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Introduction: Formation of hydroxyapatite in bone, dentin, and enamel occurs at restricted molecular sites of specific extracellular matrix proteins and is controlled by multiple mineralization inhibitors. However, the role of physicochemical factors, such as the availability of required ions and the saturation status of the aqueous environment in biological mineralization, is not fully understood. The goal of this study was to use mathematical modeling to describe the complex physicochemical environment permissive to the precipitation of biological hydroxyapatite.

Methods: We simulated the processes occurring in the bone interstitial fluid (ISF) defined as an aqueous environment containing seven chemical components (calcium, phosphate, carbonate, sodium, potassium, magnesium, and chloride) that form 30 chemical species. We simulated reversible equilibrium reactions among these chemical species, and calculated supersaturation for hydroxyapatite and its precipitation rate using kinetic theory.

Results and Discussion: The simulated ISF was of correct ionic strength and predicted the equilibrium component concentrations that were consistent with the experimental findings. Supersaturation of physiological ISF was ~15, which is consistent with prior findings that mineralization inhibitors are required to prevent spontaneous mineral precipitation. Only total calcium, total phosphate and to a lesser degree total carbonate affected ion availability, solution supersaturation and hydroxyapatite precipitation rate. Both calcium and phosphate levels directly affected hydroxyapatite precipitation, and phosphate was affected by pH, which additionally influenced hydroxyapatite precipitation. Integrating mathematical models capturing the physiochemical and biological factors regulating bone mineralization will allow in silico studies of complex clinical scenarios associated with alterations in ISF ion composition, such as rickets, hypophosphatemia, and chronic kidney disease.
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1 Introduction

Bone is a biological composite material including three different phases, a mineral phase, an organic phase, and water [1]. The mature bone mineral phase is made up of nanosized crystalline hydroxyapatite (HAP) with chemical formula of Ca10(PO4)6(OH)2 [1]. The mineral phase of bone provides a strong structure for the mechanical resistance for the tissue [2], and an abundant number of ions (particularly calcium and phosphate) for whole body homeostasis [3]. The organic phase of the bone consists of almost 90% type I collagen, 5% non-collagenous proteins (NCPs), and 2% lipids by weight [1]. Finally, the aqueous phase is responsible for cell and matrix nutrition, mediating interactions between collagen fibrils and minerals, and controlling ion flux [3]. Bone formation starts with deposition of organic matrix by osteoblasts, which happens at a much faster rate than bone mineralization [4]. The unmineralized bone matrix, osteoid, is mineralized through physicochemical processes regulated by the presence of nucleation centers that can be provided by matrix vesicles [5] and can arise with the maturation of extracellular matrix [6], and the concentrations of mineralization inhibitors produced by osteoblasts or present in the circulation. Thus, complex biological and physicochemical phenomena are involved in regulating hydroxyapatite mineralization.

Mathematical models provide a deeper understanding of how different components interact and influence each other in complex environments [7]. We have previously modeled the role of biological factors in bone mineralization [8], and have examined a simplified model of pH regulation in bone microenvironment [9]. Building on the concept of simulated interstitial fluid (ISF) introduced in the previous work [9], in the current study, we aimed to develop a mathematical model describing the complex physicochemical environment permissive to the precipitation of biological hydroxyapatite. The aqueous environment of ISF was defined to contain seven commonly reported chemical components (calcium, phosphate, carbonate, sodium, potassium, magnesium, and chloride) that form 30 chemical species. Computing the outcomes of reversible equilibrium reactions among these chemical species allowed us to calculate solution supersaturation for HAP and assess HAP precipitation rate using kinetic theory.



2 Model development and simulations


2.1 Model assumptions

In this study, we have simulated the processes occurring in the interstitial fluid (ISF) in the bone vicinity. It is assumed that the environment is homogenous, and ions are immediately distributed evenly in the environment. The following assumptions regarding the biological components of the system were made: [1] the effects of biological factors on equilibrium reactions in ISF are minimal; [2] the presence of biological inhibitors of mineralization increases the precipitation threshold [10]; [3] the nucleation of biological mineral is controlled by biological processes [11], and physicochemical aspects are involved in crystal growth. Efforts have been made to keep the model working with the minimum number of components and complexity while ensuring the predictions are reliable and close enough to the actual processes happening in the body.

Figure 1 provides a map of the model, its different compartments, and the flow of data in the model. A detailed description of how the model is constructed is provided in the following sections.


[image: Figure 1]
FIGURE 1
 Schematic representation of the model and its different compartments and their functions. Arrows show the flow of data between compartments.




2.2 Simulated ISF

Previously, we developed the model of the ISF reactions that focused on four components involved in pH regulation, calcium (Ca2+), phosphate ([image: image]), carbonate ([image: image]), and hydrogen(H+) [9]. However, the ionic strength of the solution containing four components is 0.017, which is notably lower than 0.15–0.16 reported experimentally [12]. Since ionic strength directly affects the calculation of activity coefficients and thus the equilibrium concentrations, to improve model precision, we included the additional chemical components and examined how their inclusion affected the ionic strength of the ISF (Table 1). The resulting ISF was defined as a solution containing seven major components: calcium (Ca2+), phosphate ([image: image]), carbonate ([image: image]), sodium (Na+), chloride (Cl−), magnesium (Mg2+), and potassium (K+) (Table 1). These components interact through reversible reactions forming 22 different chemical species listed here: H3PO4, [image: image], [image: image], H2CO3(aq), [image: image], [image: image], CaCO3(aq), CaOH+, [image: image], CaHPO4(aq), [image: image], [image: image], NaH2PO4(aq), [image: image], MgCO3(aq), MgOH+, [image: image], MgHPO4(aq), [image: image], NaCl, [image: image], OH−. The equilibrium constants for the 22 reactions were obtained from experimental studies; where reported, we used the value at the body temperature of 37 °C (Table 2). Seven equations for the principle of mass conservation for total amounts of calcium (TCa), phosphate (TPO4), carbonate (TCO3), magnesium (TMg), sodium (TNa), potassium (TK), and chloride (TCl) in addition to pH value completed the description of ISF (Table 2). The total amounts of these components were matched to those reported in human plasma [12](Table 1). The ISF is an ionic solution which requires the inclusion of activity coefficients in calculating its equilibrium concentrations. Ionic strength of a solution is defined as:

[image: image]

where ci is the molar concentration of ion i, zi is its valence, and n is the number of different ions in the solution. The activity coefficients were calculated as follows:

[image: image]

γi is the activity coefficient of ion i, which depends on ionic strength I of the solution, ion valence zi, and temperature and the dielectric constant of the solvent expressed in parameter A. This parameter was previously approximated [23] for a solution with water as the solvent as:

[image: image]

where TC is temperature in Celsius (37 °C in this study). Equation 2 is only valid for I ≤ 0.5 M [18], which is applicable in this case (Table 1). Finally, equilibrium concentrations are calculated as:

[image: image]

where Qi, the corrected concentration is a product of nominal concentration ci of each ion and its activity coefficient γi.


TABLE 1 Model components and their effect on the ionic strength of the solution.

[image: Table 1]


TABLE 2 ISF Reactions and their equilibrium constants.

[image: Table 2]

For the calculation of the equilibrium concentrations a system of non-linear equation had to be formed and solved. Using the reaction rate law and equilibrium constants for the 22 reactions (Table 2), one equation from pH definition, in addition of 7 equations derived from mass conservation law for total concentration of calcium (TCa), phosphate (TPO4), carbonate (TCO3), magnesium (TMg), sodium (TNa), potassium (TK), and chloride (TCl), a system of 30 equations was formed. Using the definition of equilibrium constants, the system was later simplified to a system of 7 non-linear equations with 7 variables (the components in Table 1). The system of equation was solved for these 7 variables and the rest of chemical species were later calculated by reversing the simplifying step using equilibrium constants.



2.3 Saturation

The simulated ISF includes the possibility of mineral formation. Physicochemically speaking, mineral formation requires the solution to be at a supersaturated state, meaning that there must be more solute available than the amount that can be dissolved in the solvent at a defined physical condition (temperature and pressure). To investigate the state of saturation, the minerals of interest must be known. Although there have been many studies on the formation of intermediate calcium phosphate precipitates prior to or simultaneous with the formation of hydroxyapatite [24], in the current model we did not take into account the intermediate precipitates and their gradual transition into the stable hydroxyapatite form. In this study we assumed that hydroxyapatite with the chemical formula of Ca10(PO4)6(OH)2 is the only form of mineral that could be formed. With that, to investigate the state of saturation we calculated supersaturation using the following equation:

[image: image]

S in Equation 5 is the solution supersaturation which depends on the ionic product and the solubility product of hydroxyapatite. Ionic product is calculated as:

[image: image]

where C and γ stand for the equilibrium concentration and the activity coefficient for each ion in the mineral structure. Solubility product, KSP, is the equilibrium constant for a chemical reaction in which a solid ionic compound dissolves to yield its ions and is measured experimentally. KSP for hydroxyapatite at 37°C is reported [image: image] [12]. For other precipitates, we used the following KSP: brushite (DCPD) 10−7 [25], octacalcium phosphate (OCP) 1.05 × 10−47 [26], β-tricalcium phosphate (TCP) 2.83 × 10−30 [27], and calcium carbonate (CaCO3) 3.36 × 10−9 [28]. Supersaturation, S, >1 in a solution indicates a supersaturated state where mineral precipitation occurs until S = 1 (or IP = KSP) and the system rests at equilibrium. In a biological system like the human body, availability of mineralization inhibitors can affect this behavior. For example, this threshold at human urine is estimated at ~10 [29], while for human plasma it is calculated in the range of 1.5 to 13 [12, 18]. The difference in the reported values comes also from the fact that different studies considered different values for plasma concentrations and did the calculations with different levels of simplification. In the current study, supersaturation S was calculated at 14.9 for the concentrations introduced at Table 1.

It is worth noting here that different studies report the saturation state of the solution using slightly different methods, although they are all addressing the same phenomenon. Some studies use solution supersaturation defined as [image: image], where ϑ is the sum of stochiometric coefficients of cations and anions involved in the mineral, some other use the saturation index defined as [image: image], and in some cases, they just looked at the saturation ratio defined by [image: image]. It is obvious that the interpretation of the values calculated differs depending on the method used, for example while solution supersaturation of 1 means the solution is in equilibrium, the saturation index of value of 0 means the same state. In this study we used the solution supersaturation method.



2.4 Mineral precipitation

A supersaturated solution proceeds with mineral precipitation. Calcium phosphates and among them biologically important ones like hydroxyapatite have been studied over the years and different theoretical and experimental studies tried to address their rate of precipitation [30, 31]. In the current study, we relied on experimental study of hydroxyapatite precipitation rate at a solution with pH 7.4 to 8.4 [30] considering human physiology. The precipitation rate equation was reported as:

[image: image]

where R is rate of hydroxyapatite precipitation (mol HAP L−1s−1), kf is the rate constant (L2mol1m−2s−1), s is surface area (m2L−1), γ2 and γ3 are the divalent and trivalent activity coefficients, and brackets are the concentrations of Ca2+ and [image: image] (mol L− 1).



2.5 Model simulation and analysis (numerical solution)

Due to the high level of non-linearity and large number of variables, the Newton-Raphson (NR) method was used to solve the system of equations.

To avoid divergence in the NR solver, as proposed by Morel and Morgan [32], in cases that [image: image], the next iteration would be calculated using [image: image]. The initial guess of equal concentrations and equal activity coefficients of 0.5 was made to initiate solving the system. During an iterative process, the calculated concentrations and coefficients of each iteration were used to initiate the next iteration of calculations. This iterative process was repeated to the point where the maximum difference between the last two iterative values of activity coefficients were smaller than an arbitrary value of [image: image]. At this point, the equilibrium concentrations of all chemical species in the solution were calculated.




3 Results

We investigated how the changes in total concentrations of 7 model components, TCa, TPO4, TCO3, TMg, TNa, TK, TCl (Table 1), affect ISF composition, hydroxyapatite saturation and hydroxyapatite precipitation. We explored the range of changes corresponding to physiologically reported mild and severe decreases and increases in individual components (Table 3). In addition, we studied the effect of physiological variation in systemic pH from pH7.3 to pH7.55 [37] on ions distribution.


TABLE 3 Physiological and pathophysiological levels of total calcium, total phosphate, total carbonate.

[image: Table 3]


3.1 Distribution of ions

We focused on the effect of total concentrations of individual components on the concentrations of ions relevant to hydroxyapatite precipitation, i.e., Ca2+ and [image: image] (Figure 2). Changes in TCa positively correlated with ionized calcium concentration (Figure 2A) and negatively correlated with ionized phosphate level (Figure 2B), although the effect of TCa on [image: image] was less prominent than on Ca2+. The TPO4 positively correlated with ionized phosphate concentration and negatively correlated with ionized calcium and had a stronger effect on ionized phosphate (Figures 2C, D). Changes in total concentrations of other components in the model had minimal effect on ionized calcium and phosphate with the exception of carbonate that demonstrated negative association with ionized calcium and no association with ionized phosphate (Figures 2E, F). The effect of systemic pH was negligible for the ionized calcium, while ionized phosphate level was considerably influenced by pH level (Figure 2).


[image: Figure 2]
FIGURE 2
 Effect of physiological and pathophysiological total concentration of calcium (A, B), phosphate (B, D), and carbonate (E, F) on the equilibrium concentration of ionized calcium (A, C, E), and ionized phosphate (B, D, E) at physiological pH7.4 (solid line), low pH 7.3 (dashed line) and high pH 7.55 (dished-dotted line). The vertical lines are the mild and severe levels for low and high total concentrations (Table 3).




3.2 Saturation

We next examined how total concentrations of individual components affect hydroxyapatite solution supersaturation (Equation 5). Solution supersaturation for HAP at the physiological levels of ions was 14.9, which is consistent with previously reported values [12, 38] and demonstrates that the action of mineralization inhibitors is critical for preventing precipitation in biological fluids [6]. The HAP solution supersaturation was positively associated with the levels of total calcium (Figure 3A) and total phosphate (Figure 3B). It was also mildly affected by total carbonate (negative association) (Figure 3C), but not by any other model components. Mild and severe hypercalcemia and hyperphosphatemia showed a similar effect in increasing the HAP solution supersaturation. Mild and severe hypocalcemia and hypophosphatemia lead to a decrease in HAP solution supersaturation, with total calcium having a more prominent effect (Table 4). We also considered the solution supersaturation for other mineral species, including DCPD, OCP, TCP and CaCO3 (Figures 3D–F). For all these components the level of solution supersaturation was lower than that of HAP, and for DCPD specifically, it was below 1 in the physiological ranges of total calcium, phosphate, and carbonate.


[image: Figure 3]
FIGURE 3
 Effect of physiological and pathophysiological total concentration of calcium (A, D), phosphate (B, E), and carbonate (C, F) on the solution supersaturation (Equation 5) of hydroxyapatite (A–C) in the ISF at physiological pH 7.4 (solid line), low pH 7.3 (dashed line) and high pH 7.55 (dash-dotted line), and brushite (D–F, solid line), octacalcium phosphate (D–F, dashed line), tricalcium phosphate (D–F, dotted line), and calcium carbonate (D–F, dash-dotted line) in the ISF at physiological pH 7.4. The vertical lines are the mild and severe levels for low and high total concentrations (Table 3).



TABLE 4 Percentage of saturation ratio changes in hypo/hyper levels of blood calcium, phosphate, and carbonate compared to normal concentrations at physiological pH (7.4).

[image: Table 4]



3.3 Precipitation

Precipitation starts with nucleation and proceeds with crystal growth [39]. In the biological context of bone mineralization, the nucleation step is mostly controlled biologically by the extracellular matrix proteins including collagens [11], while the physicochemical processes are involved in the growth phase. Thus, we assumed that the number of nucleators were not limiting and examined how hydroxyapatite precipitation rate was affected by change in the ISF total concentrations of different components (Figure 4). Increase in total calcium (Figure 4A) and total phosphate (Figure 4B) concentrations led to higher hydroxyapatite precipitation rate and this increase was considerably influenced by the pH of the ISF. A more basic environment favored higher precipitation rate, while an acidic environment decreased the precipitation rate, although the lower physiological pH limit caused less change in the rate compared to the higher physiological limit. While both hypercalcemia and hyperphosphatemia caused the precipitation rate to increase, hyperphosphatemia (both mild and severe) led to an almost two-fold higher increase in the rate compared to hypercalcemia (Table 5). Hypocalcemia and hypophosphatemia led to decrease of the precipitation rate (Table 5). Changes in total concentrations of other model components did not affect the hydroxyapatite precipitation rate, except for total carbonate (Figure 4C, Table 5) which showed a mild negative association with the precipitation rate.


[image: Figure 4]
FIGURE 4
 Effect of physiological and pathophysiological total concentration of calcium (A), phosphate (B), and carbonate (C) on the precipitation rate of hydroxyapatite in the ISF, at physiological pH7.4 (solid line), low pH 7.3 (dashed line) and high pH 7.55 (dished-dotted line). The vertical lines are the mild and severe levels for low and high total concentrations (Table 3).



TABLE 5 Percentage of hydroxyapatite precipitation rate change in hypo/hyper levels of blood calcium, phosphate, and carbonate compared to normal concentrations at physiological pH (7.4).

[image: Table 5]

Since from seven model components, only two, total calcium and total phosphate, considerably influenced the hydroxyapatite precipitation in ISF, we examined how simultaneous changes in these two components affect hydroxyapatite supersaturation and precipitation rate. The simultaneous changes of TCa and TPO4 had non-linear effect on both hydroxyapatite supersaturation and especially on the hydroxyapatite precipitation rate, which increased synergistically when both TCa and TPO4 increased, but was only mildly affected when both TCa and TPO4 decreased (Figure 5).


[image: Figure 5]
FIGURE 5
 Solution supersaturation (A) and precipitation rate (B) influenced by simultaneous changes in total calcium and total phosphate concentration in physiologically relevant cncentrations at normal 7.4 pH.




3.4 The case of isolated ISF

So far in this study, we investigated the behavior of the system under the assumption that ISF is in constant contact with the blood circulation, and the ions involved in the mineral formation will be immediately replenished. This assumption is supported by the fact that the rate of precipitation is much slower than the rate of ion delivery to the ISF. Nonetheless, many experimental studies are performed in a closed environment, where there is no continuous delivery of ions consumed in mineral formation. Thus, we adapted the model to simulate such scenarios by employing the following modifications. We assumed that an ISF unit has the volume of 1 μm3 and the smallest time step to measure changes in the ISF was equal to 1 s. Given the initial total concentrations of model components, we calculated the equilibrium concentrations, supersaturation, and precipitation rate (Equations 4, 5, and 7). Then, the amounts of ions that would have been removed by precipitation in the defined time step (1 s) were calculated and subtracted from the initial total concentrations of model components to produce the updated total concentrations of model components for the next iteration. This process was repeated to investigate the model behavior for a desired time length. This modified model was used to examine the temporal dynamics of hydroxyapatite precipitation in the closed system under different pH levels and initial component concentrations (Figure 6). Initial precipitation rate in closed system strongly depended on pH, resulting in more hydroxyapatite precipitation at alkaline pH, which is similar to experimental observations [40].


[image: Figure 6]
FIGURE 6
 Hydroxyapatite precipitation rate in a 24-h precipitation period of the isolated ISF (A) and the accumulated mass of hydroxyapatite in a cube of 1 μm3 volume (B) at physiological pH7.4 (solid line), low pH 7.3 (dashed line) and high pH 7.55 (dished-dotted line).


Next, we compared our model predictions to previously published experimental data. First, we modeled the dependence of ionized calcium on pH reported by Miyajima et al. [41]. We used in the model the reported values of component concentrations and pH for the experimental study and calculated the concentration of Ca2+ as a function of pH (Figure 7A). Our model agreed well with the experimental values at pH 7.4–7.8 but deviated at higher pH levels. Next, we modeled the pH dependence of ion distributions reported by Boistelle et al. [42]. We have similarly used the experimental values reported in the paper and calculated the resulting ionic concentrations of model species (Figure 7B), and the solution supersaturation for hydroxyapatite (Figure 7C). Our findings were consistent with reported experimentally for pH 5–8 and deviated from reported values at higher pH. Thus, our model predictions were consistent with experimental findings for pH values in the physiological range.


[image: Figure 7]
FIGURE 7
 Model validation with prior experimental data. Simulations were performed with experimental data reported by (A) Miyajima et al. [41] or (B) Boistelle et al. [42]. Model predictions are plotted as solid line and published data (circles with experimental errors for A and dashed lines for B, C) were extracted from the published papers and replotted with permission.





4 Discussion

The goal of this study was to investigate the role of physicochemical factors in the precipitation of bone hydroxyapatite in an environment that resembles bone interstitial fluid. We demonstrate that of the 7 components taken into consideration, only total calcium, total phosphate and to a lesser degree total carbonate affected ion availability, solution supersaturation and hydroxyapatite precipitation rate. Strong effect of systemic pH on solution supersaturation and hydroxyapatite precipitation was due to its effect on ionized phosphate level since ionized calcium was not affected by pH. Hydroxyapatite precipitation was more strongly affected by availability of phosphate than availability of calcium within physiological range of changes in these components. Simultaneous change in total calcium and phosphate had synergetic effect on hydroxyapatite precipitation rate. Thus, while both calcium and phosphate levels affected hydroxyapatite precipitation directly, phosphate also demonstrated susceptibility to changes in pH, which additionally influenced hydroxyapatite precipitation.

Building a chemically sound model of interactions among different chemical species present in the ISF allowed us to investigate their effect on ionized calcium and phosphate, which are critical for hydroxyapatite formation. While it was challenging to find experimental or computational works that had the exact same solution parameters as the ones implemented in the model, using values from similar experimental studies, we were able to reproduce experimentally observed ion distribution for physiological levels of pH [41, 42]. The negative association between total phosphate and pH with ionized calcium observed previously [43], was also confirmed by the model. Our study suggests that only levels of total calcium and phosphate and to a lesser degree total carbonate affect availability of ionized calcium and phosphate relevant for hydroxyapatite precipitation. However, the chemical complexity of ISF should still be taken into account to obtain correct predictions of the ionic strength and interactions in the solution.

The distribution of ions matters not only because they define the properties of the ISF, but also as they can affect the precipitation behavior by modifying the solution saturation status. Building on previous findings that total calcium, phosphate and carbonate influence the ionized calcium and phosphate availability, we investigated their consequent effect on saturation state of the ISF. At physiological levels of model components, the model predicted the solution supersaturation of 14.9, which is close to reported experimental values [12]. While the model confirmed the state of supersaturation normally observed in human plasma [44], it also provided a broader understanding of how this supersaturation state could be influenced when total concentration of model components (i.e., their plasma or ISF levels) change. Moreover, the model predicts and explains the previously reported [40, 45] relationship of increased supersaturation values when pH increases at constant calcium and phosphate levels. In the future, the model predictions can be improved by a more precise incorporation of different parameters, such as accounting for the variability in KSP due to pH, temperature, and solution composition [46]. Investigating the effect of ion distribution and saturation status on hydroxyapatite precipitation behavior demonstrated that precipitation rate is driven by the values of ionized calcium and phosphate, which in turn depend on pH. Model predictions were consistent with previous findings that an increase in ionized phosphate at high pH levels increases the deposition rate of hydroxyapatite and that decrease in phosphate availability interferes with hydroxyapatite precipitation [47]. Thus, our findings are consistent with the well-recognized role of phosphate in regulating bone mineralization in physiological condition and in hypophosphatemic osteomalacia.

While many simplifications are implemented in constructing this model, the fact that its findings are in line with experimental works and current understanding of human physiology reassure us that the findings are reliable and that the model is suitable further developed. Combining this model with models of bone mineralization that account for biological factors such as collagen maturation [48] and bone cells-derived regulators [49] will provide a powerful tool in studying the formation of bone hydroxyapatite or other biological mineralized tissues. Another field of modeling that could potentially benefit from the combined physicochemical and biological model is the whole-body calcium and phosphate homeostasis models. Bone is a major component of calcium and phosphate homeostasis, and its behavior is regulated by hormonal regulation by PTH, vitamin D, FGF23, calcitonin which directly or indirectly affect calcium and phosphate concentration in the body [50].

Taken together, we developed a mathematical model that captures the physiochemical factors involved in hydroxyapatite precipitation. We demonstrated how factors such as availability of ions in the environment and their distribution of these ions, as well as pH levels affect hydroxyapatite precipitation. Integrating this model with biological models of bone mineralization will allow in silico studies of complex clinical scenarios associated with alterations in ISF ion composition, such as osteomalacia, osteogenesis imperfecta, rickets, hypophosphatemia, and chronic kidney disease. Moreover, with minor adaptations, it could be used to understand mineralization in other physiological tissues, such as dentin and enamel, and in pathological conditions such as kidney stones and atherosclerotic plaques [51].



5 Additional resources

Implementation of current bone physicochemical model in MATLAB is available on GitHub: https://github.com/Hosseinpoorhemati/bone_physicochemical_regulation.git.
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