

Objective function (J)
Total number of infections averted

ACER =

The strategy with the smallest ACER value is the most
cost-effective and is obtained in Table 4 as follows:

The incremental cost-effectiveness ratio, which compares
two intervention options vying for the same scarce resources,
typically tracks costs and health benefits changes. ICER is
defined as follows when considering strategies p and g as two
competing control intervention techniques:

Change in total costs in strategies p and q

ICER = .
Change in control benefits in strategies p and q

Next, ICER was calculated to determine the most cost-effective
strategy out of all the control strategies. First, the competition
for strategies 1 and 2 is calculated as follows:

49,247,000,000 — 0
ICER (1) = = 0.9146,
53,846,000, 000—0

2,991, 000,000 — 49,247,000, 000
53, 893,000,000
46, 256, 000, 000

—53,846,000,000 = ———————— = —984.1702,
47,000, 000

ICER (2) =
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The ICER results in strategy 1 were greater than in strategy
2, so educational controls alone were more expensive and
ineffective than medical care enhancement controls. Therefore,
strategy 1 is removed from the possible control strategies. Next,

the ICER for strategies 2 and 3 is recalculated as follows:

ICER(2) =

ICER (3) =

2,991, 000,000 — 0
53,893,000,000—0

= 0.5130,

1,794,700,000—2, 991, 000, 000

1,196, 300,000
1,000, 000

—1,196.3.

53,894, 000,000—-53, 893, 000, 000

TABLE 4 Total infections prevented, total costs, and ACER for

strategies 1, 2, and 3.

Strategy Infections Total cost ACER
prevented
No strategy 0 0 0
Strategy 1 53,846,000,000 49,247,000 0.9146
Strategy 2 53,893,000,000 2,991,000 0.0555
Strategy 3 53,894,000,000 1,794,700 0.0333

Strategy 2 has a higher ICER value than strategy 3. So,
strategy 3 (combined control) is the best control strategy of all
options because of its cost-effectiveness and prevention of the

spread of infectious diseases.

Frontiers in Applied Mathematics and Statistics

8. Conclusion

In this study, we have proposed a mathematical model of
COVID-19 with comorbidities and added control of community
education and improvement of medical care. The proposed
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model has been calibrated using cumulative confirmed infection
cases in Indonesia. The basic reproduction number has been
calculated by the next-generation matrix method. The model has
an asymptotically stable disease-free equilibrium, provided that
the basic reproduction number is <1. Furthermore, the model
has an asymptotically stable endemic equilibrium, provided that
the basic reproduction number is more than one. Individuals
with comorbidity have a greater risk of infection, so there is
a need for more supervision and preventive measures such as
wearing masks, maintaining distance, and proper sanitation.
Public education can be through social media, TV, radio,
print media, and others to control the COVID-19 pandemic
in Indonesia. Based on the model analysis, it is found that
the COVID-19 pandemic can be controlled and eradicated if
the value of Rgp < 1 by providing public education control
and improving medical care. The sensitivity analysis results
show that the most influential parameters are quarantine and
contact with infected individuals, so educating the public to
reduce disease transmission is important. After public education
was given, the community became aware of the COVID-
19 outbreak and began to reduce contact with other people.
Likewise, the Indonesian government imposed large-scale social
restrictions (PSBB) and enforced restrictions on community
activities (PPKM) with four levels aiming to reduce infection
and reduce social contact, educational institutions conducted
online classes, webinars, etc. In addition to public education,
increased medical care also need to be given to individuals who
are already infected so that they recover quickly and that the
epidemic is resolved soon. Furthermore, from the numerical
results and cost-effectiveness analysis on the optimal control
problem, it is found that applying a combination of controls
can give the best results compared to a single control. This
study can be extended in various ways, including considering
the stochastic, time delay, and fractional derivative versions of

this model. In addition, providing control variations (such as
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