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COVID-19 and syphilis co-dynamic
analysis using mathematical
modeling approach

Shewafera Wondimagegnhu Teklu* and Birhanu Baye Terefe

Department of Mathematics, College of Natural and Computational Sciences, Debre Berhan University,
Debre Berhan, Ethiopia

In this study, we have proposed and analyzed a new COVID-19 and syphilis
co-infection mathematical model with 10 distinct classes of the human population
(COVID-19 protected, syphilis protected, susceptible, COVID-19 infected, COVID-19
isolated with treatment, syphilis asymptomatic infected, syphilis symptomatic
infected, syphilis treated, COVID-19 and syphilis co-infected, and COVID-19 and
syphilis treated) that describes COVID-19 and syphilis co-dynamics. We have
calculated all the disease-free and endemic equilibrium points of single infection
and co-infection models. The basic reproduction numbers of COVID-19, syphilis,
and COVID-19 and syphilis co-infection models were determined. The results of
the model analyses show that the COVID-19 and syphilis co-infection spread
is under control whenever its basic reproduction number is less than unity.
Moreover, whenever the co-infection basic reproduction number is greater than unity,
COVID-19 and syphilis co-infection propagates throughout the community. The
numerical simulations performed by MATLAB code using the ode45 solver justified
the qualitative results of the proposed model. Moreover, both the qualitative and
numerical analysis findings of the study have shown that protections and treatments
have fundamental effects on COVID-19 and syphilis co-dynamic disease transmission
prevention and control in the community.
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1. Introduction

Communicable diseases are illnesses caused by pathogenic microbial agents such as bacteria,
viruses, fungi, and parasites, which affect human beings throughout the world [1]. The novel
coronavirus (COVID-19) infection is a lethal disease that has been a major global public health
concern. The COVID-19 pandemic has affected various animals mostly infecting millions of
human beings in different nations throughout the world [2-6]. It has been spreading mainly
through sneezing, individuals interacting with each other in a certain time frame, or through
coughing [7]. Although different species of animals are thought to be the source of COVID-
19 transmission, bats have been shown to be coronavirus hosts [8]. Many nations throughout
the world have started to practice various prevention and control strategies such as lockdown
approach, quarantine, isolation, and closing schools [3, 9].

Syphilis is a major sexually transmitted disease and has been affecting millions of individuals
both in low- and high-income countries of the world [10]. It is a chronic systemic disease caused
by Treponema pallidum bacterium which is mainly transmitted through sex, blood contact,
and mother-to-child during birth [4, 10-16]. Diagnosis, treatment, and using a condom are
the basic control mechanisms of syphilis spreading in the community [10]. If left untreated,
syphilis progresses through four stages: primary, secondary, latent, and tertiary [17-19]. The
first three infection stages can transmit the disease to other susceptible groups of individuals,
the transmission can occur via sexual contact, and in most cases, the tertiary stage is not
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transmissible through sexual contact [19]. It can be a cause
of different [17].
Approximately 90% of new syphilis substantial morbidity and

cardiovascular and neurological diseases
mortality data are recorded in low-income countries around the
world [11, 16]. Co-infection is an infection of an individual with
two or more microorganisms species [20, 21]. COVID-19 is an
opportunistic infection for people with a weak immune system
who were already infected by acute and chronic infections such as
pneumonia, TB, and HIV/AIDS.

Mathematical modeling approach research done by scholars
using a deterministic method [10, 14], a stochastic method [7, 22],
or a fractional order method [23-32] has made a great contribution
to linking the scientific approach with real-world physical situations
and also for the decision-making process for solving real-world
problems [33]. Different scholars have formulated and analyzed
mathematical models on COVID-19 transmission [7, 8, 22, 24-
26, 29, 30, 34-37], syphilis transmission [10, 17-19, 23], and other
infectious diseases transmission [20, 21, 27, 28, 33, 38-40]; however,
no one has done analysis on COVID-19 and syphilis co-infection
transmission dynamics.

Oshinubi et al. [41] proposed and analyzed a new age-
dependent compartmental model for COVID-19 transmission. The
qualitative analysis of the model includes the non-negativity and
boundedness of the model solutions in a given region, and
the existence, uniqueness, and stability of the model solutions.
Using parameter estimation from three different nations Kuwait,
France, and Cameroon, they carried out numerical simulations
and have shown the fundamental role of vaccination on COVID-
19 transmission. Babaei et al. [34] proposed and examined a
model for novel coronavirus transmission with Caputo’s fractional
order approach. The finding of the study shows that quarantine
has a very fundamental role to control transmission. Iboi et al.
[17] formulated and analyzed a new multi-stage syphilis model
to examine the role of transitory immunity loss in the spreading
process. The analysis shows that the disease-free and unique
endemic equilibrium points are globally asymptotically stable when
the corresponding basic reproduction number is less than unity
and greater than unity, respectively. The results show that high
treatment rates in the primary and secondary stages have a positive
effect on the remaining stages of infection. Nwankwo et al. [38]
formulated a mathematical model to examine the interaction
between HIV/AIDS and syphilis pathogens with syphilis treatment
on the co-infection of syphilis and HIV/AIDS where treatment
or HIV is not accessible. High treatment in the primary stage
has a fundamental role in reducing both single infections and
co-infections in the population. Teklu et al. [42] formulated a
six-compartmental COVID-19 transmission model to examine the
impacts of intervention measures. The results show that protection,
treatment, and vaccinations are fundamental to minimizing infection
in the population.

Because different scholars have been mainly concerned with
studying COVID-19 and syphilis single infections, no one has studied
syphilis and COVID-19 co-infection using a mathematical model
approach. Therefore, in this study, we are interested in filling the
gap by formulating and analyzing syphilis and COVID-19 model
intervention strategies.

The remaining part of the article is organized as follows. Section
2 presents COVID-19 and syphilis co-infection model construction.
Section 3 describes the qualitative model analysis. Section 4 presents
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TABLE 1 Variables’ definitions.

State variables Definition

S Susceptible individuals for both COVID-19 and syphilis
P, COVID-19 protected individuals

P Syphilis protected individuals

I COVID-19 infected individuals

Q. COVID-19 isolated with treatment individuals

Is Syphilis asymptomatic infected individuals

I Syphilis symptomatic infected individuals

T, Syphilis treated individuals

I COVID-19 and syphilis co-infected individuals

T Co-infected treated individuals

the numerical and sensitivity analyses. Section 5 presents the
discussions and conclusions of the whole research study.

2. Model construction

We have considered COVID-19 and syphilis co-infection by
separating the four syphilis infection stages (primary, secondary,
latent, and tertiary) into two, the asymptomatic and symptomatic
groups, and we have divided the population N (¢) into 10 mutually
exclusive states, which are described in Table 1 as follows:

N(@) = Pc(®) +Ps (1) +S(0) + L () + Qc () + Las (1) + Iss (1)
+ Ts () + Tes () + T(1).

Assumptions and definitions of basic terms:

[0 Co-infectious humans do not  transmit  both
infections simultaneously.

0 COVID-19 infection is transmitted to susceptible individuals
from I, and I infectious groups at the transmission

rate as follows:
)w: = /32(15 + ¢11cs)~ (1)

O Syphilis infection is transmitted to susceptible individuals from
Ias: ISS)
rate as follows:

and I infectious groups at the force of infection

As = IBI(Ias + ¢2155 + ¢3Ics)~ (2)

Using variable and parameter definitions given in Tables 1, 2,
respectively, the flowchart of the COVID-19 and syphilis co-infection
model is represented in Figure 1.

Using the flowchart represented in Figure 1, the corresponding
system of differential equations of the complete co-infection model
(3) is written as follows:

dP
dTC = 1A —B+i+ WP,
dP;
W = 13A — (7w +Ac + )Py,
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TABLE 2 Parameter definitions.

Parameters Biological definitions

A The annual recruitment number of population in the
community

it Portion of recruitment rate protected from COVID-19

T, Portion of recruitment rate susceptible to both COVID-19
and syphilis

T3 Portion of recruitment rate protected from syphilis

B COVID-19 protection loss rate

k4 Syphilis protection loss rate

i Natural death rate of individuals

6, Modification parameter

0, Modification parameter

05 Modification parameter

P Treatment rate of COVID-19 infectious

€ Progression rate of asymptomatic syphilis infectious to
symptomatic syphilis infectious

€ Treatment rate of COVID-19 and syphilis co-infections

y Treatment rate of symptomatic syphilis infectious

8 Immunity lose rate against syphilis treatment

B Syphilis transmission rate

B2 COVID-19 transmission rate

w COVID-19 infection induced death rate

o)) Syphilis infection induced death rate

3 COVID-19 and syphilis co-infection induced death rate

0 Immunity lose rate against syphilis after treated from
co-infection

ds

E = A+ BP.+ P+ 8T + 0T — (A + Ac + 1)S,
dl,

E = AcSH APs — (O1hs + p + 1 + w1)1e, (3)
dQ

5 = Ple—nQo
dlyg

dt = AsS+ AsPe — (oA +€ + /L)Iub

dl

d_;s = €lgs — (O3hc +y + utwy) Iss,

dl
? = Ohclas + O3hcLss + O1A5l — (€ + p+ w3)Ls,

dT.
d_ts =yl — 6+ T,

daT

E = el — 0+ WT.

2.1. Qualitative properties of the model (3)

System  (3) represents the human population; we
want to prove that all the solutions of the model
Frontiers in Applied Mathematics and Statistics
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are non-negative and bounded, respectively, in the

following region:
2= {(Po Pa § Lo Qo fus L To T D e RPN = &1 ()

Theorem 1: Let P, (0) > 0, S(0) > 0,Ps(0), I.(0) >
0, Q(0) >0, Ips(0) > 0, I5(0) > 0, Ts(0) > 0,I5(0) >
0, T(0) > 0 be the initial solutions of the system (3), then
Po(t), Ps(t), S(t), I (1), Qc (1), Ius (£) 5 Iss (t), Ts(t), Tes (t),and
T (t) are positive in the region RY’ for any time ¢ > 0.

Proof: Let 7 = sup{t > 0:P.(t) >0, S(t) > 0,Ps(t), I.(¢) >
0, Q:(t) > 0, Ins(t) > 0, Is(H) > 0, Ts(®) > 0, Is(t) >
0, T(t) > 0}.

Since P (1), Ps(t), S(t), I (t), Qc(t), Ios (1), Iss (1), Ts(f),
Tes (1), and T (t) are continuous, and we deduce that 7 > 0.If t =
+00, then positivity holds, but, if 0 < 7 < 400, P.(r) = 0 or
Ps(t) =0o0r S (t) =0o0rl.(t) =00rQ.(t) =0o0rI;(r) =0
Is(t) =00r Ty (t) =0o0r Ts(r) =0or T (t) = 0.

From model (3) first equation, we do have

dP,

E+(B+AS+M)PC

‘L'IA.

After some calculations of integration, we got

T
P.(t) = a1P.(0) + alf el Bastmdiz A gy~ 0, where
0
a = e (BHhtmdt o P.(0) > 0,P, (t) > 0,s0 that

P (7) # 0.
From model (3) second equation, we have

dP;
E = T3A — (7T +}‘-E + M)PS

After some calculations of integration, we have

T
P;(t) = b1Ps (0) + bl/ o AWt A gt = 0, where
0
b = e[ mrhetidt o P, (0) > 0,Ps (1) > 0,50 that
P (1) # 0.

From model (3) third equation, we have

% =10A + BP.+ tPs+ 8y Ts — S(hs + Ac + w).

After some calculations, we have

S(v) = SO +cy fy ef Gstretmdi(m, A 4 BP. + nPs + Sy To)dt >
0, where

= e J Ostretde 0, S(0) > 0, and by the definition of 7
we have P. (t) > 0, P (t), Ts(t) >0,S(r) > 0,sothatS(t) # 0.

Similarly, by proving the remaining state variable, we have

I.(r) > 0, hence I.(t) # 0, Q:(tr) > 0 hence Q.(tr) # 0,
Is (t) > 0 hence I;5 (t) # 0, Is () > 0 hence I (t) # 0,Ts (t) > 0
hence Ts (t) # 0, Tes (t) > 0 hence Ty (1) # 0,and T (t) > 0 hence
T(t)# 0.

Thus,
model solutions are non-negative.

7 is not finite, and hence = +00, which means all the
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FIGURE 1

Flowchart of the model (3) with forces of infections A¢ and s as in (1) and (2), respectively.

=

Theorem 2: The model feasible region 2 stated in (4) is bounded
in Rf.
Proof: The total human being of the model (3) is as follows:

N@) = Pc(t) +Ps () + S(O) + L (1) + Qc () + Las (1)
+ Is (1) + Ts () + Tes (1) + T(D).

Differentiating both sides gives the following result

dN dp.  dp, dS dl. dQ. dl, dly dT.

w C atatatata T Tata
dT.. dT

A

= A — uN — w1l — wylss — w3l s, where 11 + 13 + 175 = 1.

Ny
dt — A

After some steps, we have 0 < N (f) < %, and hence, the model
solutions with positive initial solutions are bounded in €.

3. Model analysis in qualitative
approach

The complete COVID-19 and syphilis co-infection model (3)
depends on the results of the two sub-models analysis.

Frontiers in Applied Mathematics and Statistics

3.1. COVID-19 mono-infection model
analysis

From the complete model (3), we have the COVID-19 mono-
infection model taking values Ps = Ips = Iy = Ts = s = T = 0
as follows:

dP,
d—; = 1A —(B+ WP,
ds
E = t2A+/3Pc_()Lc+ /L)S’
dI,
d—: =AS—(p+pn+ o), (5)
dQ
dtc = pl — n Q.

with Ny (1) = P (t) + S (t) + I (t) + Q. (t) as a total population and
A= /3216-

3.1.1. COVID-19 infection-free equilibrium
The COVID-19 infection-free equilibrium of the model (5) at

— 5 0 _ 0 ¢O _ 1A AB+wW+HBTA
I(;O_) 0is 2 = (P%5°0,0,0) = (Fﬁ SRS

frontiersin.org
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3.1.2. COVID-19 mono-infection reproduction
number

This mono-infection model has one infectious class, I, and we
can obtain basic reproduction numbers without a method of the
next-generation matrix as follows:

dle _ AeS — ( I
o = S letudt o),
= Bl S—(p+p+ w)l,
= (BS—(p+n+ o),
BoA(T2(B + 1) + B11)
= - IC)
( TR (p+p+ o))
BrA(r2(B+ )+ B11)
= - DI,
rrtel o rutmy
= (p + 1 + w1)(RG — DI, where
e — BatoA(B+ 1) + BB
¢ =

wB+mwp+u+ o)

3.1.3. COVID-19 incidence equilibrium point
The COVID-19 incidence equilibrium point of the system (5) is
Ef = (P, S*, IF, QF),where

N A . BAB+ ) +TubA,
J S* =
(Ax+ 1) B+

C B+
(3A B+ ) +11BA)AS

(r+n)B+w(p+p+o)
(3 AB + u) + 11 BA) pA]

nE+ @B+ wp +p+ o)

I =

c

Q=

Theorem 3: The COVID-19 mono-infection model (5) has
a unique COVID-19 incidence (endemic) equilibrium point
whenever R > 1.

Proof: Using equation (1), we have the following:

B (zsA B+ p) + T1fA) A}

A =By IF = .
c =P (M+u) B+ (p+p+ w)

Then the non-zero value of 1A' after a simple simplification is
as follows:

A= pu(Z#y — 1) > 0,ifand only if Z > 1.

Hence, the COVID-19 mono-infection model (5) has a unique
incidence equilibrium point if and only if Z; > 1.

Theorem 4: COVID-19 infection-free equilibrium point of the
model (5) is locally asymptotically stable if 85 < 1; otherwise, it
is unstable.

Proof: The Jacobean matrix of the model (5) at the COVID-19
infection-free equilibrium point is

-B+wn 0 0 0
—u —B2(AB+H)+BT1IA) 0
](EO) — (B+u)
c 0 0 B AB+w)+BT1A) = (B+1)(p+itwr) 0
w(B+p)
0 0 P K

Further, the characteristics equation after a certain calculation
gives us as follows:

Al
A3

—B+wn) <0oriy=—pu <0,0r
(p+pn+w)(Zy— 1).
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Thus, each eigenvalue of the Jacobian matrix is negative if % <
1 implies the COVID-19 infection-free equilibrium point is locally
asymptotically stable whenever % < 1.

Theorem 5: The COVID-19 infection-free equilibrium point
denoted by E! of the COVID-19 mono-infection model is globally
stable if 7, < 1; otherwise, it is unstable.

Proof: Take the representative Lyapunov function I (I;) = al,,

_ 1
Wherea—m,

1{1,) 1 ! I
= a = — 1,
‘ T otnt o)

a L (85— (0t o))

z - - _ w ,

dt P+ 1+ o) 2 P T K 1))1c

o
T (ot o)
BaA(T5(B 4+ 1) + Br1) — (B + m)(o + i+ 1)

I,
( PES )
_ (ﬁzA(Tz(ﬁ‘f‘M)'i-ﬂTl)—M(B+M)(P+M+w1))l
- wB+ o +p+ o) “
ﬁz&$z<ﬁ+f):ﬂn)) 1
w(B+1)(p+ptwr L,
< /"(B‘l‘ﬂ)(p+M+wl)(u(ﬁ+ﬂ)(p+u+ C!)l))
1
I,
< /L(B4—#)(/0+/L4—w1)(u(g+u)(pJFMJr 0)1))
=< (%(C)_ 1)16-

Thus, % < 0,if Z; < 1, and the equality % = 0holdsif 7, = 1,
and hence the COVID-19 infection-free equilibrium point is globally
asymptotically stable if Z; < 1.

Theorem 6: The COVID-19 incidence denoted by E{. of the
COVID-19 mono-infection model (5) is locally asymptotically stable
wheneverZ, > 1; otherwise, it is unstable.

Proof: The Jacobean of the system (5) at Ef.

- B+ 0 0 0
]( *) _ B — (BI* + ) —BaS* 0
¢ 0 BIi RS —(ptutw) 0

0 0 p K

From the Jacobean matrix, the characteristics equation, after
simplification, gives as follows:

(=B4+w) =1 (= —2)[(— (BoIF + 1) =) (B2S* — (0 + 1
+ 1) = A) + RS BI] = 0.

Then we do have the eigenvalues 4; =
—(B+un) <0or

—n < Oor Ay =

aor? + aih + a = 0 where
ap = 1,
B2 (A (B + 1) + 1fA) W(Zy — 1)
FuE 4+ ) (B + w)p + 1+ wr)
WE 4+ w)(B+ o+ 1+ o)

ay =

(Brto A(B + 1) + i BA)(AF + w)udty — 1]
AE+w)(B+ 1)

_ BAnAB+ ) + T pA)(FE — 1)

B+ W+t o)

+

>
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n (BT, A(B + 1) + T A (A] + )y — 1]
AE+ B+ )
Bt A(B + 1) + i A (Zy — 1)
AE+ B+ e +p+ @)

Hence, all the coefficients of the characteristics equations
thus, the COVID-19
local asymptotic

are positive when %, > I;
incidence equilibrium point has
when Z; > 1.

stability

3.2. Analysis of syphilis sub-model

The syphilis sub-model is obtained from the system (3) by

making P, = I = Q = I = T = 0 and is
as follows:

dP;

— = 13A — P,

I 7 (m + p)Ps

ds

i T A + 7P + 8y Ts — S(hs + 1),

dl

d:S = AsS — Is(€ + ), (6)

dls

? = elp — L (y + pntwz ),

drT.

7; = yls — T8y + w).

With Ny () = Py(f) + S() + L () + I (£) + Ts (8), and
As = ﬂl (Tas + ¢2Iss )

3.2.1. Syphilis infection-free equilibrium
The syphilis infection-free equilibrium point of the model (6)
was obtained by making I,; = I; = 0 and is given by E0 =

0 <0 70 10 0\ _ [ A DAF+W+TTA
(PS’S’Ias’Iss’ TS)_(nan,’ W’O’O’())'

3.2.2. Syphilis sub-model reproduction number

The syphilis sub-model (6) has two infectious classes, which are
I, and I, then applying the next-generation matrix method stated
in [43, 44] to obtain the basic reproduction number of the system (6)
by computing FV ! as follows:

o (/3180 ﬂ1¢2s°),
0 0

(ISIA(Tz(”‘Hl)‘HB”) ﬂ1¢zA(rz(ﬂ+/4)+r3ﬂ)>

u(m+p) (T +pe)
0 0

= F
and
V= (e +un 0 ) )
—€ Y+ utw
Then, we applied Mathematica coding; we have

! 0
vl = etn ) , and
(y+ptw)(e+p) (y+ptoz)
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-1 _ | fir(p(r+p)+T3m)
Fv _[ u(m+p)(e+p)

P12 A(np(m+p)+137m)
4+ nE+H)(y+ptor)(eti)
0

H( ) (y +1+w2)

B2 A(ma(m+p)+137)
0

Thus, the reproduction number of the syphilis sub-model (6) is
_ BiAlly+putoy)+drel(m(m+pw)+1sm)
W+ (y+ptwr)(e+ie)

given by %,

3.2.3. Syphilis incidence equilibrium point of the
system (6)

Making the model (6)
the syphilis incidence equilibrium point given by Ef =
(P, §*, I, IE, T¥), where

equation to zero, we have

* ‘E3A
P = ,
(r + 1)
& = (v + n+wy) (e + 1) By + w) (02 A (r + p) + 13A1)
(4 ) ((y + utw2) (€ + ) Os + ) By + 1) — ydyeny)’
o As(y + p+@) 8y + (A (r + ) + 13A7)

B4+ W (Y + utwr) (€4 ) (s + 1) 8y + 1) — ydyens)’
ns(8y + (A (1 + p) + 13A7)

I = ,
T @+ (v + putor) (€4 1) (s + ) Sy + 1) — ySyeks)
T — ehsy (A (T 4 1) + 13A7)
* =

(T + ) (¥ + pto2) (€ + ) (s + 1) By + 1) — ydyery)

The
point of syphilis in the model (6) is
%(5) > 1.

Proof: From the syphilis infection rate, we have

Theorem  7: syphilis  incidence  equilibrium

unique whenever

>
*
Il

! B1(lk + $a2If).

As(Y + n4w2)(8y + W)(n2A (1 + p) + 13AT)
(4w (7 + ptwz) (€ + ) (A + 1) Gy + )
—ey8yAl)

LD (By + W02 A (T + W) + 13AT)
(0 + 1) (¥ + ntw2) (€ + ) (A + 1) Gy + 1)
— y8yer))

o= Pl

= A =y +n)
BiIA [(v + n4w2) (12 (T + ) 4+ 1370) + €6 (T2 (T + )
+53m)] — 1 (T + ) [(y + ptwz) (€ + )]
(+ ) ((¥ + ntw2) (€ + 1) By + ) — ydye)
@Gy + 1) k(y + ptw) (€ + ) (%, — 1)
((y + ntw2) (€ + 1) By + ) — ydye)’
= Al = k(% — 1), where
Oy + ) (4 p) (¥ + ptwa) (€ + p)
(m+ ) ((r + ntwz) (€ + ) By +p) — ydye)

Hence, the syphilis sub-model (6) has a unique incidence
equilibrium if 7, > 1.

Theorem 8: Syphilis infection-free equilibrium point of the
model (3) has local asymptotic stability ifZ) < 1; otherwise, it
is unstable.

Proof: Jacobean of the model (6) at the syphilis infection-free
equilibrium point is as follows:
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—(m+pn O 0 0 0
_ —BiA(n(r+u)+137) =B A(ra (T +p)+T37)
T H wu(m+p) (WT-HL) 8y
)i ( ES) — 0 0 AA@Etwrnn)—p@Etwetry) o2 Aln(r+u)+13m) 0
0 W(T+11) u(m+p)
0 0 € —(y + ptwy) 0
0 0 0 Y — @y +n

From the Jacobian matrix, the characteristics equation after
simplification is as follows:

(@ +wr)(=p—=2)(=@y +ni)
[(ﬁlA(rz (r + ) + 13m) — (w4 ) (€+“)A>

wm(m + p)
(=( + pt)h) — ( )} —o.

BrpaAe (T2 (r + ) + 137)

(T + )
Then the eigenvalues are A} = — (7 +pu) < Oor Ay = —pu <
Oor A3 =—(8y +u) <0orapr? +ajA +a, = 0.
where,
apg = 1,

BiA (t2 (7w + ) + 137)
u(mr+p)

ar = (y + ptw) + (e +p) +

ay = (e + ) (¥ + putwr)(1 — Z).

Applying Routh-Hurwitz criteria stated in [33], each eigenvalue

of the matrix is negative whenever%, < 1; thus, the syphilis
infection-free equilibrium point has local asymptotic stability if

Ky < 1.

Theorem 9: Syphilis infection-free equilibrium point E? of

the model (6) has global stability if %, < 1; otherwise, it
is unstable.

Proof: Let the Lyapunov representative function be
given as [(Ins, Is) = alss + bls, where = %,
b= 8

(y+p+ w2)”

[(y + utw2) + pae] ®2

- l(Ias> Iss) a Is.

St taton T Tt @

dl [y + ptw) + ¢ae]

i ) (]/ T twn) (AsS — Ins (e + 1))
b2

(v +w

[(y + utws) + el

(€ + ) (v + ptw)
b2

¥+

[(y + utw2) + €]

(e + ) (y + ntws)
(03]

(v +w
y [(y + pntw) + ¢ae]
(/S = (e +w] (€ + ) (y + ptw)
B1é2[(y + ptws) + ¢ae]S* ) L
(€ + ) (y + pntwz)
( (v + 1) + $2€] 1S [(y + ptw2) + $a€]
(€ + ) (¥ + pntw) (y + nu+ws)
B1é2[(y + ptws) + $ae]S* ) L
(€ + ) (y + ptw)

=

(€las — Iss(y + p+ @2)),

IA

(B1 Uas + ¢21ss) §* — Ins (€ + )

(€las — Iss(y + p+ @2)),

IA

(ﬂlluss* + ﬂld’ZIssS* —Is (e + 1))

(GIas - Iss(V + u+ COZ)):

Pr€
(v + pntw)

IA

Mas

IA

Dias
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[(y + utw2) + ¢r€el Br AT (m + 1) + T377)
(T + p) (e + ) (y + ptw;)
[(y + pntw2) + ¢ae]
(r + nt w2)
B192[(y + putw2) + pae] Az (r + ) + 7370)
(i + ) (e +w) (v + ptws)
( [(y + utw2) + g2€l L A(T2 (T + p) + 137) _—
w4+ p) (e +w) (v + ptws)
Bra[(y + utws) + dae]A(ma (m + 1) + 137)
o+ ) (e + ) (v + ptws)
[(y + utw2) + ¢ael

m= > 1.
(y + ntw)

- 1])Ias + ¢2(@ - 1) Iss:
)

ItlS

Tas +

( - ¢2) Is.

IA

+ ( ¢2), where

IA

m([%
m

%

m
Hy

m
[(y + pntwz) + ¢ae]
(y + putws)

<1, — <1,

[03)

74
<1, ¢—0 < 1 implies % < 1 sincem
2

> 1, and ¢ > 1.

Hence, the syphilis-free equilibrium point is globally stable if
Fy < 1.

3.3. COVID-19 and syphilis co-infection
model analysis

3.3.1. The model (3) disease-free equilibrium
Making all the equations of (3) zero with I,

IﬂS

I = I = 0, the disease-free equilibrium point of (3)
is given by E° = (PY, P?, % 10,Q 19,19, T, T, T°) =
( 1A nA  A@EHWEt)InpEEm+nIEn) o 0.0 0.0
B+w)’> (r+p)’ H(B+p) (T +1) > e
0,0)
3.3.2. The model (3) reproduction number

The COVID-19 and syphilis co-infection model (3)

reproduction number denoted by 9§ is calculated using
next-generation matrix criteria, as stated in [44]. Since we
have four infectious groups, those are I, I I, and I, and
we have

ﬂZ(Ic +¢1L:s) (S+Ps) ]
f' _ ﬂl(las + ¢ZIss + ¢3Ics)(s + Pc)
T 0
/32(921115 +6031) (I + ¢llcs) + 91/31(Ias + ¢olss + ¢3Ics)1c_
Ba(S° + PY) 0 0 ¢1(S*+ PY) |
_ 0 Bi(S+ PY) Bi1gha(S° + PY) Brgs(S” + PP)
=f= 0 0 0 0 ’
0 0 0 0 i
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and
vi = v (0 -vit @
I (91/31 (Ins + ¢2lss + P3les) + p + M+a)1)
_ Ias (92/32(15 + ¢1l) +€+ M)
I (6382 + ¢1les) +y + pntwz) — €lgg
Ies(e + ptws)
(p + pu+wi) 0 0 0
0 (€ + ) 0 0
— V=
0 —€  (y+nptw) 0
0 0 0 (¢ + utws)

Then applying Mathematica, we have got

1
(p+p+wr) 0 0 0
I B A o
0 O vy O
0 0 0 (e+p+ws3)
and
[ B+ 0 $1(S0+P0,)
(p+u+w1) (e+p+ws)
. 0 B +P)  Bida(S'+P°)  B1g3(S"+P°0)
o= (e+1) (Hutw))  (etutws)
0 0 0 0
| 0 0 0 0
Bo(S*+P%) _ $1(8°+P")
(p+ntwr) A 0 0 (e+p+ws
0 BiS"+P°) _  Pida(S*+P0)  Bids(S'+P)
- (e41) (y+ptwa)  (e+ptws)
0 0 0—A 0
0 0 0 0—A
= 0
Then, the corresponding eigenvalues are A; = 0 or A, = 0 or
aa = BOHPYY . pAn BAuiB Bahts
(pFptwr) u(ptptoy) w(BHm)(p+pto)  plptputor)

c _ DABHW) (T +T AT+ T3 T ABH)+T Ap(T+4)
Ro+norry = pu WG e ) )

_ s _ BrAT3 _
= %y m where, n = Potatey M =
BiAledr(m(mH)+T3m) —T1 (T+W) y +H1utw))]
M) (v +ptw2) €+ ) )
Therefore, the  COVID-19-syphilis  complete  model
(3) reproduction number denoted by RF is given by

R = max {R] +n, R —m }.

3.3.3. Model (3) disease-free equilibrium local
stability
Theorem 10: The full-model (3) disease-free equilibrium point
has local asymptotic stability if Rf’ < 1; otherwise, it is unstable.
Proof: The Jacobian of the COVID-19 and syphilis co-infection
model (3) at E? is as follows:

a0000bc0doO
0e0f0000g0
BmhiOjklmo
000n000000
JEY) = OOOphOOOOO)
00000pq0r0
00000es000O0
000000yt 0O
00000000 uO0
00000000¢h
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where a = — (ﬂ + /“L)’b = _ﬁlpc()’C = _ﬂl¢2pco)d =
_ﬂ1¢3pco’e = - (7T + N’) 7f = _/32P50>g = _ﬂ2¢lpsoxh =
i = —pp % = —p1 %k = —pig2 1 = Sy.m =

—(Big3+B2y) SO = B (S+Py) — (p + utwi)o = Bagy(S+
Py),p = Bi(S+P)—(e+u),q = Bi1¢2(S+Po), r = B1g3(S'+PL), s =
—(y + ptwr)t = =@y + ), u=— (e + putws).

a—%» 0 0 0 0 b ¢ 0 d 0
0 e—=» 0 f 0 0 0 0 g 0
B T h—i i 0 j k 1 m 0
0 0 0 u—x 0 0 0 0 o 0
0 0 0 p h-—A 0 0 0 0 0
=lo o 0o 0 0 p-x g 0 r 0
0 0 0 0 0 € s—A 0 0 0
0o 0 0 0 0 0 y t—x 0 0
0o 0 0 0 0 0 0 0 u—x 0
o 0 0 0 0 0 0 0 e h—i
= o

By using square block matrix properties, we rewrite the above
determinant as follows:

gg = 0, where
fa—X1 0 0 0 0 bc0dO

0 e 0 f 0 000g0

A= B T h—Xx i 0 |,B=|jklImof,

0 0 0 n—x2 O 00000

0 0 0 p h—2x 000O0O0
(p—% q 0 r 0 00000

e s—Air 0 0 0 00000

C = 0 y t—i 0 0 ,O=]100000]|.

0 0 0 u—x2 O 00000

L O 0 0 e h—A 00000
a—A 0 0 0 0 b c 0 d 0
0 e=A 0 f 0 0 0 0 g 0
B T h—Xx i 0 j k 1 m 0
0 0 0 n—Xx O 0 0 0 4 0
0 0 0 p h—Xx 0 0 0 0 0
0 0 0 0 0 p—r qg O r 0
0 0 0 0 0 e s—A 0 0 0
0 0 0 0 0 0 y t—Ax 0 0
0 0 0 0 0 0 0 0 u—A 0
0 0 0 0 0 0 0 0 e h—A
= |A||C| = O.

From this, we do have

Al = (a—2) (e — 1) (h—)(n— X)(h— 1),
ICl = (t = A)(u—1)(h—2)((p— 1) (s — 1) — ge), |A]
ICl = [(@a—21) (e—A) (h— 1) (n— 1) (h— )]

[(t =M —=2) (=2 ((p—2)(s— 1) — qe)] = 0.

Then, the eigenvalue of the full model is as follows:

AM = aoriy=ceori3=horis=noris =horig =tor
)7 = uorig = horagh® + ajh + a, = 0, where,

apg = 1,

(0 + ptwy) (e + ) (1 — KRF) > 0,

ai
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ay = (€ +u) p2e [1 — RG] > 0,ifRG < 1.

Therefore, the co-infection model disease-free equilibrium point
has local asymptotic stability if Rg’ < 1.

3.3.4. The full-model endemic equilibrium and
stabilities

The COVID-19 and syphilis co-infection model endemic
equilibrium point is denoted by

Ef, = (P PY, S5 15, Q5L I I, I, , TF, T*). The analysis of the
COVID-19-only mono-infection system (5) and the syphilis-only
sub-model (6) shows that there is no endemic equilibrium point
whenever R < 1 and J3j < 1, respectively, which means there is no
endemic equilibrium point if R§ < 1 for the co-infection model (3).
In other words, the COVID-19 and syphilis co-infection disease-free
equilibrium point have global stability if g’ < 1.

The explicit calculation of the co-infection model endemic
equilibrium in terms of model parameters is tedious analytically;
however, the model (3) endemic equilibriums correspond to

1. Ef = (P},0, 17, Q},0,0,0,, 0,0), if R§ > 1is the syphilis-free
(COVID-19 persistence) equilibrium point.

The analysis of the equilibrium Ej is similar to the endemic
equilibrium E? in the model (5).

2. E5 = (0,PF, $%,0,0,I%,I%,0,, T#,0), if R > 1 is the COVID-
19-free (syphilis persistence) equilibrium point. The analysis of
the equilibrium Ej is similar to the endemic equilibrium E7 in
Equation (6).

3. Ef, = (P5,P:, S* I, QL I, 15, I, , TF, T*) isthe COVID-19 and
syphilis co-existence persistence equilibrium point. It exists when
each component of EJ; is positive whenever 2§ > 1 for this case,
we have shown its stability in the numerical simulation part given

in Section 4.

4. Sensitivity analysis and numerical
simulations

In this section, we carried out the sensitivity analysis to examine
the most sensitive parameters in the disease spreading and numerical
simulations to verify the qualitative results of the mathematical
model (3). Particularly, some numerical verification is considered
to illustrate the qualitative analysis and results of the preceding
sections. Here, we have taken some parameter values from literature
and assumed some of the parameter values that are not from
real data since there is a lack of mathematical modeling analysis
literature which have studied the COVID-19 and syphilis co-infection
transmission dynamics in the community. The fundamental problem
of numerical analysis of a mathematical model is how to estimate
parameters. Randomly choosing the values of parameters in the
model in plausible intervals followed by sensitivity to the parameters
is possible partially to overcome the limitations of parameters [41].

Here, the numerical simulation is used for checking the behaviors
of the full-model (3) solutions and the effects of parameters in
the transmission as well as the controlling of COVID-19 infection,
syphilis infection, and co-infection of COVID-19 and syphilis. For
numerical simulation purposes, we have applied MATLAB ode45
code with parameter values given in Table 3.
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TABLE 3 Parameter values for numerical simulations.

Parameter Value References
n 0.0000559 year~! [17]

A 500 day! [45]

B 0.30 day™! Assumed
b4 0.21 day™! Assumed
P 0.5day™! [45]

€ 0.40 year™! [12]

€ 0.3 year™! Assumed
y 0.021 year™! [38]

8 0.2482 year~! [34]

B 8 year™! [38]

B2 0.6 day™! [45]

6, 1.1 dimensionless Assumed
6, 1.1 dimensionless Assumed
03 1.1 dimensionless Assumed
T 0.27 dimensionless Assumed
o 0.41 dimensionless Assumed
T3 0.32 dimensionless Assumed
) 0.023 day™! [45]

wy 0.06849 year~! [17]

w3 0.07 year™! Assumed

4.1. Analysis of sensitivity

Definition: The syphilis and COVID-19 co-infection model (3)
normalized forward sensitivity index for its variable reproduction

number is denoted by % its derivative depends on a parameter ¢
. Ky 4
is defined by SEI(p) = =5° 7= 20,21, 42].

The syphilis and COVID-19 co-infection model sensitivity

index values justify the significance of different parameters in the
single infections and co-infection spreading in the community. The
parameter which has the highest magnitude of the sensitivity index
value compared to other parameter index values is the most sensitive.
Here, we have calculated the sensitivity index values in terms of the
basic reproduction number %5 = max { %, % }. Using parameter
values stated in Table 3, the sensitivity index values of the model (3)
are calculated in Tables 4, 5.

Using parameter values in Table 3, we have computed R§ =
max {R{, R} = max{2.7, 3.2} = 3.2 and biologically, it means
that syphilis infection, COVID-19 infection, and their co-infection
are spreading in the population. The sensitivity index values stated
in Table 4 explain that the recruitment rate A and the COVID-19
spreading rate 8, have a high direct impact on the COVID-19 basic
reproduction 9. That means the recruitment rate and the COVID-
19 transmission rates are the most sensitive parameters where
stakeholders can control the transmission rate by applying prevention
and control measures. Similarly, the COVID-19 protection portion 7;
and the quarantine with treatment rate p also have an indirect impact
on the COVID-19 reproduction number ;.
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TABLE 4 Sensitivity indexes of Z§° = .

Sensitivity index Values

SEI(B2) 1
SEI(A) 1
SEI(12) 0.50
SEI(B) 0.09
SEI(1)) -0.56
SEI(1) -0.13
SEI(p) -0.65
SEI(w;) -0.07

TABLE 5 Sensitivity indexes of Z5° = Zj.

Sensitivity index Values

SEI(B1) 1

SEI(A) 1

SEI(y) -0.65
SEI(ws) -0.32
SEI(7) 0.12
SEI(,) 0.56
SEI(t3) ~0.64
SEI($,) 0.41
SEI(e) 0.46

Sensitivity indices stated in Table 5 explain that the recruitment
rate A and syphilis spreading rate f; have a high direct impact on the
syphilis basic reproduction 93y That means the recruitment rate and
syphilis transmission rates are the most sensitive parameters where
stakeholders can control the transmission rate by applying prevention
and control measures. Similarly, the syphilis protection portion 3
and syphilis treatment rate y have a high indirect effect on the syphilis
reproduction number 9Rj.

4.2. Results of numerical simulations

4.2.1. Behaviors of solutions of model (3) whenever
"< 1

In the numerical simulation given in Figure 2, we observed that
all the COVID-19 and syphilis co-infection model (3) solutions
converge toward the disease-free equilibrium point whenever R§ =
0.71 and ;i = 0.34 with ; = 0.3 and B, = 0.08, respectively. At
the co-infection disease-free equilibrium point, each solution curve of
the model converges to zero while the susceptible group increases and
then becomes constant, implying that the disease-free equilibrium
point of the COVID-19 and syphilis co-infection model has global
asymptotic stability if 93§ < 1. Biologically it means the COVID-
19 and syphilis co-infection diseases have been eradicated from
the community through time whenever 5 = max {R], Rj} =
071 < 1.

Frontiers in Applied Mathematics and Statistics

10.3389/fams.2022.1101029

Behaviour of COVID19-Syhplis Co-infection Model Solutions
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FIGURE 2
The complete model solutions behavior if R§® < 1 at g1 = 0.3 and
B> =0.08.
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FIGURE 3

Behaviors of the full model solutions whenever :R5° > 1 at 81 = 8 and
B2 =11.

4.2.2. Behaviors of the model solutions whenever
RG> 1

Figure 3 shows that all the COVID-19 and syphilis co-infection
model (3) solutions converge toward the endemic equilibrium point
whenever 53§ = 3.2 and R} = 2.1 with 8; = 8 and B, = 11,
respectively. After 10 years, the full-model solutions converge to
the endemic equilibrium, while the susceptible population decreases
and then remains constant means the COVID-19 and syphilis co-
infection model endemic equilibrium point has local asymptotic
stability if R = max{ 8,9‘%5} = 3.2 > 1. Biologically, it means
that COVID-19 and syphilis co-infection disease spreads throughout
the community under consideration.

4.2.3. Effects of protection measures on
reproduction numbers

The numerical simulation represented by Figure 4 shows that
when we maximize the COVID-19 rate of protection 7, the
reproduction number Rj decreases, implying that the COVID-19
spreading rate decreases. Its biological meaning is that whenever
the COVID-19 rate of protection 7y > 0.7 the reproduction
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number 9‘{6 < 1, that is, the COVID-19 infection will be eradicated
throughout the community.

Here, the numerical simulation represented by Figure 5 shows
that whenever we maximize the syphilis protection rate 3, the
syphilis reproduction number 9} decreases, implying that the
> 0.686 then
MRy < 1, biologically, it means the syphilis infection eradicate from

syphilis spreading rate decreases. Whenever t3

the community.

4.2.4. Impact of treatment on co-infected
population

The numerical simulation given in Figure 6 shows that whenever
the combined treatment rate & of the COVID-19 virus and
syphilis microorganism Treponema pallidum bacterium co-infected
individuals I increases, the number of co-infected individuals
decreases; that is, whenever the value of ¢ increases from 0.3 to 0.8,
then the co-infected group I s going down.

The numerical simulation given in Figure 7 shows that if the
treatment rate p of COVID-19 increases, then the number of
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infections in the population decreases; that is, whenever p value
increases from 0.2 to 0.8 then the infected group I. decreases.

5. Discussions and conclusion

In this study, we have formulated and analyzed a new
deterministic mathematical model for gaining insight into the
effects of protections and treatments on the transmission dynamics
of COVID-19 and syphilis co-infection. Both the positivity and
boundedness of the complete model solutions have been discussed
to show that the model is both mathematically and biologically
meaningful. COVID-19 infection-free equilibrium point, COVID-
19 incidence equilibrium point, and local and global stabilities
of COVID-19 infection-free and COVID-19 incidence equilibrium
points have been examined. Syphilis infection-free equilibrium point,
syphilis incidence equilibrium point, and local and global stabilities
of syphilis-free and syphilis incidence equilibrium points have been
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carried out. Using data stated in Table 3, we have carried out
and discussed both sensitivity and numerical analyses of the full
COVID-19 and syphilis co-infection model. From the analytical
and numerical results, we observed that the model disease-free
equilibrium points have global asymptotic stability when the basic
reproduction numbers are less than unity. Biologically, this means
that diseases die out in the community, with the full-model solutions
converging to their endemic equilibrium point whenever their
basic reproduction number is greater than unity, the reproduction
numbers of both the COVID-19 infection and syphilis infection sub-
models decreasing when the corresponding protection and treatment
rates are maximized, and the numbers of co-infected individuals
decreasing when the co-infection treatment rate is increased.

Based on the findings of this study, we recommend public
health stakeholders concentrate on increasing both the COVID-
19 and syphilis protection rates, as well as the syphilis treatment
rate, the COVID-19 isolation with treatment rate, and the co-
infection treatment rate, in order to reduce and possibly eradicate
syphilis and COVID-19 co-infection transmission in the community.
Finally, since no other COVID-19 and syphilis mathematical
modeling approach literature has been formulated and analyzed,
this study is not exhaustive. Interested researchers can extend this
study in different manners, such as including syphilis mother-to-
child transmission, COVID-19 vaccination as a new compartment,
two-strain COVID-19 co-infection with syphilis, age structure for
both infections, the four infection stages of syphilis (primary,
secondary, latent, and tertiary), optimal control approach, stochastic
method, fractional order method, and applying appropriate real
population data.

Data availability statement

All relevant data is contained within the article: The

original contributions presented in the study are included in
the article/supplementary material, further inquiries can be directed
to the corresponding author/s.
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