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Modeling and bifurcation analysis
of tuberculosis with the
multidrug-resistant compartment
Incorporating chemoprophylaxis
treatment

Damtew Bewket Kitaro*, Boka Kumsa Bole and
Koya Purnachandra Rao

Department of Mathematics, College of Natural Science, Wollega University, Nekemte, Ethiopia

Tuberculosis is a major health problem that contributes significantly to infectious
disease mortality worldwide. A new challenge for society that demands
extensive work toward implementing the right control strategies for Tuberculosis
(TB) is the emergence of drug-resistant TB. In this study, we developed a
mathematical model to investigate the effect of chemoprophylaxis treatment
on the transmission of tuberculosis with the drug-resistant compartment. An
analysis of stabilities is performed along with an investigation into the possibility
of endemic and disease-free equilibrium. The qualitative outcome of the model
analysis shows that Disease Free Equilibrium (DFE) is locally asymptotically stable
for Rg < 1, but the endemic equilibrium becomes globally asymptotically stable
for Rg > 1. A bifurcation analysis was performed using the center manifold
theorem, and it was found that the model shows evidence of forward bifurcation.
Furthermore, the sensitivity analysis of the model was thoroughly carried out, and
numerical simulation was also performed. This study showed that administering
chemoprophylaxis treatment to individuals with latent infections significantly
reduces the progression of exposed individuals to the infectious and drug-resistant
classes, ultimately leading to a reduction in the transmission of the disease at large.
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1. Introduction

Tuberculosis is a major health problem that contributes significantly to infectious
mortality worldwide, with approximately 10.4 million new case reports and 1.4 million
mortality reports in 2015 [1]. It is a chronic disease that has existed for several millennia.
This disease is caused by a type of bacteria known as Mycobacterium tuberculosis, and
when a person with active pulmonary TB disease coughs or sneezes, they expel droplets
containing TB bacteria which can be inhaled by a healthy individual, potentially causing
them to contract the disease. Although TB cases are decreasing in many developed countries,
they are growing in Asia, Africa, and eastern parts of Europe. A new challenge for society
that demands extensive work toward implementing the right control strategies for TB is
the emergence of drug-resistant TB. In 2015, an estimated 480,000 new cases of multidrug-
resistant (MDR) TB were reported. These cases were resistant to isoniazid and rifampin,
which are the two most successful anti-TB drugs [1]. This new wave of MDR-TB cases could
potentially undermine existing TB control efforts due to increasing resistance to effective

01 frontiersin.org


https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#editorial-board
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#editorial-board
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#editorial-board
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#editorial-board
https://doi.org/10.3389/fams.2023.1264201
http://crossmark.crossref.org/dialog/?doi=10.3389/fams.2023.1264201&domain=pdf&date_stamp=2023-10-31
mailto:damtew2000@gmail.com
https://doi.org/10.3389/fams.2023.1264201
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/articles/10.3389/fams.2023.1264201/full
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Kitaro et al.

TB drugs [1]. Globally, 206,030 multidrug-resistant TB cases were
identified and reported in 2019, representing a 10% growth from
186,883 in 2018 [2].

A mathematical model for controlling TB epidemiology was
formulated by Ojo et al. [3] with the aim of examining the effect
of vaccination on TB dynamics in a specified population. This
study revealed that reducing contact with infected individuals
and vaccinating susceptible groups with high efficacy vaccines can
reduce the burden of the disease. According to Hethcote [4], the
significance of mathematical models is worth mentioning in the
planning, implementation, evaluation, and optimization of disease
prevention, detection, control, and treatment-based programs.
Different mathematical models are formulated and analyzed using
a number of mathematical methods and tools, but the majority
of the models constructed are of the susceptible-exposed-infected-
recovered (SEIR) type. The first mathematical model that was
used for the investigation of the transmission dynamics of TB was
formulated by Waaler et al. [5]. The susceptible-infected-recovered
(SIR) and SEIR transmission models of TB were proposed by Side
et al. [6], and the Lyapunov method was implemented to indicate
the disappearance of a disease if the basic reproduction number is
<1 and vice versa.

A study by Bhunu et al. [7] presented the SEIR model
of TB, incorporating treatment for infectious individuals and
chemoprophylaxis for latently infected groups. It was also
reported that the treatment of infectious individuals is more
effective if implemented in the first years, as it clears active
TB immediately. Hence, the contribution of chemoprophylaxis
treatment is considered to be significant in controlling the
progression of infectious TB to active TB. According to Young
et al. [8], early diagnosis and adherence to a 6-month to 2-
year treatment regimen can cure TB. An SIR model for TB was
constructed by Fredlina et al. [9], and a fourth-order Runge-Kutta
technique was used for numerical simulation. According to their
results, the transmission of TB can be controlled by decreasing
the transmission rate and increasing the recovery rate. As per the
findings of Feng and Castillo-Chavez [10], researchers developed
three different models of TB, and their detailed stability analysis
was performed based on the reproduction number of the model.
Furthermore, a non-linear deterministic model that incorporates
treatment and case detection was suggested by Athithan and Ghosh
[11]. In this study, the whole population was categorized into
four compartments, such as susceptible, exposed, infected, and
recovered classes, to investigate the transmission dynamics of TB.

Rafflesia [12] developed a TB model of the susceptible-
exposed-infected (SEI) type, considering the vaccination effect. In
this model, susceptible individuals are divided into the vaccinated
and unvaccinated groups before administering the vaccine. Trauer
et al. [13] proposed a model with the aim of exploring the
transmission of tuberculosis in the Asia-Pacific region. A TB
model formulated by Zhang et al. [14] shows a logical agreement
with the real cases of TB in China. Desaleng and Koya [15]
compartmentalized the individuals based on their level of exposure
to the disease and developed a mathematical model to describe
the population dynamics of the compartments. They obtained
the disease-free equilibrium and epidemic equilibrium points as
well as a formula for the reproduction number. They reported
that TB propagation is high in densely populated areas and
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low in sparsely populated areas. Khan et al. [16] formulated a
model of tuberculosis by dividing the latent class into fast and
slow progressions.

Agusto [17] formulated a TB model incorporating treatment
for infected individuals as well as chemoprophylaxis. Effective
control programs for tuberculosis (TB) should include control
mechanisms for chemoprophylaxis, disease relapse, and treatment.
These strategies can reduce both the number of actively infected
and latently infected individuals. The implementation of these
control mechanisms is crucial for reducing the number of infected
TB cases. One way of controlling the transmission rate of TB is
by employing a preventative therapy, known as chemoprophylaxis,
in latently infected individuals. If individuals with latent TB are
given preventative therapy, it delays progression to the infectious
stage, reducing transmission rates. This kind of treatment serves as
a post-exposure prophylaxis vaccine. In this study, a mathematical
model is developed by extending the model in the study of
Ronoh et al. [18] with the assumption that some individuals move
directly from the exposed group to the recovered group because
of chemoprophylaxis treatment in addition to progression to the
infected compartment. In the model constructed by Ronoh et al.
[18], the transmission of TB with drug resistance effects is described
by considering only one progression rate from the exposed
group to the infected group without including chemoprophylaxis
treatment for latent individuals. Thus, this study differs from the
previous one in that this work incorporates chemoprophylaxis
treatment for latent individuals. The majority of the features in
the Ronoh et al. [18] study have been adopted into our model by
making modifications.

2. Model description and formulation

Based on the status of the disease, we categorized the
whole study population into five groups. These groups included
susceptible individuals (S), individuals exposed to tuberculosis (E),
infected individuals with active tuberculosis (I), individuals who
develop drug-resistant TB (D), and recovered individuals (R). The
total study population is, thus, givenby N =S+ E+I1+ D+ R.

It is assumed that individuals are recruited into the susceptible
group through natural births (B). Furthermore, the recruitment of
individuals into the susceptible group is increased by individuals
from the recovered group after losing their partial immunity at
the rate (d) and is decreased by natural deaths at the rate (c)
and exposure to TB at the rate (a). The force of infection (a)
causes individuals in the susceptible group to move to the exposed
group, resulting in an increase in the number of individuals in the
exposed group. The population in the exposed group is further
decreased by natural deaths at the rate (c), individuals moving to the
recovered group at the rate (e) due to chemoprophylaxis treatment
of latent individuals, and individuals flowing to the group of
infected individuals at the rate (b) by developing active tuberculosis.

The size of the infected group is increased as individuals move
from the exposed group and develop active tuberculosis at the rate
(b). It is also reduced by natural deaths at the rate (c), disease-
induced deaths at the rate (f), and the recovery of individuals due
to prompt treatment at the rate (j). Additionally, the infected group
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is further reduced by the individuals developing drug resistance to
the first-line treatment at the rate (g).

The drug-resistant group (D) is increased by the individuals
from the infected group who become drug-resistant to the first-line
treatment at the rate (g). It is also declined due to natural deaths at
the rate (c), disease-induced deaths at the rate (h), and recovering
individuals due to the second line of treatment at the rate (7).

One the one hand, the recovered group is increased by
individuals who recover due to the second line of treatment at a
rate (i), those who recover due to prompt treatment at the rate
(j), and those individuals who recover due to chemoprophylaxis
treatment of latent individuals at the rate (e). On the other hand,
it is reduced by natural deaths at the rate (c) and those losing their
partial immunity at the rate (d). The above description of the model
is diagrammatically shown in Figure 1.

The following system of five differential equations is obtained
from the above flow diagram:

4 — B—aSI — S+ dR

& =aSI—(c+b+e)E
G=bE—(c+f+j+g)l ()
4D — o — (c+h+i)D

R =jl—(c+d)R+iD+eE

with the following initial condition So > 0, Eg > 0, Iy > 0, Dy > 0,
and Ry > 0.

3. Qualitative analysis

3.1. Existence of a solution and
its uniqueness

Lemma 1: The solution of the model equation in Equation (1)
together with the initial condition S(0) > 0, E(0) > 0, I(0) >
0, D(0) > 0, R(0) > 0 exist in Ri. That is, the solution of state
variables S(t), E(t), I(t), D(t), and R(t) exist for all time ¢, and it
remains in Ri.

Proof: The right hand side of Equation (1) can be expressed
as follows:

fi(S, E, I, D, R) = B — aSI — ¢S+ dR
£(S E 1D, R =aSI—(c+b+e)E
f(S, E, I, D,R)=bE— (c+f+j+g)I
fa(S, B, I, D, R) = gl — (c+h+i) D
f5(S, E, I, D, R) = jI — (c+d) R+ iD + eE.

Let < denote the region given
{(S@), Et), I(), D(t), R(t)) € RS :N(t) < £ }.
Thus, by applying Theorem in Derrick and Grossman [19],
1, 2,..,
continuous and bounded in €. Using the notations x; = S, x, =

by

Equation (1) has a unique solution if %, i,j 5, are
E, x3 = I, x4 = D, x5 = R, continuity and boundedness are

verified as done below.

)
For fi, we get‘fl = |—(@l40| < oo ‘ng — 0 <
oA L|oa . on| _
ST = 1= ,—D—0<oo,and‘3—R_|d|<oo.

k| okl
Forfz,weobtam‘ﬁ = 12 = ‘—(c—l—b—i—e)’ <
.| of 0fz _ . | _
kT O<oo,and’aR =0 < oo.
Frontiersin Applied Mathematics and Statistics

03

10.3389/fams.2023.1264201

For f3, we find ‘%

B
JE

1
|- (c+f+j+g)| < oo a)g —0<oo;and)% =0 < oo.

For fy, we have |5 f“ _0<oo;)% =0 < oo; =lg| <
00; ’% =|—(c+h+1i)| < oc; and ‘gﬁ‘=0<oo.

Finally, for f5 we obtain IEY R oo;‘gig = le|] <
00; ‘dfs |]‘ ; %‘:Ii|<oo;and‘% :’—(c+d)‘<
0.

This shows that all the partial derivatives, %’ Lj=1,2,..,5

exist and they are continuous and bounded in 2. Hence, by Lipchitz
condition, the model (1) has a unique solution.

3.2. Positivity of the solutions

This section is aimed at finding non-negative solutions when
dealing with human populations. It is crucial to verify whether
all solutions of the system with a positive initial data remain
positive for all time ¢ > 0. That is, the model Equation in (1)
is epidemiologically meaningful and well-posed if all the state
variables are shown to be non-negative for every t > 0.

Theorem 2: If S(0), E(0), I(0), D(0), and R(0) are all non-
negative, then the solutions S(¢), E(t), I(t), D(t), and R(t) are all
positive for t > 0.

Proof: The positivity of S(t) can be verified by considering the
first equation of the system of ordinary differential equation in
Equation (1) as follows:

ds
— =B —aSI — ¢S+ dR.
dt
While maintaining generality, the elimination of the positive
terms in this equation results in an inequality 7 45 > _aSI — ¢S =
—(c + al)S. Thus, by using the separation of varlable, the desired
solution to this differential inequality can be obtained as follows:

ds
5 > —(c+al)dt
= —>—/(c+a1)dt
= InS>—ct—a / Idt + K, where K is a constant
= §> ef[ctJraf Idt]+K
= s>¢ e—[ct+af Idt]
= s> Pe_[“”/ldt], where P = ¢X is a constant.
Using the initial condition S (0) = Sy, we get So = P = P.
= s> S()e_[CH_afIdt].

The function e~[eFa/ 1] jg 5 non-negative quantity since
exponential functions are always non-negative regardless of the
sign of the exponents. Therefore, S(t) > 0.

Moreover, the positivity of E(t), I(t), D(t), and R(f) can be
verified by taking the second, third, fourth, and fifth equations of
the system of differential equations in Equation (1) and applying
similar procedure.
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FIGURE 1
Flow diagram of the TB model.
This verifies that the state variables S(t), E(t), I (¢), D(t), and Thus, this model is mathematically well-posed and

R(t), which represent population size in the model, are positive
quantities, and they remain in R for all time ¢.

3.3. Invariant region

Since the whole population at a given time ¢ is expressed by
N = S+ E+1+ D+ R, differentiation of both sides with respect to
t yields ‘%’ = 7d(S+EJ;It+D+R) = % + % + % + ‘2—? + %. Hence, it
follows that & = B—c(S+E+I+D+R)—fI—hD = B—cN—fI—hD.

Since f and h are non-negative, from %j =B—cN—fl—hD,
it can be obtained that

dN - B_oN
— —cN.
dt —
= dN < (0B — cN) dt.
dN
= —— <dt
(B —cN)
dN
= / — < / dt.
(B—cN)
1
= ——In(B—cN) < t+ M, where M is a constant.
c
= In(B—cN) > —(ct +cM).
= B — (N > ¢ (tteM)
= B—cN > ¢ e M,
= B—cN > Ke !, where K = ¢~ is a constant.

Using the initial condition N (0) = Ny, we get B — ¢Nj
Ke=<©),

= B—cNy=K.

Thus, it follows that B — ¢cN > (B—cNp)e . = —cN >
—B+ (B—cNy) e “.
_ _ —ct _ —ct
N N§B (B—cNp) e RN NS§_(B cNy) e .
c c c

This shows that, as t — o0, the population size N —

g, implying that 0 < N < %. Thus, the feasibility region of the
model becomes

B
Q=1{(,EID,R) eR,: N<—
C
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epidemiologically meaningful, and hence, it suffices to study
the dynamics of this model in the region €.

3.4. Disease-free equilibrium and basic
reproductive number

The computation of a steady-state solution corresponding to
the model, termed as disease-free equilibrium point, is discussed
in this section. It is a point where the disease vanishes from the
population. That is, all the infected groups are zero, and the entire
population will consist of only susceptible individuals. Thus, it can
be found by setting the left hand side of Equation (1) equal to zero
and letting E= 0,1 =0, D=0,and R = 0.

B—aSI—cS+dR=0
aSI—(c+b+e)E:0
bE—(c+f+j+gI =0

gl—(c+h+i)D=0
jl—(c+d)R+iD+eE=0

2

Therefore, by solving these equations the disease free
equilibrium point will be given by (So, Eo, Io, Do, Ro)
(2,0,0,0,0).

The reproductive number Ry is explained as an average number

of secondary cases that arise from an average primary case in a
wholly susceptible population over the period of infection. It is used
to predict whether the epidemic will spread or die out. According
to Diekmann and Heesterbeek [20], the matrix of next generation
of the proposed model is basically provided by FV ~! and its

reproductive number is Ry = p(FV™1), where F = [Méifj‘]):l and

V= [%}S‘O)] and for i > 1 compartments, therearel < j < m
infected compartments only.

Rewriting the model equations in Equation (1) that correspond
to the infected compartments yields

4 = aSI— (c+b+e)E
G =bE—(c+f+j+g)l (3)
DL — gl —(c+h+i)D
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Then, the principle of next generation matrix is used to get
fand v as follows

aSI a(®)1 B
f=101= 0 =| 0 |and
0 0 0
[ (c+b+e)E
v=|(c+f+j+g)I—bE

(c+h+i)D—gI

Thus, the Jacobian matrix of f and v, by evaluating at disease
free equilibrium (DFE), is given by F and V as follows:

0420 c+b+e 0 0
F=100 0| and V= b c+f+j+g 0
000 0 - c+h+i

The inverse of V is, thus, obtained to be

1
C+Z+e 0 0

_ 1
vil= (A7) i 0

(c+b+e)(c+ff]+g)(c+h+1) (c+f+;+g)(c+h+z) (c+h+1)

Next, the next generation matrix Fv—1
it becomes

is computed and

0% o e ‘1) 0

FV-i=10 0 0| (ebroerrog T 0
000 bg

(c+b+e) (c+f+j+g) (c+h+i) (c+f+j+g)(c+h+z) C+h+x

c(c+b+e) (c+f+j+g) c(c+f+j+g)
0 0

0 0 0

Lastly, the eigenvalues for the next generation matrix FV !
are determined by solving the equation ’FV‘1 — )\13‘ = 0. This

implies that
abB —A aB
c(ctbte) (cH/+i+g) c(cHf+i+g)
|[FV=' — L] = 0 0—2 0 |=0
0 0 0—A
From this equation, one can obtain

A) (0—2)(0—%) = 0. This shows that

( abB _
c(ctb+e) (cHf+j+g)

. _ _ _ abB
the eigenvalues are A} = 0, A, = 0, and A3 = () ()
. . . _ abB
where the dominant eigenvalue is 13 = erbre) () Thus,

the basic reproductive number, known as spectral radius of Fv—1,
is given by

abB
c(c+b+e)(c+f+j+g)'

Ry=p(FV7') = (4)

Theorem 3: The DFE point (52, 0, 0, 0, O) is locally
asymptotically stable given that Ry is smaller than one.

Proof: The proof of this Theorem follows directly from
Theorem 2 in van den Driessche and Watmough [21].

Theorem 4: If Ry < 1, the DFE point of the system in Equation
(1) becomes globally asymptotically stable.
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Proof: Let us think about the Lyapunov function defined on the
positively invariant compact set €2 by

b 1
(c+b+e) (c+f+j+<gr)EjL (C+f+j+g)1'

Here, V is non-negative and continuously differentiable on .
Thus, we obtain

av b dE 1 dal
dt — (c+bte)(c+f+j+g) d  (c+f+j+g)dt
b

- )[“BI (c+b+e) ]

(c+b+e)(c+f+j+g

B abB I b
Cc(ctbre)(cHft+itg)  (cHf+ite)
1
R —
(c+f+i+g)
abB

clc+b+e)(c+f+j+g)

_ abB 1)
\c(c+b+e)(c+f+j+g) .
This implies that

v _ Ry — 1)1
Y ‘

To have %’ < 0, we must have Ry — 1 < 0. Therefore, %’ <0
if Ry < 1, and %’
set Ey =
Therefore, every solution of the model in Equation (1) with initial

= 0 if and only if I = 0. Hence, a singleton
(%, 0, 0, 0, 0) is the biggest compact invariant set in .

conditions in 2 approaches the disease-free equilibrium point as
time t closes to infinity whenever Ry < 1, according to LaSalle’s
invariant principle. This shows that the equilibrium point of a
disease-free state is globally asymptotically stable if Ry < 1 in €2.

3.5. Endemic equilibrium and bifurcation
analysis

The endemic equilibrium (EE) point, denoted by E. =
(s E. 1. DK
whenever the disease persists in the population. To find the EE
point, the model equations in Equation (1) are set equal to zero,

), is a steady-state solution which occurs

and then, the resulting system is solved simultaneously to obtain

1
I = B(l_%)
a d . !
%7 (c+d) []Jr (c+§+i)
o= (c+f:j+g) I

FEGID)

* *

( +h+1)
j+

R =

e(cHf+i+g) | 1
+ e ] I

(c+d) (c+h+1)
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d . ig e(c+f+j+g) .
(c+d) [J+ (c+h+i) + b > 0, this
endemic equilibrium will exist if B — ¢S* > 0 is true.

Since aS* —

clc+b+e)(c+f+j+g)

= B-— >0
ab

. 3> c(c—i—b—i—e)(c—i—f—i—j—i—g).

ab

abB

> 1

c(c+b+e)(c—|—f—|—j—|—g)
= Ry > 1

Thus, a system given in Equation (1) has a unique EE point
whenever Ry > 1.

3.5.1. Bifurcation analysis

The existence of an endemic equilibrium and its stability
are determined by investigating the possibility of backward
or forward bifurcation. To examine the possibility of a
forward or backward bifurcation of model (2), we use
the method introduced in Castillo-Chavez and Song [22].

This is performed by reassigning the following variables:

10.3389/fams.2023.1264201

the zero eigenvalue. The eigenvector of the right side is given by
W = (wy wy w3 wsg ws)T from Equation (7):

— *

>

—c 0 - 0 d Wy
0 —(c+b+e) 45 0 0 w2
0 b —(c+f+j+g) 0 0 w3
0 0 g —(c+h+i) 0 W4
L0 e j i —(c+d)] Lws
[o
0
= |o]. (8)
0
Lo

Thus, the Equation (8) can be expressed as

—cwy — a*TBW3+dW5 =0
—(c+b+e)wz+“>KTBW3:0
bwy —(c+f+j+g) ws=0 )
gws—(c+h+i)ws=0
EW2+jW3+iW4—(C+d)W5:0.

By computing the system in Equation (9), we obtain

dl(e(c+f+j+g)+bj)(c+h+i)+ibg] —(c+d)c+b+e)(c+f+j+g) (c+h+i)

wp =

S=x1,E=1x,] =x3,D=x4,and R = xs.

Thus, the system of Equation (1) can be expressed as

% = B — ax1x3 — cx1 + dxs
%:ax1x3—(c+b+€)x2
%:bxz—(c+f+j+g)x3. (5)

%:gx3—(c—|—h+i)x4
ddif =ex; +jx3 +ixg — (c+d)xs

Selecting a as the bifurcation parameter and then solving for
a = a* in (5), whenever Ry = 1, gives

*_c(c+b+e)(c+f+j+g) ©)
a*t = B .

The linearized matrix of system (6) about the disease-free
equilibrium for a = a* is

—c 0 _“CB 0 d
0 —(c+b+e) aB 0 0
=10 b —(c+f+j+g) 0 o |-
0 0 g —(c+h+i) 0
0 e j i —(c+4d)

The Jacobian matrix in Athithan and Ghosh [11] possesses
simple zero eigenvalues; thus, the center manifold theory is used

to analyze the dynamics of the system (5) near a = a . Now, we get

both the right and left eigenvectors for J (EO, a*) corresponding to
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cet+d)(c+h+i)(c+f+j+g)

w2,

wy = wp >0,
v
cHf+ite o

bg
(c+f+j+g)(c+h+i
(e(c+f+j+g) +1bj)(c+h+i)+ibg

W= (c+d)(c+h+i)(c+f+j+g) "

w3 =

Wy = ) w2, (10)

Similarly, the eigenvector of the left side V = (v; v2 v3 v4 ¥5) in
Equation (7) related to the zero eigenvalue is computed as

vy T 0 —“CB 0 d
v2 0 —(c+b+e) 45 0 0
V3 0 b —(c+f+j+g) 0 0
V4 0 0 g —(c+h+i) 0
Vs 0 e j i —(c+4d)
o
0
=10]. (11)
0
Lo

Hence, the Equation (11) reduces to

—cv1 =0
—(c+b+e)v2+bV3+evs:0
—%bvl—l-gvz—(c+f+j+g)V3+gV4—|—jvS=0. (12)
—(c+h+i)1/4—|—i1/5=0
dvi — (c+d)vs =0

By solving the system in Equation (10), we obtain
b
V= <0 ” <Lb+e)vz 0 0).
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where v, > 0. Moreover, using the dot product rule W-V = 1, we
can find out the expressions for v, and w; as

wy =1,
y 1 c+f+ji+g
2= = : .
+b+
1+c~c+f+j+eg 2c+f+jt+g+b+te

Then, the local stability close to the bifurcation point a = a* is
verified by the signs of @’ and b’, which are defined using the center
manifold theorem in Castillo-Chavez and Song [22] as follows:

, > Pfc o
a = Z VkWin 3xi3xj (E ),
k, i, j=1
> fr
L 0
b Z VWi 5 (E°), (13)
k, i=1
where
fi =B —axix3 — cx1 + dxs
f=axix3 — (c+ b—l—e)xz
fi=bxa—(c+f+j+g) xs (14)

fa=giz—(c+h+i)x
fs = exy +jxz +ixy — (c+d)x5.

We found @ and b by examining only the non-zero
components of the left eigenvectors v, and v3 and taking into
consideration the non-zero second-order partial derivatives of
Equation (14), which yields

o dJH+b(c+f+g)(c+h) +bi(c+f)+ cKH
- c(c—l—d)H]

( ab )<0and
J+ K

, bB< 1 )
b=—|——)>0,
o \J+K

whereH=c+h+iJ=c+f+j+gandK=c+b+e.
The coefficient b is positive, whereas the coefficient a s

negative; thus, with the help of the center manifold theorem in
equation Castillo-Chavez and Song [22], system in Equation (2)
exhibits a forward bifurcation at Ry = 1, and hence, the endemic
equilibrium becomes locally asymptotically stable for Ry > 1 but
adequately near 1.

3.5.2. Stability of endemic equilibrium

Theorem 5: An endemic equilibrium E, corresponding to
system (1) becomes locally asymptotically stable whenever Ry > 1
(but near to one).

Proof: This follows directly from the center manifold theorem,
since a model that shows forward bifurcation has an endemic
equilibrium that exhibits locally asymptotic stability if Ry > 1
Akanni et al. [23].

Theorem 6: If Ry > 1, the EE point of the system in Equation
(1) becomes globally asymptotically stable.
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Proof: Choose a Lyapunov function of the form
V= %((s-s") +(E=E)+(1-1)
+ (D-D")+ (r- R*))z.

The derivative of V with regard to time (t) corresponding to
system (1) is given by

‘Z—‘: - ((s-s*)+(E—E*)+(I—I*)
n (D—D*)+(R—R*))%(S+E+I+D+R),
- ((s-s*)+(E—E*)+(1—1*)
+ (D—D*)—F(R—R*))Z—Zj

Since %’ < B — ¢N, we must have

i—‘: < ((S—s*)+(E—E*)+(1—1*)+(D—D*)

+ (R—R*))(B—cN),

B
< (N—Z>(B—CN).

After rearrangement and simplification of the equation,
we obtain

dv _ 1 (B — NY?
— < ——(B—cN)~.
dt = ¢
Thus, d—‘t/ < 0, and % = Oifand only if § = S*, E =
E*, I = I*, D = D*, and R = R. Hence, a singleton set
E, = (S*, E*,I*, D*, R*) is the greatest positive invariant set

in {(S*, E*,I*, D, R*) € Q: %’ =0 } This indicates the global
asymptotic stability of E, for Ry > 1 in S as a result of LaSalle’s

invariant principle.

4. Analysis of sensitivity of model
parameters

Sensitivity analysis is usually carried out to establish the relative
effect of model parameters on disease transmission.

Definition: The ratio of a relative difference in the variable
to a relative difference in the parameter is termed as normalized
forward sensitivity index of a variable to a parameter. When a
variable is a differentiable function of the parameter, the sensitivity
index may be alternatively defined via partial derivatives as
JdRg n

T X R
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TABLE 1 Sensitivity index for Ro with regard to the parameters in the
model.

Parameters Values Sources Sensitivity
a 0.0015 Assumed +1

b 0.25 [18] +0.77167

c 0.015 Estimated —0.03544

e 0.825 Assumed +0.7535

f 0.125 Assumed —0.10947

g 0.470104 [18] —0.216314

j 0.75 Assumed —0.65679

The derivation of the sensitivity of Ry to each of the parameters
is, thus, carried out as follows:

8R() a
—x — =1 > 0,
da Ro
dRy b c+e
— X —=——>0,
ab Ry c¢c+b+e
0Ry ¢ _ c(2c+b+e+f+j+g)
dc "Ry (c+b+e)(c+f+j+g)
dRy e e
— X —=—-———<0,
de Ry c+b+e
oR
W f__ S
af R c+f+j+g
oR
Ry & __ &
9d¢g R c+f+j+g
R ) .
Mo J_ I
j Ry c+f+j+g

From Table 1, it can easily be noticed that the force of infection
parameter (a) and the progression rate to active tuberculosis
parameter (b) have positive indices, showing that they are the
most sensitive parameters toward the spread of this disease. This
is because the basic reproductive number increases as their values
are increased, implying that the average number of secondary case
infection increases in the community. For instance, % X Rlo =
+1 means that, if the parameter a increases by 10%, then the
reproduction number will increase by 10% and vice versa. Similarly,
%Lbo X R—ho = +0.77167 means that, if we increase the parameter b
by 10%, the reproductive number R¢ will increase by 10 to 7.7167%
and vice versa.

On the other hand, the parametersc, e, f, g, and j have negative
indices which verify that they have an effect of minimizing the
burden of the disease. For example, we can observe from aaie" X RiO =
—0.7535 that a 10% increase (or decrease) in the parameter e leads
to a 7.535% decrease (or increase) in the reproductive number Ry.
Thus, it is very useful to note that enlargement of their values,
while holding the other parameters constant, results in a decrease
in the basic reproductive number. This shows that screening
of latently infected individuals for chemoprophylaxis treatment
reduces the progression rate to the infectious stage, and also,
treatment of infectious people will stop them from transmitting the
disease to healthy individuals, thereby leading to the reduction in

disease transmission.
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When Rp =0.7969 < 1.
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FIGURE 3
When Ry = 13.4946 > 1.

5. Numerical simulation, results, and
discussion

Efforts were made to support the analytical results of the model
by working with the numerical simulation of the model with the
help of MATLAB ode45 solver. In addition to this, the effect
of chemoprophylaxis treatment in the transmission dynamics of
tuberculosis with the drug-resistant compartment is investigated.

For values of parameters a = 0.0015; b = 0.125; ¢ = 0.015;
d = 0.15;e = 0.725; f = 0.125; ¢ = 0.470104; h = 0.575; i =
0.1106456; and j = 0.75, we computed the value Ry = 0.7969 < 1.
Hence, by using initial conditions S(0) = 5000, E(0) = 2500,
I(0) = 500, D(0) = 75, R(0) = 400, and the above parameter
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FIGURE 4
Effect of chemoprophylaxis treatment on the exposed group.
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FIGURE 5
Effect of chemoprophylaxis treatment on the infected group.

values, we obtain the graph shown in Figure 2. From Figure 2,itcan  gradually approach zero with an increase in time. Therefore, it can
be seen that the susceptible and recovered groups go to their initial ~ be observed that the disease dies out in this case, which agrees with
state values while the exposed, infected, and drug-resistant groups  the analytical results of the model.
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FIGURE 6
Effect of chemoprophylaxis treatment on the drug-resistant group
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By taking the values of parameters a = 0.0015; b = 0.45;
¢ = 0.015d = 0.15; e = 0.000725; f = 0.125; ¢ = 0.1470104;
h = 0.575; i = 0.11106456, and j = 0.25, we get Ryg = 13.4946 >
1. Now for initial conditions S(0) = 5000, E(0) = 2500, I(0) = 500,
D(0) =
we get the graph shown in Figure 3. From Figure 3, it can be

75, and R(0) = 400 and the above parameter values,

noticed that the infected, drug-resistant, and recovered groups go
to their initial state values while the susceptible and exposed groups
decline with an increase in time. Thus, we see that the disease
persists in this case and this also agrees with the analytical results
of the model.

5.1. Effect of chemoprophylaxis treatment
on the exposed group

The preventive therapy (chemoprophylaxis treatment) using
isoniazid decreases the risk of the initial episode of TB,
which may occur in people who are exposed to the infection,
have a latent infection, and have a recurrent episode of TB
[24]. The mathematical model constructed by Ronoh et al.
[18] did not consider the chemoprophylaxis treatment of
latently infected individuals. Thus, this study has modified
their model by incorporating the chemoprophylaxis treatment
of latently infected individuals. To evaluate the effect of
chemoprophylaxis treatment on the transmission dynamics of
tuberculosis and compare the models, a simulation study of
the new model was carried out with the chemoprophylaxis
treatment parameter (e > 0) and without the chemoprophylaxis

Frontiersin Applied Mathematics and Statistics

treatment parameter (¢ = 0). The numerical simulations
were performed to view the effects on the exposed group,
infected group, and drug-resistant group for three different
values of the chemoprophylaxis treatment parameter e while
keeping the other parameters constant as shown in Figures 4-
6, respectively.

From Figure4, it can be noticed that the number of
individuals in the exposed group without chemoprophylaxis
treatment is higher than the one with chemoprophylaxis
treatment of  exposed infected)
Additionally, the exposed group decreases
chemoprophylaxis

(latently individuals.
whenever the
increased. This
shows that chemoprophylaxis treatment of latently infected
individuals plays a significant role in reducing the transmission

of tuberculosis.

treatment parameter is

5.2. Effect of chemoprophylaxis treatment
on the infected group

In Figure5, we can observe that the number of
in the infected group with the absence of
chemoprophylaxis treatment is greater than the model with
chemoprophylaxis treatment of latently infected individuals.
Furthermore, the

individuals

infected group also decreases as the
increased. This
implies that chemoprophylaxis treatment of latently infected
individuals plays a great role in reducing the transmission

of tuberculosis.

chemoprophylaxis treatment parameter is
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5.3. Effect of chemoprophylaxis treatment
on the drug-resistant group

Similarly, Figure 6 shows that the number of individuals in
the drug-resistant group without chemoprophylaxis treatment is
higher than in the model where chemoprophylaxis treatment is
incorporated for latent individuals. Moreover, the drug-resistant
group decreases as the chemoprophylaxis treatment parameter
is increased, which proves that chemoprophylaxis treatment of
latently infected individuals plays a great role in reducing the
transmission of tuberculosis.

In general, the numerical simulation obviously verifies that
the model consisting of chemoprophylaxis treatment has a better
result in reducing the transmission dynamics of TB with the drug-
resistant compartment than the model without chemoprophylaxis
treatment for latent individuals.

6. Conclusion

In this study, a mathematical model of tuberculosis with
a drug-resistant compartment was formulated by considering
chemoprophylaxis treatment for latently infected individuals. In
the qualitative-based analysis of the model, a formula that described
basic reproductive number R;, was obtained by using the next
generation matrix approach. The existence of the DFE point and the
EE point was investigated, and their stabilities were also analyzed.
The results of the analysis verified that the DFE point is locally
asymptotically stable whenever Ry < 1, and the EE point is globally
asymptotically stable if Ry > 1. Furthermore, bifurcation analysis
was studied, sensitivity analysis of the model was carried out using
the normalized forward sensitivity index, and numerical simulation
of the model is also carried out using MATLAB ode45 software. It
was checked that the result of the numerical simulation agrees with
the analytical results of the model. Furthermore, from the results
of sensitivity analysis and numerical simulation, it was found that
treatment of latently infected individuals remarkably reduces the
progression to the infected group. It also has an effect on reducing
drug resistance development, which thereby leads to the reduction
in disease transmission.
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