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Controllability of Hilfer fractional
Langevin evolution equations

Haihua Wang* and Junhua Ku

College of Science, Qiongtai Normal University, Haikou, China

The existence of fractional evolution equations has attracted a growing interest in
recent years. The mild solution of fractional evolution equations constructed by a
probability density function was first introduced by El-Borai. Inspired by El-Borai,
Zhou and Jiao gave a definition of mild solution for fractional evolution equations
with Caputo fractional derivative. Exact controllability is one of the fundamental
issues in control theory: under some admissible control input, a system can be
steered from an arbitrary given initial state to an arbitrary desired final state.
In this article, using the («, B) resolvent operator and three different fixed point
theorems, we discuss the control problem for a class of Hilfer fractional Langevin
evolution equations. The exact controllability of Hilfer fractional Langevin systems
is established. An example is also discussed to illustrate the results.
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1. Introduction

The application of fractional differential equations to many engineering and scientific
disciplines is very important, as numerous fractional-order derivatives are used in the
mathematical modeling in the fields of physics, chemistry, electrodynamics of complex
media, and polymer rheology, see [1-10]. Currently, fractional differential equations are
used extensively in every branch of science, for example, the electrical closed loops can be
expressed as fractional equations by Kirchhoff’s law [11]. In 2000, Hilfer introduced the
definition of Hilfer fractional derivative Dgf. Especially, Dgf became the famous Riemman-
Liouville fractional derivative whereas Dg‘i coincided with another fractional derivative,
namely, the Caputo fractional derivative.

The study of fractional differential equations in infinite dimensional spaces includes
the theoretical aspects, such as the existence and uniqueness of solutions, the numerical
solutions, and so on. In general, it is interesting to find the existence of mild solutions, to
arrive at the fact that, some technical tools, such as the method of lower and upper solutions
and various fixed point theorems, are usually applied to the proof of existence.

The exact or approximate controllability is important in control theory. With some
control input, a system can be guided from an initial state to any desired ultimate state. There
are various articles with respect to the exact or approximate controllability of fractional
differential equations [12-16]. However, a few articles have been written about the exact
controllability of Hilfer fractional evolution equations.

Langevin first proposed a Brownian motion equation in 1908 and Langevin’s equation
was named so from then on. There have been a remarkably large number of frequently used
theories to explain how physical phenomena evolve in fluctuating environments with respect
to the Langevin equation. For example, if white noise is taken to be the random fluctuation
force, Brownian motion can be well-described by the Langevin equation. More generally,
if white noise is not taken to be the random fluctuation force, the generalized Langevin
equation can be used to describe the particle’s motion [17]. The formulation of Langevin
equation is not unique. Currently, several versions of the conventional Langevin equation
have been used in complex media to describe dynamical processes in a fractal medium, the
reader can consult [18-21].
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In 2012, Ahmad et al. [18] investigated the following fractional
Langevin equation:

DP(ED* + 2)x(t) = f(6,x(D),0 < t < 1,0 <a < 1,1 < B <2,
X(O) = O>x(77) = O,X(l) = 0>

where ‘D“ denotes the Caputo fractional derivative, and the
authors obtained the existence of solutions by Krasnoselskii’s
fixed point theorem and the Banach contraction mapping theory,
respectively.

In 2018, Lv et al. [22] considered approximative controllability
of Hilfer fractional differential equations:

DyLx(t) + Ax(t) = f(t x(1)) + (Bu)(2), t € (0, ],

. (1-B)2—a) j (1-B)2—a) _
i (70 0,1, (K705) 0=,

where Dgf denotes the Hilfer fractional derivative, A € Sect(9),
where 6 € p(A) N [0,(1 — %)m)], and by is an element in
Banach space X. The control term u € LP(J, U), the approximate
controllability of the above system, was discussed.

Recently, Gou et al. [23] discussed the controllability of an
impulsive evolution equation. They proved that the system is
controllable on J under the Ménch fixed point theorem.

However, controllability of the Hilfer Langevin evolution
equation has received little attention. For the above-mentioned
aspects, we discuss the controllability for a class of Hilfer Langevin
evolution equations of the form:

DD + A)x(r) = f(t,x(1)) + Bu(t), t € ] = [0,b],b > 0,

) (1— d _ _
i (I“ a)(1—B2) ) —0. i (I“ a1)(1=B1)+(1—a2) )
oy Vot ® =0, oy dr x
() + h(x) = xo,

(1.1)

where Dgﬂf o=

respectively. 0 < ; < 1,0 < B; < 1, satisfies 1 < a1 + a3 < 2.

1,2 denotes the Hilfer fractional derivative,

A generates a strongly continuous (o2, §)-resolvent family Sy, s(f)
(t > 0), where 0 < 8 < o1 + a. The function f:] x E — E, let
U be a Banach space, the control term u € L*(J,U), B: U — Eis
linear and bounded.

This article aimed to study the controllability of system 1.1. The
main approach is based on three different fixed point theorems
and the properties of («y,8)-resolvent operators. The structure
of this article is given as follows: In Section 2, we list some
notations, definitions, and preliminaries, which will be used in the
next section. In Section 3, Theorem 3.1 is obtained without the
compactness of the resolvent family, and Theorems 3.2 and 3.3 are
obtained via compactness. Section 4 is devoted to illustrating the
application of the results by an example.

2. Preliminaries and Lemmas

Throughout we let E be a Banach space with norm | - ||. The
space C(J, E) denotes the space of continuous functions on J and
taking values in E, with the norm ||x||c = maxe; [|x(t)]|, for

x € C(J,E). We consider the LP(J,R") of Lebesgue p-integrable
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functions with 1 < p < oo on J, and let ||f||;» denote the norm of
LP(J,RT). Let B(Y, X) denote the space of bounded linear operators
from Y to X, B(X) = B(X,X) for short. Let A € B(E), p(A) is
defined by the set of {A :(AI — A)7! exists in B(E)}.

Let g, (y > 0) denote the function

I'(y)’
0, t<0.

t>0,
& (1) =

For two given functions f; and f,, the convolution of them is
expressed in the form (f; * f2)(t) = fotfl (t — s)f2(s) ds.

Definition 2.1. Lietal. [24] {S(t)};>0 C B(E) is called exponentially
bounded (EB) if there are constants w € Rand M > 0, such that

ISt < Me™, forall t > 0.
w or more precisely (M, w) is called a type of S(¢).

Definition 2.2. Kilbas et al. [8] Let y > 0, the y-order Riemann-
Liouville fractional integral of function f :[0,00) — R is given by

1. () = (g *f)(t), t > 0.

Definition 2.3. Hilfer et al. [25] The Hilfer fractional derivative
Db ﬂlf(t) of order ; € (n— 1,n] and type B € [0, 1] is defined by

n
011 ﬁlf(t) — (Iﬁl n—ay) jtn ( (1=pB1)(n— al)f))

If f is taking values in E, then the corresponding integrals of the
above two definitions are given in the sense of Bochner.

Lemma 2.1. Hilfer [6] Letf € L(0,b),n—1 <a; <n,0 < <1,
and I§'7PV"f € ACK[0, b), then

(152 Dz“ﬂlf) ) =f()

1 o
S —gfrettziy o df (1(1 B “l’f) 0.
I'(k (n —a)(1 = 1) + 1) >0+ dik

k=0

Definition 2.4. Chang et al. [26] Let A be a closed linear operator
in Banach space E with domain D(A) C E. Assume that o, 8 > 0, A
is called the generator of the resolvent family («, B), if there exists
an w > 0 and Sy g is strongly continuous from [0, 00) to B(E), such
that Sy g(t) is EB, {A% :(A%T — A)~! exists in B(E), ReA > w},

o0
2B — Ak = f efMSa,ﬁ(t)xdt, Rel > w,x € E. (2.1)
0

Then {Sa, 8 (t)} =0 18 called the resolvent family (o, B) generated
by operator A. It is simply said that {Seg(1)} 1~ 18 generated by

operator A.

Lemma 2.2. Lietal [24] Leta, 8 > 0 and {Sa,,g(t)}t>0 C B(E) is
generated by operator A. Then, the main properties of Sy 4(t) are as
per the following:

(i) Fort > 0and x € D(A), we have S, g(t)x € D(A). Moreover,
Sa,p(H)AXx = ASq p(t)x;
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(ii) Forx € E, t > 0, we have fotga(t — 5)Sq,8(s)xds € D(A), and

t
Sa,p()x = gg(t)x + A/ Gu(t — 5)Sa p(s)x ds;
0

moreover, if x € D(A), then the second term on the right-hand
side of the above equality can be replaced by

t
/ Gt — $)AS, 5(s)x ds.
0

Theorem 2.1. Ponce [27] Let ¢ > 0,1 < B < 2. Assume that
{Sa,,g(t)}t>0 is generated by operator A. Then for t > 0, Sy (%) is
continuous in B(E).

Lemma 2.3. Ponce [27] {Sa,ﬁ(t)}t>o
and (M, ) is a type of Sy g(t). Then for y > 0, {Sa,,g+y(t)}t>0
is generated by operator A and (M/w”, w) is a type of S,4, ().

is generated by operator A

Definition 2.5. Ponce [27] If Sy g(t) is a compact operator for all

t > 0, then we call the resolvent family {Sa, 8 (t)} as compact.

t>0

Theorem 2.2. Ponce [27] Leta > 0,1 < 8 < 2, {Sw,,g(t)}t>0 is
generated by operator A and (M, w) is a type of Sg g(t), and the
following two conclusions are equivalent:

(i) Fort > 0, Sy pg(t)is compact.
(ii) Forpu > w'/?, (ul —A)~Vis compact.

Lemma24. Leta > 0,0 < B8 < 1, {Sa,ﬁ(t)}po is generated
by operator A and (M, ) is a type of Sy g(t). For t > 0, Sg,(t)
is uniform continuous. Then the following two conclusions are
equivalent:

(i) Fort > 0, Sy g(t) is a compact operator.
(ii) Forp > 0%, (uI — A)~!is compact.

Proof. If (i) is true, for A > . Then we obtain

oo
22BOOT — A) Ik = / e M8y p(t)xdt,
0

from Definition 2.4. However, note that {Sa)ﬁ(t)} 1~o is uniform
continuous by our hypothesis, where we can see that (\*] — A)~!
is compact using Lemma 2.1 in Chang et al. [26].

On the contrary, for every fixed t > 0,let 0 < B < 1. For
8 € L}, [0,00) and therefore, by proposition in Haase [28], we

obtain

1 w+iN Ny
ngnoo 2mi /w—iN ¢ (L(gg ¥ S‘)"g))()\)d}\ -8 Sa’g = Sap (1)

in B(E). Hence, for t > 0,
1
—/ FATP (AT — )TV = Sep(0),
2mi r

where I is a vertical path lying in Re(z) = w. By Lemma 2.4 and
hypothesis, we observe for t > 0, Sy g(t) is compact.

The definition and some Lemmas of Hausdorff measure of non-
compactness can be found in Banas and Goebel [29], Deimling [30],
Guo and Sun [31], and Lakshmikantham and Leela [32], so we omit
their details here.
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Lemma2.5. Let ¢ > 0, 8 > 1, {Sa,ﬂ(f)}po is generated by

operator A and {Sa, 8 (t)} is strongly continuous. Then we have

t>0

d
—Sa,p(t)x = Sqp—1()x,fort € J,x € E.

2.2
I (2.2)
Proof. Using (2.1), we have for t > 0,
o0
PO — A) I = f e MSyp(t)xdt,Rer > o,  (2.3)
0

o0
A“*ﬁ“(x"l—A)*lx/ e MSypo1(Hxdt,Rer > w.  (2.4)
0

(2.3) and (2.4) together imply
o0
/ e My p(t)xdt = 2P — A)x
0

1

= 2P0 — ATk
A
1

€ Sa,ﬂ—l )X dt
A. 0

_ / (g1 % Sup_)(B)xdt

0

[ee] t
= / e M </ Sa,ﬁ,l(s)ds> xdt,
0 0

It is easy to see that Sy g(t) = fot S«,p—1(s) ds, then we obtain
(2.2) is true.

Remark 2.1. If B = 2 or B = «, the corresponding results can be
found in Gou and Li [23].

Lemma26. Let 0 < § < a1 + aa, {Sa2»5}t>0 is generated by
operator —A. Suppose that x € C(J, E), if for t € J, x(t) € D(—A)
satisfies problem (1.1) and Ax € L'((0, b), E), then we have

X(£) = ((Gory oyt 8)* (F+-B10)) () +(gy, 4y —6%S2,8) (D) (Ko —h(x)),
(2.5)
where f(t) = f(t, x(t)).

Proof. Using Liouville operators with Ig} on both sides of the
equation

DYPUDERP 4 A)x(t) = f(t,x(D) + Bul(?),

in view of Lemma 2.1, we obtain

(DE2P2 4 A)x(t) = 12 (F + Bu)(t) + %;)t””, (2.6)

where y; = a1 + B1 — «; B1. Using Liouville operators with Igj_ on
both sides of equation (2.6) again, we obtain

x(t) = Igy ™ (f + Bu)(t) — I (AX)() + gy 7!
+rigy Tl 27)

where y, = a3 + B2 — 2 8. In view of the condition, we obtain
co = xp — h(x) and ¢; = 0. Then we rewrite the representation of
(2.7) as

X() = Gaytas * () + (Say +a * Bu)(t) — (ga, % AX)(1)

+ x0—h(x) i +o¢2—1.

F'(ni+az) (2.8)
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Applying the Laplace transform to (2.8), we obtain

(L) = sarar LX) + ez (LBu)(0) —

+(x0 — h(x)) W'

A AL ()

Thus, we obtain

(L) = = (1 + A)*I(Lf)(x) 0 4 A WB)

+ (xo — (x)) ()»“ZI-FA)_

Currently, by Definition 2.4, we can apply the inverse Laplace
transform to the above equation, therefore

(f 4+ Bu))(t) + Saz,r+as (D (x0 — h(x))
= ((uy+as—5 * Sap,8) * (f + Bu))(t)
+ (g1 +ar—8 * Say,5) (D) (x0 — h(x)).

x(t) = ((Saz,a1+(¥2) *

Definition 2.6. Let 0 < § < «a; + o, {Saz,é(t)}t>0 is
generated by —A. We say that x(f) is a mild solution of

(1.1) if limy_ oy dt(I(l o)1= +(1-az) x)(t) + h(x) = xo
limeor (0" P21 = 0, x() € CU.E) satisfies the
equation

xX() = ((Goy +ar—5 * Ses,8) * (f + B)) (1) + (81 4025 * Sz 8)(1)
(xo — h(x)).

3. Main results

Let x be an arbitrary function in C(J, E), which we denote by
xp = x(b) during the final stages at time b in E.

€ E and final
stages x, € E, if there exists a control term u € L2(J, U),

Definition 3.1. Let the initial condition xg

such that x(t) is the mild solution of (1.1) with respect to u,
which satisfies

lim (I(1 —e2)(1=52) )()—0 hm

d /a1y
t i (I(():_ a1)(1—B1)+( O‘Z)X) (t)
—0+

+ dt
+h(x) = xg

and x(b) = x;, then we say that system (1.1) can be controlled
on].

Theorem 3.1. Let 0 < § < a1 + ay, {Swz,(g(t)}t>0
by operator —A and (M, w) is a type of Sy, s(1). Assume that the

is generated

following conditions are satisfied:

) f:] x E — E satisfies the Carathéodory conditions.

1
(H2) There exist g1 € [0,1) and two functions m € L (J,RT),
® € C(R", R") which are non-decreasing that satisfy

If(t, )|l < m()P(||x||), for x € E,ae. t €].

1
(H3) There exist g, € [0,1) and a function n € L% (J,R"), such
that for every bounded set D in E,

o (f(t, D)) < n(t)a(D),fora.e.t € ].
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(H4) (i) The function h: C(J, E) — E and there exist ¢;,¢c; > 0,

such that

Ih(X)| = e, [1h(x) — k()| = e2llx — yll, x € CU, B);

(ii) There exists [ > 0, such that for every bounded subset D
inE,

a(h(D)) = la(D),

(H5) W:L*(J,U) — Eisalinear operator, which is given by

b
Wu = / Setyoy+a, (b — $)Bu(s)ds, u = u*,
0

where u* is defined in (3.4).

(i) The inverse operator W' : E — L2(J, U)\kerW exists,
if there exist M; > 0, M, > 0, such that |B|| < M,
1W< My 1

(ii) There exist g3 € [0,1) and a function K € L% (J,R"),
such that for every bounded subset D in E,

a (W HD)(B) < K(Da(D), t € J.

Assume that max{A, A} < 1, where

1—-q1
_ M MMM, 1 AYAR
Al = pe1ter=s (1 + u1+L2 25 f e )( ) )
ePllm|l 1 liminf,_, o 22, (3.1)
La1

2MM 1—g3\! ™8
_ wb 1 q3 wb
Ay = Me [1+wal+a25( - ) ¢ ||1<||qu3}

1 2 1 1-q2 G2
x |:wyl+azal+ o1+ —d ( ;q2> ||n||”12i|,
then system (1.1) can be controlled on J.
Proof. Let us consider operator T in C(J, E) as follows:
(T)(1) = (o tas—s * Sas,8) * (f + Bu))(1)
+(Zurty2—8 * Sar5) (E)(x0 — h(x)), t €], (3.3)

where the control term u is given by u(t) = u*(t), x € C(J,E) is
given by

W =w' [xb — (ur+72-8 * Sep,3) (D) (x0 — h(x))
(3.4)

— (a1 +a2—5 * Sap.8) *f)(b)}(t)-

Taking the control (3.4) in (3.3), we obtain (Tx)(b) =
xp. Next, we illustrate that the non-linear operator T has a
fixed point.

Step 1: T(B,) C B, for some positive number
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If not, then for every r > 0, there exist x, € B, and t, € J, such
that ||(Tx;)(t,)|| > r. First, we observe that

t
(TR0 < /0 1(@ar a8 * Sap)(t — 5 I1F G x| ds
+ 1(gy1+ar—s * Sar,8) (DIl (x0 — h(x))]]

t
+ / 1 (@ar s * Saps)(t — 5[ B*(9)] ds
0

t Mea)(tfs)
WW(S)‘D(”?C(S)”) ds

wt

e
+ PR [l (xo — ()

0

3.5

t Me@(t=s) >

0 wa1+a2—8
M

— waﬁ»azﬂ? 0

My ||u*(s)] ds

¢
e (s) @ (|| x(s)||) ds

wt

+ (llxoll + c1)

e

a2 < Mz[llxbll +

writea—s
1

MM,

2
P ller* 2

where

b
W(HXOH +c1)

(3.6)
M

w91 +ay—48 0

b
I m(s)D(||x(s)) ds}.
From (3.5) and (3.6), we conclude that

0] sM{1+ MMM [i

1
2
2wb
w1 Ta2—38 (e N 1)] }

2w

wb

€
wNte2—3s

1 b
N /0 e“’<“)m(s)d>(||x(s)||>ds}

1
MMMy [ 1/ o0 2
+ mras [Z (= 1) |

Consequently,

(Ixoll +¢1)

MM M,
a)a1+a275

1
1 2wb 2 ea)b
[5 (6 — 1)] }{wy1+az—5
o) [l—q1/ oy 14
[ —L(emat—1) |l

wa1+a278
1
2
2wb
(e —1)} Il

MMM, 1

ewb €
w(11+012—5 /20) w}/]+0{2—5

1-q1

1_

(—ql> ¢\ ml| }
w La1

MMM, 1
——e“Pxy .

V2o

r< ”(Txr)(tr)“ < M{l +

(Ixoll + c1)

(3.7)

MMM, [ 1
2w

wol1+0t2—8

wb

SM(H— (Ixoll + c1)

D(r)

wo{1+0t2—5
wa1+a2—6
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Dividing (3.7) by r and passing to the lower limit as r —
~+o00 yield

M
w¥1tar—3

(1+

MMM, 1 wb) (1= ) T

woq-#otz—ﬁm 1)

¢ llml| 1 liminf,_ o0 2
L1

1,

r =

which contradicts A; < 1. Hence, T(B,) C B, for some r > 0.
Step 2: T: B, — B, is continuous.

Assume that {x,} C B, satisfying x, — x. Let us show that
ITx, — Tx||c — 0. For this, we consider the inequality

t —
|(T)(®) — (T < fo 1@ar a5 * Sas)(t = 5 IF,(5)

B t
_FOlds+ /0 1 (@or ey

% Say,5)(t — 5)|| Bl B’ (s) — Bu*(s)|| ds

+ 1@y +a—6 * Sz, 8) (D) B1(xn) — K(X)]|

M
— ¥ +ay—§ 0

t p— p—
eUI|f (s) — F(s)]l ds

1
MM, 1 2wt 2 Xn x
o |35 @ =) =
wt
+ WCzllxn = x|
(3.8)
where f, (t) = f(t, x,(t)) and
wb
Xn __ X o _
e = e < Ma| == call — xlc
(3.9)

M b - _
+ s fo CINf () = FOI ds}.

By means of the Lebesgue dominated convergence theorem and
condition (H1), together with (3.8) and (3.9), proves that || Tx, —
Tx||c = 0asn — oo.

Step 3: T satisfies conditions of the Monch fixed point theorem.

Let D be a countable subset in B, satisfying D is a subset in the
closed convex hull of {0} U T(D), and we will later prove a(D) = 0.
Assume, without loss of generality, that D = {x,}72, C B, let
0<t <t <b,then

(Txn)(t1) — (Txn)(22)

<

5]
/ 1 (Qory+as—8 * Sez,8)(t2 — ) — (Qay+az—8 * Serz,8)(t1 — 5)|IB
0

x [IF(s) + Bur(s)]| ds

t —
4 / | (@rtess * Sans) (t2 — $)15I[F(S) -+ B (5)] ds

t

+ ”(gy1+ot2—5 * Saz,a)(tZ) - (gy1+ot2—5 * Saz,ﬁ)(tl)”B”(XO - h(xn))”

By Lemma 2.5, (gu,+ay—5 * Say,s)(t) Sesa 4, (1) and
(&r4ar—8 * Say5)(1) = Sayyitar(t) for t > 0. Furthermore,
by Theorem 2.1, we obtain Sy, a4« () and S,y 4o, () Which
are norm continuous. Since the right-hand side of the inequality
approaches zero as t, — t;, T(D) is equicontinuous on J.
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Using the properties of the measure of non-compactness in
Deimling [30], Lakshmikantham and Leela [32],

o (Txa0) = o ({(@urrar-s * Sws) #F)D])
+ o ({((gﬁtl-FOlz—S * Sa;,&) * Buxn)(t)})

+a ({(gy1+ar—s * Sans) (D (A(xn))})

t
M e n(s) dsar ({xn))

=1 (3.10)
2MM ! w(t—s X,
+ Wazl—é/; =)y, ({u(s)}) ds
M. wt
+ ﬁhx {xnd) s
where
a({u()}2,) < K@) |:a ({ @ +ar—s * Swy8)(B)h(xn)})
+o ([((ga]+ozz—6 * Saz,é) *]n)(b)]) :|
(3.11)
M wb
< K(s)ar ({xa}pe)) (wmfazé
2M b
W A ew(bis)l’l(s) ds.
By (3.10) and (3.11), we obtain
(o) = — 20 saD)| =T (o7 1) T
a (Tx, < wu1+a2—8“ » e n it

MMy Me®? |
+ a)a1+o¢2—8 0[( ) wV1+012—5
2M b

w(b—s)
T ; e n(s)ds
wt

t
x f K (s)ds + lo(D)
0

Y1t =

2M 1—gy\' ™%
<D>< 1 ) eMnll 1
w L12

< o
— wa1+a278

o
w¥1tar—8 wVitea—s

1_
b2 ()T ey
o)+ —3 € milL
w w L1

1— 1—qg3 Mea)t
x (—‘13) MK 1 A
w L3 w
2MM 1—g3\! ™8
SMe"’b|:1+1< q3)
wa1+a2—6 w

1 2 1-g\'"™®
x |:a)yl+0!2—5l+ w1 t+aa—3 ( © ) ||”’||qu2

a(D),

MM, [ e

we have

a(TD) < Ara(D).
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Thus, by condition of the Monch fixed point theorem, we
obtain

a(D) <« (co({0} U T(D))).

We obtain o(D) = 0 for Ay < 1. Applying the Monch fixed
point theorem, we know that there exists a fixed point x € B, of T,
which, of course, is a mild solution of 1.1 and satisfies x(b) = xy.
Hence, system 1.1 can be controlled on J.

Theorem 3.2. Let 0 < § < a1 + ay, {Saz,g(t)}po is generated
by operator —A and (M, w) is a type of Sy, (). In addition to
assumptions (H1), (H2), (H4)(i), and (H5)(i) of Theorem 3.1, we
suppose that the following assumptions hold:

(H6) (A%2I+ A)~!is compact for all A > wl/e,
If max{A1, A3} < 1, where Az = %cz, then (1.1) can be

controlled on J.

Proof. We define two operators Ty, T, in C(J, E) as follows:

t —
(T1)(0) = /0 (Gaysans * Saps) * F+ B)OhL € )y (3.12)

(T20(8) = @yrras—s * Sud) (D0 — h(OL L €T (3.13)
As in Step 1 of Theorem 3.1, we can find r > 0, such that
Tix + Toy € B, for x,y € B,. Moreover, with a similar method
used in Step 2 of Theorem 3.1, it follows that T; is continuous on
B, and T is a contraction on B,. Currently, we are going to illustrate
that {T1x:x € B,} is precompact. The uniformly bounded nature
of {T1x:x € B,} is obvious.
Step 1: {T1x: x € B,} is an equicontinuous family.
For x € B,, without loss of generality, we assume that 0 < ] <
t, < b, then

I(T1x)(t1) — (T1x)(2)]|

t
< /0 1@ a5 * Sans) (12 — 5) — (Ga-bargs * Sens) (b1 — )5
x |If(s) + Bu*(s)| ds

t _
+/ (o1 +a2—8 * Sar8)(t2 — ) IBIf(s) + Bu(s)ll ds: = I1 + L.
ty

For I, we have

q1

t
I = (@@ lml o ++Milulz) ( f [[CHm
0

1—-q1
1
% Sup,5) (82 = ) = (Gt —8 * Sap8) (B — )5 ™ ds

(3.14)
By Theorem 2.1, we have the norm continuity of Sy, q,+«, (t)

and therefore if £, — 11, then Sy, 0y+a, (f2 — 5) — Sassarte (1 —
s) — 0 in B(E). We can have that lim,_, I; =
Lebesgue’s theorem.

0 using
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For I, we have

Mq>(7') 2 (ty—s)
) < P : e m(s)ds
MM, f (t—s), x
ppE— /t s

3.15
MD(r) I1—q olty—ty) 1—q1 ( )

< sl | (T -
wa1+a278 L0 w

1
MM 1 2
+——= l_ a1l 2 |:* (ezw(trtl) - 1>:| ,
w1 ta2—3 20

and therefore lim, s, I, = 0. From the above two inequalities, we
find that {Tx: x € B,} is an equicontinuous family.
Step 2: For every t € [0,b], it remains to show that H(t) =
{(T1x)(t) : x € B,} is precompact.

First, it is obvious that H(0) is precompact. Finally, let 0 < t <
b be a fixed number. For Ve € (0, t), we consider the operator Tf
on B, by the formula

(T§x)(£) = oy +ar—s * Sap8) * (f + Bu))(t — €),x € By.

From (H6) and Theorem 2.2, we know that the compactness of
(g +az—s *Saz)g)(t—s)(f(s) +Bu):0 <s <t—e}fore > 0.Using
the Mazur theorem and the mean-value theorem with respect to the
Bochner integral, we have that for € > 0, He(t) = {(T{x)(t):x €
B,} is precompact in E. In addition, for every x € B,, we obtain

t —
[(T1x)(t) — (TTx) ()] < / (a1 +era—5 * Sap,8)(t — $)[f(5)
t—e
D(r)

v Il

e

MM, x 1 2we
+W”u IIz2 [%(6 —1)

Therefore, H(t) = {(T)x)(t) : x € B,} is precompact in E.
According to Ascoli-Arzela’s Theorem and above, we conclude

+ Bu(s)]|lds <

1
2

that {Tix:x € B,} is precompact. Thus, T is a completely
continuous operator by the continuity of T; and the relative
compactness of {Tix:x € B,}. According to Krasnoselskii’s fixed
point theorem, it is natural to obtain that T} + T, has a fixed
point on B,. Hence, (1.1) can be controlled on J, and the proof
is complete.

Theorem 3.3. Let 0 < § < a1 + «y, {sz)g(t)}t>0
by operator —A and (M, w) is a type of S,,s(t). In addition to
assumptions (H1), (H2), (H4)(i), (H5)(i), and (H6) of Theorem 3.1,
suppose that

is generated

(H7) For0 <48 <1, {Sofz,(g(t)}t>0 is uniform continuous.

Then (1.1) can be controlled on J for A1 < 1.

Proof. We consider the operator T in C(J, E), which is the same
as (3.3). Similarly, there exists r > 0, such that T:B, — B,
is continuous. We shall now examine the precompact nature of
{Tx:x € B,}. Furthermore, we can see that {Tx:x € B,} is not
only uniformly bounded, but also equicontinuous.
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Next, we verify that for all t € [0,b], {Tx(t):x € B,} is
precompact. Obviously, {(Tx)(0):x € B,} is precompact. Let 0 <
t < bbe a number, Ve € (0,t), we consider operator T¢ on B, as
follows:

(TX)() = Su,(€)((Gey +a2-5 * Sz 8) * (f + Bu))(t — €),x € By.

If0 < § < 1, then (H6), (H7), and Lemma 2.4 show that for
t > 0, Sq,,5(t) is compact, if 1 < § < a1 + oy, then (H6) and
Theorem 2.2 also illustrate that Sy, 5(t) is compact for t > 0, Finally,
we obtain that {(T“x)(t) : x € B,} is precompact in E for Ve € (0, t).
Furthermore, for every x € B,, we have

Saz,ﬁ(e)((gali*uzfts * Saz,(s) * (f + Bu))(t - E)

t—e _
[ @rres #0000 = 9O + Buto) e

q1

t—e
= (OWlml_y +Mluwlz2) ( / 123 (€) e a5
0

% Sgp8)(t —s —€)
i 1=a
- (ga1+a276 * Saz,ﬁ)(t - 5)”[1;41 d5>

By Theorem 2.1, (go, 4+, —s * Sap,5)(2) is norm continuous for all
t > 0, using Lebesgue’s theorem, we have

t—e

Saz,ﬁ(e)((garl*ulzfts * Sa2,5) * (]7 + BM))(t - E) - (g&1+a278

% Sgy8)(t — ) [f(s) + Bu(s)] dsH — 0,6 — 0.

Hence, the set ((guj4ay—s * Sans) * (f + Bu))(t):x €
B/}, t
Sas,s)(t) is obtained by Theorem 2.2. Hence, we have proved
that for t € (0,b], {Tx(t):x € B,} is relatively compact in
E. Consequently, by Ascoli-Arzelas Theorem, the set {Tx:x €

> 0 is precompact. The compactness of (gy,4,,—5 *

B,} is precompact. This further leads to T being compact on B;.
We therefore have, by applying Schauder’s fixed point theorem, a
fixed point on B, of T, which implies that 1.1 can be controlled
on].

4. An example

Example4.1. Set E = U = L*([0,7],R), &; € (0,1], Bi € [0,1],
and i = 0, 1. We consider the fractional control system

DL (D + 4) x(1,6) = f(.x(4,€)) + Bu(t, ), € (0, 1),
&elo,m],

. (1-e2)(1-p2) ) _
Jim. (155 x) (1,€) =0,
d

tE%L < ( (()1*011)(1*/31)1‘(17&2))6) (t,£) = xo(£),

(4.1)
(0,1), &€ € [0,7], and Dg;’_ﬂ" are Hilfer
fractional derivatives. Operator A is given by Ax =
a2
o let D(A) =
E, x(t,0) =

where t €
x —
{x € E:x,x absolutely continuous, x” €
x(t,m) = 0} and E be the domain and the range
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of A, respectively. We can see that (1 + n?) and x,(§) =

\/ % sin(n§) are the eigenvalues and the normalized eigenvectors of
A, respectively.
Forx € Eand 1 < § < a; + o, we have

)\012—5
A% 4 (1 + n?)

o0
ATy Ay Ik = Z(x, Xn)Xn
n=1

M

oo
— At 5—1
(x,xn)xn/ e t° Egys
1 0

(=(1 4+ n®)*) dt

o0 o0
—x 5—1
:/ (x, xn) xpe€ tZt Ey, s
0

n=1

(=(1 + n®)1*2) dt.

3
Il

Hence, {SU,2 s() } =0 18 generated by operator —A,

oo
Seps(t)x = Z(x, x,,)x,,t‘s_lEaz,(;(—(l + n?)t®), x € E,
n=1

which is norm continuous by the continuity of Eq, 5(-). Moreover,
. A%2—8
for A > 0, we have lim, BT
that A2%279(A%2] 4+ A)~! is compact on the Hilbert space E, then
(A%21 4 A)~! is compact for A > 0.
Otherwise, for each x € E, we obtain [|Sy,,s(£)x]| < %Hx”.
Therefore, S, () is of type B/ 1(8),1).

Let f(t,x) = f—:tx, then we can choose m(t) = f—:t and ® = 1.

0, which implies

—t

e
If(t, )] < Tr:

o0
Assume that Bu(t) = Y 1,(t)x,,, where

n=1

1
0,te|0,1——-]),
n
1
up(t),te|l1——,11.
n

Similar to Lv and Yang [22], we see that B is a bounded linear
operator and W satisfies (H5). Then (4.1) can be controlled on ] by
Theorem 3.3.

ﬁn(t) =
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