? frontiers ‘ Frontiers in Applied Mathematics and Statistics

‘ @ Check for updates

OPEN ACCESS

EDITED BY
Joseph Malinzi,
University of Eswatini, Eswatini

REVIEWED BY

Andrew Omame,

Government College University, Lahore,
Pakistan

Pankaj Tiwari,

University of Kalyani, India

Chinwendu Madubueze,

Federal University of Agriculture Makurdi
(FUAM), Nigeria

*CORRESPONDENCE
Beza Zeleke Aga
bezeleke48@gmail.com

RECEIVED 31 August 2023
ACCEPTED 30 October 2023
PUBLISHED 04 January 2024

CITATION

Aga BZ, Keno TD, Terfasa DE and Berhe HW
(2024) Pneumonia and COVID-19 co-infection
modeling with optimal control analysis.

Front. Appl. Math. Stat. 9:1286914.

doi: 10.3389/fams.2023.1286914

COPYRIGHT

© 2024 Aga, Keno, Terfasa and Berhe. This is an
open-access article distributed under the terms
of the Creative Commons Attribution License
(CC BY). The use, distribution or reproduction
in other forums is permitted, provided the
original author(s) and the copyright owner(s)
are credited and that the original publication in
this journal is cited, in accordance with
accepted academic practice. No use,
distribution or reproduction is permitted which
does not comply with these terms.

Frontiersin Applied Mathematics and Statistics

TYPE Original Research
PUBLISHED 04 January 2024
pol 10.3389/fams.2023.1286914

Pneumonia and COVID-19
co-infection modeling with
optimal control analysis
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In this study, we present a nonlinear deterministic mathematical model for co-
infection of pneumonia and COVID-19 transmission dynamics. To understand
the dynamics of the co-infection of COVID-19 and pneumonia sickness, we
developed and examined a compartmental based ordinary differential equation
type mathematical model. Firstly, we showed the limited region and non-
negativity of the solution, which demonstrate that the model is biologically
relevant and mathematically well-posed. Secondly, the Jacobian matrix and the
Lyapunov function are used to illustrate the local and global stability of the
equilibrium locations. If the related reproduction numbers RS, R’S, and Rq are
smaller than unity, then pneumonia, COVID-19, and their co-infection have
disease-free equilibrium points that are both locally and globally asymptotically
stable otherwise the endemic equilibrium points are stable. Sensitivity analysis
is used to determine how each parameter affects the spread or control of
the illnesses. Moreover, we applied the optimal control theory to describe the
optimal control model that incorporates four controls, namely, prevention of
pneumonia, prevention of COVID-19, treatment of infected pneumonia and
treatment of infected COVID-19. Then the Pontryagin's maximum principle is
introduced to obtain the necessary condition for the optimal control problem.
Finally, the numerical simulation of optimality system reveals that the combination
of treatment and prevention is the most optimal to minimize the diseases.

KEYWORDS

pneumonia, COVID-19, coinfection, basic reproduction number, sensitivity analysis,
optimal control, numerical simulations

1 Introduction

An acute respiratory infection of the lung is pneumonia. Its symptoms can vary
depending on age, but the most typical ones include exhaustion, chills, chest pain, a fever,
and severe shortness of breath. It spreads via direct or indirect contact with an infected
person [1]. Every day, at least one child dies every 45 seconds from pneumonia. Due to
pneumonia, ~740,000 deaths have occurred since 2019, especially in the developing world,
with an estimate of 5,000 deaths per day [2, 3].

COVID-19 is an infectious respiratory disease caused by the severe acute respiratory
syndrome coronavirus 2 (SARS-CoV-2) virus and spreads via (direct or indirect) contact
with saliva droplets released from infected people [4, 5]. From the start of the pandemic up
until March 2023, more than 6 million deaths and 761 million infections have been reported
to the WHO due to COVID-19. In Ethiopia, the first case was reported on March 13, 2020,
and up to March 23, 2023, there have been 500,212 confirmed cases of COVID-19 with 7,572
deaths, and total recoveries are 27,638 reported to WHO [6].
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Mathematical modeling has a great role in describing the
dynamics of infectious diseases [7]. Several mathematical models
have been proposed to study the transmission dynamics of COVID-
19; see, for example, [8-14] and the references cited therein.
Mathematical models for pneumonia are also extensively studied
in Smith et al. [15], Lipsitch [16], Temime et al.[17], Melegaro et al.
[18], Lawi et al. [19], Farr et al. [20], Pessoa [21], and Singh and
Aneja [22] and references cited therein. Recently, a few scholars
studied the coinfection of various diseases in the mathematical
literature; for instance, COVID-19 and malaria coinfection [23,
24], SARS-CoV-2 and HBV co-dynamics [25], COVID-19 and
TB coinfection [26-28], Pneumonia and HIV coinfection [29],
pneumonia and malaria coinfection [30] and pneumonia and
typhoid coinfection [31] and references cited therein.

But to the best of our knowledge, in all these studies, no
work has been done to investigate the co-infection mathematical
modeling of COVID-19 and pneumonia dynamics with the
application of the optimal control method. So that we used the
SIiR (where the subscript i = p,pc,c refers to pneumonia, co-
infection, and COVID-19 infection, respectively) model to describe
the transmission dynamics of disease with optimal control.

The remaining part of this paper is organized as follows:
In Section 2, we formulate a model of co-infection involving
ordinary differential equations, which is well analyzed in Section
3. Extension of the model to optimal control strategies in Section 4.
Numerical simulations are carried out in Section 5, and finally, the
conclusion and future work are in Section 6.

2 Model description and formulation

In this section, we formulate the mathematical model for the
co-infection of pneumonia and COVID-19 by subdividing the total
population into five compartments: susceptible (S), pneumonia
infected (I,), COVID-19 infected (I.), pneumonia-COVID-19
coinfected (Iyc), and recovered population from both diseases
(R) based on disease status. The disease is transmitted when the
susceptible comes into contact with infected individuals, be they
COVID-19-infected, pneumonia-infected, or both. We assumed
that the susceptible compartment was increased by the recruitment
rate of 7. However, susceptible populations have the potential to
contract pneumonia with a contact rate of ) from an individual
who is infected with pneumonia alone, or they may become co-
infected and join the compartment I, with a force of infection of
fo = Bi1lp + Ipo). In a similar way, a susceptible population can
get COVID-19 by a contact rate of 8, from a COVID-19 infected
only or co-infected with a force of infection of fo = Ba(Ic + Ip)
and join the compartment I.. Moreover, the pneumonia-infected
population recovers from the disease at a rate of o), while the
remaining population either acquires COVID-19 infection with a
force of infection of f. and moves to a co-infectious compartment
or dies due to the disease, causing a death rate of «. Similarly,
COVID-19-infected individuals recover from the disease at a rate
of 0, while the remaining portion is either affected by pneumonia
infection with the force of infection f, and moves to a co-infectious
compartment or dies due to the disease-causing death rate of a. A
co-infected population can recover from one infection at a rate of o
and move to an infected compartment belonging to another disease
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FIGURE 1
The Model's schematic diagram.

with a probability of p or v or recovering from both disease with a
probability of (1 — (p +v)). Recovered individuals from diseases do
not guarantee lifelong immunity; hence, the immunity wanes, and
the recovered individuals move to the susceptible compartment at
a rate of 1. In all compartments, the natural death rate is . The
population dynamics of the compartments shown in the flowchart
of Figure 1 can be described by a system

Zdi =7 + 1R — (fy + fi + 1S,

o =hStophe—(fe+ar o1+l

ZT};C =JfeS++ovlpe — (fp + a2+ o + W, (1)
=5 =hlet+felp — (a3 + 0 + Wy,

R =0+ ol +0(—(p+v)e— 1+ @R

with initial conditions S(0) = So, 1,(0) = Iop, I.(0) = Ioc, Ipc(0) =
Topes and R(0) = Ry are non negative.

2.1 Boundedness of solution

The invariant region is used to determine where the model’s
solution is constrained.

Theorem 2.1. The region Q = {(S, I, I, [, R) € Ri ‘N(t) < 2}

m
is positively invariant set for the system 1.

Proof. Differentiate the total population N(t) with respect to time ¢
and substituting all state equations from system 1, we obtain

dN
I =7 — uN — a1l — ol — o3l

If there is no death due to the COVID-19 and pneumonia disease,
we get

— < — uN.
a =T TH

frontiersin.org


https://doi.org/10.3389/fams.2023.1286914
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Aga et al.

On integration yields N(t) < N(0)e™#! + % [1 — e #]. Evaluating
as t — o0, we get N(t) <
asymptotically constant. Therefore, the model positively invariant

%. Hence, population size is

region is given by

T
Q={SIpILR) €R] : N(t) < —}.

=

2.2 Nonnegativity of the solutions

Theorem 2.2. If S > 0,I,0 > 0,10 > 0,Ip0 = 0 and Ry > 0
then all the solution set S(), I,(t), Ic(t), Ipc(t), and R(¢) are positive
for future time.

Proof. To prove this theorem, let as take the first equation from
system 1, we have

ds
E:n—!—nR—(fp—i—fc—Fu)S.

This equation can be expressed without loss of generality, after
eliminating the positive term (7 + nR), as an inequality

ds

E>—(f:g+fc+,u)5,

then using separable method of variables and applying integration,
the solution of the differentially inequality can be obtained as

S(t) = 8(0)e~ [ ottt -

where S(0) is obtain from initial condition. Since exponential
function is always non-negative, the function e~ /(b Hfetidt js 5
non-negative quantity. Hence, we can concluded that S(t) > 0. In
similar manner, we obtain

I(t) = L(0)e [Utertortiit = o,
L(t) = L(0)e™ [ reatortid > o,
Ipe(1) > Ipe(0)e™J(@to+mit > o,

R(t) = Rye(0)e™ /1t > o,

This proves that the solution of system 1 are positive for all t > 0.
Therefore, all the solution sets are positive for future time. O

3 Model analysis

For better understanding the dynamics of co-infection using
the proposed model, we first compute the model equilibrium points
and then examine the model dynamics around those stationary
points. The detailed analysis will be studied by examining the
behavior of the sub-models solutions near the equilibrium points
for pneumonia, COVID-19, and their coinfection.
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3.1 COVID-19 sub-model

The COVID-19 only sub-model is obtained by excluding the
pneumonia infection from the co-infection model,

B =7 +9R— (Bl + S,
Lo = BlS — (o2 + 02 + WL, (2)

ZZT}E = o2l — (n + WR.

3.1.1 Disease-free and reproduction number

The disease-free equilibrium (DFE) of the COVID-19 sub-
model is obtained by equating all the RHS of Eq. 2 to zero and
putting the disease state variable I, = 0. Therefore, the disease-free
equilibrium of Eq. 2 is denoted by Ef and defined as

T
ZE = —,0,0).
0 (M

The basic reproduction number of the COVID-19 sub-model is
defined as the average number of secondary infections caused by
a single COVID-19-infected individual in a susceptible population.
It can be obtained using the approach of the next-generation matrix
as given in Van den Driessche and Watmough [32]. The basic
reproduction number of the COVID-19 sub-model is the spectral
radius of the next-generation matrix FV !, where F is the matrix of
new infection terms and V is the matrix of transition terms. That is,

FEp = (%), VE)= (o2 +p),

and the inverse of V is given by
1
v iE) = ——m—.
a+or+u
Therefore,

c _ 7B
7wl +or+p)

3.1.2 Stability of disease-free equilibrium
Theorem 3.1. The DFE is locally asymptotically stable if R < 1
and unstable if R§ > 1.

Proof. We use the Jacobean matrix to examine the local stability of
the equilibrium points. The Jacobian matrix of system 2 at the & is

7h2

- —u n
Jeg=10 2 —(@tom+p) 0 ,
0 03 —(n+wn)

and the characteristic equation of matrix Jz¢ is

big
(= = W)=+ 12) = %) (% —(Ot2+02+/t)—?») =0.
Then, the eigenvalues for | g are

M= -1 <0,

A= —-(+p) <0,

A = (ay +0y + M)(R(C) —1).
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Thus, A3 < 0if R < 1. Hence, the DFE is locally asymptomatically

stable if R, < 1 and otherwise unstable. O

Theorem 3.2. The disease-free equilibrium of the system 2 is
globally asymptotically stable if R{ < 1 and unstable if R§ > 1.

Proof. To prove the global stability of the equilibrium point, we
construct the Lyapunov function as

L =KI,

and differentiating with respect to ¢ gives

dL _
dr

%
dt’

Substituting % from the system 2, we obtain

dL

dt

K(BIS — (a2 + 024 1) I,

K(ﬁ% — (0 + 02 +M)) I,

Bam B
wlon + 03 + 1)

IA

1) 1.

K(az + 02 + 1) (

Take K =

1
artortp’ then we get
P

(M(Otz tortp
~ (R5- )1,

aL _
dt

1) I,

for§ < § < Bmand % < 0 for Rj < 1 and trajectory of the

mn
system 2 on which % = 0if and only if I, = 0. This implies that
the only % < 0is E(. Therefore E is globally asymptotically stable

in by Lasalle’s invariance principle. O

3.1.3 Stability of endemic equilibrium

The endemic equilibrium point of COVID-19 sub-model is
denoted by E
in the community. To obtain Ef, we equate all the right hand side

(§*,IF,R*) and it occur when the disease persist

of Eq. 2 to zero. Then we obtain

otz—i—crz—i—,u_rr 1

§* = A
B2 w R
b ARG WRE =D 0+ w)(RE~ D)
B+ p) — nor R K ’
N oz (R —1) Ry —1)

~ Bamt(n + 1) — noa R «

where,

. Barr(n + ) — noa Ry
- — .

Theorem 3.3. The endemic equilibruim point Ej of system 2 is
locally asymptotically stable in Q if R§ > 1.
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Proof. Recall the Jacobian matrix of the system 2

—BaIf — 1 —Ba2S* n
J= BaIf  BaS* — (a2 + 02+ 1) 0
0 02 —(n+nw

Evaluating the Jacobian matrix J at the endemic equilibrium point
E¢, we get following a characteristic polynomial

WBH+a4+bri+c=0,

where

_ ot or+p) = for(n+np)
T oy — (e oy + )+ )
e+ o+ p) — Borr(n+ 1)
© noy— (e +ox+ w1+ w
(a2 + o2+ )+ )

(g + o2 + p) — Barr (n + )
noy — (o + 03 + w)(n + )

(n + 1),

n + )+ pnm+w),

(7 + w)(az + 02 + 1) — nozl.

The characteristic equation of J(ES) is more complicated than that
of J(Z(). Using Routh-Hurwitz criterion all roots of characteristic
polynomial have negative real parts if and only ifa > 0,b > 0,¢ >
0 and ab > ¢ for Rf) > 1. Hence, the endemic equilibrium E is

locally asymptotically stable. O

3.1.4 Sensitivity analysis

Sensitivity analysis is used to identify parameters of the system
that would have great influence on Rfj. To compute, we used the
normalized sensitivity index definition as defined in Chitnis et al.
[33].

Definition 1. The normalized sensitivity index of a variable, Ry,
that depends differentiably on a parameter, u, is defined as

_ Ry
T du

u

ARo X N
Ro

for u represents all the basic parameters.

The sensitivity analysis for the basic reproduction number of the
sub-model parameters given in Eq. 2 using normalized forward
sensitivity index of its R is given by:

c Cc
AZ": 27;‘))(%=1,
2 0
A;?g: aRgxlzl,
o Ry
P LS R S
doy R o+ 02+ 1
007 R o toy+u
Ry IR Xi__(az-i-Uz-FZM)
B Rg_ a+ort+p

The sensitivity indices of the basic reproductive number with
respect to main parameters are found in Table 1.
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TABLE 1 Sensitivity indices table.

Parameter symbol Sensitivity indices

B2 Positive
b4 Positive
a; Negative
0, Negative
" Negative

The results demonstrated that, while the other parameters
stayed constant, the parameters with a positive sensitivity index
enhanced the value of the reproduction number as their values
grew. Furthermore, the value of the reproduction number falls if
the values of the parameters having negative indices are raised while
the values of the other parameters stay the same. Those parameters
that have positive indices () have a high impact on expanding the
disease in the community if their values are increasing. The basic
parameters with negative sensitivity indices (o2, 02) increase the
disease if their values decrease while the other parameters remain
constant. However, increasing human mortality rates to combat
disease epidemics is unethical, so they are not taken into account
in the study of sensitivity analysis.

3.2 Pneumonia sub-model

The Pneumonia only sub-model is obtained by excluding the
COVID-19 infection from the coinfection model,

B =1 +nR—(Buy+ S,

dI,

Tf = ,BIIpS — (a1 + 01+ M)Ip> (3)
R =ol, — (n+ wR.

3.2.1 Disease-free and reproduction number

The disease-free equilibrium (DFE) of the pneumonia sub-
model is denoted by Eg and obtained by setting the right-hand side
of system 3 to zero and putting I, = 0, which is given by

g
(—,0,0).
m

Using the next-generation matrix approach, the basic reproduction
number of pneumonia sub-model is denoted by Rg is

7B1
plon + o1+ p)’

P
Ry =

3.2.2 Stability of disease-free equilibrium
Theorem 3.4. The DFE is locally asymptotically stable if ’Rg <1
and unstable if R‘g > 1.

Proof. The Jacobian matrix of system 3 at the Eg is

- —”Tﬁ‘ n
Jg=|0 B —(@+oi+p) 0
0 o1 —(n+ )
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Here, the eigenvalues for J_» are
=0

M = -1 <0,
r = —m+up) <0,
A3 = (o1 + o1+ (RH—1).

Therefore, the DFE is locally asymptomatically stable if R‘g < land

otherwise unstable. O

Theorem 3.5. The disease-free equilibrium of the system 3 is
globally asymptotically stable if R‘g < 1 and unstable if Rg > 1.

Proof. To prove the global stability of the equilibrium point we
construct the Lyapunov function as

L = M,
and differentiating with respect to t gives

dL

I
e v

dat’
o] )
Substituting —F from the system 3, we obtain

dL
5 = MBS — o1+ ) Iy,

M(% — (a1 + 01 +M)> Ip,

B )
—— 1],
wlon + o1 + @)

M(ay + oy +M)<

Take M =

1
m, then we get
P

- (u(al +oit+mp)

1) I
= (Rh-1)1,

and % < 0 for Rg < 1 and trajectory of the

dL
dt

for§ < § < /31721
system 3 on which % = 0 if and only if I, = 0. This implies that
the only % <0is Eg. Therefore Eﬁ is globally asymptotically stable

in € by Lasalle’s invariance principle. O

3.2.3 Stability of endemic equilibrium

The endemic equilibrium point of sub-model 3 is denoted by

E;
community. To obtain it we equate all the model equations 3 to

(S*,I;‘,R*) and it occurs when the disease persist in the

zero. Then we obtain

artor+p w 1

§* = ==-=,
B M R‘Z
- way+or+ ) = pirn+p) _ (n+ 1W)(RH—1)
L Bi(nor — (n + )y + o1 + 1)) K ’
pe ottt pir] _ a(RG-1D)
Balnor — (n + w)en + o1 + w)l K
where,

B (n + 1) — oinRy
K = .
T
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Theorem 3.6. The endemic equilibrium point E) of system 3 is
locally asymptotically stable in €2 if Rg > 1.

Proof. The Jacobian of the system 3, is

—Bul; — —h1S* 1
J= ALy P18t — (a1 + o1+ ) 0
0 o1 —(n+ )

At the endemic equilibrium point Ef, evaluating the Jacobian
matrix J and then solving |[J — AI| = 0, the characteristic equation
is A3 + 1A% + Yd + Y3 = 0, where

wlay + o1+ u) — parr(n + )
noy — (a1 + o1+ w)(n + )
v = wlar + o1+ w) — B (n + )
noy — (o + o1 + w)(n + 1)
Vs = (a1 +o1+ )+ pwu —
oy + o1 + w) — B (n + )
noyp — (o1 + o1 + w)(n + w)
[(n + w)(er + o1 + ) — nol.

v = —(n+ ),

(n + ) + uln + w),

Using Routh-Hurwitz criterion all roots of characteristic
polynomial have negative real parts if and only if
Y1 > 0,¢2 > 0,%3 > 0 and Y9y, > Y3 for Rg > 1.
Hence, the endemic equilibrium E. is locally asymptotically
stable. O

3.2.4 Sensitivity analysis

The sensitivity analysis for the basic reproduction number of
the sub-model parameters given in Eq. 3 using normalized forward
sensitivity index of its R‘g is given by:

AR _ ORGP _
i ep RS

P
Rl IR, T

:*X*:l,
T o ’Rﬁ
r o ORb
Azoz—oxa—;z—ial <0
day Ry ay +op+ @
r o ORb
AR e @
dor Ry ap+ox +
ARE _ORG w (aatort2u)
: o R‘g wt+otu

The sensitivity indices of the basic reproductive number with
respect to main parameters are found in Table 2.

The sensitivity indices of the basic reproductive number with
respect to main parameters are 1, o1, and «;. When the values
of factors with positive sensitivity indices, especially B, are raised
while the values of the other parameters remain constant, the
impact on the spread of the disease is significant. Also those
parameters in which their sensitivity indices are negative o, 03,
and u have an effect of minimizing the burden of the disease in
the community as their values increase.
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TABLE 2 Sensitivity indices table.

Parameter symbol Sensitivity indices

Bi Positive
b4 Positive
o Negative
o1 Negative
" Negative

3.3 Co-infection model

In this subsection, will examine the system 1 without controls
from a qualitative perspective.

3.3.1 Disease-free equilibrium and reproduction
number

The disease-free equilibrium of the co-infected model is
obtained by equating all the right-hand sides of Eq. 1 to zero
and then setting zero for all state variables involving infected
individuals. Then, solving for the non-infected state variables, we
obtain

bid
o = <—,0,0,0,0,0,0>.
n

To obtain the R, we used the next-generation matrix method [32].
By the principle of this method, system 1 can be written as

dI

7;’ = fpS+ oplye — (E1fe + a1 + o1 + W,
dl,

E =fS+ +U‘)Ipc — (Ezﬁ; +or+ o+ i,
dl,

= Efple + E1fedy — (@3 + 0 + ).

The transfer matrix are given by

fig) 0 B
) ular+or+up) B M(G+D;T1§—az+u)

—1 _ 2 2
FVo = 0 ulo+or+p)  plotar+az+un)

0 0 0

Then the eigenvalues of V! are

7B

M= —————— =RE
wlar + o1+ p) 0

)»2 — ni’gzzpf’
wlon + o2 + @)

A3 = O.

Therefore, the basic reproduction number of the co-infection
model is

Ro = max{R5, R§).
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3.3.2 Local stability of disease-free equilibrium
Theorem 3.7. The DFE is locally asymptotically stable if Rg < 1
and unstable if Ry > 1.

The Jacobian matrix of system 1 at the Ey is

o _h _nh _m(Bithr) 0 0
" " tﬁ N
0™ _A 0 L8 0 0 0
n 7
0o mh _p L/ 0 0 0
" I
J=1o0 0 0 —C 0 0 0
0 o] 0 op -y —u 0 0
0 0 o a(l—p)v 0 —5— 0
0 0 0 o(l-p)(1-v) vy 5 -n—n

whereA=o;+o01+u,B=ar+0o+u,C=a1+ay+0 + u,
and then solve |[J — AI| = 0, we get

M= -1 <0,

A = (a1 + 01 +M)('R€— 1),
Ay = (a2 + 02+ )Ry — 1),
Ay = —(0p +or+0+p) <0,
As = —(y +p) <0,

Ao = —(6+ ) <0,

hy = =M+ wp) <0.

Therefore, the DFE is locally asymptomatically stable if Rg < land
Ry < 1, otherwise unstable.

3.3.3 Sensitivity analysis

The normalized sensitivity index definition found in subsection
3.1 was applied in this subsection. Since Ry = max{R?, R}, which
means that the sensitivity indexes of Rﬁ and R{ are conducted
under each sub-model. Therefore, the most important parameter
is the one that is stated in each sub-model.

3.4 Impact of Pneumonia on COVID-19
infection

To describe the impact of pneumonia on COVID-19 and vice
versa, we express Rg in terms of R{. Since,

B2
Re = TP
wlay + oz + )
T
o= B2

Rilaz + 03+ 1)’
Then, substituting the expression for  into R‘g gives

P RocBilaz + 02 + 1)
0 Balar + o1 + )

To investigate the impact of the two diseases on each other, we did

IRy Palan + o1+ )

-9 _ > 0. 4
3R€ Bilez + 02 + 1) @

Equation 4 shows that an increase in pneumonia infection in
the community will have a positive influence on the spread of
COVID-19 pandemic.
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4 Extension into optimal control

In this section, to achieve the best intervention strategies, we
reconsider the system 1 and formulate an optimal control problem
with four control variables u (), uy (), u3(t), and uy(t) where,

u1 (t) prevention effort of Pneumonia disease,

uy(t) prevention effort of COVID-19 disease,

u3(t) treatment effort of pneumonia infected individuals, and
uy(t) treatment effort of COVID-19 infected individuals.

Ll ol A

After incorporating the controls into the coinfection model, we
obtain the following optimal control model

B =gt gR—[(1—u)fp + (1 — w)fe + 1],

G = (= u)fpS+aplpe — (1 — w)fe + ey + 01+ u3 + ),

2 = (1= w)feS+ ovlpe — (1 — u1)fp + a2 + 02 + g + Wi,

e — (1 —w)fely + (1 — w)fple — (@3 + 0 + 3 + 14 + W,

2’ = (1= W+ p)o +us + uplpe + (02 + ug)le + (01 + u3)lp—
(n + R

©)
To study the optimal levels of the controls, the control set U is
Lebesgue measurable and is defined as

U={ut):0<u<1l,i=1,...,4,0<t<T} (6)

The aim of introducing the control variables is to seek the optimal
solution required to minimize the numbers of infected individuals
responsible for spreading the novel Corona virus and pneumonia
in the population at minimum cost. Hence, the objective functional
for this control problem is given by

T 4
1
J = mum/ (cllp +ale+ c3lpe + 3 E w,u?) dt (7)
° i=1

subject to the terms of the model system 5. The parameters
w; for i = 1,2,3,4 measure relative cost of the interventions
1,2,3,4 and the
coefficients ¢y, ¢z, c3 represents the weight constants corresponding

associated with the controls u; for i =

to infected individuals that can be chosen to balance cost factors
and is quadratic in the other pieces of literature [34, 35]. Our aim is
to minimize the number of infections and costs. Thus, we want to
obtain an optimal controls (1], 13, u?, u}) in which:

Ty, vy, u3, uy) = min{J (u1, up, us, ug) : u; € U} (8)

4.1 Existence of optimal controls

In this subsection, we prove the existence of such optimal
control functions which minimize the cost function in the finite
intervention period.

Theorem 4.1. There exists an optimal control pair (u}, 13, u}, u})
and corresponding solution vector (§*, I;, I7, I;C, R*) to the control
induced state initial value problem 5 that minimizes the cost

functional J(uy, uz, u3, us) over the set of admissible control U 6.

Proof. All the state variable involved in the model are continuously
differentiable. Therefore, we need to verify the following four
conditions given in Fleming and Rishel [36].
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i. The set of all solutions to Eq. 5 with corresponding control
functions in U is nonempty.

ii. The control set is convex and closed.

iii. The integrand of the objective functional of Eq. 7 is convex.

iv. The integrand F(t,S, Ip, Ies Ipes R, u) in Eq. 7 is convex with
respect to control variables and additionally fulfills that
F(t,S,Ip,IC,IPC,R, u) > g(u), where g is continuous and
llull =" g () — 400 as ||ul] — oco.

In order to established condition (i), we refer to Picard-Lindelof
existence theorem [37]. If the solutions of the state equations are
a prior bounded and if the state equations are continuous and
Lipschitz continuous in the state variables, then there is a unique
solution corresponding to every admissible control in the given
domain. With the result that, if g(t,x, u) is bounded, continuous,
and Lipschitz in the state variable, then there exists a unique
solution corresponding to every admissible control U. Hence, for
any u € U and the state variables, we have

0<N(t< Z, )
"

and nonempty by model assumption. Furthermore, with the
bounded established in 5, clearly, the state system is continuous
and bounded. It is possible to show the boundedness of the partial
derivative with respect to the state variable, i.e., g—i, exists and is
finite, which establishes that the system is Lipschitz with respect to
the state variables [37]. This shows that the proof of condition (i) is
complete.
To prove (ii), consider

U= {ueR*:|u|| <1, || || isan Euclidean norm}.

Moreover, for any two points y,z € U such that y = (y1, 2, ¥3,y4)
and z = (z1,22,23,24). Then for any A € [0, 1], it follows Ay; +
(1 =Xz € Uj, i=1,2,3,4. This implies that the control set U is
convex and closed.

Next we verify condition (iii), the integral of the cost function
is given by

4
1 2
F(t,x,u) = Cllp + ol + C3Ipc + E Z Wild;

i=1

where x denotes the state variable and u represents the control
variable. To prove condition (iii), we want to prove for any 6 € (01)
such that,

(1 —0)F(t,x,u) + OF(t,x,v) > F(t,x, (1 — 0)u + 0v),

where,

(1 = O0)F(t,x,u) + 0F(t, x,v) = c1lp + c2lc + c3lpe +
% Z?:l wiuf + % Z?:l wivi,
and

4
1
F(t,x, (1=0)u+0v) = allp+erletcslpet > wil(1=0)ui+6vi)*.
i=1
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Therefore,

F(t,x,v) — F(t,x,(1 — 0)u + 0v) =

ﬂ‘} 42_‘_94 22 14 (1 9),+9.)2
2 2 will; 2l;:w,vi —Zlgl:w, —0)u; Vi),
L&

= Zwi [(1— O)u? +6v: — (1 — O)u; + 91/,-)2],

i=1

1o 2
> wi (VA =00 — V(T = 00)w)

i=1

4
0(1—0
G 5 )E wi(ui — vi)> = 0.
i=1

2
2

Hence, (1—0)F(t, x, u)+6F(t, x,v)> F(t, x, (1—0)u+0v). Therefore,
F(t, x, u) is convex. This completes the proof. O

4.2 The Hamiltonian and optimality system

By using the principle Pontryagin’s Manimum Principle [38],
we got the necessary conditions which is satisfied by optimal
pairs. Therefore, by this principle, we obtained a Hamiltonian ()
defined as

H=L+N,
where
N = Alé +)\2% -}—)»3ﬂ +A4@ +A5d£,
dt dt dt dt dt
and

4
1 2
L = alp+ clc + c3lpe + 5 ; wil;.

It follows that the system of Eqs 6 and 5 are substituted into a
minimize Hamiltonian function with respect to uf, u3, u}, u}, we
obtain

4
1
cilp + e2le + c3lpe + > Z w,-ul2

i=1
7 +nR— (1 —u)fp + (1 — u)fe + 1)S]
(1= uD)fpS + oplpe — (1 — up)é1fe + a1 + o1 + uz + )]
A3 [(1 = w2)feS + ovlpe — (1 — u)éafy + oz + 02 + ug + Wl
A [(1 = w)érfelp + (1 — un)éafple — (a3 + 0 + u3 + ug + p)Ipc |
A5 [(1 = (v + p))o + u3 + ug)lpe + (02 + ua)le + (01 + u3)lp—
(n+ wR], (10)

x
I

A
A2

— e e

+ o+ + + o+

where A;,for i = 1,...,5 are adjoint variables. Next to obtain the
adjoint variables by applying Pontryagin’s minimum principle, the
following theorem is stated.

Theorem 4.2. For an optimal control set uj,u},u},u; that
minimizes J over U, there is an adjoint variables, A;, for i = 1,...,5

frontiersin.org


https://doi.org/10.3389/fams.2023.1286914
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Aga et al.

such that:
diy
ke (A1 = 22) (L = u)Bi(Ip + Ipe) + (k1 — 23)B2(1 — up)(Le + Ipc),
dh,

I (A1 = 22)B1 (1 —u)S + (A2 — 29)é1 fo(1 — u2) e + Ipe) + (A3 —

r)(1—up)pr&ale + Oy — As)(o1 + u3) + Aalen + 1) — a1,

di

d—: = (i = A3)(1 = w)BaS + (ha — )1 — )€1 oI, + (s — As)
(1= w)Ip + Lo)é2 B + (A3 — As5)(02 + us) + Az(on + 1) — ¢,

dhy

e (A1 = 22) (L —u)BiS + (A1 — A3)(1 — u2)B2S + (ha — Aa)(1 — w2)é1 ol
+ (A = 2)(1 = u)éafile + Ay — As)(o + us + ug) + (A5 — A2)op+
(s = A3)ov — 3,

dhs
— =5 —A As L,
at (A5 D+ Asp

(11)
with the terminal (transversality) conditions
Li(T)=0, fori=1,2,...,5. (12)

Furthermore, the optimal controls 7, u}, u3, u} are represented by

4 = min{max{0,¢;},1},
u3 = min{max {0, ¢}, 1},
v = min{max{0,¢s},1},
uj = min{max {0, ¢4}, 1},
where
(o = 2)Up + ) BrS + (Aa — A3)Tp + Tpo)Ic&2 1
o1 = W ?
_ (A3 — AU + Ipc)ﬂzs + (g — A)I + Ipc)&lﬂzIp
2 = Wy ?
(A2 = A5)Ip + (kg — A5)Ip
¢3 = 5
w3
(A3 = As5)Ie 4 (hg — As)Ipc
Y4 = :
Wy

Proof. To obtain the form of the adjoint equations we compute
the derivative of the Hamiltonian function (#) Eq. 10 with respect
to S, Ip, Ic, Ipc and R respectively. Then, the adjoint or co-state
equation obtained are given by

d. El
B T = 1)1 W)y )+ O — 21— )+ D),
dx d
72 = _on = (A1 = A2)B1(1 = u)S+ (ha — Ag)&1 B2 (1 — ) (e + Ie) + (A3 —
t al,
)1 = up)pr&ale + Oy — As)(o1 + u3) + Azlen + 1) — a1,
d £l
% = —% = (k1 = 23)(0 = w2)faS + (ko — 2a)(1 — w)&1 Boly + (A3 — Aa)

(1 = w)Ip + Ip)éapr + (A3 — As5)(02 + ua) + Aslea + 1) — 2,
. OH
F T Al -

(1= u)&1Bolp + (A3 — 2a)(1 —u)2 1l + (kg — A5)(0 + us + us)+

(As — X2)op + (A5 — A3)ov — ¢35,

b on

dt ~ OR

(A1 = 22) (1 —u)BiS + (A1 — A3)(1 — u2)BoS + (A2 — A4)

= (As — A)n + Asp,

with transversality conditions.
To obtain the controls value, we compute the partial derivative
of Hamiltonian given by

oM

— =0, fori=12,...,4.
E)u,-
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TABLE 3 The values of parameters used in the simulations.

Parameter Value Reference
T 143,608 Calculated
I m per month Calculated
B 0.5946 [31]

B2 0.980 [12]

o 0.9692 Assumed
o) 0.920 [31]

o 0.692 [26]

v 0.1249 Assumed
n 0.0024 Assumed
oy 0.5001 [31]

<73 0.5001 [26]

a3 0.5001 Assumed
P 0.2970 Assumed

Obviously, after derivation of Hamiltonian (#) with respect to the
controls the result becomes

SR =0 =wiw + O — 2 + LB+ s = ) + L)A1&,

B =0 =w + (1 — A)Balle + LS + (= 2a)E1 folle + o), (13)
% =0=wsus + (ks — A2)p + (s — Aa)lpc,

AH

@
s
£

=0 =wyus + (A5 — A3)Ic + (As — Ag)Ipc.

Then, solve for (u1, uy, us, ug), we obtain

w = (A2 =21)Up+1pe) B1S+(ha—13)Up+Ip)cE2 f1
1 = " ,
w = (A3 —=A1)Uc+Ipe) BaS+(ha—12)Ic+Ipo )€1 Bolp
2 = m ,
w = (A2 =25)Ip+(ha—25)Ipc

3 = w3 ]
u = (A3 =25)Ic+(ha—As)Ipe

4 W4 :

From boundedness on ] (t) and minimality condition, we have:

uy = min{max{0,¢1},1},
v = min{max {0, ¢}, 1},
u; = min{max {0, ¢3},1},
u; = min{max {0, ¢4}, 1},
where
(2= A)Up + Ip)BiS + (ks — A3)(Ip + Ipc)lcb2 B
¢ = " >
(s = AU+ Ipo) oS + (hg — A2) e + Ipc)§1 B2y
P2 = W, >
(A2 = As)Ip + (Ag — As5)Ipc
Y3 = >
w3
()\3 —As)l + ()\4 - )LS)Ipc
P4 = .
Wy
This completes the proof of the theorem. O
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5 Numerical simulations

In this section, we illustrate numerically the solution of the
optimal control problem proposed in system 1 and Table 3. For this
purpose, we use the forward-backward sweep method presented in
the book of Lenhart and Workman [39].

To briefly summarize the numerical simulation procedure, first
we perform forward fourth order Runge-Kutta scheme to solve
system 1 over the interval [0, T] with its initial condition and the
transversality conditions A;(T) = 0;i = 1,2, 3,4, 5, where T = 351s
simulation time. Incontrary, we use backward fourth order Runge-
Kutta scheme to solve system 10 using the current iteration solution
of 1. The control is updated by using a convex combination of the
previous control and the values computed in the characterizations
process. The iteration continuous until the values of the unknowns

10.3389/fams.2023.1286914

at the previous iteration are very close to the values of present

iteration.

To perform the numerical simulation, we assumed the initial
population of

(8(0), I(0), 1.(0), Ip(0), R(0)) = (5, 000, 000, 550, 26, 10, 400)

The natural

death rate is computed as © =

1
66.71 X

er month,
> p

where 66.71 years is the average life expectancy in Ethiopia [40].
The recruitment rate, is then calculated as 7 = u x N(0) = 143, 608
per month, where N(0)= 114,961,850.

The cost coefficients corresponding to control variables are

estimated to be ¢

= 25,¢; = 75,and ¢35 =

55 the relative

importance of reducing the associated classes on the spread of the
disease are w; = 3, wy = 8, w3 = 7 and wy4 = 5. Using all necessary

B
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FIGURE 2
(A—C) Simulations of pneumonia infected, COVID-19 infected and pneumonia with COVID-19 coinfection with applying the strategies under
Scenario A.
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information above, we analysis and compare the numerical
results of the effect of controls on the spread of COVID-19

10.3389/fams.2023.1286914

-Strategy 6: Applying both the Pneumonia and COVID-19
treatment method (4; = 0,4y = 0, u3 # 0, uq # 0).

in populations. 2. Scenario B (using triple controls)
-Strat, 7: Applying both the P i d COVID-19
1. Scenario A (using combinations of two controls): r eg.y Pplying o € neumonia 2.m
] ) prevention method and treatment for Pneumonia (1 # 0, up #
-Strategy 1: Applying both the COVID-19 and pneumonia 0, u3 % 0, 114 = 0)
prevention method Ful 7 0w 9’ us =0, uf‘ =0). -Strategy 8: Applying both the Pneumonia and COVID-19
-Strategy 2: Applying Pneumonia prevention method and prevention and treatment for COVID-19 (uy % 0, uz # 0, u3 =
treatment for pneumonia (11 # 0,uy = 0, u3 # 0,us = 0). 0, ug # 0).
-Strategy 3: Applying Pneumonia prevention method and -Strategy 9: Applying Pneumonia prevention method and,
treatment for COVID-19 (11 # 0,uz = 0,u3 = 0,uq # 0). treatment for Pneumonia and COVID-19 (u; # 0, u; = 0, u3 #
-Strategy 4: Applying COVID-19 prevention method and 0, ug # 0).
treatment for pneumonia (11 = 0,uz # 0, u3 # 0,uq = 0). -Strategy 10: Applying COVID-19 prevention method, and
-Strategy 5: Applying COVID-19 prevention method and treatment for both Pneumonia and COVID-19 (u; = 0,u; #
treatment for COVID-19 (u; = 0, uy # 0,u3 = 0, uy # 0). 0,u3 # 0,uy # 0).
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FIGURE 3

(A—C) Simulations of pneumonia infected, COVID-19 infected and coinfection with applying Scenario B.
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3. Scenario C (using all controls)
Using all controls means u; # 0,uz # 0,u3 # 0, u4 # 0.

5.1 Scenario A

Under Scenario A, we consider combinations of two controls.
Numerical simulations are showed in Figures 2A-C. Figure 2A
shows that controls with prevention and treatment of Pneumonia
disease (Strategy 2) have a potential of decreasing the number
of pneumonia infected populations. However, a control with
treatment effort only for both disease (Strategy 3) takes more time
to decrease the number of pneumonia infected populations. From
the Figure 2B shows that controls with treatment effort only for
both disease (Strategy 6) decreases the number of co-infectious,
Pneumonia infectious and COVID-19 infectious population goes

10.3389/fams.2023.1286914

down in the specified time. Figure 2C shows that the Strategy 2 and
Strategy 6 have more potential to decreasing number of infected
individuals under the scenario A. Ingeneral, we conclude that
applying an optimized controls can eradicate both diseases from
the community in a specified period of time.

5.2 Scenario B

Under this scenario, we considered the combinations of three
controls. The simulation results from Figure 3A shows that a
control with prevention of Pneumonia disease and treatment
of both COVID-19 and Pneumonia disease have a potential of
decreasing the co-infectious, Pneumonia infectious and COVID-
19 infectious populations. From these four strategies, Strategy 9
rapidly reduces the number of co-infectious, Pneumonia infectious

B
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(A—C) Simulations of Pneumonia infected, COVID-19 infected and the coinfection of Pneumonia and COVID-19 using all four controls.
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and COVID-19 infectious populations. Figure 3B displays as
strategy 10 has a great role in decreasing the burden of COVID-19
disease. Also from Figure 3C we can see that as strategy 7 and 9 have
a good approach in reducing the number of coinfected populations.

5.3 Scenario C

Under this scenario, we determined the difference between the
compartment with control and without control. We considered
four controls at the same time. Figure 4A shows that pneumonia
infected compartment is rapidly decreased when we apply all
controls. Also Figure 4B displays COVID-19 can be eradicated
in a short time if we apply all controls. From the Figure 4C,
we can see that as coinfected populations with controls are
drammatically decreased.

6 Conclusions

In this paper, we proposed and analyzed a deterministic
mathematical model for the co-infection of COVID-19 with
pneumonia. The co-infection model is divided into two submodels,
namely, the pneumonia-only submodel and the COVID-19-only
submodel. The well-posedness of the model was established both
in the mathematical and epidemiological sense by showing that
all solutions to the model are positive and bound with initial
conditions in a certain meaningful set. The equilibrium and basic
reproduction numbers are computed for the co-infection model
and each submodel independently. The basic reproduction number
of the co-infection model is shown to be the greatest of the
reproduction numbers of the two sub-models. It is observed that
both submodels and the full co-infection models have locally
asymptotically stable disease-free equilibrium when their respective
basic reproduction numbers are less than unity and otherwise
unstable. Furthermore, there exists a stable endemic equilibrium
point for the basic reproduction numbers greater than one. A
sensitivity analysis of the model was performed and identified the
positive and negative index parameters. From the basic model,
an optimal control problem is formulated by incorporating two
control variables: prevention, treatment, and their combination.
The Hamiltonian, adjoint variables, the characterization of the
controls and the optimality system are derived from the optimal
control problem and also numerically simulated by considering
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