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Several diseases cause losses in cattle farming, especially in the dairy industry among which mastitis disease (Bovine mastitis) is the leading cause of health and economic damages globally as it results in animals' ill health and reduced quality and quantity of milk produced by infected cows. Some mathematical studies have been conducted that focused on mastitis transmission from one udder-quarter to another in an infected cow, even though clinical studies established the cow–cow and flies–cow transmissions. The present study, therefore, proposed a mathematical model for the control of mastitis disease in cattle in the presence of flies as vectors. The formulated model was shown to have non-negative solutions in feasible regions for both cattle and flies populations. Furthermore, the model has a stable disease-free equilibrium if the sum of the effective reproduction numbers for cattle–cattle and fly–cattle transmissions [image: image] is less than unity, and there is a possibility of multiple endemic equilibria if otherwise. The numerical results indicated that the infectious populations can be reduced if the rates of the control parameters are increased, thereby curtailing or eradicating mastitis in the cattle population.
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1. Introduction

The word mastitis is derived from two Greek words: masto (meaning mammary gland) and itis (meaning inflammation) [1]. Thus, mastitis is referred to as the inflammation of the mammary gland. Mastitis disease is caused by bacterial infection, trauma, or injury to the udder. It is the most common and expensive disease that affects dairy cattle throughout the world. Mastitis is caused by several different bacteria or other microorganisms (fungi, yeasts, and possibly viruses) that invade the udder, multiply and produce harmful substances there and then result in inflammation [2]. The most common microorganisms, causing mastitis, can be divided into two groups: (i) contagious bacteria (e.g., Staphylococcus aureus, Mycoplasma spp., and Streptococcus agalactiae) and (ii) environmental bacteria (e.g., Streptococcus uberis, Streptococcus dysgalactiae subsp. dysgalactiae, coliforms including Escherichia coli and Klebsiella spp.) [3].

Mastitis disease has well-recognized detrimental effects on animals' wellbeing and dairy farm profitability [4]. Mastitis can, directly, affect the mammary gland of the cow, leading to a significant reduction of the quantity and quality of the milk and, therefore, to reduced value of the production [5]. Despite decades of implementation of control strategies, mastitis continues to be one of the most significant and economically challenging problems of dairy cows [6, 7]. It reduces the productivity of the cows and the quality of milk causing enormous losses for breeders and, consequently, to the national income of the country [2]. According to the estimation of the National Mastitis Council (USA), mastitis costs more than $2 billion to dairy farmers annually [3, 7].

Mastitis is transmitted by direct contact between an infected and a susceptible animal which becomes infected by inhaling droplets disseminated in the environment. It can also be transmitted through an infected vector (such as a horn fly and, possibly, a housefly) [8–10]. The presentation of mastitis in a cow can be either a clinical or subclinical infection. In the subclinical type, the infection is asymptomatic and there are no visible changes in the appearance of the milk and/or the udder, milk production decreases by 10–20% with undesirable effect on its constituents and nutritional value rendering it of low quality and unfit for processing [11]. Subclinical (or acute) mastitis is the most common and economically harmful infection. Clinical mastitis, on the other hand, is characterized by heat, pain, swelling, and redness of the udder, along with reduced and an abnormal nature of milk yield. It is usually accompanied by a mild fever and animal depression. The affected quarter is sensitive to touch and painful to the animal. If acute mastitis is not attended, the inflammatory process persists for long, it gets converted into chronic mastitis which renders the milk-secreting tissue unable to produce any more milk. These changes are generally incurable and permanent [2]. The control of subclinical mastitis is more important than simply treating clinical cases because of the following reasons: The cows that have subclinical mastitis are reservoirs of organisms that lead to infection of other cows; and most clinical cases start as subclinical; thus, controlling subclinical mastitis is the best way to reduce the clinical cases [5]. Therefore, routine physical examination of the udder and diagnostic screening tests for early detection of mastitis and proper treatment of affected animals are of paramount importance to minimize losses due to subclinical and clinical mastitis [2].

Cows suffering from mastitis may recover spontaneously, but usually, drug therapy is required to maintain productivity [2]. Treatment of mastitis disease is achieved via systemic and intramammary administration of antibiotics, supportive fluid, and anti-inflammatory therapy [4]. Strict hygiene has to be maintained in cattle bedding to prevent transmission of infection during milking via contaminated milk, hands of the milker, and udder cloths (in the case of the milking machine) [2]. Culling of cows suffering from recurrent clinical mastitis (i.e., chronic mastitis) [2], and vector control via the application of insecticides (such as methoprene, synthetic pyrethroids, organophosphates, and abamectins) [9] are also good mastitis disease control measures.

Some mathematical studies have been conducted that focused on mastitis transmission from one udder-quarter to another in an infected cow [8, 12–14], even though clinical studies established the cow–cow and flies–cow transmissions [4, 5, 7, 10]. Therefore, the present study proposed an epidemic mathematical model for the control of mastitis disease in cattle in the presence of flies as vectors. The goals were to analyze the dynamic transmission and to investigate the impacts of various control measures available for vector-borne mastitis. The rest of this study is presented with the following organization: Section 2 provided the detail of the model's description and a domain in which it is feasible epidemiologically and well-posed mathematically. Section 3 demonstrated the analyses of the equilibrium points, which include the fundamental reproduction number derivation and analyses of local and global stabilities of the equilibrium points and the sensitivity analysis. Section 4 contained the model's numerical simulations and graphical illustrations and a discussion of the results. Section 5 included the conclusion of the study.



2. Mathematical model

To study the control of fly-borne mastitis disease in cattle using a mathematical model, a mathematical model is hereby formulated using a system of ordinary differential equations as follows. Furthermore, the model was shown to be well-posed by establishing the positivity of solutions and the region where the model is epidemiologically feasible.


2.1. Model formulation

The cattle population and fly population are the interacting host and vector populations, respectively. The cattle population is subdivided into the subpopulations of susceptible [Sc(t)], exposed [E(t)], subclinical infective [A(t)], clinical infective [Ic(t)], chronic infective [C(t)], and recovered cattle [R(t)], so that the total cattle population at any time, t, is given as:

[image: image]

The vector (flies) population is subdivided into the subpopulations of susceptible [Sv(t)] and infected flies [Iv(t)], and so that the total vector population at any time, t, is given as:

[image: image]

The model takes into consideration cattle–cattle transmission, flies–cattle transmission, and cattle–flies transmission with transmission coefficients β, bp, and bq, respectively. Thus, the forces of infection for both populations are λc = [β(A(t) + aIc(t)) + bpIv(t)] and λv = bq(A(t) + Ic(t)). The interaction between the cattle and fly populations is, therefore, governed by the following proposed model, depicted by the schematic diagram in Figure 1.


[image: Figure 1]
FIGURE 1
 Schematic diagram showing the dynamics of mastitis in cattle and fly populations.




2.2. Model's assumptions

Other assumptions on which the model's formulation is based are as follows:

  i. Both populations are assumed not to be constant since births, immigrations, emigrations, and deaths occur in the populations.

 ii. The model assumes a homogeneous mixing of individuals in both populations where all individuals have an equal likelihood of contracting mastitis if they come into effective contact with infectious individuals, and that transmission of the infection occurs with a mass action incidence.

iii. The probability of survival till the infectious state for cattle exposed to mastitis is less than or equal to unity. As a result, the exposed class of cattle is included in the model for the cattle population but ignored for the fly population since flies generally have a short lifecycle.

iv. The chronic infective cows are assumed not to transmit mastitis because they are weak and, therefore, are culled from the herd at a rate, d.

 v. Mastitis-induced deaths of cows only occur at the chronic stage of the infection at a rate δ. The flies also experience induced deaths, at a rate ϕ, due to the application of insecticides such as methoprene, synthetic pyrethroids, organophosphates, and abamectins [9].

vi. Individual cattle who recover from mastitis, spontaneously or as a result of treatment via systemic and intramammary administration of antibiotics, supportive fluid, and anti-inflammatory therapy [4], lose their immunity, and become susceptible since mastitis is not known to confer permanent immunity.

From the schematic diagram in Figure 1 together with the set of the model's assumptions, the model is formulated as a system of ordinary differential equations, using the mass action incidence rate, as given in Equation (3).

[image: image]

subject to the initial conditions:

[image: image]

The feasible region for the model is Ω = Ω1 ∪ Ω2, where

[image: image] + E(t) + A(t) + Ic(t) + C(t) + R(t) = Nc(t)} and [image: image] are the region of feasibility for cattle and fly populations, respectively.

The parameters of the model are described in Table 1.


TABLE 1 Description of the model's parameters.

[image: Table 1]



2.3. Positivity and boundedness of solutions of the model

Theorem 1: Suppose the initial conditions (4) of the state variables are non-negative in the region Ω = Ω1 ∪ Ω2, then the solutions set {Sc(t), E(t), A(t), Ic(t), C(t), R(t), Nc(t)} ∈ Ω1 and {Sv(t), Iv(t), Nv(t)} ∈ Ω2 are non-negative in the region Ω for all time t ≥ 0.

Proof: It follows from the first equation of the model (3) that

[image: image]

Separating the variables and integrating both sides gives

[image: image]

Similarly, it can be shown that E(t), A(t), Ic(t), C(t), R(t), Sv(t) and Iv(t) are non-negative. Hence, all the state variables are non-negative for all time t ≥ 0, whenever the initial conditions are non-negative.

Theorem 2: Every solution in the region Ω = Ω1 ∪ Ω2 are positively invariant with respect to the mastitis model (3) in cattle and fly populations.

Proof: Differentiating (1) and then substituting the first six equations of the model (3) gives,

[image: image]

Solving, using the integration factor, [image: image], gives,

[image: image]

[image: image] and As [image: image]

[image: image].

Moreover, differentiating (2) and substituting the last two equations of the model (3) and then following the above procedures give [image: image].

These results imply that the mastitis model (3) has non-negative and bounded solutions in the region Ω = Ω1 ∪ Ω2, ∀t ≥ 0. Hence, the proposed mastitis model is both epidemiologically feasible and mathematically well-posed, and so, it suffices to consider the dynamics of the model in the feasible region Ω.




3. Analysis of the model

In this section, the mastitis model (3) is analyzed as follows: the equilibrium points and the effective reproduction number were obtained. Moreover, the local and global stabilities for both equilibria were investigated, and a sensitivity analysis was carried out.


3.1. Equilibria and effective reproduction number

Equilibrium points are steady-state solutions of the model satisfying

[image: image]


3.1.1. Mastitis-free equilibrium

In the absence of mastitis, i.e., when E(t) = A(t) = Ic(t) = C(t) = Iv(t) = 0, then both cattle and fly populations are in a state of mastitis-free equilibrium, E0, obtained by solving the model equation (3) subject to (5) and E(t) = A(t) = Ic(t) = C(t) = Iv(t) = 0 as follows:

[image: image]



3.1.2. Effective reproduction number

The effective reproduction number, ℜc, is the actual average of secondary cases per primary case observed in a population with an infectious disease in the presence of control measures. Using the next generation operator, described by [15, 16],

[image: image]

where F is the Jacobian of the transmission matrix, obtained at E0 as

[image: image]

and V is the Jacobian of the transition matrix, obtained at E0 as

[image: image]

Therefore, by (7), the effective reproduction number is the leading eigenvalue of the matrix FV−1, computed as

[image: image]

where k1 = μc + ρ, k2 = μc + α + γ, k3 = μc + θ + γ + τ, k4 = μc + δ+d, and k5 = μv + ϕ.

This can be summarized as

[image: image]

where [image: image] and [image: image] represent the reproduction numbers for cattle–cattle transmission and fly–cattle transmission, respectively.



3.1.3. Mastitis-endemic equilibrium

In the presence of mastitis disease, i.e., when E(t) ≠ A(t) ≠ Ic(t) ≠ C(t) ≠ Iv(t) ≠ 0, then both cattle and fly populations are said to be in a state of mastitis-endemic equilibrium, Ee, obtained by solving (3) subject to (5) and E(t) ≠ A(t) ≠ Ic(t) ≠ C(t) ≠ Iv(t) ≠ 0 as

[image: image]

where [image: image] E*(t)};

[image: image]

and E*(t) is obtained as the roots of the quadratic equation

[image: image]

or equivalently, using the approach of [17]

[image: image]

with positive constants A1, B1, and B2 defined as follows:

[image: image]

so that the coefficients of (13) are given as

[image: image]

We will now explore different cases of the mastitis-endemic equilibrium with respect to conditions placed on [image: image] as follows:

  i. If [image: image]; then there exists a unique mastitis-endemic equilibrium;

 ii. If [image: image] where c is a constant; then the model has two endemic equilibria, such that [image: image];

iii. If [image: image] where c is a constant; then the model has two endemic equilibria, one of which might coincide with the mastitis-free equilibrium;

iv. If [image: image]; then there exists no endemic equilibria for the mastitis model;

 v. If [image: image]; then the model has two distinct endemic equilibria.




3.2. Local asymptotic stability of the mastitis-free equilibrium

Theorem 3: If the sum [image: image], and the quantities [image: image] and [image: image] then the mastitis-free equilibrium is locally asymptotically stable. Otherwise, it is a saddle point that is unstable.

Proof: The stability of the mastitis-free equilibrium depends on the Jacobian matrix of the mastitis model (3), evaluated at E0 as

[image: image]

This has eigenvalues λ = −μc, λ = −k4, λ = −k5, λ = −k6; others being the roots of the quartic equation (16) as follows:

[image: image]

where

[image: image]

Now, if [image: image], and the quantities R1 and R2 are both less than unity, then the quartic equation (16) has negative roots or complex roots with negative real parts. Hence, the mastitis-free equilibrium is locally asymptotically stable. Otherwise, it is unstable.



3.3. Local asymptotic stability of the mastitis-endemic equilibria

In Section 3.1.3, we established that the mastitis model has some cases of the existence of endemic equilibrium. Of interest are the cases with unique (one) and two endemic equilibria. When two endemic equilibria exist (especially in cases (ii) and (iii) of Section 3.1.3), then this might cause the mastitis model to exhibit a subcritical (backward) bifurcation in which case a stable endemic equilibrium co-exists with stable disease-free equilibrium for ℜc < 1. When this happens, then, we have the occurrence of bi-stability [18, 19] as a result of backward bifurcation and the condition ℜc < 1 is a necessary but not a sufficient condition to eradicate mastitis in both cattle and the fly populations [20]. The condition for the existence of this backward bifurcation is described in the result of Theorem 4. When only one equilibrium exists, it is unique and the stabilities of this unique endemic equilibrium are established in Theorem 4 and Theorem 6.

Theorem 4: If ℜc ≥ 1, then the mastitis-endemic equilibrium is locally asymptotically stable. Otherwise, it is unstable.

Proof: The center manifold theory approach, described by Castillo–Chavez and Song [21, 22], is employed to establish the local asymptotic stability of the mastitis-endemic equilibrium around ℜc = 1.

From (11), we have,

[image: image]

Let β = β*, where β* is the chosen bifurcation parameter at ℜc = 1.

[image: image]

so that the mastitis-free equilibrium is locally asymptotically stable if [image: image], and unstable whenever [image: image].

Now, let Sc(t) = x1, E(t) = x2, A(t) = x3, Ic(t) = x4, C(t) = x5, R(t) = x6, Sv(t) = x7, Iv(t) = x8, then the model in terms of these new state variables becomes

[image: image]

The Jacobian matrix of the model (17) at the mastitis-free equilibrium, E0, when [image: image], is obtained as in (15) with the calculated eigenvalues. If ℜc = 1, this implies that [image: image]. Then, the quartic equation (16) has a zero eigenvalue λ = 0; with other eigenvalues being negative.

Applying the center manifold theory, let [image: image] be the right eigenvector associated with the zero eigenvalues, λ = 0, where

[image: image]

Similarly, the left eigenvector associated with the zero eigenvalues, λ = 0, is given by v = (v1, v2, v3, ..., v8), such that v. w = 1, where

[image: image]

Computation of a and b

The coefficients a and b as defined by Castillo–Chavez and Song [21] are [image: image] [image: image]; and are algebraically computed as follows, considering only the non-zero components fk: k = 2, 3, 4, 8. With these definitions, the following was obtained:

[image: image]

On substitution of necessary quantities and simplifying, the above reduces to

[image: image]

where [image: image] [image: image].

Similarly, the coefficient b is obtained as

[image: image]

Thus b > 0, since v2, w2 > 0, and all parameters are positive.

Now, from (18), if the quantity Q < 1, then a < 1, b > 0, and the model exhibit a forward bifurcation around ℜc = 1; when β* < 0, then there exists a positive stable equilibrium. This implies that the disease-free is globally stable while the endemic equilibrium is locally asymptotically stable when ℜc > 1, but close to 1. This scenario is depicted in Figure 2A, and in this case, the condition ℜc < 1 is sufficient to eradicate mastitis disease from the populations.


[image: Figure 2]
FIGURE 2
 Bifurcation curve at the threshold value, ℜc = 1: (A) forward bifurcation plot and (B) backward bifurcation plot.


If, however, Q > 1, then a > 1, b > 0, and so the model exhibits a backward bifurcation at ℜc = 1; when β* < 0, then x = 0 is unstable and there exists a negative and locally asymptotically stable endemic equilibrium. This implies that the disease-free is not globally stable while the endemic equilibrium is locally asymptotically stable, whenever ℜc > 1. This scenario is shown in Figure 2B, and in this case, the condition ℜc < 1 is not sufficient to eradicate mastitis in both populations. For mastitis disease to be curtailed or eradicated from the population, the condition [image: image] must hold.



3.4. Global asymptotic stability of the equilibria

In this section, the global asymptotic stability of the mastitis-free and mastitis-endemic equilibrium are investigated. It should be noted that whenever a stable endemic equilibrium co-exists with the disease-free equilibrium (for the existence of backward bifurcation), then the mastitis-free equilibrium cannot be globally stable and the endemic equilibrium also might not be globally stable [18, 23, 24]. Given this, the global stabilities are considered for the case with unique endemic equilibrium or when Q < 1 in Section 3.3 above and the model exhibits a forward bifurcation.


3.4.1. Global asymptotic stability of the mastitis-free equilibrium

To show the global stability of the mastitis-free equilibria, the two conditions for the global stability of disease-free as contained in [25–27] for ℜc < 1 were established.

We begin by re-writing the model equation (3) in the form

[image: image]

where X = (Sc(t), R(t), Sc(t)) and Y = (E(t), A(t), Ic(t), C(t), Iv(t)) are the non-infectious and the infectious states of the system; F(X, Y) and G(X, Y) are the right-hand sides of [image: image] and [image: image], respectively, with E(t) = A(t) = Ic(t) = C(t) = Iv(t) = 0.

Now, from the model (3), the reduced system [image: image] is given as

[image: image]

Let [image: image] be the equilibrium of the reduced system (20) then the following result holds.

Theorem 5: The mastitis-free equilibrium, E0, of the model (3) is globally asymptotically stable if ℜc < 1; provided that the conditions (H1) and (H2) below are satisfied:

H1: For [image: image] is globally asymptotically stable;

H2: G(X, Y) = AY − Ĝ(X, Y), Ĝ(X, Y) ≥ 0 for (X, Y) ∈ Ω.

where [image: image] is a Metzler matrix (the off-diagonal elements of A are non-negative) and Ω is the region where the model is biologically feasible.

Proof: First, we show that X* is globally asymptotically stable by solving each equation in the reduced system (20) and then taking the limit as t → ∞.

Thus, solving the second equation in (20) subject to the initial condition R(0) = R0 gives

[image: image]

As t → ∞, R(t) → 0, and independent of R0.

Moreover, from the first equation in (20), we have that

[image: image]

Solving this with its integrating factor, [image: image], and subject to the initial condition Sc(0) = Sc0 gives

[image: image]

[image: image], and independent of Sc0.

From the last equation in (20), we have,

[image: image]

Solving this with its integrating factor, [image: image], and subject to the initial condition Sv(0) = Sv0 gives

[image: image]

[image: image], and independent of Sv0.

This implies that the asymptotic dynamics of the system are independent of the initial conditions, i.e., every solution of the model with initial conditions in Ω approaches [image: image]. Hence, the equilibrium X* is globally asymptotically stable for [image: image].

Next, it is left to show H2: G(X, Y) = AY − Ĝ(X, Y), Ĝ(X, Y) ≥ 0 for (X, Y) ∈ Ω.

From the model (3),

[image: image]

and

[image: image]

[image: image]

Then G(X, Y) = AY − Ĝ(X, Y) implies Ĝ(X, Y) = AY − G(X, Y), so that

[image: image]

Obviously, Ĝ2(X, Y) = Ĝ3(X, Y) = Ĝ4(X, Y) = 0. Moreover, Ĝ1(X, Y) ≥ 0 and Ĝ5(X, Y) ≥ 0 since [image: image] at any time t, as shown in H1.

Now, it has been established that: (i) For [image: image] is globally asymptotically stable; and

(ii) G(X, Y) = AY − Ĝ(X, Y), Ĝ(X, Y) ≥ 0 for (X, Y) ∈ Ω.

Hence, the mastitis-free equilibrium, E0, is globally asymptotically stable whenever ℜc < 1, and unstable otherwise.



3.4.2. Global asymptotic stability of the mastitis-endemic equilibrium

Theorem 6: If ℜc > 1, then the mastitis-endemic equilibrium, whenever it is unique, is globally asymptotically stable in Ω, provided that [image: image].

Proof: The global stability of the mastitis-endemic equilibrium is analyzed by constructing a suitable Lyapunov function V(t) of Goh–Volterra type, following the approach of [26–30], such that

[image: image]

where [image: image].

The time derivative of V(t) along the solutions of the system (3) is obtained as

[image: image]

Putting the appropriate equations of the system (3) into the derivative of V(t) gives

[image: image]

At the mastitis-endemic equilibria of the model, the following relationships hold from the model (3):

[image: image]

[image: image]

Using these relations in (26) yields

[image: image]

Expanding and simplifying this gives

[image: image]

This simplifies to

[image: image]

Now, by this theorem's hypothesis and the arithmetic–geometric mean inequality (i.e., the fact that the arithmetic mean is greater than or equals the geometric mean) [18, 31], the following inequalities are true:

[image: image]

It follows from (27) that [image: image], and that [image: image] iff [image: image][image: image]. Thus, the largest positively invariant set in the feasible region Ω is the unique endemic equilibrium. Hence, by LaSalle's invariance principle [32], the endemic equilibrium, whenever it is unique, is globally asymptotically stable in Ω if ℜc > 1. Otherwise, it is unstable.




3.5. Sensitivity analysis of the reproduction number

In this section, the robustness of the mastitis model to its parameter values was explored by performing the sensitivity analysis of the effective reproduction number, ℜc, of the model. By doing this, we have information on those parameters which significantly impact the mastitis model with respect to the effective reproduction number, ℜc. To achieve this, the approach of the normalized forward sensitivity index of a variable to a parameter was employed as used in [31, 33–35]. By this approach, the normalized forward sensitivity index of ℜc that depends differentially on a parameter p is defined as:

[image: image]

With this definition, we derive an analytical expression for the sensitivity of ℜc with respect to each component parameter of ℜc. For instance, the sensitivity index of ℜc with respect to the fly's rate of biting, b, is obtained as

[image: image]

Similarly, the values for the sensitivity index of ℜc with respect to the other parameters for the given baseline parameter values are displayed in Table 2 and Figure 3.


TABLE 2 Sensitivity indices of ℜc in terms of the model's parameter baseline values.

[image: Table 2]


[image: Figure 3]
FIGURE 3
 Graphical representation of the sensitivity indices of ℜc.


It can be read from the above index table in Table 2 and from Figure 3, that the most sensitive parameter is the fly's biting rate (b). Other parameters such as the spontaneous recovery rate (γ), rate of administration of antibiotics (τ), and rate of insecticide application (ϕ), among others, are also sensitive to the mastitis effective reproduction number, ℜc. To interpret these, [image: image] implies that increasing (or decreasing) b by 10% increases (or decreases) ℜc by 9.367%; while [image: image] means that increasing (or decreasing) ϕ by 10% decreases (or increases) ℜc by 3.857%. The interpretation of the sensitivity indices of other parameters follows a similar manner as for b and ϕ.




4. Numerical simulations and discussion

This section presents the numerical simulation results for the mastitis model (3). The simulations were carried out with the aid of Maple 18.0 software to show the solution of the model equation, the global stability of the mastitis-free equilibrium, and the effects of sensitive parameters on mastitis transmission and control.

The parameter values used for the numerical simulations were sourced from existing literature, and where unavailable, values were assumed and fixed within a reasonable range as given in Table 1. The initial conditions are: Sc(0) = 500, E(0) = 100, A(0) = 30, Ic(0) = 50, C(0) = 20, R(0) = 10, for cattle population; and Sv(0) = 750, Iv(0) = 100, for fly population.

The results of the numerical simulations are given in Figures 4–11 to illustrate the system's behavior for different values of the mastitis model's parameters.


[image: Figure 4]
FIGURE 4
 Plot of the global stability of the equilibria with various initial conditions: (A, C, E) are the global stability plots for the Mastitis-free equilibrium; (B, D, F) are the global stability plots for the Mastitis-endemic equilibrium.


The plots in Figure 4 illustrated the global stabilities of the mastitis-free and mastitis-endemic equilibria, E0 and Ee, and they agree with the results of the global stability analyses given in Theorems 5 and 6. These results imply that regardless of the initial value of the infective, mastitis can be wiped out from both cattle and fly populations, whenever ℜc < 1, since the plots in Figures 4A, C, E revealed that the solutions converge at the mastitis-free equilibrium points for subclinical and clinical infective cattle population and infected fly population. It should be noted that this result may not hold for the cases where the mastitis-endemic equilibria co-exist with the mastitis-free equilibrium at ℜc < 1, because at this point, the mastitis model exhibits backward bifurcation as shown in Figure 2B. However, the reverse is the case when ℜc > 1, since the plots in Figures 4B, D, F showed that the infective populations converge at the endemic equilibrium above the x-axis.

Figure 5 is the plots of all the solutions for both populations against time for the given parameter values in Table 1. The plot in Figure 5A indicates that the susceptible cattle declines as a result of the infection. This consequently increases the population of exposed cattle. The recovered cattle population increases due to the presence of various control measures. In Figure 5B, the plot shows the behavior of the fly population with time. The plot revealed that both susceptible and infected flies increase with time and the susceptible later decreases just above 3,000 flies.


[image: Figure 5]
FIGURE 5
 Plot of the (A) cattle and (B) fly populations with time at the given model's parameters.


The effects of the fly's biting rate (b) on the dynamics of mastitis disease were shown in Figures 6A–F. It was revealed by the plot in Figures 6A, E that increase in the fly's rate of biting (b) decreases the populations of the susceptible cattle and fly. This, in turn, caused an increase in the population of the subclinical infective, clinical infective, and chronic infective cattle, and the infected flies, as shown by the plots in Figures 6B–D, F, respectively. In Figure 7, the effects of the cattle transmission rate, β, were investigated. The plots in the Figure showed that an increase in the rate of transmission via contact with the infectious cattle declines the population of susceptible cattle, as can be seen in the plot in Figure 7A, while the increase in this rate caused an increase in the populations of the subclinical infective, clinical infective, and chronic infective cattle as depicted by the plots in Figures 7B–D, respectively.


[image: Figure 6]
FIGURE 6
 Plot of the effect of fly's biting rate “b” on the (A) susceptible cattle, (B) subclinical infective cattle, (C) clinical infective cattle, (D) chronic infective cattle, (E) susceptible fly, and (F) infected fly populations.



[image: Figure 7]
FIGURE 7
 Plot of the effect of cattle's transmission rate “β” on the (A) susceptible cattle, (B) subclinical infective cattle, (C) clinical infective cattle, and (D) chronic infective cattle populations.


From Figure 8, which showed the effect of the rate of spontaneous recovery, γ, on the cattle populations, it was observed that an increased rate of spontaneous recovery, γ, significantly reduced the infectious cattle, including the chronic infective ones, as shown by the plots in Figures 8A–C. Consequent to this reduction, the recovered cattle population was increased. This is depicted by the plot in Figure 8D. Furthermore, we investigated the effect of boosting the recovery from mastitis disease via the administration of pharmaceutical/non-pharmaceutical therapy (such as the use of antibiotics), the rate of which is denoted by τ. It was then observed that the use of this control measure has a significant effect on decreasing mastitis disease, as can be seen from the plots in Figures 9A, B, that increase in τ decreased the populations of the clinical infective and chronic infective cattle but increased the population of the recovered cattle as in Figure 9C. This control measure also, interestingly, decreased the population of the infected flies, as shown in Figure 9D, thereby reducing the number of infected flies available to cause mastitis disease whenever biting occurs.


[image: Figure 8]
FIGURE 8
 Plot of the effect of spontaneous recovery rate “γ” on the (A) subclinical infective cattle, (B) clinical infective cattle, (C) chronic infective cattle, and (D) recovered cattle populations.



[image: Figure 9]
FIGURE 9
 Plot of the effect of rate of antibiotics administration “τ” on the (A) clinical infective cattle, (B) chronic infective cattle, (C) recovered cattle, and (D) infected fly populations.


The plot in Figure 10 showed the effect of the rate of culling “τ” on the dynamics of mastitis disease. Culling is a control measure that involved the total separation of infected, and weak cattle from the herd, to prevent the further spread of the disease. The result of this control measure as shown in Figure 10 revealed that an increase in the rate of culling will decrease the population of the chronically infective cattle and so they do not partake in the transmission of mastitis disease. This is one of the assumptions on which the proposed mastitis model in this study is based.


[image: Figure 10]
FIGURE 10
 Plot of the effect of rate of culling “d” on the dynamics of mastitis disease.


This study also simulated the effect of the rate of application of insecticides “ϕ” on the populations of flies that transmit mastitis disease, and the results are plotted in Figure 11. These plots showed that the more the use of insecticides against such flies, the lesser the population of the flies, irrespective of their infection status. This implies that both susceptible and infected fly's populations are reduced whenever insecticides are applied as revealed by the plots in Figures 11A, B, respectively.


[image: Figure 11]
FIGURE 11
 Plot of the effect of rate of application of insecticides “ϕ” on the (A) susceptible fly and (B) infected fly populations.




5. Conclusion

In this study, we proposed and formulated an epidemic mathematical model for the dynamics of mastitis disease in cattle (host) and fly (vector) populations with standard incidence rates. The intervention strategy focused on the treatment of infected cattle, culling of chronic infective cattle, and application of insecticides on the flies that bite cattle. The proposed model was shown to be epidemiologically feasible and mathematically well-posed by establishing that the solutions set is non-negative and bounded in a feasible region. The existence and stability of both disease-free and endemic equilibria were obtained, and these depended on the effective reproduction number, ℜc. If this threshold value, ℜc < 1, mastitis disease is under control, but if ℜc > 1, then mastitis will persist in the population.

We performed a sensitivity analysis on the effective reproduction number, ℜc, and the result revealed that the most sensitive parameter was the biting rate of flies. This can be significantly reduced by the use of insecticides, such as methoprene, synthetic pyrethroids, organophosphates, and abamectins [9] against the flies, as revealed by the results of the simulations. Other parameters such as the spontaneous recovery rate (γ), rate of administration of antibiotics (τ), and rate of insecticide application (ϕ), among others, are also sensitive to the mastitis effective reproduction number, ℜc. Therefore, mastitis control measures should be based on these parameters, among others, so that the spread of mastitis disease could be reduced in both cattle and fly populations.

The numerical simulations performed revealed that parameters like the biting rate of flies and cattle transmission rate both reduced healthy cows and increased mastitis infection in both populations. However, control measures such as infected cattle treatment (τ), culling of chronic infective cattle (d), and the use of insecticides against flies (ϕ), all have the effect of decreasing the spread of mastitis disease and decreasing the number of infective cattle and increasing healthy ones. It is, therefore, recommended that these control measures be adopted in the livestock and dairy industries, as this will increase the number of healthy cows available, and also improve the quantity and quality of milk produced for human consumption. Then meat and milk economy can also be greatly enhanced. Future study would be based on determining which of the control measures would yield an optimal result for controlling the disease. Control measures such as media advertisement and community awareness [36–38] would be explored, among others, in the optimal control analysis of the mastitis model.
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