? frontiers ‘ Frontiers in Applied Mathematics and Statistics

@ Check for updates

OPEN ACCESS

EDITED BY
Meksianis Ndii,
University of Nusa Cendana, Indonesia

REVIEWED BY

Chidozie Williams Chukwu,

Wake Forest University, United States
Benny Yong,

Parahyangan Catholic University, Indonesia
Nursanti Anggriani,

Padjadjaran University, Indonesia

*CORRESPONDENCE

Michael O. Adeniyi
adeniyi.m@mylaspotech.edu.ng

Segun |. Oke
seguoke2016@gmail.com

SPECIALTY SECTION
This article was submitted to

Mathematical Biology,

a section of the journal

Frontiers in Applied Mathematics and Statistics

RECEIVED 22 November 2022
ACCEPTED 10 January 2023
PUBLISHED 21 February 2023

CITATION
Adeniyi MO, Aderele OR, Oludoun OY, Ekum M,
Matadi MB, Oke Sl and Ntiamoah D (2023) A
mathematical and exploratory data analysis of
malaria disease transmission through blood
transfusion. Front. Appl. Math. Stat. 9:1105543.
doi: 10.3389/fams.2023.1105543

COPYRIGHT

© 2023 Adeniyi, Aderele, Oludoun, Ekum,
Matadi, Oke and Ntiamoah. This is an
open-access article distributed under the terms
of the Creative Commons Attribution License
(CC BY). The use, distribution or reproduction
in other forums is permitted, provided the
original author(s) and the copyright owner(s)
are credited and that the original publication in
this journal is cited, in accordance with
accepted academic practice. No use,
distribution or reproduction is permitted which
does not comply with these terms.

Frontiers in Applied Mathematics and Statistics

Tvre Original Research
PUBLISHED 21 February 2023
Dol 10.3389/fams.2023.1105543

A mathematical and exploratory
data analysis of malaria disease
transmission through blood
transfusion

Michael O. Adeniyi'*, Oluwaseun R. Aderele?,
Olajumoke Y. Oludoun?, Matthew |. Ekum?!, Maba B. Matadi’,
Segun |. Oke** and Daniel Ntiamoah*

!Department of Mathematical Sciences, Lagos State University of Science and Technology, Lagos, Nigeria,
2Department of Mathematics, Bowen University, Iwo, Nigeria, *Department of Mathematical Sciences,
University of Zululand, KwaDlangezwa, South Africa, *Department of Mathematics, Ohio University, Athens,
OH, United States

Malaria is a mosquito-borne disease spread by an infected vector (infected female
Anopheles mosquito) or through transfusion of plasmodium-infected blood to
susceptible individuals. The disease burden has resulted in high global mortality,
particularly among children under the age of five. Many intervention responses
have been implemented to control malaria disease transmission, including blood
screening, Long-Lasting Insecticide Bed Nets (LLIN), treatment with an anti-malaria
drug, spraying chemicals/pesticides on mosquito breeding sites, and indoor residual
spray, among others. As a result, the SIR (Susceptible—Infected—Recovered) model
was developed to study the impact of various malaria control and mitigation strategies.
The associated basic reproduction number and stability theory is used to investigate
the stability analysis of the model equilibrium points. By constructing an appropriate
Lyapunov function, the global stability of the malaria-free equilibrium is investigated.
By determining the direction of bifurcation, the implicit function theorem is used
to investigate the stability of the model endemic equilibrium. The model is fitted
to malaria data from Benue State, Nigeria, using R and MATLAB. Estimates of
parameters were made. Following that, an optimal control model is developed and
analyzed using Pontryaging’s Maximum Principle. The malaria-free equilibrium point
is locally and globally stable if the basic reproduction number (Rg) and the blood
transfusion reproduction number (R,) are both less or equal to unity. The study of
the sensitive parameters of the model revealed that the transmission rate of malaria
from mosquito-to-human (B,,). transmission rate from humans-to-mosquito (8p,),
blood transfusion reproduction number (Ry) and recruitment rate of mosquitoes (bm)
are all sensitive parameters capable of increasing the basic reproduction number (Rg)
thereby increasing the risk in spreading malaria disease. The result of the optimal
control shows that five possible controls are effective in reducing the transmission of
malaria. The study recommended the combination of five controls, followed by the
combination of four and three controls is effective in mitigating malaria transmission.
The result of the optimal simulation also revealed that for communities or areas where
resources are scarce, the combination of Long Lasting Insecticide Treated Bednets
(up), Treatment (uz), and Indoor insecticide spray (us) is recommended. Numerical
simulations are performed to validate the model’s analytical results.
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1. Introduction

Malaria is a protozoan disease, and the intermediate host is a
female Anopheles mosquito infected with Plasmodium falciparum,
Plasmodium vivax, Plasmodium ovale, or Plasmodium malariae. In
addition to the bite of an infected female Anopheles mosquito,
malaria can also be transmitted by the donation of blood from
a donor who is infected with the disease [1]. The World Health
Organization (WHO) recommends screening blood donors for
malaria in malaria-endemic areas [2]. Few blood banks in Sub-
Saharan Africa have implemented malaria screening due to a lack of
data on the cost-effectiveness of screening technology [3]. Blood is a
special kind of organic fluid produced by living organisms that are
vital to their existence and everyday functioning [4]. Transfusions
of human blood will continue to be a clinically essential medical
treatment for a long time since, despite medical advancements,
humanity has not been able to manufacture a functioning substitute
for human blood [5]. Because of injuries, operations, anemia, and
problems during pregnancy, half of all people will require a blood
transfusion at some point in their lives. Although blood transfusions
have been used for centuries, they have also been linked to the spread
of disease when inadequate checks are made on blood donations
[6]. In Kitchen and Chiodini [7] and Hirigo et al. [8], it was
established that every drop of blood collected in blood banks be tested
for major Transfusion Transmitted Infections (TTIs) like Human
Immunodeficiency Virus (HIV), hepatitis B virus (HBV), hepatitis C
virus (HCV), and syphilis before transfusion.

According to available data, the global incidence and occurrence
of transfusion-transmitted infected blood with malaria is around
100 cases per year, with the majority of cases being limited to
endemic countries [9]. Having malaria in a donor blood sample
increases the risk of transfusion-transmitted malaria in Sub-Saharan
African nations [10]. Because malaria infection after transfusion
may be due to either spontaneous infection (infection through
bites from an infected female (Anopheles mosquito) or transfusion
transmission, distinguishing between the two is difficult in regions
where malaria is widespread. This explains why the number of
infected blood transfusions among malaria patients in endemic
countries is underreported. An expanding challenge brought on
by worldwide travel and immigration is the transmission of the
malaria parasite through blood donations. In malaria-endemic areas,
it is therefore more difficult to devise an optimal method to limit
the danger of transfusion-transmitted contaminated blood without
needless exclusion of blood donation, which remains a subject of
discussion.

About 76 percent of the Nigerian population lives in areas
with high malaria transmission and 24 percent in areas with low
malaria transmission [10]. The transmission season in the south
may last all year, whereas it is only 3 months or less in the north.
Because malaria is widespread in Nigeria, blood donors may be more
susceptible to infection. Although there are established practices for
malaria screening, which have been put on the test menus at blood
banks, there is a risk of non-screening, according to World Health
Organization [2]. Current strategies such as testing and screening of
donor’s blood in non-endemic countries were reviewed in Reesink
[11] and Reesink et al. [12]. The results of the study revealed that the
current measures are sufficient while also suggesting that surveillance
of transfusion-transmitted malaria is necessary for the future. Most
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nations have established a stringent donor deferral system based on
an individual’s travel history. However, this policy is not optimal
because of the fact that many healthy donors differ, which may result
in donation loss because lengthy deferrals may discourage donors
from returning [7]. The ideal malaria control plan for a country or
region may therefore differ depending on the baseline malaria risk
experienced by the donor and the recipient population in relation to
the available resources [11].

Many studies have been conducted on the mechanisms of malaria
transmission. Agusto et al. [13] studied a deterministic system of
differential equations for the transmission of malaria. Their work
investigates optimal strategies for controlling the spread of malaria
disease using treatment, insecticide-treated bed nets, and the spray
of mosquito insecticide. Blayneh et al. [14], studied the dynamics
of a vector-transmitted disease using two deterministic models. A
further study investigates the effects of prevention and treatment
controls on malaria disease while keeping the implementation cost
at a minimum. In Adeniyi and Aderele [15], a mathematical model
for the dynamics of the Transfusion-Transmitted Malaria model with
optimal control was studied. A recent study by Zhao and Liu [16]
focused on dynamical behavior and optimal control of a vector-
borne diseases model on bipartite networks, while mathematical
modeling and projections of a vector-borne disease with optimal
control strategies: a case study of the Chikungunya in Chad was
discussed in Abboubakar et al. [17]. With the help of a seven-
dimensional ordinary differential equation and non-linear forces of
infection in the form of saturation incidence rates, Olaniyi and
Obabiyi [10] modeled the transmission of malaria between humans
and mosquitoes. It was shown that the presence of malaria-causing
parasites triggers the production of antibodies in both humans and
mosquitoes. The only way to combat a parasite invasion of the
circulatory system is for humans to produce more antibodies. The
affected person’s immunological condition, including their general
health and diet, also has a role in whether or not the disease
progresses. Using a deterministic mathematical model, the effects
of different sanitation strategies on malaria were analyzed in Oluyo
and Adeniyi [18] and Oluyo and Adeniyi [19]. The results showed
that the malaria model exhibits a backward bifurcation, suggesting
that other criteria, such as maintaining adequate sanitation, are
necessary for eradicating malaria beyond simply reducing R, < 1.
Improved hygienic conditions lead to fewer mosquito bites and thus
fewer malaria cases. To better understand and combat malaria in
communities, the team at [20] created and analyzed a model of
the disease’s transmission dynamics. It was determined qualitatively
whether or not the model accounted for the timing of events. All
of the studies mentioned above did not consider malaria acquired
through transfusion, hence, the present study is aimed at studying
the dynamics of transfusion-transmitted and vector-borne malaria
while also investigating the efficacy of various intervention strategies
for preventing the spread of transfusion-transmitted and mosquito-
borne malaria. Some of these strategies are blood screening, Long-
Lasting Insecticide Bed Nets (LLIN), treatment with anti-malaria
drugs, spraying chemicals or pesticides on places where mosquitoes
breed, and indoor residual spray.

This paper is organized as follows; Section 2 entails the
mathematical formulation of the malaria transfusion transmitted
model. In Section 3, the mathematical analysis of the model
is sub-sectioned into Section 3.1 where the feasible region and
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well-posedness of the model are discussed, and Section 3.2, which
focuses on the equilibrium analysis of the model. The basic
reproduction number of the model is discussed in Section 3.3,
stability analysis of the malaria model is the focus in Section
4 while Section 5, presents the optimal control problem and its
solutions. The statistical data analysis is discussed in Section 6.
Numerical simulations, discussion of results, and concluding remarks
are presented in Section 7.

2. Mathematical formulation

The study uses a deterministic model to analyze the dynamics
of malaria disease transmission dynamics taking into account
transmissions via mosquitoes and blood transfusion. The overall
human and mosquito populations at any given time f are given by
Nj,(t) and N,y (t), respectively. Further decomposition of Nj(t) and
Ny (t) yield Ny (t) = Sy(t) + Iy(£) + Ry (t) and Niy(£) = Sy (t) + I (1),
where Sy(t), I(t), Ry(t), Sm(t), and I, (t) denote the susceptible
humans, infected humans, recovered humans, susceptible mosquito,
and infected mosquito classes, respectively.

The force of transmitting malaria infection from an infected
mosquito to humans, A,(t) is given as the product of the transmission
rate B, from an infected mosquito in I,,(f) compartment to the
proportion of susceptible humans in S;,(t) compartment. This is
written mathematically as

ﬂmhlm(t)

0 = R0

(2.1)
The recruitment and natural death rates of humans are given as by,
and up, respectively. Humans who recovered from malaria infection
progress to the susceptible class at rate § with the recovery of humans
given as r. Human mortality due to malaria occurs at rate o.

The force of infection from human-to-mosquito, A,,(f) is the
multiplication of the transmission rate Sy, from an infected humans
to a susceptible mosquito in S, (f) class expressed as

_ ﬁhmlh(t)

Am(t) = N (D (2.2)

Susceptible mosquitoes , S, (t) are recruited at the rate b, while
both S,,(¢) and I,,(¢) classes are depopulated by natural death at rate
-

To account for the force of infection as a result of blood
transfusion, we have the term p; by I (t), where p; is the probability
of effectively transfusing infected blood to a susceptible human, « is
the transfusion term.

Consequently, within the scope of our analysis from this point on,
the use of the time ¢ dependency is suppressed. Given the submissions
above, the discussion is presented in the following system of non-
linear ordinary differential equations:

S, = (1 = praud)by — (up + pn)Sy + SRy,
I, = prabyly + 1Sy — Aoly,
R, =7l — ARy, (2.3)
S/m =by— m + Mm)sm)
I;n = AmSm — mlm,
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where Ag = (0 + 7 + up), A1 = (8§ + up).
The model in Equation (2.3) above is based on the following
assumptions:

(i) Malaria can be transmitted via infected mosquitoes and
through transfusion of infected blood from a donor to a
susceptible human;

(ii) The probability of survival till the infected stage for both
humans and vectors is unity. Hence, the exposed compartments
for both humans and vectors are not considered;

(iii) The term pyabyIy(t) is assumed to capture individuals who
become infected with malaria due to transfusion.

3. Model dynamics

Let the total human population at any time t be Ny, such that

Ny =S+ I + Ry (3.1)
The derivative of Equation (3.1) w.r.t tis
Nh =Sh +Ih+Rh = bh —/LhNh—JIh, (3.2)
since the term o Ij, is non-negative, then
N, < by — uNp. (3.3)
Thus, the solution of Equation (3.3) as t — oo yields
b
Ny < —. (3.4)
K
Similarly, the total mosquito population is Ny,
Ny = Spu + L. (3.5)
Thus, over time, the total mosquito population is
b
N, < 2. (3.6)
Mm

3.1. Positivity and boundedness of solutions
The model (Equation 2.3) will be analyzed in the region

b

b
2 = {{(Sho o Rt S ) € RE 5 Syt It Ry = 20 Sl =,
h m
(3.7)
Thus in this region, system (Equation 2.3) is mathematically and

epidemiologically well-posed.

3.2. Equilibrium points

In this section, the general equilibrium point of the system
(Equation 2.3) is considered. This is achieved by solving the system
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(Equation 2.3) at steady states.Particularly, system (Equation 2.3)
have the general equilibrium denoted by M* as:

g+ — AoAiby(1-Re)
h ™ (Aj+A4s3) 2
I* _ Albh)t;
h = Ak +As’
M* =14 pr = Tk (3.8)
h = An+A3’
* (2
Sm T Aytm’
I = _ bk
m = Mm()\fn‘i’ﬂm))
where
10lb
R, = D140k (3.9)
Ao

Details of how M* is obtained are given in the Appendix. To be
precise, the following feasible steady states are obtained:

(i) Malaria Free Equilibrium (MFE) denoted by M. This depicts
the solution of system (Equation 2.3) corresponding to the
scenario where there is no presence of malaria disease (whether
mosquito or blood transfusion induced) in the population. The
feasibility of My depends on whether the thresholds R, and Ry
corresponding to the blood transfusion-induced reproduction
number and the basic reproduction number are less than unity
or otherwise. Hence,

by b
Mo = (Sho)lho»Rhm Sm0>Im0) = (’0’ 0, m’0)> (3~10)
223 Hm

where

BumBmnbmith

Ry= | —mm—————.
* TV 12 bpAg (1 — Ry)

(3.11)
In the following section, a detailed explanation of the thresholds
Ry and Ry is provided.

(i7) Malaria Endemic Equilibrium (MEE) written as M* in
Equation (3.8) is a situation where malaria disease transmission
persists in the population and is only possible if R, < 1 and
Ro > 1

Remarks 1. Detailed calculations on the determination of the
equilibrium points in (3.8) and (3.10) are given in the Appendix.

3.3. Analysis of the basic reproduction
number, Rg

R, and R( are thresholds called the blood transfusion-
induced reproduction number and the basic reproduction number,
respectively. R, and Ry represent the average number of secondary
infections caused by transfusing infected blood to a susceptible
human or a single infected mosquito when introduced into a
population of only susceptible. R, captures the dynamics of the
model when malaria disease is transmitted via infected blood
transfusion while Ry represents the dynamic of the model whenever
malaria is propagated through an infected vector. The theory on the
calculation of the basic reproduction number Ry is popularly based
on the next-generation method explained in Diekmann et al. [21] and
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Van den Driessche and Watmough [22] and implemented in Adeniyi
etal. [23, 24] and Chukwu et al. [25].

Studies in Olabisi and Olaniyi [19] and Buonomo and Lacitignola
[26] have shown that for disease eradication, reducing the basic
reproduction number below unity may not be sufficient, rather it may
depend on other parameters or thresholds such as R, as we have in
this case. For a good insight into the thresholds R, and Ry, we shall
decompose the expressions for R, and Ry to see how they both and
individually impact malaria transmission. It is easy to decompose R

Ry = /@ Prnh lﬂhim lbﬂ !
by, (O’+7T+,Mh) Km N Hm (1 _Roz)’

which can be written compactly as

Ro=R:

We explain below how each factor of Equation (3.12) impacts the

into:

i=1,2,..5. (3.12)

basic reproduction number Ry, thereby giving us an insight on the
disease control :
(i) The first quantity of Equation (3.12), R; = ’;—:, i.e the ratio of
the human natural death rate to the human recruitment rate, is
normally less than unity since recruitment rate of humans by, is
always greater than natural death rate juy, thus the quantity R;

will not increase the reproduction number, Ry.

ii) Th d quantity, Ry = —Ffmi
(ii) The second quantity, R, (oo i)

decreasing with regards to humans malaria induced mortality,

is monotonically

o plus the human recovery rate from malaria and the natural
mortality rate in humans, is always greater than zero. This
submission is true if the transmission of malaria from mosquito
to humans is less than one and the denominator of R increases.
As this may sound, increasing o and p, is not realistic in a real-
life scenario, hence, the quantity R, provides no control over
Ro.

(iii) The term R3 = % is a critical quantity that must be
controlled to ensure R is not increased. This is because the
human-to-mosquito transmission probability, By, is always
greater compared to the vector natural death rate 1, thus
R3 > 1 which implies R3 will increase Ry.

(iv) From other studies , Ry = /% is greater than unity since
bm > Wm, thus Ry will produce a positive effect on Ry. This
implies that decreasing the recruitment rate and increasing the
fatality rate of the mosquitoes will provide good control.

(V) Ry captures the contribution of humans infected with
malaria through blood transfusion. For R, < 1, the quantity
Rs = % > 1 impact Ry positively, therefore, the quantity

@

Rs5 should be controlled by ensuring R, — 0.
The impact of each parameter in the basic reproduction number,
Ry also provides insight into which parameters should be controlled
in order to interrupt the transmission of malaria, and is discussed
below:

1. The transmission probability from mosquito to human, B, as
shown in Figure 1A increases the basic reproduction number, Ry.
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'Basic Reproduction number, Ry
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'Basic Reproduction number, Ry
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Blood Transfussion induced Reproduction number, Roc

FIGURE 1

given in Table 1.

Simulation showing the impact of (A) transmission rate from mosquito-to-humans (Bmn), (B) transmission rate from human-to-mosquito (8sm). (C)
transfusion induced reproduction number (R,), and (D) recruitment rate of mosquitoes (b,,) on the basic Reproduction number (Rg) with parameters set

'Basic Reproduction number, Ry
[\ ] w B W N ~
! ) L L f )

—_
!

—_

T T T T
0 0.2 0.4 0.6 0.8
Transmission rate from human — to-mosquito, 3 it

'Basic Reproduction number, Ry

0 T T T T T T T T 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Recruitment rate of mosquitoes, b,

Thus, it is important to mitigate this by ensuring that effective
strategies such as the use of insecticide spray and sleeping under
Long-Lasting Insecticide Treated Bednets (LLITBs) are in place to
reduce the contact between humans and mosquitoes.

2. Bum»> denote the transmission probability of infection from
human-to-mosquito. The basic reproduction number, Ry
increases as f,, increases (see Figure 1B) which suggest that this
parameter must be controlled. Just as in the of B, the use of
controls such as insecticide spray and the of LLINs should be
encouraged.

3. In Figure 1C, the impact of R, on Ry is shown. R, is
the reproduction number for malaria acquired through blood
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transfusion. If R, is allowed to increase, it will lead to an increase
in the basic reproduction number, Ry, hence control such as
blood screening must be ensured to reduce the risk of transfusing
infected blood to susceptible humans.

. The recruitment rate of susceptible mosquitoes, b, will

increase Ry as shown in Figure 1D. This is indeed the case
if mosquitoes are allowed to breed freely in the environment
and humans are exposed to malaria-infected humans, then
the chances that more susceptible mosquitoes may become
infected are very high, thus leading to the spread of malaria
disease through the mosquitoes’ quest for blood meals
from humans. Given this, it is important to control the
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FIGURE 2

Simulation showing the impact of (A) natural death rate of humans (B) human recovery rate from malaria (), (C) mortality rate of mosquitoes (i), (D)
malaria induced death rate (o) with parameters set given in Table 1.

mosquito’s recruitment rate, b,, to ensure Rg is brought below 7. As shown in Figure 2D, the parameter o which signifies

unity. malaria-induced death rate decreases the basic reproduction
5. w denotes the recovery rate of humans after treatment number Ro as o increases, however, this is unrealistic and
from malaria bouts. The recovery rate m is critical hence, it cannot be used to control Ry and thus the disease
in the control of malaria disease. As shown in spread.
Figure 2B, 7 will reduce the basic reproduction number, 8- As ~shown —in = Figure2A, increasing the  natural
Ro. death rate puj, of humans decreases Ry significantly,
6. [m, represent the natural mortality rate of mosquitoes. this is not practical in a real-life scenario, thus,
As displayed in Figure 2C, an increase in [, results tp  does mnot provide any control Ry and disease
in a decrease in Ry. This is a clear indication that control.

strategies that will effectively increase the mortality

In Figure 3, varying values of the transfussion term o is
rate of the mosquitoes such as pesticide spray and

simulated to see the impact on the susceptible humans, infected

larvicide spray on mosquitoes and larva breeding sites are  humans, recovered humans, and infected mosquitoes. It can be

suggested. seen from Figure 3 that as o increases more individual become
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FIGURE 3
Simulation showing the impact of transfusion term alpha on (A) susceptible humans, (B) infected humans, (C) recovered humans, and (D) infected
mosquitoes, with parameters set given in Table 1.

susceptible to malaria leading to increase in the number of infected
humans recovered individuals. In Figure 3D, the number of infected
mosquitoes also increased as « increases.

Following the above discussion, the optimal control of the model
will be studied in Section 5 taking into account the impact of the
parameters on the basic reproduction number, Ry.

4. Stability analysis of the model

4.1. Local stability analysis of malaria free
equilibrium, Mg

When Ay = Aj, = 0in (3.8) yield the malaria-free equilibrium
denoted by My,

by b
MO = (ShO:IhO) RhO: SmO:IVHO) = (/,Lh’ 0,0, la 0) (41)

m
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The Jacobian matrix of system (2.3) at My is

—wn  —apiby ) 0 —Bun
0 —Ag(1—=Ry) 0 0 B
J(Mo)=1 0 T —Ar 00 (4.2)
o b oy, o
ﬂhmﬂhbm _
0 hbm 0 0 Hem

It is easy to see that the eigenvalues of Equation (4.2) are A1 = —up,
Ay = —A; and A3 = —u,,, with the other two obtained from the 2 x 2
matrix M namely:

_AO(1 - Ra) ﬂmh
M= ( Buminbw |-

bplim Hom

(4.3)

By Routh-Hurwithz condition [27], the eigenvalues of M are real
negative if ({)Tr(M) < 0 and (if)Det(M) > 0. Simple manipulation
shows that

Tr(M) = —Ag(1 = Ry) —ptm <0 if Ry <1,  (44)
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and

o Brh Brm tenbm
bpftm

B Pumtinbm ) (4.5)
bundAo(1 — Ra) )

= umAo(1 — Ry ) (1 — RY).

Det(M) = umAo(1 — Ry)

>

= mAo(1 —Ra)<1

Thus, the two eigenvalues of M are negative. Hence, the
eigenvalues of Equation (4.2) are real and negative if Ry < 1 and
Ry, < 1 thus establishing that the malaria free equilibrium, My is
locally asymptotically stable if Ry < 1 and R, < 1, otherwise
unstable. The foregoing discussion is summarized in the following
theorem:

Theorem 1. The malaria free equilibrium My of system (Equation
2.3) is locally asymptotically stable if Ry < 1 and Ry < 1, otherwise
unstable.

Remark 1. Rq is the basic reproduction number representing the
average number of secondary infections caused by transfusing infected
blood to a susceptible human or a single infected mosquito when
introduced into a population of only susceptibles.

4.2. Global stability analysis of malaria free
equilibrium, Mg

Suppose the stability of My does not depend on the initial size
of the infected population, then it is important to consider the global
stability of M of the system (Equation 2.3). This is motivated through
the method of Lyapunov function [28]. The Lyapunov function
technique has been widely used by many researchers [10, 20] to prove
the global stability of equilibrium points.

Let us consider a Lyapunov function defined as follows:

LIp> Im) = oIy + Bmnlm (4.6)
then the derivative of Equation (5.12) yield
L Uy In) = il + Bl (4.7)

Taking into account of the values of I;l and I, from Equation (2.3),
then Equation (4.7) lead to

, I, Sy,
L In, L) = tm [,&nhThm + prabyl, — A()Ih]
BumInS
+/3mh [M — Wmlm (4'8)
Np
After expanding and rearranging, then
’ piaby  BunBrnSm
L (I, 1,,) = A — 1]
(h m) Hm 0( Ao LimAoN], h
M BrahSh
+(M - Mmﬂmh)lrm
Ny
so that at DFE, My = S, = N, = % and S, = Z—:"” Thus,
' p1aby | BunBrmbmitn
L (I, I,) = A — 1|1,
(h m) “m O( Ao + M%Aobh h
(4.9)

= umAo(Ra + (1 — Ry)RG — 1)1,
= pmAo(Ry — 1)(1 — R}).
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Hence, for Ry < 1, and R, < 1, then L/(Ih,Im) < 0. This implies

that the malaria-free equilibrium, M is globally asymptotically stable
if Ry < 1and R, < 1, otherwise unstable.

4.3. Stability analysis of the endemic
equilibrium M* and bifurcation

If Ry > 1 when conditions that favor disease thrive in the
host population, then an endemic equilibrium may emerge. More
importantly, it is crucial and necessary to carefully study the stability
of the malaria endemic equilibrium M* by considering the direction
of bifurcation whether it is sub-critical or trans-critical. Bifurcation is
a phenomenon that describes a situation where both the disease-free
equilibrium and the endemic equilibrium co-exist. The method of
implicit function theorem [29] is invoked to investigate this scenario.

Firstly, let @ = o be a bifurcation parameter at Ry = 1, then

. _ Ao, by — BuhBimbmbim
anbipl

a=ua (4.10)

Let the infected component of the system (Equation 2.3) be denoted
by m and m be the jacobian matrix of the infected components of the
system (Equation 2.3) evaluated at (M, &™) be defined respectively as

S
plabh — Ay ﬁuhhh
m= BrmSm
Wy —Mm
and
—Pm mbm
_ (T B
mo = Brumbm ity _ >
byiim Hm
3
With the following eigenvalues A; = 0 and A, = — W
ata™. Thus, A; = 0 is a simple zero eigenvalue. Furthermore, denote
by w = (w1, w2)T a right eigenvector associated with A; = 0. It
follows that
fm D 4
- %wl + Bunwz = 0, (4.11)
h/“"m
b
Bt =0 (4.12)
bpiim

It follows from Equation (4.11) that

2h
w1 = Hmh 2
Bumbmitn

Where w; is a free right eigenvector i.e., w, > 0, so that

by

T
w= (W1>W2)T = (MWZ,W2> .
mYm

Similarly, the left eigenvector denoted by V = (V, V) is given by

(4.13)

b b
N ﬂmhﬁhmzmﬂh v, g Prmbmbti (4.14)
byu?, bpftm
Bun Vi — m V2 = 0. (4.15)
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Hence,

Vv, =2y,
:Bmh

so that

V=(Vi,V) = (“—’” v, v2> : (4.16)
Bunh

According to Boldin [29], after dividing out the trivial

equilibrium solution, the local dynamics of the system (Equation 2.3)

around the disease-free equilibrium Mj is completely determined by

2

ami(Mo,0)  dmy(Mo, 0

M= Y w,-< 000 | iy )>Vjvk
ijk=12 Vk Ji

8m,J(M0, 0) (4.17)

_22

ij,k=1,2

ViVis

Where w and V denote the right and left eigenvectors, respectively.
Note that z = (S§,Sm) and y =
derivatives of Equation (4.17) are

(I, Im). The non-zero partial

amyy 3m21 _ Bumbmpn dmip
= —(Ao — ap1by), =,
oI, oIy, buitm — 9ln
8m22
ﬂmh» = —MKm- (4.18)
Thus, in view of Equation (4.18), M reduces to
am ,0m am
M = 2w v2EH w V2 R
3l aI L,
2/3hm mMh 2 2
= —2w Vl (Ag— (Xplbh)+2W2V b7+2w1V2ﬂmh—2sz2um
hidm
2p v2\?
— o | BmZn2 (Mm 2) (Ao — apibp)
Brmbmien Bunh

+ 2Bhmbm ity (

bpftm

2 2
MmVZ) bhﬂmWZ ) >
wr+ 2 ——— | ViBun — 2wa V5 im.
Binh (ﬂhmbmll«h 2 2

Thus, simplifying to give

_ 2umw,V3B (A 1)
BmBmhbminby \ B ’

Where A = ﬁfnhbiﬂm + bznﬂiﬂhm and B = Bpubp(mbp +

ﬂmhbmﬂh)-
According to the Boldin [29], the direction of bifurcation is

(4.19)

completely dependent on the sign of M, more importantly, if the ratio
% < 1, then the direction of bifurcation is supercritical (forward)
which implies that the endemic equilibrium M* of the system
(Equation 2.3) is locally asymptotically stable if Ry > 1. Further, if
the ratio % > 1 such that M > 0, then the direction of bifurcation
is subcritical (backward) which implies that the epidemiological
requirement of having Ry < 1 is necessary but no longer sufficient

for effective disease eradication.

Theorem 2. The endemic equilibrium M* of system (Equation 2.3)
undergoes: [i] supercritical (forward) bifurcation if% < 1 [ii]
subcritical (backward) bifurcation if % > 1.
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5. Optimal control problem

Following the explanation of how some parameters of the
model can impact the basic reproduction number and how we can
mitigate against it, the following recommended malaria treatment
and preventative interventions are suggested to control malaria.
Depending on the level of malaria transmission in the area
determines the choice of interventions.

5.1. Blood screening

Rapid and accurate identification of malaria is essential for the
implementation of effective therapy to reduce related morbidity
and mortality. Accurate malaria detection is also essential for
epidemiologic screening and monitoring to guide malaria control
strategies, for testing the efficacy of antimalarial medications and
vaccines in research, and for blood bank screening.

5.2. Long lasting insecticide bed net

Insecticide-treated bed nets (ITNs) are a form of personal
protection that has been shown to reduce malaria-related illness,
severe disease, and mortality in endemic areas. Community-wide
studies in many African contexts have shown that the use of ITNs
reduces the death rate of children under the age of five by about 20
percent.

5.3. Treatment using anti-malaria drug

When used for both prevention and treatment, anti-malarial
medications can make a substantial contribution to the control of
malaria in endemic regions.

5.4. Spraying chemicals/pesticides on
mosquito breeding sites

Space spraying is the application of a liquid insecticide fog to an
outdoor region to kill adult insects. It has been utilized frequently in
public health and pest control programs, particularly as an emergency
response to malaria epidemics.

5.5. Indoor insecticide spray

Indoor residual spraying (IRS) is a critical method for controlling
and eradicating malaria by focusing on vectors. To aid in the
development of effective intervention strategies, it is critical to
understand the impact of vector control instruments on malaria
incidence and the spread of pesticide resistance. The World Health
Organization (WHO) recommended in 2006 that nations report on
the coverage and impact of indoor residual spray (IRS), but data
on IRS coverage remains limited and imprecise. IRS subnational
coverage in Sub-Saharan Africa for the four major pesticide classes
was estimated between 1997 and 2017.
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Our main focus in this study is to investigate how these
interventions impact the transmission of malaria disease thereby
bringing the reproduction number below unity. Consequently,
an optimal control model with time-dependent controls 0 <
ui(t), up(t), us(t), ug(t), us(t) < 1is formulated, where

u is the time control by screening the blood of donors before
transfusion.

uy is the time preventive control using Long Lasting Insecticide
Treated Bed nets by susceptible individuals.

us is the time control due to the treatment of an infected
individual.

uy4 is the time control using pesticides on mosquito breeding/larva
sites.

us is the time control using indoor insecticide spray.

Thus, the optimal control model is described by the following
nonautonomous system:

S, = (1 =) (1 = praly)by, — (1 = ta)hp, + 141)S + SRy,
L, = (1= w)prabul, + (1 — wa) Sy — (0 + us + 1) Iy
R;q = usly, — (8 + 1n)Rp»
S;ﬂ = (l — u4)bm — ((1 — us)Am - /L(uz,u4, u5))Sm,
L, = (1= us)AmSm — it (u2, g, us) L.

0<U<1, for (ul,uz,u3,u4) e U (5.1)

where M(ML Us, Ms) = WUm+ (Mz +us + Hs)umux-

We seek to find controls uj(t), uy(t), us(t), us(t), and us(t)
that minimizes the total number of susceptible humans, infected
individuals, and infected mosquitoes while reducing their relative
costs. Thus, a minimizing objective functional J(u1,u;) is defined
such that

UCIOREIOREORACONE)

| T (WASH(e) + Walh () + WaL() + wisi 6) + warsd (1)

+wsu3 (t) + waug (t) + wsuid (t))dt, (5.2)
subject to the nonautonomous system (Equation 5.1), where the final
time is denoted by #;. The objective functional used here takes into
account the total susceptible humans, infected humans with malaria,
and the infected mosquitoes to the cost of implementing the controls
Uy (t), uz(t), u3(t), u4(t), and us (t) In the literature [20], quadratic
objective functions have been used to measure the intervention costs.
Thus, a similar quadratic function is adopted here. A carefully chosen
positive coefficients Wy, Wy, W3, wy, wa, w3, wa, and ws to balance
the weights. The controls ul(t), Uy (t), us (t), u4(t), and us (t) are
bounded, Lebesgue integrable functions. The aim here is to find an
optimal control pair (u’l’, w5, Uy, 1y, ug), such that

min

J(uts s, 5, u, u5) =
1(u1)uz,u3>u4,us

(ul, Uy, U3, Ug, Us € U) U,

(5

where t € [0, tf]
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The necessary conditions that must be satisfied by the five
optimal controls and the associated state variables are derived. The
Pontryagins maximum principle [30] discussed in Flemings and
Rishel [31] will be used to establish the necessary conditions that must
be satisfied by optimal control and its associated states system.

5.6. Existence of an optimal control

The controls uy, uy, us, us, and us are linked to the objective
function and the adjoint variables by the following Hamiltonian:

H = A1S), + Agly + Aslyy + wind + wau3 + wau3 + wausj
+wsud 4+ 61S), + 621, + 03R, + 64S,, + 651, (5.4)

Where 6;, i = 1,2,..,5 are the adjoint variables (otherwise called
co-state variables). The co-state variables are obtained by taking the
correct partial derivatives of the Hamiltonian with respect to the
associated state variable. In the following, the adjoint and the control
characterization are presented.

Theorem 3. Consider an optimal control uy, u3, u3, u), uf, and
the coressponding state variable solutions (Sh, I, Ry, S Im) of system
(Equation 5.1), then there exists adjoint variables 0; € mi, i=1,2,.,5
satisfying the following equation

oH

ao,
T du

5.5
o (5.5)
Where k = Sp,In, Ry, Sm» Im and with the transversality conditions
01(tr) = 02(t) = 05(t) = Ou(ty) = 0s(tf) = 0. The controls uJ,
w5, uj, uy and u satisfy the following optimality conditions

_ bp(alypi61—al,pi16,—61)

ui( - 2wy >
ut = (QSIhN«max“‘eS(Rh+sh)ﬂmax+shﬂmh(92_91))Im+94sml’~maX(Sh+Ih+Rh)
2= 2(5h+1h+Rh)W2 >
= Bt (5.6)
ur = Mmaxim05+max SimOa-+bmba
4 2wy >
ut = (maxIm0s + (max 04+ Bhun (05 —04) ) Sm) Uy +1max (I +Sm ) (R +S1)

2(Sp+Ip+Ry)ws

Proof: Thus, the adjoint system is obtained as the differential
equations associated with the adjoint variables, determined by
differentiating the Hamiltonian function with the corresponding state

variables.
/ (L —u2) BiunImSn (1 — 42) Biunlm
0, = — 5 = — n | O
(Sn +1n +Ry) Sp+1In+ Ry
| (1 —up) IBmhImSh 1 —u) ﬁmhIm
(Sh+ T + Ry)’ Sp+ 1+ Ry
(0 —us) BumlpSmbs | (A — us) BrnIpSmbs A

(Sn+ T + Ry,) (Sn+Tn + Ry,)’
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’ 1—u L,S
5= [y apy 4 L Bl
(Sh+1h+Rh)
1 —up) 1,S
— | (I —=w) ap1by, — 2 ﬁmh'nh—U—/«Lh—w 0,

(Sh + I, + Rh)z

1-— 1-— !
usfs (I —us) Bpm (1 — us) Bpm h2 S,.04 —
SptIn+Ry (S, +1,+Ry)
(I —us) BimSm (1 — us) BumIpSm 65 — Ay,

Sn+1n + Ry (Sp+1n + Ry)’

(1 — u2) BiunlmSh
(Sn+ T + Ry,)
(=1 + us) BrmlpSmba
(Sh+ T + Ry,)’
(=14 us) BpmIpSm0s
(Sh+Th +Ry)’
(A — us) Bumln

( Sp+1In+Ry
(I — us) Bmlnbs
S, +1, + R,

(=14 u2) Bkl Spba
(Sh + Iy + Rh)2

+ (8 + pn) 63 +

(5.7)

9; = — — (uy +us + uS) Mmax) 04

o — (1 — u2) BrnunSnbh
Sp+ 1+ Ry
— (—mm — (uz + ug + us) pmax) 05

With transversality condition (at zero final time, tf) Ox(t;) = 0

(L — u2) BunSn02
Sp+ 1, + Ry,
— Az,

for k = 1,2,3,4,5. Further, the optimality condition is obtained by
differentiating the Hamiltonian with respect to each of the controls
uy, Ua, Uz, Uy, and us at a steady state, thus,

d
EH =2wiu; — ( alypr + 1) b6 — pradybpd, =0,
1
d 1,,5,0 1,,,S,0
H = 2wyus + BrnlinSho1 . BrnlinSh02
duy Shtlh+Ry S+l +Ry
—MUmaxSmB4 — MmaxImbs = 0,
0
—H = =10, + 1,05 + 2usws = 0,
dus
d
EH = 2wytts + (—Smitmax — bm) 04 — imaxmbs = 0,
4
Brunln )
—H = 2wsu -+ Sinb.
Jus 5U5 — < Sh+ 1, + Ry, Mmax | OmV4
BrmlnSm )
+|—— — I,,)05=0. (5.8
( Sp+1, + Ry Mmaxlm | U5 (5.8)

Given the above equations, we obtain the optimal condition:

bh (0[1“7191 OlIhp192 91)

u =

w = (QSIhﬂmax+05(Rh+sh)ﬂmax+shﬂmh(02 91))Im+04smﬂmax(sh+lh+Rh)
2= 2SRy ) w2

Uy = Ih(02 63) (5.9)

Uy = anax1m95+ﬂmaxsm94+b 64

us = (Mmaxlm95+(ﬂmax64+/3hm(95 04))Sm)Ih+ﬂmax(1m05+sm94)(Rh+sh)

2(Sp+1p+Ry ) ws
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Thus, (u1, ua, u3, ug, us) satisfy the optimality conditions

o = max] 0. min [ 1, — by, (1yp1 61 —alyp162—61)
1= g g Zwp ’
. o.min (1 (65 nttmas+65 (R +51 ) anaxSu B (62 =01) ) n+65Sm o (Sn 1R )
u5 = max{ 0, min 3
2 ’ ’ 2(Sp+1n+Ry )W ’
. 1, (0,—0:
15 = max{ 0, min 1,’“‘#@”)}, (5.10)
*x : PmaxLim5+64 (Sm Hmax+bm )
uy = max| 0, min <1, S R
N 0. mi 1 (Mxndx1m65+(ﬂn|ux34+ﬂhnv (95*f')éj)Srn)1h+ﬂxn(|x(lrn65+5m94)(Rh+slx)
= max 0, min .
Us a > 2(Sy+15+Ry ) ws

The following theorem is used to show that there exists an optimal
control u* for the optimal control problem.

Theorem 4. [32]. There exists an optimal control given the objective
functional ] defined on the control set U and subject to the state system
with positive initial conditions at t = 0, u}, u3, u3, uy and uj such that

J(wt, w5, wh, i, ut) = mind J(u, up, us, us, us) < ur, U, U3, Us, Us €

U} holds when the following properties are satisfied:

(1) The permissible control set U is convex and closed

(ii) The state system is constrained by a linear function in the states and
control variables

(iii) The integrand of the objective functional ] in Equation (5.2) is
convex with respect to the control.

(iv) The Lagrangian is bounded below by

a

3
ao | |ul? —ay,

for constants ag,a; > 0 and a; > 1.

Proof: Let the control set U = [0, Umax], Upax < L, u € U,
= (Sh, Iy, Ry, Sm,Im) and Go(t, X, u) be the right-hand side of the
non-autonomous system (5.1) given by

(1 =) (1 = prady)by — (1= u2)ap + pp)Sy + SRy
(1 —ur)prabpyly + (1 — u2) Sy — (0 + u3 + pp) I
usly — (84 p) Ry ,
(1= ug)bm — (1 — us)hm + (12, ugs us))Sm
(1 — u5)AmSm — ;L(uz, ug, u_:,)Im

Go (t, X, u) =

(5.11)
foru = (ul, Uy, Uz, Uy, u5) € U. We next verify the four properties
in theorem 4:

(i) Given the control set U = [O, Umax]. By definition, U is closed.
Further, let v1, v, € U, where v; and v, are any two arbitrary points.
It follows from the definition of a convex set, that

W+ (1 —A)v € [0, Umax],for all X e [0, Umax].

Consequently, Av; + (1 —A)v, € U, which implies the convexity of U.
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(ii) Clearly, Go(t, X, u) can be decomposed as

Go(t, X, u) = Gl(t, x) + Gz(t, x)u, (5.12)
where
(1 — prady) by — Sy + SRy,
ISy — (O‘ + /'Lh)Ih
Gi(tx) = —(8 + )Ry , (5.13)
b — AmSm — UmSm
AmSm — MmIm
—(1—pral)by S 0 0 0
—prabply -8 =1y 0 0
Gy(t,x) = 0 0 I 0 0
0 —HmaxSm 0 _(bm + //'muxsm) ()Lm - //«max)sm
0 ~lmaxln 0 —tmacln = (AmSm + Homaxln)
(5.14)
The norm of Equation (5.12) is
[1Go(t, %, u)|| < IGL(t,x)| 4+ 11G2 (£ x) ] ]ul],
o(tx )l 11G1 (1) +11G2(5) -

< ap + axllull,

Where ag and a; are positive constants obtained as follows:

Let the components of the upper bound for Gy (t,x) using the
superposition approach be

(b + 8Ry)’
Fus,
N2 2 Sz
& = 0 = b+ 20;,8R), + 82R2 + "”‘7;”
b?, N
'malzsz
NZ
Bim! h
b2, hmhom n (5.16)
h
Let the bound on the state variables be K =
max{Ksh, KIh> KRh’ Ks,,, K, }, then
982 + B2, + p2
&= <M>KZ + 268K + b}, + b, (5.17)
By using the inequality concept
ax + by < max{a, b}(x + ), (5.18)
yields
go = \/max{Al,Az,A3,A4}(K2 + K+ bi + b%n)’ (519)

2 2 2
PP 4y = 2by8, Ay = Ay = 1.

Further, the sum of the squares of each component of G, (f, x) is

where A} =

2 2h 2 S%z
m
&= 217;(1 — p1a1h> + 27’"1\72 + 217 + Sty
h

2 2
BhmInS
+(bm + ﬂmuxsm> + (7;1\]7;1141 — WmaxSm

2 BumInSm 2
F2UpasImax + | ———— + Wmaxm | - (5.20)

Nj
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Note that the upper bound for the
S, =1, = R, = Z—hhandsm=1m=

variable by its upper bound in Equation (5.20) leads to

state variables i.e.,
Z—’:‘n. By replacing each

g1 = \/Asb} + Agb] + A7b + Asb2,, (5.21)

2p2a? 9+ +
where As = }:ﬁ JAg = — % AL — 2(M> and Ag =
h

223 9u_h
O +541 pyax 181 fomax +287,

9;1%
Applying the concept introduced in Equation (5.18) yields

g = \/mux{As,A6,A7,A8}(bfl + b + b2+ b2,). (5.22)

(iii) Recall the integrand of the objective function defined in Equation
(5.2) written as

H(t, X, u,-) = Gw(t:x) + gw(t> ui), (5.23)

fori =1,2,..5, Gw(t,x) = WiSy + Wal, + Wsl,, and g, (t,u;) =
>y wiui. It is sufficient to prove that g, (tu;) = Y;_ wiu; is
convex on u; i.e., we need to show that

o (t, (1 = 7i)gw(t:v1) + digw(t:v2), (5.24)

— )\,‘)Vl + )Lil/z) =< (1

forvi,v, € Uand A; € [O, Umax = 1]. By definition, it implies that

gw(tv1) = X0_ wive,

gu(tv2) = X0 wiva,

gw(ts (1= Xi)vi + Ajva) = 21'5,:1 Wi((l —Xi)vi + )\iVZ)~
(5.25)

Thus in view of (5.25), Equation (5.24) becomes

gw(t, (1 - )\.i)vl + )n,‘Vz) — (1 — )\.i)gw(t, V]) - )Ligw(t, Vz)
= —W,'(l — )\,‘)(Vl — 1/'2)2 <0,

since A; € [0, Unax = 1], this then implies that the integrand

H(t,x, u;) of the objective functional J is convex.

(iv) The fourth property is proved as follows:

5
Gw(t, x) + Z Willj,
i=1

H(t,x,ui) =

5
> Z Willj,
i=1
5 a

2
ap E Ui —aj.
i,=1

where ay = min{wi}, a; > 0, and a; = 2. This completes the
proof. O
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TABLE 1 Parameters and their estimates.

10.3389/fams.2023.1105543

Symbols Description Estimates (per month) Range Source

T Recovery rate of infected human after treatment 0.7585 (0,0.997) Estimated from data

o Malaria induced death rate 0.0008 (0,0.01) Estimated from data

P Probability that a human is infected through blood 0.5979 0.2, 1) Estimated from data

transfusion

o Transfusion term 0.6626 (0,1) Estimated from data

8 Rate of progression to susceptible group 0.7615 (0.25,1) Estimated from data

by, Human recruitment rate 0.00011 (0, 0.05) [33]

b Mosquito recruitment rate 0.071 (0,0.1) [33]

h Natural death of human 0.0015 (0, 0.05) Demographic data

Wm Natural death of mosquito 0.067 (0,0.1) [34]

Bmh Transmission rate from mosquito to human 0.3 (0,0.8) [34]

Bim Transmission rate from human to mosquito 0.09 (0,0.2) [34]
5.7. Parameter estimation p1 is given by

The parameters of the model were estimated directly from the b= i1 e (5.29)

real monthly data collected on malaria cases from Benue State in PIEY: '

Nigeria. Some of the parameters are estimated, some were assumed
and some were adopted from the literature. The results of the
estimated parameters and other parameters are displayed in Table 1.
The parameters are estimated based on the relationship already
established among the variables from the dynamic system in Equation
(2.3) at a steady state. It should be noted that Sy, Ij,, Ry, Sy, and I,
are time dependent variables, t = 1, 2, . . ., n. It should be noted that
©® > 0, where © is the parameter space at any given time. The natural
death rate for humans, wj, is directly obtained from demographic
data, and it is given by

11

. 5.26
12710 (5.26)

an
Where 119 = 55.12 is the average life expectancy of Nigeria at the time
the data was collected. Note that 15, was calibrated to a monthly rate.
Thus the value of 11¢ is 0.0015, which implies that the natural death
rate is approximately 15 out of 10,000 persons monthly. In simple
terms, on average 15 out of 10,000 people die every month naturally.
Without loss of generality, we can denote Sj,(t) by just Sy, and the
same for other variables. The recovery rate of infected humans after
treatment, 7 is estimated by

n
R R
7= w (5.27)
Zt:l Iht
Where t, t = 1,2,..,n is time measured in months and # is the

number of months covered. The variables Rj; and Ij; are the number
of recovered humans and the number of infected humans at time ¢
respectively.

Malaria induced death rate of infected humans, o is estimated by

Z?:l Dy

Z:l=1 Iy ’

The variable Dy, is the number of malaria induced deaths at time t.
The probability that a human is infected through blood transfusion,

6 =

(5.28)
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Where Ej; is the number of exposed humans to malaria through
exposure to an infected mosquito bite or via infected blood
transfusion. The transfusion rate, « is given by

Z?:l Iy
Z?:l The

&= (5.30)

Where Tj; number of humans whose blood was tested and screened
for malaria. Based on Equations (5.29), (5.30), it should be noted that
E(t) > T(t) for all t, so that @ > pj. This is enforced because the
blood transfusion rate should be greater than the probability that a
human is infected through blood transfusion. Recall from Equation
(2.3) that

S, = (1 = praly)by — (up, + 141,)Sy + SRy,
at steady state, we have
0 = (1 — pradp)by — (A + 15,)Sh + SRy

Solving for § gives

. 1 _ n n
s = 3 (Mt + 1) Zsht — by + abpp Zlht , (5.31)

t=1 t=1

Where § is the estimate of the rate of progression to the susceptible
group, 8; R is the period average for the number of recovered
humans, and the term abpp; Y i, Iy account for the force of
infection as a result of blood transfusion, p; is the probability of
effectively transfusing infected blood to a susceptible human, o is
the transfusion term, by, is the recruit rate of humans, and Xz is
the average force of transmitting malaria infection from an infected
mosquito-to-human, and it is given in Equation (2.1).
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6. Statistical data analysis

6.1. Exploratory data analysis

The data analyzed is a time series of secondary data on the
monthly incident of malaria in Benue State collected from the Benue
State Ministry of Health from June 2013 to September 2016, spanning
40 months of data points. All the values of the variables are monthly
and the parameters estimated are per month. Figures 4-7 are plotted
in this study directly based on the Benue State malaria available data.

Figure 4 shows that the incidence of malaria in Benue State
depicts a seasonal variation. The incidence of malaria is always high
at a particular time of the year (June to October) and always low from
December to March. This variation is seen over the 4 years under
study. Figure 5 shows the cumulative incidence of malaria. All the
variables do not show any sign of flattened curves, except for deaths.

Figure 6 depicts the distribution of monthly incidents of malaria
in Benue State. The histograms show that the susceptible population
is asymptotically uniformly distributed, the exposed population is
negatively skewed, the tested population is approximately normally
distributed, the infected and total infected have multiple local
maximum points and death is positively skewed.

Figure 7 shows the spread of the malaria incident in Benue State.
The boxplots show that all the variables are highly spread as can be
seen in the values of their standard deviations in Table 1.

6.2. Variables predicted

Some of the variables used in the model are predicted using the
parameters and the formulated models at a steady state. The ones
where the data are available were not predicted and are shown in
Table 1, but the ones whose real data are not available were predicted
as displayed in Table 2. The results of the predicted variables are
displayed in Table 3.

Table I shows the initial parameters used to fit the dynamic
model. The initial values are the values in the initial month of the
data collected. It should be noted that the data are monthly data.

6.3. Model fitting

The model fitting was performed using a genetic algorithm (GA)
[35] for our function optimizer, using MATLAB; the GA helps us find
the correct region of attraction, which provides the starting values
for the parameters to be estimated in the fmincon function in the
Optimization Toolbox of MATLAB. Hence, we shall be combining
two optimization algorithms for our data fitting, a GA and the
fmincon algorithm in MATLAB to get a more accurate estimate. Our
model fitting is implemented for a malaria data set of Benue State,
Nigeria from June 2013 to September 2016 (see Figure 8).

7. Numerical simulations and discussion
of results

This section is devoted to numerically illustrating the theoretical
results obtained in the model analysis. Table 1 present the parameter
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values and their sources. Where the parameter values are not available
from literature or estimation, realistic values were assumed in the
simulation. In the following, we simulate different combinations of
treatment and preventive control measures to investigate their impact
on malaria transmission. We have excluded simulating single controls
following the recommendation of WHO [36] that a combination of
controls is recommended to control/interrupt malaria transmission.
Thus, we shall simulate to investigate the following scenarios:

(i) Possible combinations using two (2) controls only.
(ii) Possible combinations using three (3) controls only.
(iii) Possible combinations using four (4) controls only.
(iv) Possible combinations using all five (5) controls.

To perform the simulation, we assumed that the weight

functions W;, i = 1,2,..5, associated with the controls are
unity. Also, the initial values for the state variables and
parameter values are given in Tables 1, 3, respectively. The
Supplementary Figures 7.1-7.26 represent the various scenarios
described below can be seen on the Supplementary material.
We next discuss

simulations:

the various scenarios arising from the

7.1. Optimal blood screening (uy) and long
lasting insecticide treated bednets (u3)

Using this strategy, we optimize the objective function using the
controls u; and uy when u3 = uy = us = 0, it can be seen
from Supplementary Figure 7.1 that without the controls, there is a
sharp decline in the number of susceptible humans that progresses
to the infected humans. This is indeed the case as we have a high
increase in the number of infected mosquitoes. In the presence of
controls #; and u;, susceptible humans maintained a constant level
after about 50 months while the number of infected humans and
infected vectors are reduced significantly after 50 months. It can also
be observed from Supplementary Figure 7.1 that little or no humans
are recovered.

7.2. Optimal blood screening (u1) and
treatment (u3)

In this case, we simulated only u; and w3 while other
controls remain zero. Specifically, it can be noticed from
Supplementary Figure 7.2 that the intervention strategies lead
to a decrease in the number of both infected humans and mosquitoes
as against an increase observed in the uncontrolled case, while at the
same time, susceptible humans maintained a steady level and more
humans recovered.

7.3. Optimal blood screening (u1) and
pesticide/chemicals spray (uj)

Using this strategy, Supplementary Figure 7.3 shows that the

adopted strategy does not have an impact on susceptible, infected,
and recovered humans, respectively. It can also be observed from
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Monthly incident of malaria in benue.

Supplementary Figure 7.3 that the combination of the controls u;
and uy had little impact on the infected mosquito population, which
explains why this strategy does not provide control on susceptible,
infected and recovered humans.

7.4. Optimal blood screening (uy) and indoor
insecticide spray (us)

With this strategy, it was observed in Supplementary Figure 7.4
that there is a significant difference in I and I,,, using controls u; and
us compared to I, and I,,, without control. This strategy also shows
a significant difference in optimal Susceptible S, compared to Sy in
the uncontrolled case. Since there is no treatment strategy (u3 = 0)
in place, this strategy does not have control over recovered humans.

7.5. Optimal LLITBs (u3) and treatment (u3)

In Supplementary Figure 7.5, this strategy, when applied,
shows a significant decrease in the number of infected humans
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and infected mosquitoes as against an increase observed in the
uncontrolled case. Also, in the uncontrolled case, susceptible
in the
uncontrolled case, susceptible individuals are further depleted

individuals stabilize for around 50 months while
increasing the number of infected humans I;. The strategy, also
revealed that it is potent for recovered humans as shown in

Supplementary Figure 7.5.

7.6. Optimal LLITBs (uz) and
pesticides/chemicals spray (uas)

Here, the controls u; and uy4 are used to optimize the objective
us Us 0. The
implementation of this strategy revealed in Supplementary Figure 7.6

function with other controls u; = =

that the number of infected humans and infected mosquitoes
differs significantly from the uncontrolled case. The figure further
showed that there is no significant impact on recovered individuals

since treatment 13 0 is not considered in this strategy. This
strategy shows a close difference between controlled and uncontrolled

susceptible humans.
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7.7. Optimal LLITBs (u2) and indoor
insecticide spray (us)

In this scenario, the controls u, and wus are used to
optimize the objective function, with other controls set to zero.
Supplementary Figure 7.7 shows that this strategy has little effect
on susceptible humans becoming infected. It can be seen that the
number of susceptible humans in both controlled and uncontrolled
cases is very close. This strategy also provides no control over
the recovered humans. In Supplementary Figure 7.7, there is little
difference in the number of infected humans between the controlled
and uncontrolled cases. Further, the number of infected mosquitoes
is reduced for the controlled case when compared to the uncontrolled

case.

7.8. Optimal treatment (u3z) and
pesticides/chemicals spray (u4)

The objective function is optimized in this case by u3 and
uy while other controls wuj,up, and us are set to zero. In
Supplementary Figure 7.8, by using this strategy, there is a significant
difference in the number of susceptible humans in the controlled
case compared to the uncontrolled case. This strategy also shows
that there is a significant difference in the number of infected
mosquitoes compared to the uncontrolled case. Similarly, using
this strategy, there is a sharp difference in the number of infected
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humans with fluctuations before finally settling down around
60 months. This account for the considerable difference in the
number of recovered humans using this strategy. It is also observed
in Supplementary Figure 7.8, the recovery of individuals occurs
with oscillations before finally settling to a steady state around
60 months.

7.9. Optimal treatment (u3z) and indoor
insecticide spray (us)

This strategy involves the optimization of the objective function
using u3 and us while other controls are set to zero. In
Supplementary Figure 7.9, it is shown that there is a significant
difference in the number of susceptible individuals in the controlled
case compared to the uncontrolled case. This strategy shows that it
is effective for recovered humans as there are few or no individuals
left to recover from the disease. The number of infected humans and
infected mosquitoes is significantly reduced in the controlled case as
against when there is no control.

7.10. Optimal pesticides/chemicals spray
(ug) and indoor insecticide spray (us)

The objective function is optimized using the controls u4 and us

with Uy u3 = 0. The result of this strategy as shown in
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Distribution of monthly incident of malaria in benue.

Supplementary Figure 7.10 revealed that it impact the reduction of
infected mosquitoes significantly as compared to the uncontrolled
case. With control, the number of infected individuals dropped
significantly to about 500, 000 infected individuals as against 2Million
infected individuals in the uncontrolled case. However, this strategy
does not have any impact on recovered individuals. The simulation
in Supplementary Figure 7.10, revealed that in the uncontrolled case,
more susceptible humans progress significantly to the infected class
when compared to the controlled case.

7.11. Optimal blood screening (u4), LLITBs u;
and treatment (u3)

The combination of the controls uj, up, and uz are used
to optimize the objective function while keeping u4 and us
to be zero. Using this intervention strategy, it can be seen in
Supplementary Figure 7.11, for the controlled case, the number of
infected humans and infected mosquitoes is reduced significantly
while a considerable increase is observed when control is not in place.
It can be seen in Supplementary Figure 7.11, that for the strategy, the
recovered class display oscillations which may suggest that disease
transmission may increase/decrease during certain months of the
year. With control in place, the number of susceptible individuals is
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maintained at a steady level as against the sharp decline in the number
of susceptible when there is no control.

7.12. Optimal blood screening (u4), LLITBs u;
and pesticide/chemical spray (ug4)

The objective function is optimized using the controls u;, u,, and
ug with uz = 0 and us = 0is not effective to aid human recovery from
the disease, however, a significant decrease is observed in the number
of infected humans and infected mosquitoes when this strategy is
implemented as compared when there is no control. This strategy
can keep the number of susceptible humans at a steady level while
the number decreases significantly when there is no control in place.

7.13. Optimal blood screening (u4), LLITBs u;
and indoor insecticide spray (us)

The controls u;, u; and us are used to optimize the
objective function while setting u3 and uy to zero. From
Supplementary Figure 7.13, it can be seen that there is little difference
in the number of susceptible individuals between the controlled
and uncontrolled cases, while the strategy does not affect number
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of recovered humans. There is little difference in the number
of infected humans with control and when control is not in
place. With control, it is observed in Supplementary Figure 7.3
that the number of infected mosquitoes is reduced by half while
the number of infected mosquitoes is doubled in the absence
of controls.

7.14. Optimal blood screening (u1),
treatment uz, and pesticides/chemicals
spray (ug)

The objective function in this case is optimized using u;, u3

and uy with u, = 0 and us = 0. Supplementary Figure 7.14,
shows that the strategy has significant control on susceptible
humans and infected mosquitoes, respectively. It can also be
seen that the control has a significant effect on the number
and recovered humans,

of infected humans respectively.

The oscillations observed in the controlled cases for both

infected and recovered humans may be a result of the
varying transmission of the disease during certain months of

the year.
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7.15. Optimal blood screening (uy1),
treatment us, and indoor insecticide spray
(us)

In this instance, only the controls u;, u3 and us are used to
optimize the objective function. In Supplementary Figure 7.15, the
strategy shows that the number of susceptible and recovered humans
is increased compared to the uncontrolled case. It is also observed
using this strategy, decreases the number of infected humans and
vectors for the controlled case as against the increase observed when
there is no control.

7.16. Optimal blood screening (u1),
pesticides/chemicals ug spray, and indoor
insecticide spray (us)

The objective function is optimized using combination
0. As shown
in Supplementary Figure 7.16, the strategy has little impact

of controls ul, u4, and u5 with u2 = u3 =

on susceptible humans while it has no impact on recovered
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humans. It can be seen in Supplementary Figure 7.16, that the
strategy has an impact in reducing the number of infected
mosquitoes as against the uncontrolled case. The number of
infected humans in the controlled case is about half of the
uncontrolled case.

7.17. Optimal LLITBs (u3), treatment u3z, and
pesticides/chemicals spray (u4)

This
using  the
u4. In
a  significant

the
controls
this
the
recovered humans,
the

strategy ~ optimizes objective  function
u2, u3,

strategy

the
Supplementary Figure 7.17,

and
has
number  of

combination  of
impact in  controlling

susceptible humans, infected humans,

and infected mosquitoes compared to uncontrolled

case.

7.18. Optimal LLITBs (u3), treatment u3z, and
indoor insecticide spray (us)

The combination of the controls (u;), (u3), and (us) with
0) are used to optimize the objective function
in this instance. From Supplementary Figure 7.18, this strategy
has a significant impact on controlling malaria disease. Using
this strategy, the number of infected humans and mosquitoes is
significantly reduced with more individuals recovering from the
disease after treatment. In the controlled case, the progression
of susceptible humans is significantly reduced compared to the
uncontrolled case.

(m = w =

Frontiers in Applied Mathematics and Statistics

TABLE 2 Predicted variables summary statistic.

Symbols Description Monthly Std Range
mean error

Ry Recovered 13,124 741.2 (3,724, 21,740)
humans

Nj, Total human 5,326,174 21,458.9 (5,091,749,
population 5,556,041)

I, Infected 33,475 134.9 (32,001,
mosquitoes 34,919)

Sm Susceptible 10,104,630 40711.1 (9,659,888,
mosquitoes 10,540,726)

TABLE 3 Initial values of all variables of interest.

3,737 ‘ 3,724 ‘ 9,659,888 ‘

5,084,288 ‘

32001.31

7.19. Optimal LLITBs (u3), treatment (u3), and
indoor insecticide spray (us)

The objective function in this case is optimized using controls
(u2), (ug), and (us) when u; and wuz are zero. The simulation
using this strategy revealed that it has very little impact in
controlling malaria disease transmission. Specifically, it can be seen
in Supplementary Figure 7.19 that the number of infected humans
and mosquitoes is still high despite the control with no humans
recovered. It can be observed that only a few susceptible humans are
protected from getting infected as there is little difference between the
controlled and uncontrolled cases for susceptible humans.
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7.20. Optimal treatment (u3),
pesticide/chemicals spray (u4), and indoor
insecticide spray (us)

We optimize the objective function using the combination
of the controls uz, u4 and wus with u; and wu, assumed to
be zero. The simulation result in Supplementary Figure 7.20
shows that this strategy is highly effective in controlling
With  this
Supplementary Figure 7.20

malaria disease transmission. strategy in place,
that  the

of infected humans and mosquitoes is significantly

it can be seen in
number
reduced while a significant number of humans recovered

from the disease. The simulation also indicates that more
individuals are less susceptible to malaria as a result of

this strategy.

7.21. Optimal blood screening (uq), LLITBs
(uy), treatment (uz), and pesticide/chemicals
spray (u4)

The objective function is optimized using the controls

uy, uy, (uz), and uy with us = 0. We observe from
Supplementary Figure 7.21 that the number of recovered humans
and susceptible individuals differ considerably compared to when
there is no control. Furthermore, Supplementary Figure 7.21,
reveals that the number of infected humans and infected

mosquitoes is lower when compared with the case

without control.

7.22. Optimal blood screening (u1), LLITBs
(us), treatment (u3z), and indoor insecticide
spray (us)

With this strategy, the controls uj, uz, (u3), and us are
0. For this
strategy, shown in Supplementary Figure 7.22, we observe a

used to optimize the objective function with uy =

significant difference in the number of susceptible humans,
infected humans, recovered humans, and infected mosquitoes
with strategy susceptible
infected humans, recovered humans, and infected mosquitoes

optimal compared to humans,

without control.

7.23. Optimal LLITBs (u3), treatment (uz),
pesticide/chemicals spray ((ug), and indoor
insecticide spray (us)

With this strategy, the objective function is optimized using the
combination of the controls u, (u3),((14), and us while setting u;
to zero. Observe from Supplementary Figure 7.23 that this optimal
strategy shows a significant difference in the number of susceptible
individuals, infected humans, and infected mosquitoes as against the
uncontrolled case.
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7.24. Optimal blood screening (uq), LLITBs
(uz), treatment (uz), pesticide/chemicals
spray ((ug), and indoor insecticide spray (us)

In this case, all the five controls u;, uy, u3,u4, and us are
used to optimize the objective function. With this strategy, it is
observed in Supplementary Figure 7.24 that the control strategies
resulted in a significant decrease in the number of infected humans
and mosquitoes as against an increase in the number of infected
humans and mosquitoes when no control is applied. Similarly, there
is an increase in the number of recovered humans when controls
are in place compared to the decrease in the number of required
humans in the absence of no control. With optimal strategy, the
number of susceptible humans differs considerably compared to the
uncontrolled case.

In Supplementary Figures 7.25,7.26, the control profiles are
displayed. In Supplementary Figure 7.25, the control profile using
blood screening, u; became about 20% effective after 130months
which was soon increased to around 39% effective in another 45
months before declining. The control u,, became about 15% effective
for over 150months before declining. For the first 170 months, u3
was 15% effective before experiencing a sharp decline for about 20
months and thereafter picked up again. About 40% effectiveness
was achieved in the control of malaria using control u4 and us
before steadily declining after 60 months and 90 months, respectively.
In Supplementary Figure 7.26, the profiles for all the control are
presented. It can be seen that controls u4 and u5 perform optimally,
this is closely followed by u; while both u; and u3 are next.

From the foregoing discussion, it can be seen from our
simulations that the combination of using all the five (5)
controls (uy, Uy, Uz, ug, us), the combination of four (4) controls
[(u1, ua, u3, us) and (uy, us, ug, us)], and combination of three (3)
controls [(u2,u3,us) and (u3,us,us)] have the highest impact
on malaria disease control. A further look into the suggested
combinations shows that controls u,, u3 and us are common to
all the combinations, that is the combination (uy, u3, t4, us)) where
resources are scarce may be sufficient to control the spread of malaria.

The above scenarios of the controls can be best interpreted to
mean that for malaria disease eradication, more combinations of
the controls are suggested depending on the area and availability
This submission is in line with World Health
Organization’s (WHO) position that only one control strategy is not

of resources.

sufficient to interrupt malaria transmission [36].

8. Conclusion

A mathematical analysis of the blood transfusion-transmission
dynamics of malaria disease has been rigorously studied in this
work. The malaria model under investigation revealed that there
exists a relationship between the reproduction number for malaria
(Ro) and the reproduction number for malaria induced through
blood transfusion R,. The study further revealed that the basic
reproduction number is sensitive to parameters such as the
transmission rate from mosquito-to-humans f,,;,, transmission rate
from humans-to-mosquito By, blood transfusion reproduction
number R,, recruitment rate of the mosquitoes b,,. The malaria
disease-free equilibrium, My is locally globally asymptotically stable
if both Ry and R, are less than or equal to unity. The implicit
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function theorem was used to investigate the local stability of
the malaria endemic equilibrium M*. The result revealed that
M* may undergo a supercritical (forward) bifurcation if the
quantity % < 1 or a subcritical (backward) bifurcation if the
quantity % > 1. Consequently, an optimal control problem
using both time-dependent preventive and treatment controls to
mitigate the disease was studied using the Pontryagins Maximum
Principle. The results revealed that the combination of all the five
(5) controls (uy,uy, us, ug, us), combination of four (4) controls
[(u1, ua, u3, us) and (uy, us, ug, us)], and combination of three (3)
controls [(uz, u3, us] and u3, uy, us)] are recommended to mitigate
against malaria transmission. In areas where resources are scarce,
our study revealed that using the combination of u;, us, and us is
sufficient to effectively interrupt the transmission of malaria disease.
Indeed, our results also agree with earlier studies in Blayneh et al.
[14] and Agusto et al. [13] on malaria control, however, our results
present five possible control strategies that are sufficient to minimize
the transmission of malaria. Subsequently, exploratory data analysis
(EDA) was performed on the malaria data from Benue State Nigeria.
The model was fitted to data and it can be seen that our model gave a
good fit.

In conclusion, the present study has provided us with a
mathematical understanding of malaria dynamics taking into
account transmission via blood transfusion and mosquitoes. As a
suggestion for future research, it will be of interest to study the
cost-effectiveness analysis of the controls studied in this work.
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