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The synchrosqueezing transform (SST) and its variants have been developed recently as
an alternative to the empirical mode decomposition scheme to model a non-stationary
signal as a superposition of amplitude- and frequency-modulated Fourier-like oscillatory
modes. In particular, SST performs very well in estimating instantaneous frequencies
(IFs) and separating the components of non-stationary multicomponent signals with
slowly changing frequencies. However its performance is not desirable for signals having
fast-changing frequencies. Two approaches have been proposed for this issue. One is
to use the 2nd-order or high-order SST, and the other is to apply the instantaneous
frequency-embedded SST (IFE-SST). For the SST or high order SST approach, one
single phase transformation is applied to estimate the IFs of all components of a signal,
which may vyield not very accurate results in IF estimation and component recovery.
IFE-SST uses an estimation of the IF of a targeted component to produce accurate
IF estimation. The phase transformation of IFE-SST is associated with the targeted
component. Hence the IFE-SST has certain advantages over SST in IF estimation and
signal separation. In this article, we provide theoretical study on the instantaneous
frequency-embedded short-time Fourier transform (IFE-STFT) and the associated SST,
called IFE-FSST. We establish reconstructing properties of IFE-STFT with integrals
involving the frequency variable only and provide reconstruction formula for individual
components. We also consider the 2nd-order IFE-FSST.

Keywords: short-time Fourier transform, synchrosqueezing transform, instantaneous frequency-embedded
STFT, instantaneous frequency-embedded SST, instantaneous frequency estimation

AMS Mathematics Subject Classification: 42C15, 42A38

1. INTRODUCTION

Recently the continuous wavelet transform-based synchrosqueezed transform (WSST) was
developed in [1] as an empirical mode decomposition (EMD)-like tool to model a non-stationary
signal x(f) as

K
x(t) = Ao+ Y _xk(),  xilt) = Ag(t)e O, (1)
k=1

with Ak(t),gbl’((t) > 0, where Ag(t) is called the instantaneous amplitudes and </>]’<(t) the
instantaneous frequencies (IFs). The representation (1) of non-stationary signals is important to
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extract information hidden in x(f). WSST not only sharpens the
time-frequency representation of a signal, but also recovers the
components of a multicomponent signal. The synchrosqueezing
transform (SST) provides an alternative to the EMD method
introduced in [2] and its variants considered in many articles
such as [3-12], and it overcomes some limitations of the EMD
and ensemble EMD schemes such as mode-mixing. Many works
on SST have been carried out since the publication of the seminal
article [1]. For example, the short-time Fourier transform
(STFT)-based SST (FSST) [13-15], the 2nd-order SST [16-18],
the higher-order FSST [19, 20], a hybrid EMD-WSST [21], the
WSST with vanishing moment wavelets [22], the multitapered
SST [23], the synchrosqueezed wave packet transform [24] and
the synchrosqueezed curvelet transform [25] were proposed.
Furthermore, the adaptive SST with a window function having
a changing parameter was proposed in [26-31]. SST has been
successfully used in machine fault diagnosis [32, 33], and medical
data analysis applications [see [34] and references therein]. [35]
proposed a direct time-frequency method (called SSO) based on
the ridges of spectrogram for signal separation. This method has
been extended recently to the linear chirp-based models [36, 37]
and the models based on the CWT scaleogram [38, 39]. A hybrid
EMD-SSO computational scheme was developed in [40].

If the IFs ¢;{(t) of the components xi(f) of a non-
stationary multicomponent signal change slowly or change
slowly compared with ¢ (t), then SST performs very well in
estimating qbl’c(t) and separating the components xi(t) from x(t).
However its performance is not desirable for signals having fast-
changing frequencies. The 2nd-order and high-order SSTs were
proposed for this issue and they do improve the accuracy of IF
estimation and component recovery. The problem with the 2nd-
order and high-order SSTs is that, like the convectional SST, one
single phase transformation is applied to estimate the IFs of all
components of a signal, which may not yield desirable results in
IF estimation or component recovery.

Another approach is to demodulate the original signal to
change a wide-band component into a narrow-band component.
Li and Liang [41] and Meignen et al. [42] demodulate the
original signal into a pure carrier signal and apply WSST and
the 2nd-order FSST to the demodulated signal, respectively.
FSST based on another demodulation was proposed in [43]. The
demodulation introduced in [43] transforms a one-dimensional
signal, as a function of time only, into a two-dimensional
bivariate function of time and time-shift. The STFT of the
demodulated signal has more concentrated time-frequency
representation than the conventional STFT, and in the meantime
it well characterizes time-frequency properties of the signal
[43]. The demodulation approach of [43] is considered in
[44] in the setting of CWT. The associated CWT and SST
are called in [44] the instantaneous frequency-embedded CWT
(IFE-CWT) and IFE-SST, respectively. For consistency, we call
the STFT of the demodulated signal and the associated FSST
in [43]: the IFE-STFT and IFE-FSST respectively. [43] shows
that IFE-FSST results in sharp time-frequency representations
of signals. However component recovery of a multicomponent
signal was not discussed in [43]. In this article, we consider
theoretical analysis of IFE-STFT for establishing the component

recovery with IFE-FSST. Compared with the study of IFE-SST
in [44], we derive in this article mathematically rigorous phase
transformation for IFE-FSST. In addition, in this article we
also consider the 2nd-order IFE-FSST and derive the associate
phase transformation.

The rest of this article is organized as follows. In Section 2,
we briefly review FSST and the 2nd-order FSST. After that, we
consider in Section 3 the IFE-STFT and establish reconstructing
properties of IFE-STFT with integrals involving the frequency
variable only. In Section 4, we derive mathematically rigorous
phase transformations for IFE-FSST and the 2nd-order IFE-
FSST. In addition, we provide reconstruction formula for
individual components. Implementations and IFE-FSST-based
component recovery algorithms are discussed in Section 5. Some
experimental results are also provided in Section 5.

2. SHORT-TIME FOURIER
TRANSFORM-BASED SST

The (modified) short-time Fourier transform (STFT) of x(¢) is
defined by

Vi(t,n) = / - x(7)g(t — t)e 21T gr, (2)

—0oQ

where g(f) is a window function with g(0) # 0. x(¢) can be
reconstructed from its STFT:

x(t) = Lz/oo /oo Vilt, €)g(t — 1)e 2D drde.  (3)
||g||2 —00 J—00

x(t) can also be recovered back from its STFT with an integral
involving only the frequency variable 7:

1 o0
0= 5 /_ Vit . (4)

In addition, one can show that if g(f) and x(t) are real-
valued, then

() = —sre( [ vite ). ©)

Furthermore, one can verify that STFT can be written as

Vit ) = / RERM — £)e>E e ©)

The STFT V.(t, n) of a slowly growing x(t) is well-defined and the
above formulas still hold if the window function g(f) has certain
smoothness and certain decaying order as t — o0, for example
g(t) is in the Schwarz class S. In this article, unless otherwise
stated, we always assume that a window function g(t) has certain
smoothness and decaying properties and g(0) # 0, and assume
that a signal x(t) is a slowly growing function.
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2.1. FSST

The idea of FSST is to re-assign the frequency variable n of
Vy(t, n). First we look at the STFT of x(f) = Ae'2"%0!, where &
is a positive constant. With

o0
Vi(t,n) :/ AP 0T g (7 — f)e~2mn(T=tgr
—00

= Ay — E0)e™ %,

we can obtain the IF &, of x(t) by

atvx(t) 77)

AR

where throughout this article, d; denotes the partial derivative
with respect to variable t. For a general x(t), at (t,7) for which
Vi(t, 1) # 0, a good candidate for the IF of x(¢) is

ath(t) 77)
2miVi(t,n)
In the following, denote
. 8[ Vx(t, 7]) .
ulty ) = {m . for (t,) with Vi(t,m) #0,

which is called the “phase transformation” [1], “instantaneous
frequency information” [13], or the “reference IF function”
in [21]. FSST is to re-assign the frequency variable n by
transforming the STFT V,(t,n) of x(t) to a quantity, denoted by

REV(t, &), on the time-frequency plane defined by

R (1,8) = / Valtn)2 h(w) dn,
{(n:|Valtm)| >} A

where & is the frequency variable, h(f) a compactly supported
function with certain smoothness and [ h(f)dt = 1,y > 0
is the threshold for zero and A > 0 is a d11at1on. As L,y — 0,
FSST is rewritten as

Ru(t,€) = / Volt, M (wultym) — E)dn.  (7)
{n: Vi(t,n)#0}

For simplicity of presentation, throughout this article SSTs will be
expressed as (7).

Due to (4), we have that the input signal x(t) can be recovered
from its FSST by

() = g(io) / Z R(t,£)dé. ®)
If in addition, g(t) and x(t) are real-valued, then by (5),
0 = el [ Rt 0de). ©)

For a multicomponent signal x(t) given by (1), when Ax(t), ¢x(t)
satisfy certain conditions, each component xx(¢) can be recovered
from its FSST:

Ri(t,§)dE, (10)

1
x(t) ~ —
800) Jie—1p,(9)| <1

for certain I > 0, where IF.(¢) is an estimate to qb,/((t). See [13-15]
for the details.

In practice, t,n,& are discretized. Suppose t,, nj>&m are the
sampling points of t,7,& respectively. Then the FSST of x(t) is
given by

Rx(thm) = Z

j: ‘wx(tnsﬂj)_$m|§A§/2)‘ Vx(tn,"/j”zy

Vi(tn, nj)Anjs

where Anj = nj—nj-1,and y > 0isathreshold for the condition
|Vx(t,n)| > 0. The recovering formulas (8) and (9) result in

ZR (tus Em) A&,

x(ty) =

(0)

and for real-valued g(t) and x(t),

2
x(ty) = WRe( ;Rx(tm%_m)Aém);

where A&, = &y — Em—1.

2.2. Second-Order FSST

The 2nd-order FSST was introduced in [16]. The main idea is to
define a new phase transformation wfcnd such that when x(t) is
a linear frequency modulation (LFM) signal (also called a linear
chirp), then a)fc“d is exactly the IF of x(t). We say x(¢) is a LFM
signal or a linear chirp if

A2 — 4 ei2n(ct+%rt2)

x(t) = (11)

with phase function ¢(t) = ct + %rtz, IF ¢/(t) = ¢+ rt and
chirp rate ¢”(t) = r. In [16], the reassignment operators are
used to derive a)jzc“d. Different phase transformation w)zc“d for the
2nd-order SST can be derived without using the reassignment
operators see [28, 29].
Let g be a given window function. Denote
&1(t) = 1g(0). (12)
Recall that V. (t,n) denotes the STFT of x(t) with g defined by
(2). In this article, we let V3'(, n) denote the STFT of x(t) with
g1(t), namely, the integral on the right-hand side of (2) with g(¢)
replaced by g; (). Define

3 Vi (t) VL ()
Re{ i2;er(t,r/)} - Re{qO(t’n)iZHVx(f)ﬂ) ’
. Vil (t,)
if 0, (s) # 0, Vit m) # 0,

d .
@™ (t,m) = I (13)
2 Vi(tn) |°
) 21
if 3 (P ) = 0 Valtom) #0,
where
1 8tV (t> 7])
qo(t,n) = 8"( VXJ(Ct n) )

81
9 (“(Z((tf;;n)))

Then one can show that w,zcnd(t, n) is exactly the IF ¢/(¢) of x(¢)
if x(t) is an LFM signal given by (11), see [19, 28]. Thus, we may
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define a))zcnd(t, n) in (13) as the phase transformation for the 2nd-
order FSST. Very recently a simple phase transformation for the
2nd-order FSST was proposed in [18].

3. INSTANTANEOUS
FREQUENCY-EMBEDDED STFT

IFE-FSST is based on the IFE-STFT, which is defined below.

Definition 1. Suppose ¢(t) is a differentiable function with
¢'(t) > 0. Let no > 0. The IFE-STFT of x(t) € Lo(R) with ¢(t), no
and a window function g(t) is defined by

oo . ,
V() = / x(r)e— 2 (D) =0(01=¢' (O —0—nor)

—00
g(t — e~ FT=0gr, (14)
In the above definition, we assume x(t) € L,(RR). The definition of
IFE-STFT can be extended to slowly growing functions x(t) if g(¢)
has certain smoothness and certain decaying order as t — oo.

Li and Liang [41] proposed the modulation x(r) —
X(t) = x(r)e 27@@—m7) apd applied WSST to the modulated
signal X(t), while [42] applied the 2nd-order FSST to X(t).
The modulation:

(1) = x(r)e 27 (#O-9(O—¢ O—0-no7)

introduced in [43] for IFE-FSST and also used in [44] for IFE-
WSST is different from that used in [41, 42]. IFE-STFT and IFE-
CWT with such a modulation not only have more concentrated
time-frequency representation than the conventional STFT and
CWT respectively, but also well keep the IF of the signal. The
reader is referred to [43] and [44] for detailed discussions.

[43] provides a reconstruction formula with IFE-STFT for
the whole signal x(t), which is similar to (3) and involves an
integral with both the time and frequency variables. [43] does not
consider individual component recovery formula with IFE-FSST.
In this article, we provide such a component recovery formula.
To this regard, in this section we establish a reconstruction
formula with IFE-STFT like (4), which involves an integral with
the frequency variable only. First we have the following property
about the IFE-STFT.

Proposition 1. Let V)Ic(t,n) be the IFE-STFT of x(t) defined by
(14). Then

Vit ) = e?me® / h X(E)F — ¢’ (1) — £)eP M dg,  (15)

where
(1) = x(t)e”ZFwO—mot), (16)

Proof: We have

)
V)Ic(t, 77) — ezZmﬂ(t) / }.’(T)eﬂﬂ(ﬂ (t)(r—t)g(T _ t)e—127m(r—t)dl.
e

= (f2me() /oo X(t)g(r — t)e_iZ”(”_“”(t))(T_t)dr
o0

= 20 [~ Kol - o') - £)e7

where the last equality follows from (6). O

The next theorem shows that x(¢) can be recovered from its
IFE-STFT with an integral involving n only.

Theorem 1. Let x(t) be a function in L,(R). Then

efi2m70t oo !
x(t) = f Vi (t, n)dn.

O 17

Proof: Let X(t) be the function defined by (16). From (15),
we have

[oc lec(t, ndn = i2e(t) /00 /oc ?(E)?(ﬂ - £)e2T dt dn

_ omolt / =0 / " 20— ¢'(6) — £)dn P dg

o0
— eiZn(p(t)g(O)/ }"(&.)eiZﬂtédE
—00

= "W g(0)(t)
_ eiZmp(t)g(O)x(t)e—iZH(w(t)—not)
= g(0)x(t)em!,

Thus, Equation (17) holds. O

If one is interested in VL(t,n) with the positive frequency
n > 0 only, then we have the following result on how to recover
x(t) from V)Ic(t, n).

Theorem 2. Supposelsupp@) C [—A, Al for some A, and ¢'(t) >
A. Let y(t) = x(t)e~2me), Ify(n) = 0, n < B for some constant
B, then for any ng > —B,

e—i27n70t

8(0)

x(t) =

/0 SV, (18)

Proof: Let x(t) be the function defined by (16). Then x(t) =
(e Mt Thus, %(€) = J(€ — o). Therefore, from (15), we have

[ vieman =m0 [7 [™ Sego - o - o azan
=20 [ [ 506 — nogn - o0 - 62" dedy
= e [ [ S0 - o' - & - e gy
= 2 (e0+m) /:y@ /j?(n —¢/(t) — £ — no)e™  dnde

= e (pto+m) /B e /0 "2 — /)~ & — o).
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When & > Band 9 > —B, we have —¢'(t) — & — 19 <
—A—B+B = —A. This and the assumption supp(g) C [—A, A]
lead to

o0 o0
/ gm—¢'(t) — & —no)dn = /
0 —¢'(t)=E—no

=/ g(n)dn = g(0).

g(n)dn

Hence,

/-oo VJIC(t: ﬂ)dn _ ei2n ((p(t)thno) /Ooji\(g)eiznt‘?g(())dg
0 B

_ ei27‘[ ((o(t)+t7]0)g(0) /oo ?(s)eﬁﬂtéd%-

— 2 (‘P(t)+“70)g(0)y(t)
— ei27‘[ (w(t)-i-t?]o)g(o)x(t)e—iZH(ﬂ(t)
g(0)x(r)e™m!,

Thus, Equation (18) holds. O

Next theorem shows that when the condition y() = 0,7 < B
in Theorem 2 does not hold, the integral in the right-hand side of
(18) can still approximate x(t) well if g is large.

Theorem 3. Let y(t) = x(t)e ">"¢®). Then
—i2mnot

8(0)

e

x(t) =

o0
| vy + (19)
0

with

© @ENde [
|Err|§fg|fo;§|§ [ (E)|de.

Proof: By Theorem 1,

o] 0 0
/ Vit mdy = / Vi, mydn — / VL(t, n)dn
0 —0o0 [es)

0
= e’Z"’“”g(O)x(t) - / V,I((t, n)dn.
—00
Thus,
e—i27tn0t 0 I
Err = Vi (t, n)dn.
8(0) /—oo
With

0 ) 0 poo )
| [ Vilt,)dn| = [0 [ [ FE — n0)g(n — ¢/ (1) — §)e>™E de dy|
0 o0 .
< / / & — mo)l ({01 — /(1) — £)e°™ | dnde
0 o]
< [ & — o) [ 801 — ¢/ (1) — £)\dnde

o] 0
- [ B\ / P& — no)lde

= [~ gonnan [ " peae

we conclude that (19) holds. O

4. IFE-STFT BASED SYNCHROSQUEEZING
TRANSFORM

In this section, we consider IFE-FSST, the synchrosqueezing
transform based on IFE-STFT. First we show how to derive the
phase transformation associated with (the 1st-order) IFE-FSST.
After that we introduce the 2nd-order IFE-FSST.

4.1. IFE-FSST

To define IFE-FSST, first we need to define the corresponding
phase transformation w}c(a, b). Let us consider the case x(t) =
Ae275! for some & > 0. With x/(¢) = 2 &y x(t), we have

Vy(t,n) = i2m& Vy(t, ).

On the other hand,

0 B ! Py
V)IC,(t, 0 = / 3, (x(t + T))e—IZT[ (Ap(t+r)—(/1(t)—<ﬂ (t)r—no(l-%—r))g(r)e—ﬂnnr dr

—0o0

__ / * M+ 09, (e—iZn(<p<r+z)—w(t>—<p’(t)r—no(z+r>) g(r)e—nnnr) e

—00

- —/ *(t 4 ) (—i27) (¢t + ) — /() — o + 1)

o2 (P09 0T (+0) 1) g

_ / % it 4 D 2Oy O g (1 4

00

= 2x VL (tn) + 2w (y — @' () — ) VL) — Vi¥ (L), (20)

where V,Ic’g/(t, n) denotes the IFE-STFT of x(t) defined by (14)
with ¢(t) and the window function g’ given by (12). Thus, if
Vi(t, 1) # 0, then

. Lg
2 V)I“p/(ta 7]) - ng (t) 7))
2r Vi(t,n)

S _ Vi/(t’n) _
0= 2rVitn)

+n—¢'(t) — no.

Based on the above discussion, for a general signal x(t), we define
the phase transformation a)JIC(a, b) of the IFE-FSST of x(t) to be

. Lg
2V} () = Vil (t,)
2w Vi(t,n)

Wbt 1) = Re( )+n—¢'®=n. @D

Definition 2. Suppose ¢(t) is a differentiable function with
@'(t) > 0. The IFE-FSST of a signal x(t) with ¢ and & is defined by

o= [ viems(ehen) - £)dy
{n: Vx(t.n)#0}

where wl(t, 1) is the phase transformation defined by (21).
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The IFE-FSST is called the demodulation transform-based
SST in [43]. The corresponding phase transformation in [43] is
different from our a)}c(t, n) defined in (21).

By (18) in Theorem 1, we know the input signal x(t) can be
recovered from its IFE-FSST as shown in the following:

For x(t) € L,(R),

—i2mwnot

£(0)

e

x(t) =

[ Roene: (22)

and if, in addition, the conditions in Theorem 2 hold, then

e*i27r not

x(t) = 20)

f - RL(t, €)dE. (23)
0

For a multicomponent signal x(t) in the form (1), if Rik(t, £),1<
k < K lie in different time-frequency zones, then following (18),
we know xi(t) can be recovered from its IFE-FSST:

/ Rieerde,  (4)
|&—TF(t)|<Ty

for certain I';y > 0, where IF.(¢) is an estimate of ¢)}/€(t). If xi.(¢)
and g(t) are real-valued, then

eszmmt

£(0)

x(t) ~

~ 2R —’2’”70‘/ RU(t,&)dE). (25
1 G R (GO Y

4.2. 2nd-Order IFE-FSST

In this subsection, we propose the 2nd-order IFE-FSST. The key
point is, based on IFE-STFT, to define a phase transformation
w}gznd(t, 1) which is the IF ¢/(t) of x(¢) when x(¢) is a linear chirp
given by (11). As above, for g;(t) = tg(t), we use Vi’gl(t,n) to
denote the IFE-STFT of x(¢) with the window function g;(¢),
namely, the integral on the right-hand side of (14) with g(¢)
replaced by g(f). Next we define the phase transformation
a)L’z“d(t, n) for the 2nd-order IFE-FSST to be:

Lg1
Wt ) - Re[Qo(t masred |
. 1f8(V" (“7)7&0 Vit,n) #0;
w (L) = (26)
wk(t,m),

if 9 ( {51 t(tn';))

=0,Vitn) #0,

where w}c(t, n) is defined by (21), and

. Lg
K 2w Vi(t,n) '

(27)

QO(t’ 77) =

1
P (v};g1 <t,n>>
T\ Vien)

Theorem 4. If x(t) is a linear chirp signal given by (11), then at

(t,m) where Vi(t,n) # 0, 3, (Va¥' (£, 1)/ VE(t, ) # 0, 0204 (t, )
defined by (26) is the IF of x(t), namely w}gznd(t, n) =c+rt.

Proof: Here, we provide the proof of w:?d(t, ) = c4rt for more
general linear chirp signals given by

x(t) — A(t)ei2ﬂ¢(t) — Aept+%tzei2ﬂ(ct+%rt2) (28)
where p, g are real numbers.
For the simplicity of presentation, we denote
M(p,g(f» t, 77) — efi27r((p(t+r)7zp(t)7<p’(t)rfno(t+t))g(t)efiZTrnr,
and thus, VJIC(t, 1) can simply be written as
o0
Vit n) = / x(t+ T)Myg(T, t,n)dr.
—0o0
Observe that for x(t) given by (28), we have
X (t) = (p+ qt + 2w (c + 1)) x(t).
Thus,
oo
Vi,(t,r;) = / X (t+ 1) Myg(t,t,n)dt
—0Q
o0
= / (p+q(t+71)+i2m(c+rt +r7))
—00
x(t + 1) Myg(t,t,n)de
= (p+qt+i2n(c+ ) Vit,n)
o0
+(gq + i2mr) / x(t+ 1) TMyg(T, t,n)TdT
—00
= (p+qt+i2n(c+ D) Vilt,n)
+(q + 2w )V (t, ).

On the other hand, as shown above, V)Ic/(t,n) is equal to the
quantity in (20). Therefore,

(p+ qt + 27 (c + 1)) V(t, m) + (q + 27 Vi (1, m)
= 27V, (t0) + 27 (n — ¢'(8) — n0) V3 (8, 1)
V¥ (t, ).

Hence, at (t, ) on which V1(¢, 1) # 0, we have

Lgl

pt+at V™ (6 m)

+o+rt+ —+ —_—

27 ’ ( ) V)Ic(t,ﬂ)

27 VL (tn) — VI (1)
xQ /

= - t) — . 29
Vi) +n =@ (t)—no. (29)

Taking partial derivative 9, to the both sides of (29), we have

. Lg
(i iy ( Vi, '7)) _ (ZZnV)I“p,(t, n) — Vi* (t,n))
2 " Vi) " 27 Vi(t, n) ’
which leads to
L 4= Q)
2w
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for (t,n) with 8,,(V,Ic’g1(t,n)/V}c(t,n)) # 0, where Qq(t,n) is
defined by (27).

Returning back to (29) with % + r replaced by Qo(t,n),
we have

. I¢
2V}, (tn) — Vi ()

c+rt =
2r Vit n)

1.g1
+ gt o (6n)
— o't — _L_ tn)———=,
+n—¢'(t) —no o Qo(t, n) Vi,

Since ¢ + rt is real, taking the real parts of the quantities in the
above equation, we have

, 1¢
2V}, (L) — V¥ (1, n)}

c+rt = Re{
2r VLt n)

I,

V& () }
Vit,n)

I,

ngl (t, 77)}
Vi) I

+n—¢'(t) = no — Re{Qo(t, m)
= Wt ) — Re| Qu(t )

which is w22"(¢, ). This completes the proof of Theorem 4. [J

With the phase transformation w};znd(t, n) in (26), we have the
corresponding 2nd-order IFE-FSST of a signal x(¢) with ¢, & and
window function g defined by

RE2(1,) = / VIt 8@ (¢, ) — £)dn.
{n: VL(t,n)#£0}
(30)

One has reconstruction formulas with ngz(t,é) similar
to (22)-(25).

5. IMPLEMENTATION AND
EXPERIMENTAL RESULTS
l,2nd

5.1. Calculating ! (t, ) and w;"(t, )
First we consider the IFE-FSST. We need to calculate a)JI((t, n). We
will use (15) so that FFT can be applied to (discrete signals) x

and x¢’ to calculate V(¢, ), V}ap,(t, n) and V,I{g/(t, n). lec(p/(t, n)
can be obtained by (15) with x replaced by x¢'. As long as

V,Ic’g (t,m) is concerned, observe that the Fourier transform of g’
is 27 & g(§). Hence

Vi en = 0 [ Fenantn - g0 -0
8 —¢'(1) — )e ds.
After obtaining Vi, n), V)I“p/(t, n) and Vi’g/(t, n), we get a),Ic(t, n)

and then the IFE-FSST.
For the 2nd-order IFE-FSST, we need to calculate

I, L,
Ve e, 0, (VA )0y (VA () ) 0y (VA ()

0, (vi¥ ).

Note that the Fourier transform of 7g() is

A 1 d .
—i2mET _ —i2méT
/Rtg(r)e dt = e —d§</ﬂ§g(t)e dr)

L @)@

—i2

Thus, we conclude

Vifl(t,n) = _emm% fR %) (3) (n— ¢/ (1) — )™ de.
(31)

By the fact 9, (Vi(t, n)) = —i2nV,Ic’gl(t,n), we can obtain

o (V)Ic(t, 7;)) and 9, (V)I“p,(t, n)) as well via (31).

To calculate 8,7(V316’g1(t,n)), with B,I(V,I{gl(t,n)) =

—i2 V,I{gz(t, 1), where g>(t) = rzg(r), we need to calculate the
Fourier transform of g,(7), which is

- 1 & —i2mET _ Lo
26 = oy ([P = @)@,
Therefore,

1 i2m 1 = 7 ’ i
o (Vi 6m) = =20 [ ) @) 1= - 016> .
(32)

For 9, (V,Ic’g/(t, n)), we need to calculate the Fourier transform of
7¢(1), denoted by (rg/(r))A(S). Indeed,

A / —i2méET 1 d / —i2mET
(rg' ()" &) :/]Rrg (r)e 2767 gy — _iZT[%(/Rg(r)e 2mé dr)

_ 1 d —i2nét
= E(/Rg(r)ar (e )dr)

=—%($/I;g(r)e_iz”érdr>

d ,
= —%(@@)) =—g&) - £(3) (©).
Thus,
0, (V¥ ) = —w v Qe

— e f %) (18 (1) (0 — ¢ (1) — £)e?
R
= 27 V(t, ) + 2 e?7eW

/1; XE) 11— (1) - &) @) (n— ¢/ (1) — £)e*™F dt. (33)

With the formulas (31), (32), and (33), we can obtain Qq(t, ) and
then, wfgz”d(t, n).
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5.2. IFE-FSST Algorithms for IF Estimation
and Component Recovery and
Experiments

To apply IFE-STFT or IFE-FSST, first of all we need to
choose ¢(t) and ¢'(t). For the purpose of estimating the IF
¢>;{(t) of the kth component xi(t) and/or recover xi(t) of a
multicomponent signal x(f), we should choose ¢(t) and ¢'(¢)
close to ¢(t) (up to a constant) and ¢l/<(t) respectively. One
way is to use the ridges of the STFT. More precisely, suppose
{tu}o<n<n> {nj}o<j<ss {Emto<m<m are the sampling points of £, 7,
respectively for STFT Vi(t,n), FSST Ry(t,&), and IFE-FSST
RL(t,£). Let 7,0 < 1 < N be the STFT ridge corresponding to

xx(t) given by

o= argmax, g, (Valtw 1)) (34)

for each n, 0 < n < N, where for each n, G;  is an interval
containing qbl/((t,,) (with convention: ¢¢(f) = 0) at the time

instant t,, and G; 1,0 < k < K form a disjoint union of
{771 | Vi(tn, n)| > y},namely for each t,,,

{7]: [Vi(tnsn)| > V} = Ufzogtn,lv

See more details on G,y in [37].
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FIGURE 1 | Experiment with x(t) in (43). 1st row: IF ¢/'(1); 2nd row: FSST |R,(t, n)| (left) and IFE-FSST |R'X(t, n)| (right); 3rd row: 2nd-order FSST (left) and 2nd-order

[é)] ()]
o o

N
o

Frequency (Hz)
N ()
o o

Y
o

o

0 0.2 0.4 0.6 0.8
Time (s)

W B o)) )]
(@] (@] o o

Frequency (Hz)

N
o

[¢] 0.2 0.4 0.6 0.8
Time (s)

Frontiers in Applied Mathematics and Statistics | www.frontiersin.org 8

March 2022 | Volume 8 | Article 830530


https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#articles

Jiang et al.

Instantaneous Frequency-Embedded Synchrosqueezing Transform

{ﬁ}n)k}gz_ol is called a ridge of the STFT plane or a ridge
of the spectrogram |V,(t,7n)|. It provides an approximation to
¢ (ta),0 < n < N [see [36, 37, 45]]. Thus, we can use

n—1
@' (ta) = Tj o (tn) = Y W kite, 0<n <N (35)
=0

as discrete ¢’(t) and ¢(t) to define IFE-STFT and IFE-FSST,
where Aty = tg — tp_1.

To recover a component by either FSST or IFE-FSST, we
need an estimate IF;(t) for ¢I/<(t) so that (10) or (24)/(25) can be
applied. One way is to use the ridges of FSST and IFE-FSST to
approximate ¢ (t,). More precisely, let ?mmk,o < n < N be the
FSST ridge defined similarly to the STFT ridge in (34):

Ep k= argmax, g {IRe(tn.En)l}, 0<n<N.  (36)

Then Equation (10) becomes

]
xiltn) % 5t = s >
8 s 1=l <Mo)

0<n<N, (37)

Rx(tna gm)A§m>

for some My € N, where A&, = &, — E—1.
Similarly, Equation (24) implies that x;(f) can be recovery
from (discrete) IFE-FSST:

e*izj'[ notn

~ x}(’rec(ti’l) = g(o) Z

{m: |m—ml|<Mo}

xi(tn) R (tn, €) A,

0<n<N, (38)

where m!,0 < n < N are the indices for IFE-FSST ridge defined
as (36) with R, (t,, &) replaced by R}((t,,, Em):

Ema o= argmaxgmeg%kHRi(tn,“g‘m)|}, 0<n<N. (39

For real-valued xx(¢) and g(t), the recovery formulas (37) and
(38) are respectively

2
= ——Re
g(o) ({m: |m—Xm:y,|<M0}

0<n<N, (40)

Rt &) M ).

and
Xi(tn) A 1" (ty) (41)

2 .
= WRe(e 2 otn Z Ri(tmsm)AEm),
g {m: |m—ml|<Mo}

0<n<N. (42)

To summarize, we have the following algorithm to estimate IF
#;(t) and recover xi(t) by IFE-FSST.

Algorithm 1. (IFE-FSST algorithm for IF estimation and
component recovery) Let x(t) be a signal of the form (1). To
estimate qbl’((t) and recover xi(t) by IFE-FSST, do the following.

Step 1. Obtain the STFT ridge 7j,x,0 < n < N by (34) and
Step 2. Calculate IFE-FSST with ¢', ¢ obtained in Step 1. The
ridge gmL,k’O < n < N defined by (39) is an estimate ofqﬁ]’((t)

and x}(’rec

(t) in (38) is an approximation to xi(t).

We can use Algorithm 1 to recover each component xx(t) one
b?r one. We can also apply Algorithm 1 to the remainder x(t) —
x¢"“(t) to recover another component after xi(t) is recovered;
and we can repeat this procedure. The procedure of this iterative
method is described as follows.

Algorithm 2. (Iterative IFE-FSST algorithm for IF estimation
and component recovery) Let x(t) be a signal of the form (1).

Irec

Step 1. Apply Algorithm 1 to obtain x;"""(t).

Step 2. Let y; = x — x2™. Apply Algorithm 1 to y, to
obtain xé’rec(t).

Step 3. Let y» = x — x}™ — x3™. Apply Algorithm 1 to

v, to obtain x3™(t). Repeat this process to obtain x3"(t), - -,

x(tn) = X (t) and finally xg"*(t).
0.02
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<< <C
-0.05 -0.01
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FIGURE 2 | Recovery errors for x(t) given in (43) on [0.125, 0.875) by FSST (left) and IFE-FSST (right).
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IFE-FSST for x4 () (left) and IFE-FSST for x»(t) (right). 4th row: recovery errors on [0.125, 1.875) by FSST and IFE-FSST for x1(t) (left) and xx(t) (right).

Frontiers in Applied Mathematics and Statistics | www.frontiersin.org

10

March 2022 | Volume 8 | Article 830530


https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#articles

Jiang et al.

Instantaneous Frequency-Embedded Synchrosqueezing Transform

Step 4. Apply Algorithm 1to x — Y x_, xi’rec to recover x1(t).
Let }‘Ilrec(t) be the recovered x)(t). Then Apply Algorithm I

> X — Z,If 3 Irec to recover x,(t). Let %> (1) be
the recovered x,(t). Obtain X NI rec(t) by applying Algorithm 1 to
X —F7T() = X5"C(t) — Yo h_y X1"C. Repeat this process to obtain
X(8), - - -, and finally Xy rec(t).

to x —

We can repeat the procedure in Step 4 of Algorithm 2. That is
why we call Algorithm 2 an iterative algorithm.

Next we consider two examples. We let

_ 2
e 202

>

o= —
o

be the window function, where ¢ > 0. First we consider a
mono-component signal

x(t) = cos (271 (¢(1)) = cos (2 (16t + 16t%)), t € [0,1), (43)
where x(t) is uniformly sampled with sample points f, =
nAt,0 < n < N = 128, At = 128 The IF of x(t) is ¢'(t) =
16 4 32t and it is shown in the 1st row of Figure 1. The FSST and
IFE-FSST of x(t) are provided in the 2nd row; and the 2nd-order
FSST and IFE-FSST are shown in the 3rd row. In this example we
leto = %. As mentioned above, discrete ¢’(t) and ¢(t) defined
by (35) are used to define IFE-STFT and the 2nd-order IFE-STFT.
Obviously IFE-FSST provides a much sharper time-frequency
representation of x(f) than FSST. Both the 2nd-order FSST
and the 2nd-order IFE-FSST as well give sharp time-frequency
representations of x(t).

For a mono-component signal x(t) as given by (43), since
x(t) can be recovered from FSST or IFE-FSST as shown
in (8) and (22) respectively, theoretically, either (40) or
(41) gives high accurate approximation to x(f) as long as
My is large enough. We choose a small My so that the
recovery errors with it show how sharp the time-frequency
representations with FSST and IFE-FSST are. Here and below
we set My = 8.

In Figure?2, we provide the recovery errors x™(t,) —
x(ty), xP¢(t,) — x(t,) for x(t) by FSST and IFE-FSST,
where x'™<(t,) and xM(t,) are given by (40) and (41)
respectively with My = 8. Here, we show the error on
[0.125,0.875) only to ignore the boundary effect. Obviously, IFE-
FSST provides a much sharper time-frequency representation
than FSST.

Next we consider a two-component signal given by

x(t) = x1(t) + x2(t), x1(t) = cos (271 (32t + 1;0 cos(2nt))),
10
x(t) = cos <2n (641 + - cos(2nt))), (44)

where t € [0,2), and x(¢) is uniformly sampled with sample
points t, = nAt,0 < n < N = 512, At = Tés' Thus, IFs of

x1(2), x2(t) are ¢ (t) = 32—20sin(27t), Py (t) = 64—20sin(27t),
which are shown on the top-left panel of Figure 3. In this example
weleto = % for the window function.

To this two-component signal, we apply Algorithm 2
to obtain ¥™°(¢) and %"°(t). In the 3rd row of Figure3
we show the IFE-FSSTs of NIrec(t) and NIreC(t) The FSST
of x(t) is provided in the top-right panel of Figure3. Of
course, we can also apply iterative method to FSST to recover
components one by one. Namely, we apply FSST to obtain
x1°(t), then apply FSST to x(t) — x[°(t) to obtain x5°°(1).
After that we apply FSST to x(f) — x5°°(f) to obtain X]°°(t),
and finally to obtain X°°(¢) by applying FSST to x(f) — X}°°(¢).

The 2nd row of Figure3 shows the FSSTs of X°(¢) and
X55¢(t). Comparing the FSST of x in the top-right panel with
the individual FSSTs in the 2nd row, we see there is not
much improvement of the time-frequency representation
of FSST of x after we apply the iterative component
recovery procedure.

In the 4th row of Figure 3, we provide the recovery errors
for x;(t), x2(t) by FSST and IFE-FSST. Here, we show the error
on [0.125,1.875). From Figure 3, we see IFE-FSST provides a
much sharper time-frequency representation for x(t). We also
consider FSST and IFE-FSST of two-component x(¢) in the noisy
environment and our experiments show that IFE-FSST provides
a sharp time-frequency representation in the noisy environment.
In addition, we consider the 2nd-order IFE-FSST for component
recovery. It does not provide much improvement than IFE-
FSST. This may be due to that the results from IFE-FSST are
hard to improve. Due to that only 15 pictures are allowed to
be included in a article in this journal, we do not present these
results here.
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