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In the censored regression model, the Tobit maximum likelihood estimator is unstable and inefficient in the occurrence of the multicollinearity problem. To reduce this problem's effects, the Tobit ridge and the Tobit Liu estimators are proposed. Therefore, this study proposes a new kind of the Tobit estimation called the Tobit new ridge-type (TNRT) estimator. Also, the TNRT estimator was theoretically compared with the Tobit maximum likelihood, the Tobit ridge, and the Tobit Liu estimators via the mean squared error criterion. Moreover, we performed a Monte Carlo simulation to study the performance of the TNRT estimator compared with the previously defined estimators. Also, we used the Mroz dataset to confirm the theoretical and the simulation study results.
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INTRODUCTION

The limited dependent variables (LDVs) in the regression models are defined as the censored, the discrete, and the truncated outcomes. Tobin [1] introduced the Tobit model of the censored dependent variable, which is related to the LDVs, and Goldberger [2] gave its current name. The censored data appear when the dependent variable has a loss of information, while the truncated data appear when the dependent and the independent variables have a loss of information. In this study, we used the standard Tobit regression model, which is the Type 1 model of the Tobit models (Type 1–5) categorized by Amemiya [3] to deal with the censored dataset and their estimation. The censored normal regression model, which is called the Tobit model, is used to relieve the deficiency of biasedness and inconsistency of the results of using the least squares estimator (LSE). Therefore, to determine the estimates of the parameter and to find the estimates of statistical inference, the Tobit maximum likelihood estimator (TMLE) is used. When the explanatory (independent) variables are not independent, it becomes a problem called multicollinearity, which this problem often ignored in the censored regression models. Also, the multicollinearity makes the Tobit maximum likelihood estimates of the regression coefficients incorrect, unreliable, and unstable; because the mean squared error (MSE) values of these estimates are inflated. For this case, Khalaf et al. [4] examined the multicollinearity effects on the TMLE, and they introduced the Tobit ridge estimator (TRE). Then, Alhusseini and Odah [5] introduced a Tobit principal component estimator. Also, Toker et al. [6] introduced a Tobit Liu estimator (TLE).

In the linear regression model (LRM), several alternative estimators of the regression coefficients have been produced for the LSE when the multicollinearity problem happens because, in this case, the LSE gives large variances, wrong signs, and becomes unstable. The most popular estimators are the ridge estimator of Hoerl and Kennard [7] and the Liu estimator of Liu [8]. Recently, Kibria and Lukman [9] proposed a new ridge-type estimator (NRTE). The NRTE has been extended in different regression models in different studies, such as Lukman et al. [10], Lukman et al. [11], Akram et al. [12], Dawoud and Abonazel [13], Awwad et al. [14], and Abonazel et al. [15]. The multicollinearity is known to be a terrible problem in the Tobit model like in the LRM. For handling multicollinearity, some studies gave and investigated some biased estimators in the LRM for a long time, but there is little investigation of these estimators in the Tobit model. However, studies of the biased estimators instead of TMLE in deleting multicollinearity effects on regression coefficients in the Tobit model are needed. In this context, the TRE was introduced by Khalaf et al. [4] and the TLE by Toker et al. [6] were the biased estimation beginning points in the Tobit model. Then, we defined the Tobit NRTE (TNRTE) in this study. Also, we focus on the theoretical properties of the TNRTE by the MSE criterion and to compare them to the TMLE, the TRE, and the TLE.

The next content of this study is given as follows: Methodology Section defines the Tobit regression model and provides the TNRTE and the theoretical properties. A Monte Carlo Simulation Section deals with the Monte Carlo simulation study. A Real Life Data Section deals with the Mroz dataset. Conclusion Section includes the concluding remarks.



METHODOLOGY


Tobit Regression Model

The model of the Tobit regression is

[image: image]

where [image: image] is called the dependent latent variable, xi is an i-th row of the known matrix X with the dimension n × (p + 1); where p is the number of the explanatory variables. β is the unknown (p + 1) × 1 coefficient vector (when the model contains the intercept β0), and ui is called an error term that is independent, follows a normal distribution by mean, and equals 0 and variance equals σ2. We considered the left censoring, where yi is defined as follows:

[image: image]

On the basis of n observations on yi and xi, the β and σ2 estimation issues are noted. For the defined model in Equation (1), assuming that na is the observation number for yi = 0 and is the observation number for yi > 0, that is, non-zero for yi occur first, then the log-likelihood function of the censored data is given as

[image: image]

where [image: image].

The TMLE of β is identified after solving the derivate of Equation (3), but it is not a linear function of β, so it can be solved iteratively by Fisher's scoring method that comprises using the second derivative. The Fisher's scoring method is given as

[image: image]

where [image: image] is the matrix of the Fisher information which is given at [image: image] where [image: image] is β estimate at iteration(r), [image: image] is β estimate at iteration (r − 1), [image: image], D is called as the diagonal matrix and [image: image] So, the TMLE is written as:

[image: image]

Then, [image: image]is given as:

[image: image]

Since the TMLE becomes inefficient and unstable when the multicollinearity problem occurs, Khalaf et al. [4] proposed the TRE and Toker et al. [6] proposed the TLE to eliminate the effects of this problem.

The TRE is given iteratively as

[image: image]

and the first step of the TRE is

[image: image]

such that [image: image] is the first estimate of β, [image: image], [image: image] is given at β(0), the TMLE first step values are as same as that of the TRE, and [image: image]is the first step of the TMLE. When k = 0, [image: image].

The TLE is given iteratively as

[image: image]

and the first step of the TLE is

[image: image]

where the TMLE first step values are as same as that of the TLE if d = 1, [image: image] [see Amemiya [16], Fair [17], and Toker et al. [6] for more details].



New Ridge-Type Estimator

The usefulness of the NRTE among the one-parameter estimators (RE and LE) in many different regression models and the extension of the one-parameter estimators to the area of the Tobit regression model encouraged us to derive the NRTE in this model as follows:

By extending Equation (3), which is the censored data log-likelihood function with the term of penalization, as

[image: image]

where [image: image] is called a Lagrangian multiplier and c is a constant, and by differentiating J due to β, we got

[image: image]

where [image: image].

By finding the J second derivative due to β and then taking the expectation, we got the following form for the matrix:

[image: image]

Then, we employed the scoring of Fisher's method in order to introduce the TNRTE as:

[image: image]

By using Equation (4), we have the TNRTE in its final form as:

[image: image]

The TNRTE of Equation (15) was obtained iteratively. The first step of the TNRTE is given as follows:

[image: image]

and the first step of the TNRTE is

[image: image]

where the first step values of the TNRTE are same as that of the Tobit LE and [image: image] is evaluated at β(0) if k = 0, [image: image].



Asymptotic MSE Comparisons

To observe the estimators' characteristics, the MSE criterion was preferred. When [image: image] is an estimator of B, then the matrix form of the MSE criterion is given as

[image: image]

where [image: image] is the matrix form of the variance-covariance and [image: image] is the bias vector of [image: image] estimator. Then, the scalar MSE is given by

[image: image]

Since the TMLE for the first step is known as an asymptotically unbiased estimator, it means that the asymptotic matrix form of the MSE equals the asymptotic matrix form of the variance-covariance as follows:

[image: image]

The asymptotic MSE matrix form of [image: image] is given as

[image: image]

The asymptotic MSE matrix form of [image: image] is given as

[image: image]

The first step TNRTE asymptotic bias and its asymptotic variance-covariance forms are given as follows:

[image: image]

and

[image: image]

Then, the asymptotic MSE matrix form of [image: image] is given as

[image: image]

Model (1) is written in the canonical form using the orthogonal transformation and the spectral decomposition such that the Fisher matrix form of the first step is given as [image: image], where C = [C0, C1, ..., Cp] is called a (p + 1) × (p + 1) orthogonal matrix form and [image: image] refers to the eigenvectors columns, [image: image] is called a (p + 1) × (p + 1) diagonal matrix form with the [image: image] eigenvalues on the diagonal, such that M = XC. The canonical form formula of the asymptotic matrix form and the scalar MSE for [image: image], [image: image], [image: image] and [image: image] are written as follows:

[image: image]

[image: image]

[image: image]

[image: image]

[image: image]
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[image: image]

where α = C′β, [image: image], [image: image], [image: image] and [image: image].

The lemmas below are useful to be used in the theoretical comparisons among the above estimators.

Lemma 1: Suppose for the matrices n × n, if F > 0 and I > 0 (or I ≥ 0), then F > I iff [image: image] such that [image: image] is the matrix IF−1 maximum eigenvalue [18].

Lemma 2: If the matrix F is defined as an n × n positive definite, i.e., F > 0, as well as α is a vector, then, F − αα′ > 0 iff α′F−1 α < 1 [19].

Lemma 3: Suppose αi = Kim, i = 1, 2 are two α linear estimators and suppose [image: image], where [image: image] refers to [image: image] covariance matrix and [image: image], i = 1, 2 [20], then consequently,

[image: image]

iff [image: image], where [image: image].



Comparisons Among the Estimators

Theorem 1: [image: image] is superior to [image: image] iff

[image: image]

Proof : The dispersion difference is:

[image: image]

We observed that [image: image] is positive definite since [image: image] for k > 0. By Lemma 3, the proof is completed.

Theorem 2: When [image: image], [image: image] is superior to [image: image] iff

[image: image]

[image: image]

where

[image: image]

Proof:

[image: image]

where [image: image] and [image: image]

It is clear that, for k > 0 and 0 < d < 1, F > 0 and I > 0. It is obvious that F − I > 0 if and only if [image: image], where [image: image] is the maximum eigenvalue of the matrix IF−1. By Lemma 1, the proof is completed.

Theorem 3: [image: image] is superior to [image: image] if and only if

[image: image]

where

[image: image]

Proof: The dispersion difference is

[image: image]

We observed that [image: image] is applicable if and only if [image: image]. For k > 0, it was observed that [image: image]. By Lemma 3, the proof is completed.



The Selection of k Parameter of the TNRTE

Using the Kibria and Lukman [9] method, the optimal biasing parameter k of the TNRTE is given as:

[image: image]

and using the unbiased estimates of σ2 and α2, the optimal estimated k of the TNRTE is given as:

[image: image]




A MONTE CARLO SIMULATION

To explain the performance of the proposed TNRTE compared with other mentioned estimators, we conducted the simulation experiments using some different factor levels. The design is constructed by following the techniques of Kibria [21], Yenilmez et al. [22], Khalaf et al. [4], Yenilmez and Kantar [23], Toker et al. [6], and Yenilmez et al. [24]. The correlation degree (τ) among the explanatory variables is one of the essential factors in the simulation. For providing the correlation changing range, the data were also generated using the next model:

[image: image]

where zij is given and follows a standard normal. The dependent variable is given using the next equation:

[image: image]

where ui's are considered as pseudo-random numbers, which are independent and identical and have N(0, σ2), and the parameter vector is considered as β′β = 1 as in the studies of Dawoud and Abonazel [25], Awwad et al. [26], Awwad et al. [14], Abonazel and Dawoud [27], Algamal and Abonazel [28], Abonazel et al. [15], and Abonazel et al. [29]. So, the dependent variable has been censored using Equation (2). Also, all factors used in this simulation are stated in Table 1.


Table 1. Values of factors that are considered in the simulation.

[image: Table 1]

The TRE, the TLE, and the proposed TNRTE estimated biasing parameters used in this simulation study are given as follows:

1. The estimated parameter of k for the TRE is considered according to Hoerl and Kennard [7], as

[image: image]

2. The estimated parameter d for the TLE is considered, according to Liu [8] as follows

[image: image]

when [image: image] has negative value, Ozkale and Kaciranlar [30] considered the alternative parameter of d as:

[image: image]

3. Following the study of Kibria and Lukman [9], the estimated biasing parameter minimum value and the harmonic-mean of k for the proposed TNRTE are considered as follows:

[image: image]

[image: image]

To examine the performances of the TMLE, TRE, TLE, and the proposed TNRTE, we computed the estimated MSE (EMSE) as:

[image: image]

where [image: image] is called an estimator as well as α is called a true parameter. The simulation results (EMSE values) are stated in Tables 2–7, the smallest value of the EMSE is highlighted in bold.


Table 2. Simulation results in case of p = 4 and σ = 0.5.

[image: Table 2]


Table 3. Simulation results in case of p = 4 and σ = 1.

[image: Table 3]


Table 4. Simulation results in case of p = 4 and σ = 5.

[image: Table 4]


Table 5. Simulation results in case of p = 8 and σ = 0.5.

[image: Table 5]


Table 6. Simulation results in case of p = 8 and σ = 1.

[image: Table 6]


Table 7. Simulation results in case of p = 8 and σ = 5.

[image: Table 7]

Based on the simulation results, we conclude the following:

1. The EMSE increases as n decreases.

2. The EMSE increases as p increases.

3. The EMSE increases as τ increases.

4. The EMSE increases as σ increases.

5. The EMSE increases as the CL increases.

6. The TMLE exhibited the least performance at all levels of multicollinearity and censoring.

7. The TNRTE and the TLE outperform the TRE for all cases.

8. The proposed TNRTE has few EMSE values near to that of TLE in case of large σ and p values.

9. The proposed TNRTE with the biasing parameters [image: image] performs the best of all other mentioned estimators in terms of the EMSE, followed by the proposed TNRTE with the biasing parameters [image: image] in most cases.

10. The proposed TNRTE performance and others almost depend on the determination of their biasing parameter estimators.

11. Finally, the proposed TNRTE performs the best of all other mentioned estimators in terms of the EMSE in most cases.



A REAL-LIFE DATA

In this section, we have the Mroz dataset that was originally adopted by Mroz [31] to clarify the performance of the proposed TNRTE and other mentioned estimators. The Mroz data contains 753 cases of married women with 21 variables, and the ages of these women range from 30 to 60 years. Three hundred twenty-five of the 753 cases from these women have an average wage of zero in an hour. Then, Barros et al. [32] considered the average hourly wage of the women as a dependent variable (y), while the independent variables are as follows: age of the women (x1), education of the women (x2), number of children <6 years (x3), number of children between the ages 6 and 18 (x4), and previous labor market experience of the women (x5). With the method of Toker et al. [6], to examine the existence of multicollinearity, or not, the [image: image] matrix eigenvalues are given as 69,601.81, 1,723.52, 334.22, 54.43, 6.22, and 0.36, and the condition number is calculated as 441.09, and these results connote that there is high multicollinearity. The parameters and MSE are estimated and presented in Table 8.


Table 8. The regression coefficients and the MSE results.

[image: Table 8]

Table 8 shows that the TMLE performs worse as expected. Also, the TRE has a near MSE value with the biasing parameter estimator [image: image] to that of the proposed TNRTE with biasing parameter estimator [image: image]. Moreover, the proposed TNRTE has the lowest MSE value among the mentioned estimators (TRE and TLE), followed by TLE and then the TRE, when k = d = 0.3; this means that the proposed TNRTE is the best in this case.

Figure 1 shows that the proposed TNRTE with biasing parameter k from 0.18 to 0.58 performing better than other mentioned estimators, and when k equals 0.36, the proposed TNRTE has the least MSE; which means it is the best of all given estimators, while the TMLE performs the worst as expected.


[image: Figure 1]
FIGURE 1. MSE of TMLE, TRE, TLE, and TNRTE for diffrent k, d.




CONCLUSIONS

In this study, we proposed the Tobit new ridge-type estimator (TNRTE) for overcoming the multicollinearity problem of the censored model. Theoretically, we compared the proposed TNRTE with some given estimators: the Tobit maximum likelihood estimator (TMLE), the Tobit ridge estimator (TRE), and the Tobit Liu estimator (TLE), and gave biasing parameter estimators of the proposed TNRTE. Then, a simulation study was performed to know the performance of the TMLE, the TRE, and the TLE with the proposed TNRTE. The results of the simulation indicate that the proposed TNRTE is better than other existing estimators in most cases. Moreover, real-life Mroz data were used to clarify the study results.
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