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The Conway—-Maxwell-Poisson (COMP) model is defined as a flexible count
regression model used for over- and under-dispersion cases. In regression analysis,
when the explanatory variables are highly correlated, this means that there is a
multicollinearity problem in the model. This problem increases the standard error of
maximum likelihood estimates. To manage the multicollinearity effects in the COMP
model, we proposed a new modified Liu estimator based on two shrinkage parameters
(k, d). To assess the performance of the proposed estimator, the mean squared error
(MSE) criterion is used. The theoretical comparison of the proposed estimator with
the ridge, Liu, and modified one-parameter Liu estimators is made. The Monte Carlo
simulation and real data application are employed to examine the efficiency of the
proposed estimator and to compare it with the ridge, Liu, and modified one-parameter
Liu estimators. The results showed the superiority of the proposed estimator as it has
the smallest MSE value.

KEYWORDS

Conway—Maxwell-Poisson model, Liu regression estimator, modified one-parameter Liu,
multicollinearity, ridge regression

1. Introduction

Count data modeling improves® in several areas of research. Count data regression models
are used with data that suffer from over- or under-dispersion. Count data regression models
include the Poisson model, negative binomial (NB) model, bell model, and Conway-Maxwell-
Poisson model. In many areas of research, the commonly used model is the Poisson model.
However, the Poisson model assumes that the mean and variance of the response variable are
equal. In most cases, the data of the response variable could be over- and under-dispersed.
In these cases, the NB regression model is used because it is more flexible than the Poisson
regression model in accommodating over-dispersion. However, the Conway-Maxwell-Poisson
model is more flexible than the NB model because it can be used in both over- and under-
dispersion cases (see Cancho et al. [1] and Anan et al. [2]).

The Conway-Maxwell-Poisson (COM-Poisson) distribution was proposed by Conway and
Maxwell [3]. This distribution is applicable to real counting data that express over- and under-
dispersion data, so COM-Poisson regression is a flexible model to correlate between the discrete
count response variable and the covariates (explanatory) variables.

The COM-Poisson distribution is flexible enough to handle the dispersion in count data
(whether it is over- or under-dispersion) with an additional dispersion parameter (y), and it is a
two-parameter generalization of the Poisson distribution. The probability mass function (PMF)
of the COMP distribution is given as follows:
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FIGURE 1
Probability mass function (PMF) for the simulated data from the COMP
distribution.
Y
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where f (7,y) =
series and 7 is the locatlon parameter. The mean and variance of the

-0 (n,)y is the normalizing constant and infinite
COMP distribution are given as follows:

! svar(Y) ~ —m7 (2)

1
EY)~nv + —
(Y) Tt+2 3 ,

The COMP is the generalization distribution for some well-
known count distributions: if y = 1, then the COMP distribution
approximates the Poisson distribution, butif y = 0 and = < 1, then
the COMP distribution approximates the geometric distribution, and
if y — o0, the COMP distribution approximates to the Bernoulli

distribution with a probability of ( > Figure 1 presents the

1+m
probability mass function (PMF) for different simulated data from
the COMP distribution. It is noted that the COMP(3,1) is equivalent
to the Poisson with a parameter of ¥ = 3, and COMP(0.55,0)
is equivalent to the geometric distribution with a parameter of
w = 0.55. In the following two cases, COMP (3,1.5) and COMP
(3,0.85) refer to the cases of under- and over-dispersion in the COMP
distribution, respectively. For more details on the COMP distribution
and its properties and applications, see, e.g., Shmueli et al. [4],
Nadarajah [5], Borges et al. [6], and Gillispie and Green [7].

If the explanatory variables are highly correlated in the COM-
Poisson (COMP) regression model, this means that there is a
multicollinearity problem in the model. Thus, in the presence
of a multicollinearity problem, the standard error (SE) of the
estimates is large, so the maximum likelihood estimator does not give
efficient estimates.

In general, to handle the multicollinearity problem, Hoerl and
Kennard [8] introduced the ridge regression (RR) estimation class for
the linear regression model, it is one of the most popular methods to
solve the multicollinearity problem of the linear regression model,
and the RR estimator is based on adding a biasing constant k
to the OLS estimation. Mansson and Shukur [9] introduced the
RR estimator for the Poisson model. The RR estimator is also
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extended for several count data regression models to overcome the
effect of multicollinearity. For example, Mansson [10] proposed the
RR estimator for the NB model, Tiirkan and Ozel [11] suggested
the modified jackknifed RR estimator for the Poisson model,
Kagiranlar and Dawoud [12] introduced some ridge parameters for
the Poisson model, Zaldivar [13] considered the performance of
some RR estimators for the Poisson model, Rashad and Algamal [14]
developed a new RR estimator, and Yehia [15] suggested the restricted
RR estimator for the Poisson model. Algamal et al. [16] introduced
the ridge and Liu estimators for the zero-inflated bell regression
model. Akram et al. [17] introduced some new ridge parameters for
the zero-inflated NB regression model.

Liu [18] suggested a new biased estimator to combat the
multicollinearity issue in the linear regression model. Moreover,
he showed that the proposed (Liu) estimator is better than the
ridge and ordinary least square (OLS) estimators in the presence
of multicollinearity. The Liu estimator is also extended for the
Poisson and NB models by Méansson et al. [19] and Ménsson [20],
respectively. Recently, Amin etal. [21] and Akram etal. [22] proposed
new Liu estimators for the Poisson and COMP models, respectively.
Sami et al. [23] provided the modified one-parameter Liu estimator
for the COMP model.

There are several research articles that have suggested new two-
parameter estimators for different regression models to deal with the
multicollinearity problem, such as Yang and Chang [24], Wu [25],
Omara [26], Dawoud et al. [27], Awwad et al. [28], and Algamal and
Abonazel [29].

The purpose of this article is to provide a new modified two-
parameter Liu estimator for the COMP model and propose some
methods to choose its parameters. We also compare the proposed
estimator to the maximum likelihood, ridge, and Liu estimators.

This article is organized as follows. Section 2 presents the
COMP model and the proposed estimator. Section 3 provides
theoretical comparisons between the proposed estimator and other
estimators. Section 4 provides the suggested biasing parameters for
each estimator. Section 5 presents the simulation study. Section 6
applies the proposed estimator to the real data application. Section
7 concludes the study.

2. Methodology

2.1. COM-Poisson maximum likelihood
estimator

For the COMP regression model, Guikema and Goffelt [30]
suggested a re-parameterization form of the COMP distribution to
provide a clear centering parameter as follows:

1 Y\
(5 oo
S(,y) \y!

= w7 and S(uy) = Yoo (&) Letny = Inup) =
x;,B, where B is the regression coefficient vector (including the
intercept), then the log-likelihood function of the COMP model is
given as follows:

L (yi-B,%) —)’Z
-

P(Y:y): .,00; ¥y >0 (3)

where |

yimi— > vlog(y!)

n[S (i, ¥)]. ©
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To estimate B and y parameters of this model, we differentiate
equation (4) for B and y as follows [22, 23]:

IL (Yi’B’Y) o n ) 0 ' i
B—ﬁj = Zi:l {an - B_mln [S (nl,y)]}xu, (5)
oL (yi, B, n 9

% =2 {—ln (vit) = 3, I8 (w)]}. ®)

We can use the iterative reweighted least square (IRLS)
estimation method to solve equations (5) and (6). Therefore, the
maximum likelihood (ML) estimator of the B vector is given
as follows:

Bu = Z27IXWC (7)
where Z = XWX, C = In(Q) + (YIEZ’A‘), and W = diag (v;); vi =
; 21 _—1 2-1_—2 -1 -3, [

The MSE of EML is given as follows:

MSEBmr)

E@wm — B) (Bvr —B) =7 tr (1//A_11p/)
~xP 1
= y Zj:l )\_j) (8)

Shp) =
»Ap
YZ{y, ¢ is the orthogonal matrix whose columns are the

where tr(-) is the trace of the matrix, A = diag (Al, A, ..

eigenvectors of Z, A; is the jth eigenvalue of Z, and ¥ is the ML
estimate of y.

TABLE 1 MSE values in case of p = 3 and y = 0.85.

10.3389/fams.2023.956963

2.2. COM-Poisson-ridge estimator

Segerstedt [32] proposed the RR estimator for GLM based on
the study of Hoerl and Kennard [8] to handle the multicollinearity
issue. When the explanatory variables in the COMP model are
highly correlated, then the MSE of ML becomes very large and gives
inefficient estimates. To solve the multicollinearity problem in the
COMP model, Sami et al. [31] developed the RR estimator for the
COMP model and named the CPR estimator:

Br = (Z+ kL) ZBwr; k> o. 9)

where I, is the identity matrix of the order p.
The bias vector, the variance-covariance matrix, and the MSE
matrix of the CPR estimator are given as follows:

Bias (i) = —kyA e (10)
Var — Cov (Br) = WA AN Y (11

MMSE (B) = Var — Cov (B) + Bias (By) Bias (B )
= PUA AN Ry A oo ALY (12)
where Ay = (A+kl) = diag(h+k r+k....0p+k).

Therefore, the MSE of the CPR estimator, using the #r(-) operator on

50 0.85 0.12938 0.12142 0.12721 0.11933 0.11933 0.10542 0.09791 0.06466 0.09607
0.90 0.15849 0.14582 0.15438 0.14199 0.14199 0.12020 0.10823 0.05386 0.10466
0.95 0.15123 0.14219 0.14763 0.13915 0.13915 0.12340 0.11358 0.05448 0.10969
0.99 0.51802 0.38922 0.45639 0.34619 0.34619 0.19143 0.15426 0.10318 0.15235
75 0.85 0.05263 0.05209 0.05256 0.05192 0.05192 0.05080 0.05001 0.04360 0.04987
0.90 0.05604 0.05551 0.05588 0.05533 0.05533 0.05430 0.05347 0.04665 0.05316
0.95 0.13085 0.12433 0.12803 0.12203 0.12203 0.11052 0.10252 0.04495 0.09880
0.99 0.59803 0.44549 0.52720 0.39214 0.39171 0.20241 0.16195 0.14102 0.17112
100 0.85 0.05145 0.05109 0.05135 0.05096 0.05096 0.05023 0.04963 0.03676 0.04941
0.90 0.05798 0.05749 0.05783 0.05731 0.05731 0.05633 0.05550 0.04002 0.05517
0.95 0.07609 0.07462 0.07554 0.07410 0.07410 0.07132 0.06904 0.03846 0.06801
0.99 0.38916 0.31776 0.35796 0.29505 0.29505 0.19554 0.16304 0.08930 0.15707
150 0.85 0.04502 0.04470 0.04493 0.04459 0.04459 0.04396 0.04347 0.06534 0.04330
0.90 0.04792 0.04761 0.04784 0.04751 0.04751 0.04689 0.04639 0.04445 0.04622
0.95 0.07341 0.07192 0.07285 0.07139 0.07139 0.06861 0.06645 0.04493 0.06552
0.99 0.27724 0.22773 0.25597 0.21208 0.21208 0.14388 0.12027 0.05741 0.11631
200 0.85 0.04160 0.04143 0.04155 0.04137 0.04137 0.04103 0.04075 0.05407 0.04065
0.90 0.04356 0.04339 0.04351 0.04333 0.04333 0.04298 0.04269 0.04559 0.04258
0.95 0.06880 0.06759 0.06834 0.06716 0.06716 0.06490 0.06308 0.04161 0.06229
0.99 0.19456 0.17783 0.18754 0.17220 0.17220 0.14441 0.12905 0.05756 0.12316

The minimum value of the simulated MSE is highlighted in bold.
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equation (12), is given as follows [31]:

_ _o\P N
MSE (Bi) = tr (MMSE (Bi)) = 7 ijl e
P o
2 j
+ K ijl FasES (13)
where o; is the jth element of @ = (a1, a2, . ... ,oep)/ = 'B.

2.3. COM-Poisson—-Liu estimator

Akram et al. [22] and Rasheed et al. [33] provided the Liu
estimator for the COMP model and named the CPL estimator,
as follows:

Ba=Z+D (Z+d)Bwi; 0<d<1. (14)

The bias vector, variance—covariance matrix, and MSE matrix of
the CPL estimator are given as follows:

Bias (Bg) = (d— DA '@ (15)
Var — Cov (B4) = 7Y AT AgA T AGATIY (16)
MMSE @d) = Var — Cov (ﬁd) + Bias (B\d) Bias @d )/
= PUAT AGA T AGATY

+ (d—1* YA ad AT (17)

TABLE 2 MSE valuesincaseofp=3andy = 1.

10.3389/fams.2023.956963

where A; = (A +I) and Ay = (A + dI). Therefore, the MSE of the
CPL estimator is used as follows:

- O\ + d)?
MSE (Bg) = tr (MMSE (Bg)) =7 Z};l W

p oFd—1)

o Oj+12°

(18)

2.4. COM-Poisson—modified one-parameter
Liu estimator

Sami et al. [23] proposed a new one-parameter Liu estimator for
the COMP model, which is known as the CPMOPL estimator, and it
is defined as follows:

Bay=(Z+D7" (Z—dol) Ba; 0<dp <1. (19)

The bias vector, variance-covariance matrix, and MSE matrix of
the CPMOPL estimator are given as follows:

Bias (Ba,) = — (do + 1) WA (20)
Var — Cov (Ba,) = VWA AppA ' Ago ATy 1)

Var — Cov (Edo) + Bias @do) Bias (Edo)
PUAT Mg AT Ao AT
+ (do+ D*YAL o AT

MMSE (Bg,)

(22)

50 0.85 0.10480 0.09300 0.10179 0.09378 0.09287 0.07710 0.06847 0.04818 0.06305
0.90 0.15594 0.12899 0.14804 0.12973 0.12878 0.09269 0.07546 0.02843 0.06415
0.95 0.15224 0.13081 0.14526 0.13111 0.13053 0.10075 0.08441 0.02933 0.07248
0.99 0.64950 0.38882 0.53161 0.34596 0.34382 0.11196 0.07930 0.10012 0.07632
75 0.85 0.02884 0.02784 0.02867 0.02788 0.02784 0.02623 0.02504 0.02714 0.02438
0.90 0.03371 0.03259 0.03342 0.03262 0.03258 0.03081 0.02930 0.02586 0.02823
0.95 0.13847 0.11991 0.13208 0.11998 0.11979 0.09318 0.07731 0.01671 0.06507
0.99 0.67986 0.41095 0.56569 0.36750 0.36504 0.11379 0.08018 0.14433 0.08771
100 0.85 0.02759 0.02681 0.02741 0.02684 0.02681 0.02554 0.02437 0.01638 0.02356
0.90 0.03685 0.03560 0.03650 0.03562 0.03560 0.03359 0.03174 0.01565 0.03035
0.95 0.06102 0.05714 0.05980 0.05718 0.05711 0.05112 0.04613 0.01336 0.04230
0.99 0.47812 0.31643 0.41404 0.30178 0.30022 0.13228 0.09791 0.08094 0.08321
150 0.85 0.01839 0.01790 0.01828 0.01792 0.01790 0.01713 0.01654 0.03911 0.01619
0.90 0.02237 0.02180 0.02222 0.02182 0.02180 0.02090 0.02010 0.02355 0.01954
0.95 0.05680 0.05302 0.05562 0.05307 0.05301 0.04724 0.04267 0.01745 0.03932
0.99 0.33002 0.22226 0.28879 0.21357 0.21287 0.10065 0.07411 0.03890 0.06407
200 0.85 0.01303 0.01284 0.01299 0.01284 0.01284 0.01253 0.01228 0.03306 0.01213
0.90 0.01690 0.01658 0.01682 0.01659 0.01658 0.01607 0.01561 0.02245 0.01530
0.95 0.05185 0.04861 0.05083 0.04864 0.04860 0.04363 0.03958 0.01340 0.03658
0.99 0.23469 0.18409 0.21699 0.18329 0.18289 0.11799 0.09256 0.03444 0.07526

The minimum value of the simulated MSE is highlighted in bold.
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(A — dyI). Therefore, the MSE of the CPMOPL
estimator is used as follows:

where Ay =

A — do)?
MSE (B4,) = tr (MMSE (Bg,)) =?Z; —x(,- (ij +01))2

P (x]z(d() + 1)2

" ijl O+ 1)? @)

2.5. Proposed COM-Poisson—new modified
two-parameter Liu estimator

Following Sami et al. [23], Sami et al. [31], and Abonazel [34],
we will propose a new modified Liu estimator for the COMP model
based on the two parameters (k,dp). Our proposed estimator is
obtained by augmenting — (k + do)gk = B + ¢ to the COMP model
and then using the CPR estimator. Therefore, the proposed estimator
of B8, which is called as the CPNMTPL estimator, is given as follows:

Brag, = Z+D71(Z— (k+do)I) Br: k>0,0<dy <1 (24)

The bias vector, the
the MSE matrix of the

variance—-covariance matrix, and
CPNMTPL estimator are given

TABLE 3 MSE values in caseof p=3and y = 1.5.

10.3389/fams.2023.956963

as follows:

Bias (Bra,) = ¥ (A7 AkaoAy'A — 1) (25)
Var — Cov (Big,) = PUA; ApaoAr ' AAT AN Agao AT Y (26)
MMSE (By4,) = Var — Cov (Brg,) + Bias (Brq, ) Bias (Ek,do)’

= PUAT Apao A AATIAN Agao AT
+ U (A7 Arao AL A =)
ao (A7 Agao At A = 1)y (27)

where Agqgy = (A — (k + do) I). Therefore, the MSE of the
CPNMTPL estimator is used as follows:

p A —k—do)?
=1 (A + 1)?(%; + k)?

p o (k@ +1) + 2 (1+d))’

MSE (Bra,) = tr (MMSE (Brg,)) =7

J
+ 28
Zj=1 (A + 123 + k)? 28)
. ~ . aMSE(Ek’dO)
We can get the optimal dy of By 4, by setting 55| =0
as follows:
7 (A — k) — o (2kAj + A + k)
docopt) = ’ : (29)

)7 + )\.jOsz

50 0.85 0.27572 0.23368 0.26427 0.24750 0.22947 0.20524 0.19474 0.19014 0.19055
0.90 0.28063 0.21162 0.26488 0.24031 0.20429 0.17291 0.15836 0.14338 0.14539
0.95 0.32010 0.23587 0.30057 0.27082 0.22707 0.18767 0.16999 0.15094 0.14968
0.99 1.13663 0.53443 0.80995 0.42133 0.37307 0.14235 0.13335 0.22090 0.17261
75 0.85 0.15276 0.14966 0.15233 0.15129 0.14949 0.14791 0.14701 0.16611 0.14765
0.90 0.16632 0.16043 0.16536 0.16361 0.16011 0.15682 0.15283 0.15483 0.14932
0.95 0.31804 0.22850 0.29605 0.26478 0.21804 0.17619 0.15709 0.13461 0.13396
0.99 0.95948 0.45664 0.71690 0.41409 0.35990 0.15079 0.13611 0.21978 0.16376
100 0.85 0.15287 0.14963 0.15237 0.15139 0.14946 0.14757 0.14503 0.15144 0.14301
0.90 0.17135 0.16348 0.16997 0.16774 0.16302 0.15846 0.15188 0.14113 0.14479
0.95 0.20807 0.18369 0.20323 0.19594 0.18153 0.16873 0.15633 0.13581 0.14246
0.99 0.88063 0.44203 0.67570 0.41693 0.35736 0.16411 0.14444 0.20166 0.15156
150 0.85 0.13929 0.13844 0.13918 0.13888 0.13841 0.13797 0.13777 0.15802 0.13828
0.90 0.14908 0.14684 0.14872 0.14807 0.14672 0.14548 0.14377 0.15347 0.14262
0.95 0.19403 0.17549 0.19047 0.18492 0.17392 0.16399 0.15331 0.13478 0.14179
0.99 0.58644 0.30990 0.47733 0.33775 0.28024 0.16556 0.14776 0.16560 0.14160
200 0.85 0.13099 0.13051 0.13045 0.13044 0.13051 0.13030 0.13027 0.13033 0.13015
0.90 0.13867 0.13749 0.13851 0.13813 0.13745 0.13672 0.13575 0.14724 0.13503
0.95 0.18520 0.16964 0.18216 0.17751 0.16845 0.15978 0.14985 0.13067 0.13909
0.99 0.46109 0.28060 0.40385 0.32126 0.26092 0.17499 0.15348 0.15204 0.13819

The minimum value of the simulated MSE is highlighted in bold.
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3. The superiority of the proposed
CPNMTPL estimator

3.1. Comparison among the CPML and
CPNMTPL estimators

Theorem 1

The CPNMTPL estimator is better than the CPML estimator if
7 (a2 = 2202) > aje? (k (24 +1) + 4 (1 + do)) s ¥j = 1 ;
YA\%G — A 7% j j 0)) 3V =400 P5
k>0,0<dy <1, whereaj = (Aj+1), b = (A —k—dp), and
G = (}»j +k )
Proof

The difference between the MMSE of the CPML and CPNMTPL

estimators is as follows:

MMSE (Byi) — MMSE (Big,) = 7A™
— PUAT Apao AT AN AN Ao AT Y
— Y (A7 Ak A =)

’ -1 -1 ’
ao (A7 Agao AT A —T) Y.
Therefore, we can rewrite the previous equation as follows:

MSE (Bar) — MSE (B, ) =
S Pab?a (k20 + 1) + 25 (1+do))’

ZP Y J7) J
. ) ) >
1 }\]

4 ¢

10.3389/fams.2023.956963

whereuj (] )b = (A — k—do),andc] (Aj+k)

MSE (Bvi) — MSE(Bra,) > 0 if paic — patb? —
ra? (kx4 1) + 3 (14 o)) > 0 > 7(a¢-2287) >
aje (k (24 +1) + 4 (1 + do))”. Then MSE (Buz) > MSE (Brq, ) if

? (a]c] =320 ) > aga? (K (24 + 1) + 2 (1 4+ do)) 5 ¥ =1, p,

The proof is completed.

3.2. Comparison among the CPR and
CPNMTPL estimators

Theorem 2

The CPNMTPL estimator is better than the CPR estimator if
Paj(a—82) > o2 ((k(a+ 1)+ (1 +do))* = Ba?)s Vj
L...,ps k> 0,0 < dy < 1, where aj = (Aj+1) and bj
(Aj —k—do).
Proof

The difference between the MMSE of the CPR and CPNMTPL
estimators is as follows:

>Ol

MMSE (Bi) — MMSE (Big,) = PV AL AN Y
YA o ALY — PUAT Agao A AATI AN Ao AT
— (A7 Agao AL A = D)oot (A7 Agao A ' A = 1) ¥

Therefore, we can rewrite the previous equation as follows:

50 0.85 0.08944 0.08741 0.08869 0.08680 0.08680 0.08309 0.07634 0.04962 0.07168
0.90 0.17356 0.16622 0.17000 0.16419 0.16419 0.15206 0.13200 0.06926 0.11757
0.95 0.21796 0.19066 0.20402 0.18229 0.18229 0.14319 0.10168 0.06185 0.08243
0.99 0.47676 0.41622 0.43781 0.39665 0.39665 0.31425 0.22660 0.09562 0.16744
75 0.85 0.07058 0.06987 0.07030 0.06965 0.06965 0.06834 0.06568 0.06331 0.06373
0.90 0.12044 0.11513 0.11798 0.11359 0.11359 0.10500 0.09219 0.07888 0.08465
0.95 0.12183 0.11888 0.11996 0.11782 0.11782 0.11295 0.10247 0.04342 0.09402
0.99 1.28517 0.86765 0.95291 0.64298 0.64298 0.32765 0.22971 0.23170 0.19902
100 0.85 0.05922 0.05880 0.05900 0.05865 0.05865 0.05790 0.05617 0.04277 0.05479
0.90 0.06076 0.06032 0.06059 0.06017 0.06017 0.05934 0.05754 0.04037 0.05619
0.95 0.14753 0.13893 0.14209 0.13608 0.13608 0.12317 0.10184 0.06276 0.08819
0.99 0.69701 0.54312 0.59469 0.48663 0.48663 0.31254 0.19904 0.11801 0.14448
150 0.85 0.03854 0.03848 0.03852 0.03846 0.03846 0.03836 0.03812 0.05582 0.03795
0.90 0.04409 0.04397 0.04405 0.04392 0.04392 0.04368 0.04315 0.04975 0.04276
0.95 0.08220 0.08105 0.08155 0.08066 0.08066 0.07870 0.07438 0.05025 0.07099
0.99 0.14861 0.14391 0.14557 0.14222 0.14222 0.13459 0.11885 0.04486 0.10626
200 0.85 0.04205 0.04198 0.04204 0.04196 0.04196 0.04182 0.04150 0.04867 0.04127
0.90 0.04705 0.04690 0.04700 0.04686 0.04686 0.04658 0.04597 0.04265 0.04552
0.95 0.06163 0.06118 0.06139 0.06102 0.06102 0.06022 0.05837 0.04626 0.05689
0.99 0.12616 0.12028 0.12247 0.11823 0.11823 0.10902 0.09204 0.04948 0.08045

The minimum value of the simulated MSE is highlighted in bold.
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MSE (Bx) — MSE (Bra, )

o [(ThARE PHE e (k (20 + 1)+ (1+ o)

- >

=1 2 202
j G a;c;

MSE(B) — MSE(Brg,) > 0 if a? (ijr kza]?)
Pl = @ (k@) 4 (1+d) >
P (a2 = 82) = a2 (k@ +1) 435 (1+ o))’ = Ka?) > 0
> (@ —82) > o ((k@x+1)+24(1+d) - Ka?).

Then MSE(B) >  MSE(Brg,) if 72 (‘112 - bjz) -

0 —

o (k@3 +1)+35 (1+d))’ = Ka)s ¥ = L., p. The
proof is completed.
3.3. Comparison among the CPL and
CPNMTPL estimators
Theorem 3

The CPNMTPL estimator is better than
the CPL estimator if y (efcf - )sz bjz) >

@24 [(k(24 + 1) + 25 (14 o))’ = 2@ = 12]: ¥ = L., ps
k> 0,0 < d,dy < 1, where bj = (Aj —k—do), G = (Aj+k),and
e = ()\]‘ + d).

Proof

TABLE 5 MSE valuesincaseofp=6andy =1.

10.3389/fams.2023.956963

The difference between the MMSE of the CPL and CPNMTPL
estimators is as follows:

MMSE (B4) — MMSE (Brg,) = 7Y AT AgA T AgAyty
+d = 2P AT e AT — PUAT Agao AT AAT AN Ao AT
U (A7 Agao A A = D)oo (A7 Agao A" A = 1)y

Therefore, we can rewrite the previous equation as follows:

MSE (Ba) — MSE (Biq,)

o (7E+E—DMje}  PabE o} k(24 +1) + 3 (1+ o))’
- Z'=1 Aja]? - uj?cjz

where ¢j = (Aj + d).
MSE (5) ~MSE () > 016736 + el d— 1)~ -

@22 (k@ +1) 425 (1+do))* > 0 >  7(Sd—227) -
@22 [ (k (24 + 1) + 5 (1 + o)) = 2(d = 1] >
ACEEYE) >
@22 [ (k (24 + 1) + 35 (1 + o)) — & - 17].
MSE(@s) > MSE(s) if P(Sd-x) >
02 [(k (225 +1) + 4 (1 + do))* = 3 = 12| %j = 1,...., p. The

proof is completed.

0 —

Then

50 0.85 0.07935 0.07450 0.07771 0.07472 0.07449 0.06748 0.05439 0.02738 0.04498
0.90 0.18028 0.16358 0.17324 0.16449 0.16350 0.14178 0.10792 0.04961 0.08286
0.95 0.24097 0.18507 0.21347 0.18385 0.18292 0.12147 0.06994 0.04471 0.04959
0.99 0.70913 0.51769 0.60166 0.50276 0.50153 0.30377 0.18076 0.09899 0.09706
75 0.85 0.05371 0.05226 0.05315 0.05233 0.05226 0.05017 0.04542 0.04211 0.04162
0.90 0.12764 0.11399 0.12175 0.11449 0.11389 0.09697 0.07424 0.05769 0.06200
0.95 0.14032 0.12968 0.13501 0.12976 0.12964 0.11512 0.08761 0.01939 0.06546
0.99 1.70449 1.00373 1.12253 0.66634 0.66537 0.28711 0.20847 0.27355 0.16570
100 0.85 0.04422 0.04282 0.04359 0.04285 0.04282 0.04079 0.03580 0.01663 0.03163
0.90 0.04464 0.04333 0.04413 0.04337 0.04333 0.04137 0.03667 0.01601 0.03274
0.95 0.17105 0.14500 0.15777 0.14508 0.14474 0.11353 0.07493 0.04269 0.05431
0.99 0.93422 0.60701 0.72124 0.53504 0.53414 0.25940 0.14592 0.12215 0.09500
150 0.85 0.01351 0.01338 0.01347 0.01338 0.01338 0.01318 0.01268 0.02898 0.01229
0.90 0.01995 0.01964 0.01984 0.01965 0.01964 0.01916 0.01799 0.02370 0.01705
0.95 0.07868 0.07509 0.07701 0.07516 0.07508 0.07005 0.05911 0.02755 0.05031
0.99 0.20172 0.18146 0.19160 0.18153 0.18143 0.15424 0.11004 0.02132 0.07536
200 0.85 0.01669 0.01654 0.01665 0.01654 0.01654 0.01629 0.01566 0.02450 0.01514
0.90 0.02495 0.02455 0.02482 0.02456 0.02455 0.02393 0.02240 0.01788 0.02112
0.95 0.04787 0.04636 0.04718 0.04638 0.04636 0.04417 0.03886 0.01939 0.03442
0.99 0.16487 0.14137 0.15299 0.14140 0.14132 0.11206 0.07271 0.03307 0.04995

The minimum value of the simulated MSE is highlighted in bold.
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3.4. Comparison among the CPMOPL and

CPNMTPL estimators
Theorem 4

The CPNMTPL estimator is better than
the ~ CPMOPL  estimator if § (szcjz - A]-zb]-z) >
hjo? [(k (24 +1) + 27 (1 + do))* — (do + 1)2]; vj =

L...,p;k > 0,0 < dy < 1, where bj = (A —k—do),
G = ()»j +k),andﬁ = (Aj —dy )
Proof

The difference between the MMSE of the CPMOPL and
CPNMTPL estimators is as follows:

MMSE (B, )
Hdo + V2P A e AT — PYAT Ao AL T AATIAA Ag o AT Y
U (A7 Agao A A = D)o (A7 Agao A A —T)y

— MMSE (Big,) = 7V AT AdoA  Ago AT Y

Therefore, we can rewrite the previous equation as follows:

— MSE (Bia,)
PR+ e+ 17 Pagb? + e (k (2 + 1) + 4 (1 + o))’

‘a2 22
A]u] a; ¢

MSE (B4,)

P
=y,

TABLE 6 MSE valuesin caseof p=6and y = 1.5.

10.3389/fams.2023.956963

where fi = (- do) MSE (Bay) — MSE(Bra,) >

0 if ‘f? 2 4 hjor c 2(dy + 1)? - m}b} -
w (k@) +104d)" > 0> 7 (g -22) -
3ja [ (k (24 + 1) + 2 (1 + do))” = o + 12 >

0 - 7 (2 -212) >
rja [ (k (247 + 1) + 35 (1 + do))” = (o + 2] Then
MSE(Bs) >  MSE(Bra,) if 7( 23— A}bf) >

3 [(k (225 + 1) + 3 (1+ do)) = Gdo + 12| ¥ = 1. p.
The proof is completed.

4. Estimating the biasing parameters

Following Sami et al. [31] and Algamal et al. [35], we can use the
following estimator for k parameter in the CPR estimator:

o~

k = min; = (30)

ML())

Following Rasheed et al. [33] and Akram et al. [22],
we can use the following estimators for d parameter in the

50 0.85 0.24299 0.21759 0.23641 0.23060 0.21571 0.20299 0.17189 0.15351 0.15534
0.90 0.35997 0.28640 0.33787 0.31981 0.27998 0.24630 0.19670 0.17272 0.17370
0.95 0.48469 0.32587 0.41333 0.36265 0.30805 0.23956 0.18461 0.18820 0.16461
0.99 1.54854 0.78720 1.04880 0.73267 0.64875 0.31645 0.22041 0.29718 0.18747
75 0.85 0.20460 0.19529 0.20233 0.20032 0.19486 0.18990 0.17368 0.16345 0.16360
0.90 0.30469 0.24658 0.28563 0.27061 0.24149 0.21700 0.18430 0.17913 0.17673
0.95 0.37379 0.28921 0.34650 0.32606 0.28175 0.24174 0.18022 0.14934 0.14329
0.99 2.79663 1.38566 1.82675 1.43698 1.40414 0.80501 0.49378 0.50405 0.54668
100 0.85 0.19152 0.18108 0.18885 0.18661 0.18052 0.17483 0.15498 0.13625 0.14163
0.90 0.19281 0.18316 0.19038 0.18832 0.18272 0.17740 0.15868 0.13921 0.14540
0.95 0.40581 0.28375 0.35546 0.31961 0.27170 0.22264 0.17901 0.17906 0.16747
0.99 1.57426 0.80463 1.00850 0.66804 0.60968 0.30464 0.22578 0.30125 0.20432
150 0.85 0.14366 0.14212 0.14329 0.14296 0.14208 0.14122 0.13794 0.14330 0.13653
0.90 0.15217 0.14928 0.15146 0.15083 0.14919 0.14757 0.14137 0.13997 0.13796
0.95 0.25257 0.22386 0.24458 0.23825 0.22171 0.20758 0.17312 0.15157 0.15118
0.99 0.58514 0.38080 0.50862 0.45234 0.36201 0.27252 0.19323 0.17149 0.14222
200 0.85 0.14149 0.14030 0.14123 0.14096 0.14028 0.13959 0.13670 0.14442 0.13509
0.90 0.15980 0.15660 0.15906 0.15836 0.15649 0.15466 0.14702 0.14016 0.14174
0.95 0.20357 0.18988 0.19995 0.19699 0.18908 0.18179 0.15890 0.13929 0.14378
0.99 0.50393 0.33443 0.43062 0.37830 0.31894 0.24650 0.18710 0.19051 0.15990

The minimum value of the simulated MSE is highlighted in bold.
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CPL estimator:

~
~ 1 <—p AML(

4 =37 [0 ), (31)

PN+ @)

A ML(j)

A2 o~

~ Ay — Y
d2 = man 0, man ML(J) (32)

¥ =2
mjax (TJ) + mjax (onL(j))

For the CPMOPL estimator, we suggest using the following
estimator for dy [23]:

T
~ j ML
dp = max | 0, min A—(J)

(33)
=
j j Y+ )‘jaML(j)

For the proposed estimator, we suggest using dy(eps) in equation
(29) as an estimator for d parameter in the CPNMTPL estimator

as follows:
o~ ' /\2 . n
~ (T (=) =@y (2 +K)
dO(opt) = min P Py , (34)
J VA% )

where k = min; <A2? ) It Eo(opt) < Oor 20(01,,) > 1, we use 21
“mG)

instead ofﬁo(gpt). For k parameter in the CPNMTPL, we suggest using

TABLE 7 MSE values in case of p =9 and y = 0.85.

10.3389/fams.2023.956963

the following four estimators [34, 36, 37]:

= min | — Y ) (35)
" \ag + (F)
- Py
ky = — (36)
p =2
i (g + (5))
~ min (1) (y mjin aﬁ&g))) R
k; = — —dy; (37)
¥ + min (Aj) mjln (otML(j))
R p ¥ max (i) R
ky = —d;. (38)

5. Monte Carlo simulation study

5.1. Simulation design

The Monte Carlo simulation study was used to examine
the performance of the proposed estimator and the other
estimators under different conditions. We conducted the simulation
experiments using some different levels of n p p, and y as follows:

50 0.85 0.17585 0.16872 0.17180 0.16656 0.16656 0.15520 0.12578 0.07631 0.10665
0.90 0.68642 0.53024 0.58824 0.47718 0.47718 0.30946 0.18039 0.15946 0.14451
0.95 0.26422 0.24791 0.25278 0.24241 0.24241 0.21858 0.16102 0.07971 0.12418
0.99 3.06905 1.92732 1.88379 1.10849 1.10849 0.49984 0.34053 0.49040 0.28812
75 0.85 0.25064 0.23583 0.24204 0.23130 0.23130 0.20820 0.15405 0.06982 0.11903
0.90 0.13319 0.12944 0.13139 0.12827 0.12827 0.12181 0.10362 0.06198 0.09098
0.95 0.22436 0.20179 0.21035 0.19472 0.19472 0.16295 0.10497 0.07026 0.08069
0.99 0.58350 0.46846 0.49628 0.42656 0.42656 0.30239 0.17346 0.14112 0.12737
100 0.85 0.09052 0.08857 0.08962 0.08794 0.08794 0.08452 0.07472 0.05879 0.06833
0.90 0.11699 0.11409 0.11563 0.11323 0.11323 0.10826 0.09440 0.06482 0.08503
0.95 0.14116 0.13538 0.13783 0.13347 0.13347 0.12419 0.09933 0.05868 0.08386
0.99 0.41467 0.35278 0.37036 0.33157 0.33157 0.25608 0.15468 0.10984 0.11410
150 0.85 0.05289 0.05262 0.05278 0.05254 0.05254 0.05205 0.05042 0.05439 0.04919
0.90 0.04912 0.04895 0.04906 0.04890 0.04890 0.04858 0.04749 0.04591 0.04665
0.95 0.07308 0.07232 0.07262 0.07205 0.07205 0.07077 0.06615 0.04949 0.06253
0.99 0.17353 0.16437 0.16700 0.16121 0.16121 0.14778 0.11268 0.06622 0.09167
200 0.85 0.04674 0.04662 0.04669 0.04658 0.04658 0.04636 0.04558 0.05938 0.04496
0.90 0.05759 0.05729 0.05742 0.05719 0.05719 0.05666 0.05464 0.04485 0.05296
0.95 0.05230 0.05216 0.05223 0.05212 0.05212 0.05186 0.05089 0.04348 0.05007
0.99 0.12198 0.11873 0.11970 0.11755 0.11755 0.11245 0.09566 0.05234 0.08351

The minimum value of the simulated MSE is highlighted in bold.
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Step 1: The correlated explanatory variables (x;;) are generated - Different values of the dispersion parameter (y) were used: y =
as follows [35, 38, 39]: 0.85,1, and 1.5.
- Different degrees of correlation between the explanatory variables
xjj = Ty 1 — P2+ pTp, i=1...,n5j=1,...,p, (39) were used: p = 0.85, 0.90, 0.95, and 0.99.

- The number of explanatory variables was set to p = 3, 6, and 9.
where Tj ~ N (0, 1), and p denotes the degree of the correlation
between the explanatory variables.
Step 2: The response variable (y;) follows a COMP (u;,y)
distribution, where p; is generated as follows:

5.2. Simulation results

wi = exp (Bixit + ... + BpXip)»i=1,...,n, (40)

Tables 1-9 describe the simulated MSE for all the combinations
where Y2 B2 =1; By = ... = By, as in Farghali et al. [40] of n, p, y, and p. In Tables 1-9, the minimum value of the simulated
and Abonazel et al. [39, 41]. MSE is highlighted in bold. From the simulation results, we can draw
Step 3: The output data (x;;, y;) are repeated L = 1000 times to the following conclusions:
calculate the simulated MSE criterion as follows: 1. In terms of MSE, the proposed estimator CPNMTPL has

1 L minimum values of MSE, so it outperforms the other estimators,
MSE @ =1 lel Br—pB) BrL—B), (41) and the CPMOPL estimator ranks second. However, the CPML
estimator has the weakest performance, which is influenced

where (ﬁl — p) is the difference between the estimated and true by multicollinearity.

jth 2. The behavior of the estimators can be observed for all p, n, and
y values. Furthermore, variations in sample size have an impact

on MSE. It is thought that increasing the sample size reduces

parameter vectors at the ['* replication.

To evaluate the performance of the estimators in different
simulated datasets, we repeated the aforementioned three steps at
different levels of n, p, p, and y as follows:

the MSE of all estimators. The MSE values grow as the number
of explanatory variables increases. The MSE values are directly
affected by the dispersion parameter; the MSE values grow as the
- Different sample sizes (n) were used: n = 50, 75, 100, 150, and 200. dispersion increases.

TABLE 8 MSE valuesincaseofp=9andy = 1.

50 0.85 0.20155 0.18255 0.19218 0.18320 0.18246 0.15847 0.10413 0.05768 0.07327
0.90 0.75263 0.52269 0.61815 0.49021 0.48333 0.28141 0.14683 0.14909 0.11252
0.95 0.34820 0.29663 0.31923 0.29642 0.29599 0.23516 0.13360 0.07305 0.07969
0.99 3.93452 2.25769 2.11032 1.11087 1.11010 0.47939 0.34006 0.59637 0.27918
75 0.85 0.25705 0.22854 0.24274 0.22942 0.22844 0.19259 0.11627 0.04779 0.07084
0.90 0.13655 0.12718 0.13248 0.12753 0.12716 0.11441 0.08040 0.04044 0.05908
0.95 0.27029 0.21417 0.23936 0.21332 0.21274 0.15138 0.07364 0.05641 0.05251
0.99 0.86720 0.58278 0.65492 0.51201 0.51143 0.29138 0.15546 0.17524 0.11276
100 0.85 0.07821 0.07401 0.07637 0.07412 0.07401 0.06820 0.05126 0.03476 0.04140
0.90 0.11887 0.11124 0.11562 0.11159 0.11122 0.10100 0.07391 0.04393 0.05784
0.95 0.16199 0.14427 0.15345 0.14450 0.14422 0.12147 0.07298 0.04032 0.04954
0.99 0.62449 0.44650 0.50469 0.41809 0.41779 0.25894 0.13357 0.13050 0.09359
150 0.85 0.03366 0.03297 0.03338 0.03300 0.03297 0.03199 0.02845 0.03054 0.02600
0.90 0.03141 0.03088 0.03120 0.03089 0.03088 0.03007 0.02697 0.02141 0.02456
0.95 0.07461 0.07133 0.07296 0.07138 0.07133 0.06681 0.05151 0.02575 0.04101
0.99 0.27284 0.22672 0.24638 0.22624 0.22611 0.17423 0.09643 0.06862 0.06462
200 0.85 0.02477 0.02451 0.02467 0.02452 0.02451 0.02411 0.02259 0.03192 0.02145
0.90 0.04109 0.04017 0.04064 0.04019 0.04017 0.03887 0.03356 0.02028 0.02932
0.95 0.03870 0.03809 0.03841 0.03810 0.03809 0.03720 0.03345 0.01766 0.03025
0.99 0.17090 0.15418 0.16167 0.15422 0.15417 0.13291 0.08285 0.04067 0.05509

The minimum value of the simulated MSE is highlighted in bold.
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3. For evaluating the performance of the proposed biasing
parameters of the CPNMTPL estimator, it is discovered that the
ks outperforms all other biasing parameters since it achieves the
lowest MSE in most cases.

4. In all the evaluated cases, the CPNMTPL estimator performs the
best. Furthermore, the CPNMTPL estimator performs better for
larger values of p.

5.3. Relative efficiency

In this sub-section, we use the relative efficiency (RE) measure to
study the efficiency of the biased estimators. The RE is derived using
the MSE in equation (41) as given by Algamal et al. [35], Farghali et al.
[40], and Abonazel and Taha [42] as follows:

RE (B*) = MSE( ﬁML), 42)
MSE(B*)
where E* represents Ek» B\d,ﬁdo, or Ek,do- Moreover, the root mean
squared error (RMSE) is used as a standard statistical tool for
assessing the performance of the estimators. It is calculated using the
estimators’ MSE as follows:

RMSE = / MSE(B*) (43)

Figures 2-5 present RMSE of the CPML, CPR, CPL, CPMOPL,
and CPNMTPL estimators and RE of the CPR, CPL, CPMOPL,

TABLE9 MSE valuesin caseof p=9and y = 1.5.

10.3389/fams.2023.956963

and CPNMTPL estimators for different levels of the sample sizes
(n), correlation degrees between explanatory variables (p), the
dispersion parameter (y), and the number of explanatory variables
(p), respectively. Figures 2-5 show that the CPML estimator has
the largest value, while the proposed estimator CPNMTPL with
kz, k3, and k4 has the smallest value of RMSE For relative efficiency,
the CPNMTPL estimator with kz, k3, and k4 has higher RE values
than the other estimators for different levels of n, p, ¥, and p.

6. Application

In this section, we use a real dataset from Cameron and
Trivedi [43] to estimate a recreation demand function. This dataset
was obtained from a survey on the number of recreational boating
trips to Somerville Lake, East Texas, in 1980. The response
(dependent) variable of this data is the number of recreational
boating trips to Somerville Lake in 1980. While there are three
explanatory variables as follows: X1: Lake Conroe visit fee, X2:
Somerville Lake visit fee, and X3: Houston Lake visit fee. These
data are also used by Abonazel and Dawoud [44], the sample size is
179 observations (after removing the outlier values). To check the
existence of the multicollinearity problem, correlation coefficients
between explanatory variables, variance inflation factor (VIF), and
condition number (CN) can be used. All correlation coefficients are
greater than 0.90: px1,x2 = 0.97, px1,x3 = 0.98, px2,x3 = 0.94. While
the values of the VIF are 157.75, 52.34, and 90.10, and the value of the

50 0.85 0.48799 0.37358 0.44600 0.41935 0.36346 0.30917 0.20420 0.19318 0.16692
0.90 1.00535 0.59534 0.77622 0.63390 0.54481 0.35275 0.23111 0.26519 0.23708
0.95 0.75356 0.48579 0.62570 0.55259 0.46216 0.34257 0.22274 0.24137 0.18980
0.99 5.50337 3.37686 2.30394 1.12840 1.11303 0.65743 0.42539 0.96327 0.87545
75 0.85 0.42940 0.33774 0.39964 0.37994 0.33020 0.28697 0.19309 0.16501 0.16171
0.90 0.33365 0.27877 0.31616 0.30482 0.27435 0.24950 0.18510 0.17567 0.16534
0.95 0.54597 0.36682 0.45724 0.40730 0.34763 0.27256 0.19262 0.21083 0.17811
0.99 1.83626 0.98490 1.09259 0.76448 0.70863 0.43202 0.30250 0.45243 0.23871
100 0.85 0.22428 0.20682 0.21912 0.21577 0.20566 0.19719 0.16489 0.15727 0.15447
0.90 0.30128 0.25896 0.28819 0.27951 0.25564 0.23663 0.18371 0.17447 0.16897
0.95 0.39846 0.30174 0.36136 0.33863 0.29290 0.25199 0.18052 0.18472 0.16271
0.99 1.39556 0.76921 0.91780 0.68757 0.62340 0.39241 0.27395 0.38002 0.22875
150 0.85 0.17738 0.17175 0.17582 0.17478 0.17152 0.16868 0.15547 0.15452 0.15278
0.90 0.18493 0.17843 0.18314 0.18193 0.17819 0.17468 0.15520 0.14470 0.14568
0.95 0.28079 0.24356 0.26866 0.26110 0.24063 0.22280 0.16936 0.15892 0.15036
0.99 0.84901 0.50712 0.64565 0.54213 0.46957 0.33780 0.24016 0.29753 0.19656
200 0.85 0.16366 0.16140 0.16306 0.16264 0.16134 0.16010 0.15198 0.14920 0.14805
0.90 0.19199 0.18406 0.18975 0.18828 0.18372 0.17949 0.15662 0.14411 0.14552
0.95 0.21587 0.20351 0.21229 0.20996 0.20288 0.19631 0.16391 0.14521 0.14602
0.99 0.58454 0.39888 0.49859 0.44911 0.38074 0.30122 0.20259 0.22400 0.16832

The minimum value of the simulated MSE is highlighted in bold.
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TABLE 10 Estimated coefficients, MSE, and R2.

10.3389/fams.2023.956963

Estimator k/d Intercept X1 X2 X3 MSE R?
B — 1.2053 0.3963 0.1252 —0.8048 1.2806 0.561
B % 1.1947 0.1394 0.1549 —0.5672 0.5574 0.809
Ba a 1.2021 0.3229 0.1333 —0.7363 0.9595 0.671
s 1.1939 0.1289 0.1545 —0.5553 0.5436 0.813
Bao dy 1.1939 0.1289 0.1545 —0.5553 0.5436 0.813
Brodo k 1.1841 —0.0356 0.1588 —0.3846 0.5100 0.825
k2 1.1794 —0.0832 0.1520 —0.3247 0.5620 0.807
ks 1.1899 0.0475 0.1605 —0.4759 0.4893 0.832
k 1.1727 —0.1305 0.1386 —0.2561 0.6503 0.777
CN is 29.10. The correlation coeflicients, VIF, and CN values confirm  the =~ CPML, CPR, CPL, CPMOPL, and CPNMTPL

the presence of multicollinearity. The VIF values are calculated based
on the generalized VIF (GVIF) provided by Fox and Monette [45],
as follows:

[Ri| IRz

GVIF = ————,

[Rx] (49

where |-| is the matrix determinant, Ry is the correlation matrix of a
specific set of explanatory variables, R, is the correlation matrix of
a particular set of explanatory variables, and Ry is the correlation
matrix of all the explanatory variables in the model [46]: Ry =

1 y~_\"1
(diag(V))"2 V (diag(V))™ 2, where V. = ?(X WX) is the
estimated variance-covariance matrix of EML and diag(V) is the

matrix of the diagonal elements of V. While the CN value is calculated
based on the following formula [47]:

)‘-max

CN = ,

Amin

(45)

where Amax and Amin are the largest and smallest eigenvalues of
the X' WX matrix.

First, we have fitted various count data models that are the
Poisson, the negative binomial, and the COMP distributions. The
Akaike information criterion (AIC) is used to select the best model.
AIC values of these models are found to be the Poisson (60.50), the
negative binomial (50.61), and the COMP (45.09). We observed that
the COMP has a minimum AIC value. This shows that the COMP
model is well fitted to this data.

Table 10 presents the estimates of regression coefficients,
estimated MSE, and R-squared (R?) for the different estimators. The
estimated MSE of the CPML, CPR, CPL, CPMOPL, and CPNMTPL
estimators was obtained by equatlons (8), (13), (18), (23), and (28),
respectively, based on the @ = v/’ B and the estimated values of the
biasing parameters (E EI,EZ,EO,E,E,E, and k4) The R-squared
(R?) is calculated based on the following formula [48]:

n (=)’
Y
R=1-=00 b (46)
n 0i=)
i=1 y
where y = nm Uy T = exp (x;/f’\) ;B
represents EML>§k> Ed:ﬁdo, and Ek,doto obtain R?> for
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estimators, respectively.
From Table 10, we note the following:

1. It is noted that the estimated coefficients for the biased
estimators [CPR, CPL, CPMOPL, and CPNMTPL(ks)] have
the same sign; this suggests that the correlation between
each explanatory variable and the response variable remains
unchanged from the CPML estimator.

2. The MSE values of the CPR, CPL, CPMOPL, and CPNMTPL
estimators are lower than the CPML. However, the
CPNMTPL estimator based on the 7<\3 has the lowest
value of MSE.

3. Furthermore, in terms of prediction, the R?> value of the
proposed CPNMTPL estimator is the greatest among all the
used estimators.

Through this dataset, we confirm the theoretical results
as follows:

e The required condition of theorem 1 is satisfied for j =
L2034 78k (@ -221) = 412+ 09 >

Yo e (k (23 + 1)+ (1+do))* = 1.08¢ + 09, so the
performance of the CPNMTPL estimator is better than the
CPML estimator.
e The required condition of theorem 2 is satisfied for j =
ey
L2 03 47 Yk (af —b}) = 313 + 06 >

4 222\ —

12 (k24 + 1) + 2y (1+ do))* — Ra?) = 9.42¢ + 05,
so the performance of the CPNMTPL estimator is better than
the CPR estimator.

e The required condition of theorem 3 is satisfied for

i= 1,23 47 (e2c2—)\2h2) = 329 + 09 >

Siiat [ (k (2kj+l)+)»](1+d0)) —ea-1?] =
1.04e + 09, so the performance of the CPNMTPL estimator is
better than the CPL estimator.

e The required condition of theorem 4 is satisfied for
j= 123 47 h (PG -i3k) = 110e+ 09 >

2
S hja? [ (k (2 4+ 1) + 3 (1 + do))* — (o + 1]
5.00e 4 08, so the performance of the CPNMTPL estimator is
better than the CPMOPL estimator.
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7. Conclusion

In this article, we proposed a new modified two-parameter Liu
estimator (CPNMTPL estimator) for the COMP model to deal with
the multicollinearity issue. We proved that the proposed CPNMTPL
estimator is more efficient than the previously biased estimators
(CPR, CPL, and CPMOPL estimators) proposed in the literature. The
simulation study and the real data application were conducted to
examine the performance of the CPNMTPL estimator and compared
it with the CPR, CPL, and CPMOPL estimators. The results of
the simulation study and empirical application indicated that the
CPNMTPL estimator outperforms these estimators, in terms of
the mean squared error (MSE) reduction. Under three values of
dispersion, the CPNMTPL estimator, with all biasing parameters,
performs better than the CPR, CPL, and CPMOPL estimators when
the COMP model contains the multicollinearity issue. In the future
study, we will use the generalized cross-validation (GCV) criterion
to select the biasing parameters of the proposed estimator, as an
extension of Roozbeh [49], to achieve more efficiency.
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