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Prey fear of a specialist predator
in a tri-trophic food web can
eliminate the superpredator
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!Department of Mathematics, College of Science, University of Baghdad, Baghdad, Iraq,
?Department of Mathematics and Faculty of Medicine, The University of Ottawa, Ottawa, ON,
Canada, *School of Mathematical Science, The University of Nottingham Ningbo China, Ningbo,
China

We propose an intraguild predation ecological system consisting of a
tri-trophic food web with a fear response for the basal prey and a
Lotka—Volterra functional response for predation by both a specialist predator
(intraguild prey) and a generalist predator (intraguild predator), which we
call the superpredator. We prove the positivity, existence, uniqueness, and
boundedness of solutions, determine all equilibrium points, prove global
stability, determine local bifurcations, and illustrate our results with numerical
simulations. An unexpected outcome of the prey’s fear of its specialist predator
is the potential eradication of the superpredator.
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Introduction

A functioning ecosystem depends on the framework of food webs that it supports
[1]. Food webs involve many types of predator—prey interactions, which are fundamental
interactions for sustaining species [2]. Interaction between the prey and the predator can
be affected by factors such as refuge, disease, stage structure, competition, and fear [3-7].
Intraguild predation (IGP), on the other hand, is described as predator-prey interactions
among consumers who may be fighting for limited resources. In natural communities,
there is a growing body of literature emphasizing the relevance of intraguild predation [8,
9]. Three species are involved in the simplest intraguild predation model: a superpredator
(IG predator), a specialist predator (IG prey), and a basal prey. Bai et al. recently
suggested a three-species IGP food web model with the IG predator, IG prey, and basal
prey, in which the basal prey grows logistically with a large Allee effect [10]. They looked
into the model’s local and global dynamics, focusing on the impact of the Allee effect
and discovered that the intraguild predation food web model has rich and complicated
dynamic behavior and that a large Allee effect in the basal prey raises the danger of
extinction for not only the basal prey but also the IG prey or/and IG predator.

Many predators in food webs are superpredators, who may not restrict their diets to
a specific prey species but feed also on other predators [11]. Therefore, superpredators
are expected to compete not only with other predators for food and space but in many
cases also through intraguild predation [5, 12, 13]. Predators induce indirect effects such
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as fear in prey that can change the prey’s behavior [14]. Fear
takes the form of sustained psychological stress on the prey,
as prey species are always wary of possible attack [15]. Suraci
et al. experimentally showed that fear of large carnivores reduces
mesocarnivore foraging, which benefits the mesocarnivore’s
prey [16].

A handful of mathematical models have studied the effect
of fear on food webs. Panday et al. investigated the impact
of fear in a tri-trophic food chain model, with prey fear in
response to both predators [15], from the middle predator to
the generalist predator [17] and with delays [18]. Cong et al.
introduced a fear-adjusted birth rate to a three-species food web
[19]. Hossain et al. limited the growth of the prey due to fear
in an intraguild predation model [20]. Mukerjee incorporated
interspecific competition and fear affecting the death rate of
the prey [21]. Ibrahim et al. limited prey growth due to fear
of the generalist predator and showed that fear could have a
stabilizing effect on the system [22]. Mondal et al. showed that
the prey’s fear of predators was responsible for the increase
in intraspecific competition among the prey species [23]. Roy
et al. showed that fear could play a destablizing role if it caused
a reduction in the birth rate of susceptible prey, whereas the
levels of fear responsible for the increase in the intraspecies
competition of susceptible prey and eradication of the disease
prevalence could stabilize an otherwise unstable system [24].
Maity et al. considered time-varying fear effects, showing that
periodic solutions could arise [25]. Hossain et al. showed that
perceived fear of predators could reduce the prey birth rate [26].
Tiwari et al. showed that seasonal variations in the level of prey
fear generated higher-order periodic solutions [27].

Here, we examine the impact of fear on the dynamical
behavior of an IGP food web system in which the prey responds
with fear to the specialist predator but not the superpredator;
because the superpredator has alternative food sources, it will
be less dangerous to the basal prey compared to the IG prey.
To the best of our knowledge, this is the first model to examine
this effect.

Food-web model formulation

Our food web consists of a prey at the first level, a specialist
predator at the second level, and a superpredator at the third
level. Let x(1), y (t) , and z(t) be the population densities at time ¢
for the prey, specialist predator, and superpredator, respectively.
The prey grows logistically in the absence of predators, while
it has a fear property of predation in the presence of the
specialist predator. Hence, the intrinsic growth rate of prey
becomes H_Lk, which is a monotonic decreasing function of
both k and y, where k represents the fear rate [28]. The food
transport attack rates are given by the parameters aj, a, and
a3, with conversion rates ej, ez, and e3. Finally, the predators
face natural death rates dq and d; for the specialist predator and
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superpredator, respectively. The dynamics of the food web with
fear can be represented mathematically by the following set of
differential equations:

% =rx(l—x) (ﬁlky> —a1xy — axxz = xf (x,y,z),

d
% = ey —asyz —diy = yf (v.3.2),

% = exarxz + e3azyz — drz = zf3 (x,, 2).

1

Initial conditions satisfy x () > 0,y (t) > 0, and z (t) > 0, and
all parameters are assumed to be positive.

The interaction functions f; (i = 1, 2, 3) are continuous and
have continuous partial derivatives and are thus Lipschitzian, so
system (1) has a unique solution. Furthermore, for any initial
condition in Ri, the solution of system (1) is positive and
uniformly bounded as shown in the following theorem. Hence,
system (1) will be a dissipative system.

Theorem (1): The domain of system (1), Ri, is positively
invariant, and all solutions of system (1) starting in Ri are
uniformly bounded.

Proof. Let x (t),y (), and z(¢) be any solution of system
(1). Since the solution (x ),y (1) ,z(t)) of the system (1) with
initial condition in Ri_ exists and is unique on [0 , §), where
0 < § < +00, we have:

x(t) = x(0) ef(; [r(l—x(s))(m)—aly(s)—azz(s)]ds >0
y(t) = y(0) ef()t [era1x(s)—azz(s)—dy | ds >0

2(t) = 2 (0) e/g [e2azx(s)+ezazy(s)—dz |ds > 0.
From the first equation of system (1):
B )
— <rx(1—x).
dr —

Then, it is easy to verify that x (f) < 7 forall £.
Let = x + y + z. Then, since ¢; € (0,1); i = 1,2, 3, we have
aw
a = I —M[x+y+z],

where M =

differential inequality

min{l,dl,dz}. Solving the following linear

dw
—( +tMW <
dt

>

=

we obtain that, as t — 00,

r

UCESve

Existence of equilibrium points

System (1) has at most five nonnegative biologically feasible
equilibrium points. The trivial equilibrium Eg = (0, 0, 0) always
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exists. The axial equilibrium E; = (1,0,0) always exists on
the boundary of the first octant. The specialist-free equilibrium
point, E; = (X, 0,z), where

d 1—X

2 ndz= u,
e2az az

(22)

exists provided that
dy < eyay. (2b)

The superpredator-free equilibrium point, E3 = (%, 7, 0), where

R d R 1 1 ) (e1a1 dl)
= — = - . 4k 3 3
x ejal Y 2k + 2a1k al + €1 ( a)
exists, provided that
d; < ejay. (3b)

There is
(x* AN z*), where

also an interior equilibrium point, E4 =

% *
x  dy —exarx «  ela1x —d
=== andz = ———,
€3as as

(4a)

with x* a positive root of the following second-order
polynomial equation:

Prx* + Bax + f3 =0, (4b)
where

2
B1 = exarax”k[eres — e2],

By = exezajazas — rez2az? + 2ezayazkds — eye3ajazaz?
—e1e3ajazkdy — exezar’kd,

B3 = r332a32 — ezajazdy — alkdzz + e3a2a32d1 + eszarkdyd.

Therefore, there is a unique interior equilibrium point in the
interior of Ri provided that the following conditions hold:

d * d
Ay e (4¢)
e1ag e2az
P1>0;83 <0

OR (4d)
B1<0;83>0
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Persistence

Next, we determine the requirements that ensure persistence
in the system (1). Because the types of attractors available in
the boundary planes affect the creation of our IGP food web
model’s persistence conditions, an analysis of the dynamics in
the boundary planes of the IGP food web system is conducted.
System (1) has two subsystems: the first occurs in the absence
of the superpredator (IG predator) and the second occurs
in the absence of the specialist predator (IG prey). The first
subsystem is

dx _ (1—x) -
G =[5 -] =4 () (5)
d
d—); :y[elalx — d1] = )41 (x,y).
The second subsystem can be written as follows:
L — x[r(1—x) — a2l = xf (x,2)
dt (6)

F=z [ezazx - dz] =z (x,2).

Subsystem (5) has a unique positive equilibrium point in the
interior of xy-plane given by (% 7) = E3, while subsystem (6)
has a unique positive equilibrium point in the interior of xz-
plane given by (x,z) = E,. The interior equilibrium point of
subsystem (5) corresponds to system (1)’s superpredator-free
equilibrium point; similarly, the interior equilibrium point of
subsystem (6) corresponds to system (1)’s specialist-predator-
free equilibrium point. The dynamics around these equilibrium
points can be described in the following theorem.

Theorem (2): There are no periodic dynamics in the interior
of xy-plane or the xz-plane.

Proof. Define a continuously differential function B (x, y) =
é. Then, we have:

9 (Bg1) r

n - .
dy y (1 +ky)

@ (Bf1)
T ox

A

Clearly, A has the same sign and does not equal zero almost
everywhere in a simply connected region of the xy-plane. By the
Dulac-Bendixson criterion, system (1) has no periodic solutions

lying entirely in the interior of xy—plane. The second part
1
E.
Theorem (3): System (1) is uniformly persistent in the

follows by using the Dulac function C (x,z) =

interior of Ri, provided that

era; > dj, (7a)
eray > dy, (7b)
eja1x > a3z +dj, (7¢)
exarx + ezazy > dj. (7d)
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b22b3, where b;,i =

Proof. Consider the function (x, ¥ z) = xb y
1,2, 3, are positive constants and U (x, ¥ z) isa C! nonnegative

function in the interior of ]Rz_. Hence, we have

dU _ dUdx , aUdy | U dz
A T oxd Toydt Tazdr
with
ou _
a — blx(hl l)yb22b3,
ou
@ _ bthly(hz—l )2b3,
ou _
Tz = b3xb1ybzz(b3 1 )
Therefore,
W (o) = () _bide  body  byde
YIZ) = Ulaye) — xdt Ty de Tz ae

=b [r (1—x) <ﬁ) —ayy — azz]
+by [elalx — a3z — dl] + b3 [ezazx + e3azy — dz] .

Since there are no periodic solutions in the boundary planes of
the system (1), it follows that system (1) is uniformly persistent
provided that ¥ (E;) > 0 for each i = 1,2,3. We have

Y (Ep) = by [elal - dl] + b3 [e2a2 —dy ] s
Y (Ez) = by [elap_c —a3zz—d; ] ,

W (E3) = b3 [e2a0% + e3azy — ds |.

Consequently, conditions (7a)-(7d) satisfy W (E;) > 0 for each
i=1,2,3.

Global stability analysis

Here, we use Lyapunov functions to investigate the global
stability of equilibria.

Theorem (4): The axial equilibrium point E; = (1,0,0)
is globally asymptotically stable provided that the following
sufficient condition holds:

®)

2
ey <erez < —.
a

Proof. Consider the following positive-definite, real-valued
function around Ej:

Vi=a [x—l—lnx]+c2y+53z.

Then, we have:

v
il liIZy (x— 1% = (c1 — cze1) arxy — (c1 — c3€2) azxz

—(c2 — c3e3) a3yz — (c2d1 — cra1) y — (c3da — c1a2) 2.
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Then, by choosing c; = ej,c2 = landcz = %, we obtain

an _
ar

(&)
—|\— —eay |z
€3

Clearly, under condition (8), % is negative definite. Moreover,

since V7 is radially unbounded, the axial equilibrium point E; =
(1,0,0) is globally asymptotically stable.

Theorem (5): The specialist-free equilibrium point E; =
(x,0,z) is globally asymptotically stable provided that the
following sufficient conditions hold:

d
ajx < a + 84 Z, (9a)
(4] e
erez < ep. (9b)

Proof. Consider the following positive-definite, real-valued
function around E;:

Va=a [X—i—fcln):c] +oy+cs [z—%—%ln%].
X
Then, we have:
Vo = _rx—02 —ay el — czea] (x— %) (2 — 2)

dat
—(c1 — cze1) arxy
— (czdl —cla1x + C3e3a32)y — (¢ — c3e3) azyz.

Then, by choosing c; = 1,¢2 = % and c3 = é, we have:

av; d
ditzz—r(x—fc)z— (e—ll—l—e—z—ap_c)y

( 1 e3 >
—|— - = )asyz
€1 €2

Obviously, under conditions (9a)-(9b), % is negative definite.
Moreover, since V; is radially unbounded, the specialist-free
equilibrium point Ey = (, 0, ) is globally asymptotically stable.

Theorem (6): The superpredator-free equilibrium point
E3s =
that, in addition to condition (9b), the following sufficient

(%.9,0)is globally asymptotically stable, provided

conditions hold:

arx + ajj} < @, (10a)
€] (%}
(x=%) (-3 =>o. (10b)

Proof. Consider the following positive-definite, real-valued
function around Ej3:

V3=oq I:x—fc—fclng:l—}-cz [y—j/—j/ln%}—}- c3z.
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Then, we have

_ ark(=%) (=% (=)
RR
—(c1—ceDal (x—%)(y—7y) —

— (2 — c3e3) azyz — (c3dy — crak — 2a3)) 2,

dvs _ _clr(x—fc)z
dt R

(c1 — c3e2) arxz

where R = (1+ky) and R = (1+ kj). Then, by choosing

=1 = % and c3 = é,we obtain:

avs _ k(-3 (x—%) (—))
atr — R RR

(4o (o)
—\———|ayz—|——ax——y )=z
el e e e]

Under conditions (10a)-(10b), dv3 is negative definite. Since V3
is radially unbounded, the superpredator—free equilibrium point
E3 = (%,7,0) is globally asymptotically stable.

Theorem (7): The coexistence equilibrium point
Ey = (x*y*,z*) is globally asymptotically stable provided
that, in addition to condition (9b), the following sufficient

(x—x*) (y—y*> > 0. (11)

Proof. Consider the following positive-definite, real-valued

condition holds:

function around E4:

* * X * * y
Voa=ci|x—x —x In—|+aly—y —y In5
X J

* * z
+ 3 [z—z —z ln—*].
z

Then, we have:

vy _ _c1r<x—x*>2 clrk(l X )(x X )( )
dt R RR
—(cl—czel)m(x—x)( )

—(c2 —c3e3) a3 }’—)’ z—z

—(c1 —cze2) an (x — x*) (z — Z*) s

where R* = 1 + ky*. Then, by choosing ¢; = e, ¢ = e3, and
c3 = 1, we have

e arlx)an(i2) () ()

a R RR"
— (ep —e1e3) ap (x—x*) (y—y* )

Then, under condition (11) with (9b), Q

Since Vy is radially unbounded, the coex1stence equilibrium

is negative definite.

point E4 (x*, y*,z*) is globally asymptotically stable.
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Bifurcation analysis

In this section, we investigate the effect of varying parameter
values on the dynamics of the system (1) using local bifurcation
analysis and the Sotomayor theorem [29]. First, we rewrite
system (1) in the vector form as follows:

(xfl,)’f2> Zf3 )T

ax =F(X),X=(xy2)" and F =

dt

The second derivative of F with respect to X can be written as:

D*F(U,U) =
2rup 2 2kr(1=2x)ujup 2 2k rx(1—x)up?
- — =212 _2ajujuy — 2apuyuz + F———-52
T+ky (1-+ky)2 1z = 2apth s + TS
2ejajuiuy — 2azurus >
2exapuu3 + 2e3azuyus
(12)
where U = (u1,uz, u3) L isa general vector.

Theorem (8): Assume that dy = exay (= da*). Then system
(1) undergoes a transcritical bifurcation at the axial equilibrium
point E7, but neither a saddle node nor a pitchfork bifurcation
can occur if

e1ay < dj. (13)

Proof. The Jacobian matrix of system (1) at the axial equilibrium
point Ey with dy = ezas (= d>*) can be written as:

—r  —a; —a
0 ea —d 0
=J(E1,dy*) =
J1 =] (E1,d2*) 0 0 0
J1 has eigenvalues 211* = —r < 0, A;2™ = eja; —d; < 0

under condition (13), and A;3* = 0. Hence, the necessary but
not sufficient condition for a bifurcation is satisfied, and Ej is a
non-hyperbolic point.

Let &1 = (v11,v12,v13)7
corresponding to the eigenvalue Aj3* = 0. Straightforward

be the eigenvector of Jj

(B1v13,0, v13)T, where v13 represents
any nonzero real number and 8} = —% < 0.

Let ¥ = (1//11,1//12,1//13)T be the eigenvector of nt
corresponding to the eigenvalue A;3* = 0. Direct calculation
shows that ¥1 = (0,0, 1[/13)T,

number. Because 8‘)—;2 = Fd = (0,0, —z)T, we obtain that
h

Fy, (E1,d2*) = (0,0,0)T, which yields:

\IJIT [Fdz (El,dz*):l = 0.

By Sotomayor’s theorem, system (1) at Ej with dp = d»™ does

computation gives @1 =

where 13 is any nonzero real

not experience a saddle-node bifurcation. Moreover, we have

g, T [DFd2 <E1,d2 ) <P1] =-—vi3V¥13 # 0,
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where DFy, represents the derivative of F, with respect to X.
Applying equation (12) at (E;, d>*) with the eigenvector @1, we
obtain that

w, T [DZF (E1,d2*) (¢1,¢1)] = 2ea81v13° Y13 # 0.

By Sotomayor’s theorem, system (1) near the equilibrium point
E; with dy = d»™ undergoes a transcritical bifurcation, but a
pitchfork bifurcation cannot occur.

Theorem (9): System (1) at the specialist-free equilibrium
point E; undergoes a transcritical bifurcation when d; =
e1a1x + a3z (E dl*), but neither a saddle-node nor a pitchfork
bifurcation can occur, provided

elezalay + rezaz # exap [kr(l —X) + al]. (14)

Proof. The Jacobian matrix of system (1) at the specialist-free
equilibrium point E; with dy = dq™ takes the form:

—rx —krx(1 —X) —ajx —axx
0 0 0
exaxz e3a3z 0

L=] (Ez>d1*) =

J» has eigenvalues

rx 1
Ml =+ —\ (%) — dezar25z,
2 2
* X 1
A = —— — -/ (r%)? — 4erar237,
23 2 2\/( ) 202

while 222 = 0; hence, the necessary but not sufficient condition

for a bifurcation is satisfied, and E; is a non-hyperbolic point.
Let &, =

J» corresponding to the zero eigenvalue. Straightforward

(v21,v22,v23)T be the eigenvector of

computation gives @, = (a1v22,v22,a2v22)T, where vy)
represents any nonzero real number, with

e3a3 rezaz — [kr(l —X) + al] exan
o =———andap = 5 .
exayp €24
Let W, = (Y21,%22,¥23)] be the eigenvector of T
corresponding to the zero eigenvalue. Direct calculation shows
that ¥, = (0, ¢22,0)T, where V¥ is any nonzero real
dOF __ . T .
number. Because 3d = F‘,l1 = (0, -, 0) , we obtain that

Fy, (E2,di*) = (0,0,0)7, which yields

\IJZT [Fdl (Ez,dl )i| = 0.
Thus, by Sotomayor’s theorem, system (1) at E; with dj =

d1* does not experience a saddle-node bifurcation. Moreover,
we have:

‘-I’2T [DFdl (Ez,dl )‘Dz] = —vYn # 0,
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where DF, represents the derivative of F, with respect to X.
Using equation (12) at (Ez,dl*) with the eigenvector @;, we
obtain that

w, T [DZF (Ez,dl ) (¢2><D2)] = Qeraray — 2a32 ) v Y2,

It is easy to verify that W, [DZF (E2,d1™) (®2,P2)] # 0due to
condition (14). Hence, by Sotomayor’s theorem, system (1) near
the equilibrium point E, with d; = d;™ undergoes a transcritical
bifurcation but a pitchfork bifurcation cannot occur.

Theorem (10): At the superpredator-free equilibrium point
E3, system (1) undergoes a transcritical bifurcation when dp =
exark+e3azy (= do*), but neither a saddle-node nor a pitchfork
bifurcation can occur, provided

e2ay [kr (1-%)+a(1+ kj/)z] #
e3(1+ kp) [asr + eraraz(1 4+ k9)] . (15)

Proof. The Jacobian matrix of system (1) at the superpredator-
free equilibrium point E3 with dy = dp* is

i krk(1-%)

— l+kj/ (1+k5/)2 —a1x —azx
Ji=] (E3,d2*) = | erary 0 —azy
0 0 0
J3 has eigenvalues
3 * _ T.?AC
T T+ k)
+1< @)24 . mu—@+A
- - ) —deray| —— +ai1x |,
2| \1+ky (1+ kj/)z
3 * _ T.;C
2T+ k)

1( @ZY . Akd@—@+ R
- = —F | —4eja —— +ax |,
2| \1+48 o 1+K)?

while 233 = 0; hence, the necessary but not sufficient condition
for bifurcation is satisfied, and E3 is a non-hyperbolic point.

Let &3 =
J3 corresponding to the zero eigenvalue. Straightforward

(v31,v32,v33) T be the eigenvector of

computation gives @3 = (51V33,52V33,V33)T, where v33

represents any nonzero real number, while

B raz (1 + k) + erajaz(1 + k)
e1ay e1ay [kr (1- 56) +a(1+ k}A’)Z]

Let W3 = (¥31,%32,¥33)] be the eigenvector of J3T
corresponding to the zero eigenvalue. Direct calculation shows
that W3 = (0,0, 1//33)T, where /33 is any nonzero real number.
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Because g—i = Fd2 = (0,0,—2)T, we obtain Fy, (E3,d2*) =

(0,0,0)T, which yields

\I’3T [Fdz <E3,d2*>:| = 0.

Thus, by Sotomayor’s theorem, system (1) at E3 with dy =
d,* does not experience a saddle-node bifurcation. Moreover,

we have:

3T [DFy, (Es, d) ®3] = —va3yas # 0,

where DF, represents the derivative of F, with respect to X.
By using equation (12) at (E3,d>*) with the eigenvector @3, we
obtain that:

wsT [DZF (Es, d> ) (D3, 4’3)] = (2eraps1 + 2e3a352 ) V332 ¥33.

Straightforward computation shows that
3T [D?F (E3,d2*) (@3, 93)] # 0 due to condition (15).
Thus, by Sotomayor’s theorem, system (1) near the equilibrium
point E3 with dy = d™ undergoes a transcritical bifurcation,
but a pitchfork bifurcation cannot occur.

Theorem (11): System (1) undergoes a saddle-node
bifurcation at the coexistence equilibrium point E4, but neither
a transcritical nor a pitchfork bifurcation can occur when e3

* _ b12by3b3
passes through the value e3™ = SN

, provided the
following conditions hold:

krx' (1 — x*) . — ;
————5~ tax |ean> — | e3 a3, (16a)
(1+k) 1+ky
a1a; (2 _ 61) T _x (16b)
as e3 (I+ky)

k (1 — 2x*) eay  kKx' (1 — x*> (e1ar)?
— - (1 T k)/*)z a32

(1+ky)es a3

Proof. Direct computation shows that system (1) at the
coexistence equilibrium point and e3 = e3™ has Jacobian matrix

"
rx krx* (1—x*) * *
— —————2 —g1x* —apx
. s T (g’ 2
Ja=J (Eq,e3%) = erary® 0 —azy*
erarz* e3*azz* 0
= [bil']3 X3
Straightforward computation shows that [J4] = 0, under

condition (16a). Hence, J4 has two eigenvalues with negative real
parts, and the third one is * = 0. It follows that E4 becomes a
non-hyperbolic equilibrium point.

Let &4 = (va1,v42,v43)] be the eigenvector of J4
corresponding to the eigenvalue A* = 0. Straightforward
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computation gives @4 = (V41,51V41,52V41)T, where v41
represents any nonzero real number, §; = — bb;zl* < 0 and
— _by
8y = by 0
Let ¥y = (W41,1/f42,1ﬁ‘43)T be the eigenvector of JuT
corresponding to the eigenvalue A* = 0. Direct calculation
shows that Wy = (a1, 141, u2¥a1) T, where y33 is any
nonzero real number, with u; = —ﬁ < 0 and pur =
_bn
by 0. .
. JoF
Since 9 = F63 = (0, 0, a3yz) , we have Fe, (E4,e3*) =

(O, 0, azy* z*) T, which yields

w, T [Fe3 (E4,e3 )] =aszuy z Y41 # 0.

By Sotomayor’s theorem, transcritical and pitchfork bifurcations
cannot occur while the first condition of the saddle-node
bifurcation is satisfied. Moreover, from equation (12) with
Ey4, e3* and @4, we obtain that:

D2F (Eges” ) (a4, 44) = 20112

B kr<172x*)51 18y — axsy + R (lfx*)(SzZ

ST (14k) (1+ky")’
e1a;d) —azé1d
*
e2a262 + e3 azd162
Hence,

\IJ4T [DZF (E4,e3*) (454,@4)] = 2412 Y41 x

, kr(172x* 81 s s
- - —aid1—a
o (170 101 — a26;
Krx" (l—x*)égz
— % — teiaidinr —azdidrp1 +exaxdapn
(1+ky )

+ 63*6135152#2] 3

Further computation shows that

170 [DZF (E4,63 ) (¢4>¢4)] = 2va1* Y [%12 (% - 61)

€3

3 . B k(1—2x*)e2a2 3 Kxt (l—x*>(ela1)2
(1+k%) (14+ky)es a3 (1+ky") az? ’
Using condition (16b), we have

\IJ4T[D2F (Es e3%) (P4, P4)] # 0. Hence, system (1) has
a saddle-node bifurcation at E4 when e3 = e3*.

Theorem (12): System (2) undergoes a Hopf bifurcation
around E4 when e3 = e3™, if and only if the following

conditions hold:

krx* (1 — x* *
<() + apc*) exay < (L> eszas, (17a)

(1+ ky*)2 1+ ky*
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/

[AesBe™)] < Cles™, (17b)

where

A=—-b;1 >0,
B = —biaby1 — bi3b31 — by3b}, > 0,

C = byz (b11b3, — bi2b31) — bizbo1 b3,,

with b}, = e3™ a3z* and,
1 kr (1 — x*
* ok ( 2) —ar| X
e1a1a2a3y z (1 + ky*)

rx* 2 rx*
(elaly* (W) + ega2a3y*z*> +eyarz* <W>:| .

33** —

10.3389/fams.2022.963991

Proof. Consider the Jacobian matrix J4 given in Theorem
(11), where e3 = e3™*. It is simple to determine that the

characteristic equation is
2+ AV +BA+C=0. (18)

0. A
straightforward computation shows that AB = C when ez =

Obviously, condition (17a) guarantees that C >

e3™*. Hence, the characteristic equation (18) becomes
(xz +B) (L +A) = 0. (19)

—Aand A3 = +iVB =
+i8;(e3™*). Therefore, the Jacobian matrix has one negative real

Consequently, we obtain that A} =

eigenvalue and two pure imaginary complex conjugates when
e3 = e3™. As a result, the first criterion for having a Hopf
bifurcation is met.

0.9 T T T T

started at 0.6
started at 0.7] ]
started at 0.8 |
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FIGURE 1

Globally asymptotically stable coexistence equilibrium point using data (17) and multiple initial conditions. (A) 3D-Phase portrait of the system
(1). (B) Time series for trajectories of x. (C) Time series for trajectories of y. (D) Time series for trajectories of z.
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Moreover, where e3 belongs to the neighborhood of e3**, the
eigenvalues become A3 3 = §1(e3) = i82(e3).

Next, we substitute 81 (e3) + iz (e3) into equation (18) and
take the derivative of the resulting equation with respect to es.
Equating their real and imaginary parts, we obtain that

Hi (e3) 8, (e3) — Ha (3) 8, (e3) = —Hj (e3),

7 7 (20)
Hj (e3) 8, (e3) + Hy (e3) 8, (e3) = —Ha (e3),

where
Hy (e3) = 3[81(e3)]” + 24 (e3) 51 (e3) — 382 (e3)]% + Bles).

H; (e3) = 631 (e3) 82 (e3) + 2A (e3) 82 (e3).

Hj (e3) = A (e3) [81 (e3)]% — A (e3) [82 (e3)1% + B (e3) 81 (e3)
+C (e3).

Hy (e3) = 24’ (e3) 8] (e3) 8 (e3) + B (e3)82 (e3).
Solving system (20) for 8/1 (e3) gives

_ Hi (e3) H3 (e3) + H3 (e3) Hy (e3)
[Hy (e3)1> + (e3) [Ha (e3) 17

8 (e3) =

The result follows if and only if 8/1 (e3) # 0 or, equivalently,
Hj (e3) H3 (e3) + Hy (e3) Hy (e3) # 0 when ez = e3™*. Note
that we have the following:

81 (63**) =0and §; (63**) = B(83** )

10.3389/fams.2022.963991

H; (63**) = —2B (eg,** )
Hy (63**) =2A (63**) B (63** )
Hj3 (63**) — A <e3**) [B (63**)] + C/ (63** )

P
Consequently,
(o) ") e )
s ) ) (o)
¢ o) #2478 (7))
) o
)

Condition (17b) ensures that Hj (e3™) Hz (e3*) +
Hy (63**) Hy (63**) # 0.
Hence, the system has a Hopf bifurcation because 8,1 (e3) >

0 under the conditions (17a)-(17b).

Numerical simulations

To illustrate the global dynamics of the system and
confirm our analytical findings, we numerically simulated a
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FIGURE 2

Trajectories of system (1) for different values of r, with other parameters as in equation (17). (A) Time series for trajectories of x,y, and z for r = 2,
which approach E> = (0.8,0, 0.8). (B) Time series for trajectories of x, y, and z for r = 0.3, which approach Ez = (0.06,0.22,0).

o
2

o
=)
T

Y|
z

o o
= W
-

e
w
L

Populations

e
to
L

=
L

0 . . L .
400 600 800

Time

1000

Frontiers in Applied Mathematics and Statistics

09

frontiersin.org


https://doi.org/10.3389/fams.2022.963991
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Fakhry et al.

hypothetical set of parameter values. Consider the following set
of parameters:

r=1,k=1,a1 =1,ap = 0.5,a3 = 0.75,¢; = 0.75

21
ey = 0.25,e3 = 0.25,d; = 0.05,dy = 0.1. 1)

Using these data, system (1) asymptotically approaches the

coexistence equilibrium point E4 = (0.5, 0.2,0.43), as shown in
Figure 1.

Next, we varied specific parameters to understand the
effect of that parameter on the dynamical behavior of the
system. For the values of the parameter r satisfying r >
1.84 and other parameters as in equation (17), system (1)
approaches the specialist-free equilibrium point, as shown in

10.3389/fams.2022.963991

2. For r < 0.76 and
other parameters as in equation (17), system (1) asymptotically

Figure 2A for the typical value r =

approaches the superpredator-free equilibrium point, as shown
in Figure 2B.

For different values of the fear rate k with the rest of the data
as given in equation (17), system (1) is solved numerically and
illustrated in Figure 3.

As shown in Figure 2, the superpredator decreases as k
increases, with extinction for k > 2. We also varied the
parameter a; with other parameters still fixed as in equation
(17). For the range a; >
approaches the superpredator-free equilibrium, as shown in
Figure 4A for the typical value a; =
system (1) approaches asymptotically to the specialist-free

1.3, system (1) asymptotically

1.75. Conversely,

C
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FIGURE 3

Trajectories of system (1) using data given in equation (17) with different values of k. (A) 3D-Phase portrait of system (1) for different values of k.
(B) Time series for the trajectory of x, in which x decreases but remains positive as k increases. (C) Time series for the trajectory of y, in which y
increases as k increases. (D) Time series for the trajectory of z, in which z decreases as k increases and approaches zero for k > 2.
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Trajectories of system (1) for different values of a; and other parameters as in equation (17). (A) Time series for trajectories of x, y, and z for
a1 = 1.75, which approach Ez = (0.03,0.39, 0). (B) Time series for trajectories of x, y, and z for a; = 0.4, which approach E; = (0.8,0,0.4).
A B
| T T T T 0.7 T T T T
x
& 0.6 - -
0.8F z|4
0.5 1
%
<] ] g o
£ %6 S04 2|1
3 3
5 S5 _
< 0.4 ] 0
0.2 1
0.2 1
0.1F 1
0 L \ . \ 0 L L L
0 100 200 300 400 500 0 100 200 300 400 500
Time Time
FIGURE 5

Trajectories of system (1) for different values of e, and ez, with other parameters as in equation (17). (A) Time series for trajectories of x,y, and z
for e, = 0.4, which approach E, = (0.5, 0, 1). (B) Time series for trajectories of x,y, and z for ez = 0.1, which approach Ez = (0.06,0.58, 0).

equilibrium point, as shown in Figure 4B for the typical value
a; = 04.

System (1) still asymptotically approaches the coexistence
equilibrium point for the data given in equation (17), when
e] or e3 increases or when e, decreases. However, for e; <
0.44, system (1) asymptotically approaches the specialist-free
equilibrium point E; = (0.8,0,0.4), as shown in Figure 4B. For
ey > 0.3 or e3 < 0.2 and the other parameters as in equation
(17), the trajectories of system (1) asymptotically approach
the specialist-free equilibrium point or the superpredator-free
equilibrium point as shown in Figure 5.
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Further investigation for the effect of varying parameters
ay and a3 while keeping the rest of the parameters as in
equation (17) shows that the parameter a, has similar effects
0.63.
However, parameter a3 has similar effects as parameter r, with

as the parameter e, with a bifurcation point at ap

two bifurcation points: a3 = 1.38 and a3 = 0.62.

Finally, for d; > 0.31 and the rest of the parameters as
in equation (17), the trajectories of system (1) asymptotically
approach the specialist-free equilibrium point, as shown in
Figure 6A for the typical value d; = 0.4. However, system (1)
approaches the coexistence equilibrium point otherwise. On the

frontiersin.org
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FIGURE 6
Trajectories of system (1) for different values of d; and d», with other parameters as in equation (17). (A) Time series for trajectories of x,y, and z
for d; = 0.4, which approach E, = (0.8,0, 0.4). (B) Time series for trajectories of x, y, and z for d, = 0.15, which approach E3 = (0.06, 0.58, 0). (C)
Time series for trajectories of x,y, and z for d> = 0.08, which approach E» = (0.64,0,0.72).

other hand, for d, > 0.12 or d < 0.08 and the other parameters
as in equation (17), trajectories of system (1) asymptotically
approach either the superpredator-free equilibrium point or the
specialist-free equilibrium point, as shown in Figures 6B,C for
the typical values d» = 0.15 and d = 0.08, respectively.

Varying parameters dj and dy together so that they satisfy
conditions (7a) and (7b) while keeping other parameters as in
equation (17) makes the trajectories of system (1) asymptotically
approach the axial equilibrium point E; = (1,0,0) as shown in
Figure 7.

Discussion

Classical intraguild predation food web models have been
extensively studied, but relatively little work has been done on
the effect of fear on the prey. To the best of our knowledge,

Frontiers in Applied Mathematics and Statistics

this is the first model considering prey fear of only the specialist
predator. We determined the equilibria and global stability
properties of the model, found bifurcations, and illustrated the
theoretical behavior with numerical simulations.

Many previous studies have found that three-species
intraguild predation models, in which a superpredator (IG
predator) both attacks and competes with a specialist predator
(IG prey), are often unstable, either because one consumer is
excluded or because long feedback loops produce sustained
oscillations [30]. Despite this, many natural IGP systems
continue to thrive. Many empirical intraguild predation systems
are entrenched in communities with alternative prey species,
and standard models of intraguild predation simplify actual
systems in significant ways that could affect persistence. Holt
and Huxel [30] presented results of theoretical explorations of
how alternative prey can influence the persistence and stability
of a focal intraguild predation interaction. They reviewed the

12 frontiersin.org
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Globally asymptotically stable axial equilibrium point for d; = 0.8, d> = 0.15 and other parameters as in equation (17). (A) 3D-Phase portrait. (B)
Time series for trajectories of x. (C) Time series for trajectories of y. (D) Time series for trajectories of z.

key conclusions of standard three-species IGP theory and then
presented results of theoretical explorations of how alternative
prey can influence the persistence and stability of a focal
intraguild predation interaction. Conversely, Bai et al. [10]
indicated that the intraguild predation food web model has rich
and complicated dynamic behavior, and a large Allee effect in the
basal prey raises the extinction risk of not only the basal prey but
also the IG prey or/and IG predator.

Hossain et al. investigated fear in an intraguild predation
model, in which the growth rate of a specialist predator (IG
prey) is reduced due to the cost of fear of a superpredator (IG
predator), and the growth rate of a basal prey is suppressed due
to the cost of fear of both the IG prey and the IG predator [20].
In a three-species food chain system, they found that omnivory
can cause chaos in the absence of fear. Fear, on the other hand,
can help to keep the chaos under control. They also discovered
that the system exhibits bistability between the IG prey-free and
IG predator-free equilibrium, as well as bistability between IG
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prey-free and interior equilibria. Furthermore, they showed that
the system can display numerous stable limit cycles for a given
set of parameter values.

However, in our study, instilling the fear of a specialist
predator (IG prey) in the presence of a superpredator (IG
predator) had the unintended consequence of eradicating
the superpredator. This demonstrates the often-surprising
complexity of food-chain dynamics and has not been observed
in previous articles dedicated to the study of fear [23-27].
In contrast, if the prey’s intrinsic growth rate is sufficiently
high, the IG prey can be eradicated, while the IG predator can
be removed if the prey’s intrinsic growth rate is sufficiently
low. Coexistence or the eradication of both predators are
other possibilities. As a result, system (1) has rich dynamical
behavior, is sensitive to parameter changes, and at least one
bifurcation point exists for each of the parameters. This result
is comparable to decreasing the productivity of a resource
(comparable to a higher fear effect in the prey in this manuscript)
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resulting in a reduction in the density of the highest trophic
level [31].

The most important parameters that influenced the outcome
were, in order, the growth rate r, the fear effect k, predation
upon the prey by the specialist predator aj, the conversion factor
between the prey and the superpredator ey, the conversion factor
between the specialist predator and the superpredator es, the
death rate of the specialist predator dy, and the natural death
rate of the superpredator d,.

Our model contains several limitations, which should
be acknowledged. We only looked at the prey’s fear of
the specialized predator, not of the superpredator, and we
ignored the specialist predators fear of the superpredator.
Our interpretation of such a case is that the pressure of the
superpredator on the basal prey is much lower than that of
a specialist predator due to the existence of alternative food
sources. Mass-action kinetics and a conversion factor are used
to model each predator’s attack rates, which is a simplification
of the genuine dynamics. Finally, the predators were
completely reliant on a single food source, which is not always
the case.

As a result, the dynamics of a food web in which the
prey is afraid of one predator but not the other can produce
unexpected results. In the absence of other fear effects, future
research will consider the prey’s fear of the superpredator but
not the specialized predator; the specialist predator’s fear of the
superpredator could also be incorporated.
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