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Thermal Timoshenko beam
system with suspenders and
Kelvin—Voigt damping

Soh Edwin Mukiawa ® *, Yasir Khan, Hamdan Al Sulaimani,
McSylvester Ejighikeme Omaba ® and Cyril Dennis Enyi

Department of Mathematics, University of Hafr Al Batin, Hafr Al Batin, Saudi Arabia

In the present study, we consider a thermal-Timoshenko-beam system with
suspenders and Kelvin—Voigt damping type, where the heat is given by Cattaneo’s
law. Using the existing semi-group theory and energy method, we establish the
existence and uniqueness of weak global solution, and an exponential stability
result. The results are obtained without imposing the equal-wave speed of
propagation condition.
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1. Problem setting and introduction

In the present study, we consider a cable-suspended beam structure such as the
suspension bridge, where the roadbed has a negligible sectional dimension in comparison
with its length (span of the bridge). Therefore, it is modeled in Timoshenko theory through
a one-dimensional extensible beam, while the (main) suspension cable models an elastic
string that is coupled to the deck. The equations of motion describing such Timoshenko-
suspended-beam system, see [1-9], are given by

pu — Vy—Q=0, in (0,L) x Ry,

pAgy — Sy +Q=0, in (0,L) x Ry,
pIYy — My +S8S=0, in (0,L) x Ry,

(1.1)

where u = u(x, t) is the vertical displacement of the vibrating spring of main cable, ¢ =
@(x, 1) is the transverse displacement, ¥ = v (x,1) is the rotation angle, and L, p, A, and
I are, respectively, length, mass density, cross-section area, and moment of inertia. The
constitutive laws V, Q, S, and M are defined by

V=au, Q=A(p—u), S=kGA(px+¥), M = Elyr, (1.2)

where the physical parameters «, A, E, G, and k are, respectively, the elastic modulus of
the string, the stiffness of elastic springs, the Youngs modulus of the beam, the shear
modulus, and the shear correction coefficient of the beam. Generally, the system (1.1) is
not exponentially stable, see for instance [10, 11], and the references therein. Therefore, we
need to introduce a dissipative mechanism to achieve an exponential stability. A common
and powerful way of stabilizing hyperbolic systems from mechanical structures in literature
is through thermal damping, see [12], where a generalized theory on thermoelasticity
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is established. Assuming the cable is thermally insulated and
consider a stress—strain constitutive law of Kelvin-Voigt type, see
[11], then (1.2) takes the form

V=au, Q=1(p—u)),
S = kGA(¢x + V) + vi(ex + ¥): — BO,
M = EIYrx + v2¥russ

(1.3)

O(x,t) is the
temperature difference, and § > 01is a coupling constant. When the

where yy and y; are damping coefficients, 6 =

heat conduction 6 in (1.3) is governed by Cattaneo’s law [13-15],
we have the following:

P30t + qx + Blox + ) =0,
gt +0q+6x =0,

in (0, L) X ]R+,

in (0,L) x Ry, (1.4)

where g = q(x,t) is the heat flux and p3,7, and ¢ > 0
are coupling constants. Considering linear damping force with
damping coefficient y; on the vertical displacement of suspenders
and by setting L = 1, p1 = pA, p» = pl,k; = kGA, and k, = EI,
then substituting (1.3) into (1.1) and coupling it with (1.4), we

arrive at the following system:

Pl — Qe — A (9 —u) + you, = 0, in (0,1) x Ry

1 — ki(px +¥)x — 1(ox + ¥)u + BOx + 1 (9 —u) =0, in(0,1) x Ry,

P2V — kaVex — VaYaw + ki(ox +9) + vi(@x + ¥) — pO =0, in (0,1) x Ry,

P30 + g+ Blox +¥) = 0, in(0,1) x Ry,

T +0q+6,=0, in (0,1) x R,.
(1.5)

We supplement system (1.5) with the boundary conditions as

follows:
u(0,t) = u(l,t) = ¢x(0,1) = (1,1) =0, te Ry, (L6)
v(0,8) = ¥(1,6) = 0(0,8) = q(1,) =0, teRy, '

and the initial data are

u(x, 0) = uo(x), ¢(x,0) = @o(x), ¥(x,0) = Po(x), 6(x,0) =
Oo(x), x€(0,1),
ur(x,0) = u1(x), @1(x,0) = @1(x), Y(x,0) = Y1 (x),
q(x,0) = go(x), x € (0,1).
(1.7)
The main focus of this article was to investigate system
(1.5)—(1.7). We establish the well-posedness and the asymptotic
behavior of solution by using the semi-group and the multiplier
methods. For related results to system (1.5)—(1.7), we mention the
result of Bochicchio et al. [16], where the authors considered system
(1.5) with heat conduction governed by Fourier s law (r = 0),
71 = ¥2 = 0, and linear frictional damping on (1.5); and (1.5),.
They proved an exponential stability result and numerical analysis
of the system. Very recently, Mukiawa et al. [17] studied (1.5) with
general, delay, and weak internal damping on the first equation
and established a general stability result. We also mention the
study of Enyi [18], the author proved exponential stability results
for thermoelastic Timoshenko beam systems with full and partial
Kelvin-Voigt damping, where the heat conduction is governed by
the Cattaneo law of heat transfer. There are many closely related
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Timoshenko systems in literature, which have discussed a lack of
exponential stability, see [11, 19, 20], and the references therein.
In comparison to the present system, there is no ambiguity since
the system is fully damped. Another interesting direction that can
be considered is a type of thermoelastic system governed by Saint-
Venant’s principle on bounded bodies, see [21], where the decay
estimates of two-temperature model are obtained. For more related
results, the reader should consult the following articles [22-26]
and the references therein. The rest of this study is organized as
follows: In Section 2, we prove an existence and uniqueness result.
In Section 3, we state and prove the main stability result.

2. Well-posedness

In this section, we transform system (1.5)—(1.7) into semi-
group setting and establish the existence and uniqueness result. Let
(.,.) and ||.|| denote, respectively, the inner product and the norm
in L2(0, 1).

1. We shall convert Problem (1.5)-(1.7) into the Cauchy form

W, + AW =0, W(0) = W,. 2.1)

2. Define appropriate spaces and use the semi-group method,
see Pazy [27], to establish the well-posedness.

To this end, we set W = (u, v, @, w, w,z,Q,q)T, where v = uy,
w = ¢y, and z = Y. Thus, problem (1.5)-(1.7) becomes

Wt + AW = O,
(P) (22)

W(0) = Wy,

where W() = (Llo, Ui, 9o, @1, 1//0, 1//1, 90, q())T and

-V
« A Y0
——ux— —(p—u)+ —v
o o p
—wW

ky 71 B A
——(x+V)x— —(Wx +2)x + —0c + — (0 — 1)
P1 P1 P1 P1

AW =

—z

k k
e Mt s B 1= Lo
P2 P2 P2 P2 P2

1
—qx + E(wx +2)
P3 P3

o 1
g+ —6,
T T
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Next, we define the Sobolev spaces as follows:
HL0,1): = {¢ € H)(0,1) : $(0) = 0}, and H2(0,1): =
{p € H*(0,1) : ¢ € Hy(0, 1)},
HL(0,1): = {¢ € H}(0,1) : (1) = 0}, and H2(0,1): =
{¢ € H*(0,1) : ¢ € HL(0, 1)}

The phase space of our problem is the following Hilbert space,

A= HY0,1) x L*(0,1) x HL(0,1) x L2(0,1) x Hy(0,1)x

L*(0,1) x L*(0,1) x L*(0,1).
We endow JZwith the following inner product:
1

1
(W,W)jf: :p[ v?dx—f—oz/
0 0

1 1
o f wivdx + ko f (63 + V)@ + )it
0 0

1
02 / zzdx
0

1 1 1
+ k2/ YeWredx + p3/ 00dx + r/ qqdx,
0 0

0

forany W = (u,v,0,w,¥,2,0, q) W=

¢ and norm

W12 =plIvI? + allugl® + g — ull® + prIwl? + Kallge + ¥ 11

+ p2llzll? + Rallvell® + p3 16117 + < ligll*,

forany W = (u, v,w,w,w,z,B,q)T c

The domain of A is defined as,

D(A): =
ue H*(0,1) N Hy(0,1), ve HA (0, 1),
@ € H2(0,1) N HL(0, 1), w € HL(0, 1),
(v, 0w, ¥,2,0,9) € H| W,z € HX(0,1) N HL(0,1), 6 € HL(0,1),
g € HL(0,1), wy +z € HL(0,1),
and (¢x +¥) € H (0, 1)

Lemma 2.1. The operator A:D(A) C 7/ — J# is monotone.

Proof. Let W = (u, v, 0, w, ¥, 2,60,q) € 7 then using integration
by parts and the boundary conditions (1.6), we get,

1 3 1
(AW, W)E%:p/ |:7gum7 —(p —u) + &v] vdxfa/ U vydx
0 4 P P 0
1
+A/ (v —w) (¢ — u)dx
0
ok A
+p1f [**l(warlﬁ)x* e+ e+ b+ 7(<pfu)} wx
0 P1 P1 P
1
i [ On+ 2o+ 9
0

Tk k
+p2/ I:**l/fxx*ﬁzvx *l(wx+w)+ﬁ(WX+Z)7£9:|ZdX
0 P2 P2 P2 P2 02

1 Irq B Te 1
—sz zxwxdx+p3/ —gx + —(wy +2) 9dx+r/ —q+ —by
0 0o Lms 3 o LT T

qdx

=polvI® + yilwx + 21° + 2llzll* + o llgll* = 0.
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Therefore, A is monotone. O
Lemma 2.2. The operator A:D(A) C 7/— J# is maximal.

Proof. Let F = (fL,f2, 3, f4, 1, f0.f7.f%)T e # We consider the
stationary problem

W+ AW =F, (2.3)
where W = (u, v, ¢, w, ¥, 2,0, q). Now, from (2.3), we get,
u—v:fl, inHé(O,l),
PV — Aty — Mo — 1) + yov = pf?, in L*(0,1),
p—w=f, in H1(1,0),
1w — ki(ox + ¥)x — y1(wx + 2)x + B0 + Ao — u) = pif*,
in L2(0, 1),
Y —z=f, in H)(1,0),
022 = koW — Vazax + ki(@x + ¥) + y1(wx +2) — B0 = py
16, in L?(0, 1),
P30 + qx + B(wx +2) = paf’, in (0, 1),
Tq+oqg+0 =tfs,, in L2(0, 1).
(2.4)

From (2.4);, (2.4)3, and (2.4)5, wehave v =u — fl, w = ¢ — f3,
andz =y — f5 , respectively. Therefore, (2.4) becomes,

(p + v0)u — e — Mo — 1) = pf' + nf' + pf% in L%(0,1),
SRS
81
P19 — (ki + y1)(@x + V) + BOx + Mg — u)
=pf +of —nfe-nk in H71(0, 1),
&2
P2 — (ko + v2)¥x + (k1 + v1)(@x + ) — BO
=f +oof* + nf° — vafec + paf inH'(0,1),
83
030 + ax + By + ) = B + Bf* + pof s in L2(0,1),
o T T
84
(t+0)q+6, = tf*, in L2(0, 1).
——
85
(2.5)

We define the following bilinear form 53 on H x H and linear
form LonH, where H : = H} (0, 1)x HL(0, 1) x H} (0, 1) x L*(0, 1) x
L?(0,1), as follows:

B, 0, 9,0, 9), (u*, 0*, ¥*,0%,q%))
1 1 1
t=(p+ Vu)f uu*dx + a/ usuydx + A/ (¢ — u)(p* — u*)dx
0 0 0
1 1
o [ttt [ vl +
0 0
1 1 1
+ﬂzf Yytdx + (ky +Vz)f %Wfderpsf 06" dx
0 0 0

1
+(r+rr)/ q9q" dx,
0

and

1 1
AWr, 0" 9", 0%,q4): = /ugldx+/ gzdx+/ Vrgadx

/ g0 dx+/ g59 *dx,
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for every (u, o, V,0,q), (u*, o*, ¥*,0%,q") € H.
When H is endowed with the following norm,
1, 0, 9,0, @)1 =pllull® + ellul® + Alp — ul*+
pillell® + killgx + v |12
+ mll¥? + kallvl® + p3ll6 1 + T liqll,
it is easy to see that B is a continuous and coercive bilinear form
on H x H, and .Zis a linear continuous form on H. Therefore, by

the Lax-Milgram theorem, there exists a unique (4, ¢, ¥,60,q) € H
such that

B((u, 0, ¥,0,q), (u*, o™, ", 0%,q) =

ff((u*,w*,l//*,@*,q*)), v (M*)w*ﬂ//*»@*:q*) c H.
It follows from (2.4),, (2.4);, and (2.4)5 that v € Hé(O,l),
w € H1(0,1),and z € H}(0, 1), respectively. Then, using regularity
theory, it follows from (2.5);, (2.5),, and (2.5);, that u,¢, ¥ €
H?(0,1). Moreover, from (2.5), and (2.5)s, we deduce that 6 €
HL(0,1) and g € H!(0,1). Therefore, W = (u,v, ¢, w,1,2,6,q) €
D(A) and satisfies (2.3), that is, A is maximal.
O

On account of Lemma 2.1 and Lemma 2.2, we apply the semi-
group theory for linear operator, see [27], and immediately have the
following result.

Theorem 2.1. Let Wy € JZ be given, then the Cauchy Problem
(2.2) has a unique local weak solution,

W e C([0, Ty,), 72), for some, T,, > 0.
Remark 2.1. One can easily compute [see (3.3)] that the solution
W= (u, u, 0, 01, ¥, Y1, 6, q)
of (1.5)-(1.7) is given by Theorem 2.1 that satisfies
IW@I%,< ClWolys Vit = 0.

Thus, the solution W is global, that is, if Wy € J#then W €
C([0, 00), ).

Now, due to the density of D(A) in .74 we can announce the
following result.

Theorem 2.2. Given Wy € D(A), then problem (1.5)-(1.7) has a
unique global solution in the class

W e C([0, 00), D(A)) N C*([0, 00), ).

3. Stability result

This section is devoted to the exponential stability of system
(1.5)-(1.7). The energy functional associated with problem (1.5) —
(1.7) is defined by

1
el =5 [olluc® + prlleell® + p2llvel? + elluxll + Al — w)]1?]

1
+ 5 [Killoe+ V1P + kall vl + p31012 + <llq)”?].
(3.1)
The main stability result is as follows:
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Theorem 3.1. The energy functional £(¢) defined in (3.1) decays
exponentially as time approaches infinity. That is, there exist two
constants K, 8§ > 0 such that

E(t) <Ke?,Vi=> 0. (3.2)

3.1. Proof of Theorem 3.1

We provide several Lemmas to facilitate the proof of Theorem
(3.1).

Lemma 3.1. Let (¢,v,6,q) be the solution of (1.5). Then, the
energy functional (3.1) satisfies

E'W) = —volluel® = nilloxt + viell> — v2llvmell* — o llqll* < 0,
Vit=>0.
(3.3)

Proof. Multiplying (1.5); by uy, (1.5), by ¢, (1.5); by ¥, (1.5)4 by
0, (1.5)5 by g, integrating over (0, 1), using integration by parts and
the boundary conditions (1.6), we have,

1d
EVT <ﬂ\|uz\|2 T ol + M@ — u)||2) — (e — w),08) + yolluel? = 0,
(3.4)

|

(prllodl® + kullox + WI2) = k(s + ¥, ¥) + 11 ((@x + Pt o)

+M{(¢ — u), ) — B0, pxt) = 0,

N | =
U

t

(3.5)

S8 (pllYel? + Ko llVel®) + vall ¥t + adox + ¥, ¥0) +

yillgx + V)i ) — BLO. Y1) =0, (3.6)
1
57 (P1017) 410,40 + BLO, (pe + D) =0, (37)
and
1
5 (Thal?) + o llgll® = (gx.0) = 0. (3.8)

Adding (3.4)-(3.8), we obtain,

%8(0 = =yl =yl et vl =y llYal* ~oliql* <0, Ve > 0.
(3.9)
The computations above are done for regular solution.
However, the result remains true for weak solution by density
argument. O

Remark 3.1. The lemma above implies that the energy (3.1) is
decreasing and bounded above by E(0).

Now, we construct a suitable Lyapunov functional L such that

&) < L(t) < a&(t), Yt >0, (3.10)
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for some ay, a; > 0, and show that L satisfies for some n > 0

L'(t) < —nL@), Vit =0, (3.11)
from which, we obtain
L(t) < L(0)e ™', ¥Vt >0, (3.12)

for some @ > 0. The exponential decay of L in (3.12) will then
imply the exponential decay of the energy functional £(t). To
achieve (3.10)-(3.12), we define L as follows:

L(t): = NE(t) + N1G1(t) + N, Go(t) + N3Gs(t), t >0, (3.13)

for some N, N1, N>, N3 > 0 to be specified later, and
G1(8) = p(u(t), u(t)) + p1{pe(t), (1)) + p2 (Ve (1), ¥ (1)) + 7/2*0 llu(t)lI,

Gat) = tp3(0(1), QM),  where Qo) = /0 a0 1)dy,

Ga(t) = —p1p3 (000, (1), where B(x,1) = fo oy, )dy.

(3.14)

Let us mention that routine computations, applying Youngs,

Cauchy-Schwarz, and Poincaré’s inequalities give (3.10). Next, we
provide some Lemmas needed to establish (3.11)-(3.12).

Lemma 3.2. The functional G, along the solution of system (1.5)—
(1.7) satisfies the estimate

k k
Gy () <—allux?® = Alg — ul® - 5 lex + yl? - 7\|¢xn2 + pllugll?

+o1lleel® + ct e + ollgxe + vell> + 310013, ¥t > 0.
(3.15)

Proof. Differentiating Gi, using (1.5);, (1.5),, and (1.5)3, then
applying integration by parts and the boundary conditions (1.6),
we obtain

Gy (t) =pllue’® + prllgell* + p2llvell* — eellugl® — Ao — ull* — ki
lox + Y I* = kallvll® = vi ((x + W), (@xe + Y1) —

Y2 (Ve Uur) + B{(px + V), 0).
(3.16)

Exploiting Young’s and Poincaré’s inequalities, we obtain,

G (1) <pllucl® + prllgel* + p2llraell*—
allul* — Al — ull® = killgx + I

ki vi
—kz||wx||2+Z||¢x+1/f||2+k—ll||¢xt+wt||2+
k2 2 sz 2, ki 2
RIAL +2k2||th|| + 7 e+ v+
z 2 2 2 kl 2
1017 = —alluxl® = 2le — ull® = —llpx + I~
1 2
k—znw 12+ ol z
5 19 pllugll” + prlle:~+

v 2 W
(:02 + %) e ll” + kf]”‘/’xt'f‘

2
vll? + 101
1
(3.17)
; V3 vi B .
By setting ¢c; = p + i,cz = k—ll, and ¢; = T we obtain
(3.15). O
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Lemma 3.3. The functional G,, along the solution of system (1.5)—
(1.7), satisfies the estimate

0
Gy(1) < —73||9||2 + callgat + il +esllgl®, YE= 0. (3.18)

Proof. Differentiation of G, using (1.5)3 and (1.5)4, and applying
integration by parts leads to

Gy(t) = —p3 11011 + Tllqll* — TB{(¢xt + V1), Q1)) — op3(6, Q(E),
where
Qe 1) = /0 4 1)dy.

Using Cauchy-Schwarz, we note that

1 x 2
||Q||2=/0 (/0 q(y,t)dy> dx < g%

It follows by Young’s and Cauchy-Schwarz inequalities that

B

B
Gy(t) < — p3ll01” + Tligll* + — o + vell® +

s 2
Qi+

2
P3 2, 07pP3 2 P3 2
—oN° + — < ——=@["+
> ol 3 el = 3 el

8 2 8 52p3 2
> lloxt + Vel +<t+ 5 + 5 ligll~.
(3.19)
Hence, we obtain (3.18), with ¢4 = % and ¢ =
ﬂ 2
(r+Z+22). m

Lemma 3.4. The functional Gs, along the solution of (1.5), satisfies,
the estimate

Bp1

Gy(t) == 2ol + erllgs + VI + eallg — ul® + cs Yl + 7 llgae + V1l

1 1
+cs (1 +—+ ;) 16112 + collqll%, ¥ ¢ = 0. (3.20)
1 2

Proof. Differentiation of G3, using (1.5), and (1.5), integration by
parts and boundary conditions, we get,

G5(t) =—Bp1 gl — p1igy @e) + Bo1 (Wi, @i()) — p3ki (6, (ox + V)
— 3716, (9xt + Vp)) + 2p3(0, D) + p3B161I%,

where,
Dy(x, 1) =/0 ¢i(y,t)dy and Q(x,t) =/0 (o, 1) — u(y, t))dy.

Exploiting Cauchy-Schwarz inequality, we see that

@)1 < llgell* and QI < (@ — w)l*.
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Therefore, using Youngs, Cauchy-Schwarz, and Poincarés
inequalities, we get

,3/01
Gy () < — Bprlleell® + g2 + 2 3 gl +
Bp1 (p3ky)?
7||cp,||2+,3p1||¢t||2+61||¢>x+¢||2 16 =P+
P3V1 P3V1
le1* + loxe + Wil
( ,03)
+ el + ||¢9||2 + B3O
- _ @” 2 2 o2 2
= eell” + erllox + ¥ II7 + ealle — ull” + Borllmll™+
P31 (p3k1)*  (Ap3)?
7”‘/’xt+¢t” + (ﬂ + =+ === ) lI0I*+
4eq 4e,
Paie.
B
Thus, taking ¢ = Bp1,c7 = m g =
max [/3,0 (p3k1)2 O"f) ] nd ¢y = ﬁ,we obtain (3. 20) O

Now, we give the proof of Theorem 3.1.

Proof. Using Lemma 3.1 and Lemmas 3.2—3.4, it follows from

(3.13) that
_N1i| e~

2 2 ky
— aNp|luxll® — [AN1 — e2N3] [l — u|” — ENI —€1N3

L'(t) < —[yoN — pNi] uel* — o [gNs

[72N — c1N1 — c6N3] [| vt |1®
2 ky 2
llox + ¥ lI” — ?N1||¢x|| — [y1N — &aN1 — c4N; — ¢7N3]

P3 1 1
lpxe + ell* — [71\]2 — 3Ny — cgN3 (1 e )]
&6 &

611> — [No — csN» — coN3] lIqll*.
(3.21)
By setting
ki A
Ni=1 €e=—, &=,
4N3 2N3
we obtain

B
L'(t) <= [yoN = pl llwll* — p1 [5N3 — 1| llgell*~
2 2 A 2
[y2N = 66Ns = el 1Wull® — @l = Zllg — ull~

k k
T e+l = S val?

— NN — 4Ny — &7N3 — &3] |t + Ve )
P3 4N3 2N3

— [ EN; — N — 2 ) -
|:2 2 —C8 3( + A + X c3

611> — [No — csN> — coN3] gl

(3.22)
Now, we choose N3 large so that

éI\/vg,—1>0.
2
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Next, we select N, large enough such that

Lastly, we choose N very large enough so that (3.10) remain
valid and

YoN —p >0, »N —cgN3 —c1 > 0, 1N — c4Ny — c7N3 —

¢ >0, No — ¢sNy — c9N3 > 0.
Thus, we have

L'(t)y<—n
(Ilutll2 + @el® + el + Nluxl® + lle — ull® + llox + ¥II%)

— 1 (llgxe + Vell® + 1Yl + 11017 + llqll*) »
(3.23)

for some 1 > 0. Using (3.1) and Poincaré’s inequality, we get

L'(t) < —mL(t), Yt > 0, (3.24)

for some positive constant ;. Integrating (3.24) over (0, t) yields

for some w > 0
L(t) < L(0)e @', V£ > 0. (3.25)

Hence, the exponential estimate of the energy functional £(¢) in
(3.2) follows from (3.25) and the equivalent relation (3.10). O
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