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Improving passengers’ attitudes
toward safety and unreliable train
operations: analysis of a
mathematical model of fractional
order

Gizachew Kefelew Hailu* and
Shewafera Wondimagegnhu Teklu

Department of Mathematics, College of Natural and Computational Sciences, Debre Berhan
University, Debre Berhan, Ethiopia

In this study, we aimed to explore the dynamics of rail passengers’ negative
attitudes that can be influenced by safety concerns and unreliable train
operations. We mainly formulated and analyzed a mathematical model of
fractional order and derived an optimal control problem considering the Caputo
fractional order derivative. In the analysis part of the model, we proved that
the solutions of the model for the dynamical system are non-negative and
bounded, and determined the passengers’ negative attitude-free and negative
attitude persistence equilibrium points of the model. Both the local and global
stabilities of these equilibrium points were examined. Furthermore, we verified
the conditions necessary for the existence of optimal control strategies. We then
proceeded to analyze the proposed control strategies, which aim to prevent
negative attitudes and improve the attitudes of passengers who have already
developed negative attitudes. Finally, we conducted numerical simulations
to examine the effects of these control strategies. The results revealed that
protecting passengers from developing negative attitudes and improving the
attitudes of those who have already developed such attitudes are crucial for
improving the overall attitude of railway passengers. These measures can
effectively address any negative experiences caused by safety concerns and
unreliable train operations.

KEYWORDS
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1 Introduction

Railway transportation plays a significant role in enhancing market accessibility and
facilitating efficient travel for both passengers and goods. The progress of railway development
in developed countries has been remarkable, with advanced infrastructure, efficient operations,
and continuous technological advancements. However, the progress of railway transportation
in developing nations encounters notable difficulties due to inadequate operation and
maintenance of railway infrastructure (1). These difficulties contribute to a growing concern
regarding the escalation in passengers’ negative attitudes toward railway services (2).
Understanding the control strategies behind these negative attitudes is crucial for improving
service quality and addressing passengers’ concerns.

The quality of service offered by public transit can be understood by measuring its
performance according to the experiences of its riders (3). Several factors influence passengers’
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attitudes toward railway transportation, including service quality,
safety concerns, a lack of effective communication, frequent
breakdowns, overcrowding, and reliability of operation (4). Insufficient
communication during disruptions or emergencies can lead to
frustration and further dissatisfaction among passengers. Passengers
often feel helpless and uninformed, which escalates their dissatisfaction
and contributes to negative attitudes toward train services (5).

A decline in passenger satisfaction and an increase in negative
attitudes can lead to a decrease in ridership, ultimately affecting the
revenue and viability of railway operations (6). Lower customer
satisfaction can also lead to a decline in public trust and support,
hindering the growth and development of the train industry (7). It is,
therefore, crucial to thoroughly examine the dynamics behind
passengers negative attitudes to gain valuable insights for
policymakers and railway operators, enabling them to make well-
informed decisions and implement effective measures to improve the
overall passenger experience.

To better describe and analyze various aspects of a real-world
problem in various disciplines, including science and engineering,
mathematical modeling can serve as a powerful tool for representing
the problem by using mathematical equations, formulas, and
algorithms. This can be observed, for instance, by examining its
application in various contexts (8-10).

The authors discussed how mathematical modeling can help
identify the key factors that contribute to the dynamics of real-life
situations by analyzing the stability of equilibrium points. The classic
autonomous ordinary differential equations representing evolutionary
systems have no memory, as their solution is independent of the
previous instant (11). However, the fractional order differential
equations, in contrast, incorporate the memory effect of an
evolutionary system, such as passengers’ attitudes. In the context of
rail passengers, memory effects can play a significant role in shaping
their attitudes. These effects refer to the influence of past experiences
and interactions on the present attitude of individuals. Furthermore,
memory effects that impact the dynamics include the persistence of
negative experiences, recency bias, confirmation bias, social influence,
and expectation formation.

A fractional order model means a representation of a system
described by a fractional differential equation or a system of such
Equation (12). Mathematicians have developed several approaches for
fractional derivatives, such as Grunwald-Letnikov, Riemann-Liouville,
and Caputo’s fractional derivatives. The Riemann-Liouville method
results in initial conditions that include the limiting values of the
Riemann-Liouville fractional derivatives at the lower bound t=a ,
and these types of initial conditions lack a recognized physical
interpretation. Applied engineering problems require the formulation
of a fractional order model with the use of physically interpretable
initial conditions, such as X (a),X’(a),X "(a), and so on. Caputo’s
approach enables the formulation of initial conditions for fractional
order differential equations at the lower terminal t=a (12).

The Caputo fractional derivative approach is another
mathematical technique that can be employed for evolutionary
systems with memory effect. The application of this approach has
been dealt with in various contexts (13-17). Bhalekar et al. (18)
considered the dynamics of the fractional order systems involving
non-local derivative operators on singular points in the solution
trajectories of the systems. The study investigated the behavior of
the trajectories when the eigenvalues A are at a specified stable
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region and examined the existence of singular points in the
trajectories of such systems in a given region. Echenausia-Monroy
etal. (19) investigated a physical interpretation of fractional-order
derivatives in a jerk system using an electronic approach based on
unstable dissipative systems (UDSs) and a saturated non-linear
function (SNLF). The results of the analysis revealed that, when the
orders of the fractional integration are considered, the areas of the
generated attractor are modified with respect to the integer-order
dynamic. Zhou et al. (20) clarified the physical process for
fractional dynamical systems. The dynamics in fractional order
systems have been discussed extensively for presenting possible
field of
interdisciplinary science.

guidance in the applied mathematics and

Motivated by the concepts discussed above, in this study,
we constructed a Caputo fractional derivative compartmental
modeling approach to analyze the dynamics of passengers’ negative
attitudes toward railway transportation. These advanced analytical
techniques enable us to gain insights into the underlying factors
contributing to negative attitudes and explore strategies for improving
passengers’ attitudes.

The remainder of this article is structured as follows: in section 2,
we present some basic terminologies necessary for the formulation of
mathematical models of fractional order. The formulation of integer
and fractional order models is given in section 3. Section 4 presents
the optimal control problem, followed by the numerical simulation in
section 5. Finally, in section 6, we conclude the article with a summary
and discuss future work.

2 Basic terminology of fractional order
calculus

The following concepts of fractional order calculus will serve as a
foundation for constructing the fractional order model in this study:

Definition 1: The Caputo fractional order derivative of order 9
for a function feC" is defined by Vargas-De-Leén (17) and
Petrds (21).

C ) A (1)
D'f (r):r(nl_ Q)L,f"(f )(tt%dg, n-1<9<neN
Note:
Cfo(t)tends tof(t)as 91 (2)

Definition 2: The Caputo fractional order integral of order 9 >0
for a function feC" is defined by Vargas-De-Leén (17) and
Petrds (21).

-¢) (3
C I f(t):ﬁj;f(g)%dg,k&(l,t)o

Definition 3: Let y; >0,y, >0 be positive parameters, then the
Mittag-Leffler function is defined by Mainardi (22), Fernandez and
Husain (23), and Ozarslan and Fernandez (24).
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Definition 4: Suppose y, =1 is the constant parameter. Then, the
Mittag-Leffler function is defined by Mainardi (22) and Ozarslan and
Fernandez (24).

Definition 5: A constant number 0" is identified as an
equilibrium point of the Caputo-fractional order model when

CD,SQ(t):f(t,H(t)),SG[O,I]ifand only if f(£,07)=0 (6)

Proposition 1: The Laplace transform of the Caputo fractional

order derivative with order 3, n—-1<9<mmneN is given by

n-1
L(D{gh)(s) = s‘gH(s) - Zs'g_k_lhk (O) , where H(s) is the Laplace
k=1
transform of the function h (t) .
Proposition 2: The Laplace transformation of the two-parameter

functions of the Mittag-Leffler case is given by Balatif et al. (25).

SV|—V2

L(tyz*1 E, 4. (iyty‘ ))(s) =
sT Yy

Proposition 3 (Generalized Mean Value theorem): Suppose

h(t)e E[O,Tf} and CD}gh(l‘)e E[O,Tf} for 9 e(O,l] . Then, the

1
r(9)

¢ e[O,t] for each t such that 0<¢t< Tf .

theorem states that h(t):h(0)+ CDigh(g)t‘g, where

Note: These statements follow from Proposition 3.

a. The function h is
te[0,1y],if ¢ DPh(t)>0.

b. The function h is
te0,1y ], if ¢ DPh(t)<0.

non-decreasing  for all
non-increasing  for  all

Proposition 4: Suppose g (t) el” (]R) N .7:(]R) and €eR,
n—1<9<n,neN . Then, the following conditions hold

(CD,‘QI‘gg)(t):g(t).

9 g n—ltk k
b (17 “DIR)(1)=g(t)- X 154" ().
k=0
. Specifically, if 0< 9 <1, then (I C D{g)(t)=g(t)-g(0).

d. For a constant function g (t) =b then ¢ D}g (b) =0.
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3 Models’ formulation

3.1 Description and assumptions of the
models

To analyze the dynamics of the passengers’ negative attitudes
toward railway transportation, we divided the total number of
passengers, denoted by M(t) at a given time t, into five distinct
mutually exclusive classes: susceptible passengers who can develop
negative attitudes whenever they are exposed, which is denoted by
S(t), passengers who are exposed to negative attitudes due to perceived
safety concerns and unreliable operation of train services, which is
denoted by E(t), passengers who developed negative attitude due to
safety concerns, which is denoted by Ig (t), passengers who
developed negative attitudes due to unreliable train operation, which
is denoted by Iy (t), and passengers whose negative attitudes
changed, which is denoted by R(t). The passengers who developed
negative attitudes due to unreliable train operation may have
encountered trains running late or not adhering to the schedule,
leading to frustration and dissatisfaction.

M(t)=S(t)+E(t)++Is(t)+Iy (t)+R(t). 7)

Acquiring a negative attitude from another passenger is not
influenced by the number of passengers around, and susceptible
individuals within the population acquire negative attitudes from
other passengers at a standard incidence rate given by

ksc(t):%(plls (6)+ ol (1), ®)

where

py is the relative effect of passengers with negative attitudes due to
safety concerns;

p, is the relative effect of passengers with negative attitudes due to
unreliable train operation; and

B is the transmission rate of negative attitude.

To construct the Caputo fractional order model for the
transmission dynamics of negative attitudes among passengers in a
population, certain key assumptions need to be considered.

A portion g of susceptible passengers who were exposed to
negative attitude, i.e, S(t) transfers to the Ig (t) , a portion of
passengers who developed negative attitudes due to safety concerns at
arate @ , while the remaining portion 1—¢g joins Iy (t), a portion
of passengers who developed negative attitudes due to unreliable train
operation at the same rate.

Passengers with negative attitude due to safety concerns I (t)
and those with negative attitude due to unreliable train operation
Iy (t) progress to the portion of passengers whose negative attitudes
R(t) at the rates a; and oy, respectively. The rate n is the
progression of individuals from the Ig portion to Iy . Other
parameters and state variables are stated in Tables 1, 2.

The population flow diagram, which is based on the model
descriptions and assumptions given above, illustrates how the negative
attitude of passengers disseminates among the population.
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TABLE 1 Description of parameters.

Parameter description

d Natural mortality rate.

K Population recruitment rate.

@ Rate at which passengers exposed to negative attitudes develop negative attitudes either due to safety concerns or unreliable train operation.

a1 Rate of progression from passengers who developed negative attitudes due to safety concerns to the group whose negative attitudes have changed.

n The progression rate of passengers who developed negative attitudes due to safety concerns to the portion of passengers with negative attitudes due to unreliable train operation.
a Rate of progression from passengers who developed negative attitudes due to unreliable train operation to the group whose negative attitudes changed.

q Portion of passengers who were exposed to negative attitudes and transferred to passengers’ group who developed negative attitudes due to unreliable train operation Iy (t) .

TABLE 2 Definitions of state variables.

Variable definition

N Passengers who are susceptible to passengers’ negative attitude.
E Passengers who are exposed to negative attitudes.
Ig Passengers who developed negative attitudes due to safety concerns.
Iy Passengers who developed negative attitudes due to unreliable train operation.
R Passengers whose negative attitudes have changed.
3.2 Integer order model and gain a deeper understanding of the evolution of passengers’

negative attitudes. The mathematical representation of this fractional
The integer order model, a system of non-linear first-order  order model can be observed in Equation 11.
ordinary differential equations, is based on the population flow
diagram given in Figure 1 and represents the evolution of passengers C DES=K—( Ay +d°)s
negative attitudes, which is given by

das

—=K—(Agc +d)S

I ( SC ) CDfE:;,SCs_(d%ws)E

dE

= =scS—(d+@)E

dt CDf[S:qgng—(d'9+a,‘9+7]3)IS
Cgts =(1-q)@E-(d+oy+n)Is

C
DI, ="’ E+n’I,~(d’ +a )1,

%:qu#r]Is —(d+oc2)IU

c
dR D’R=aI,+a{1,~d’R (11)
E:alls+a21U_dR 9)

The initial data for the proposed fractional order model

S(O) >0, E(O) >0,Ig (O) >0 Iy (O) 20 (Equation 11) is demonstrated by

subject to ,and
R(0)=0 10
(0) (10) $(0)=0, E(0)=0, I(0)=0, Iy (0)=0,R(0)=0  (12)
3.3 Fractional order model The analysis of the fractional order model given in Equation 11 is

presented in the Supplementary material, where theorem 1 shows the

In this subsection, we reformulated the transmission dynamics of ~ non-negativity and boundedness of the model, and theorem 2
passengers negative attitude model (Equation 9). This is done by using ~ demonstrates the existence and uniqueness of solution of the model.
Caputo derivatives, which allows us to incorporate memory effects  The equilibrium points and basic reproduction bombers are calculated
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FIGURE 1
The passengers’ flow diagram.

in section 3. The local stability of the negative attitude free equilibrium
point is addressed in theorem 3, while the global stability of
equilibrium points is illustrated in theorems 5 and 6.

4 Optimal control problem

The negative attitude of rail passengers is a complex behavior that
can be influenced by various factors. In the context of unreliable train
operations and safety concerns, it is important to address this negative
attitude to improve the overall passenger experience.

The prevention control strategy aims to reduce the number of
susceptible passengers by addressing the factors contributing to
negative attitudes. For example, improving train operations and
implementing safety measures can help create a positive passenger
experience and reduce the likelihood of developing negative attitudes.
By focusing on prevention, the goal is to minimize the number of
passengers who become exposed to negative attitudes and
subsequently develop negative attitudes.

On the other hand, the improvement control strategy focuses on
addressing the negative attitudes of passengers who developed negative
attitudes and helping them to change their attitudes. Assisting in the
process of changing their negative attitudes can be done through various
measures, such as providing information, assistance, and support to
passengers who have developed negative attitudes. By actively addressing
and improving these negative attitudes, the goal is to facilitate the process
of changing their negative attitudes and ultimately reducing the overall
number of passengers who develop negative attitudes.

By combining both prevention and improvement control
strategies, the researchers proposed a comprehensive approach to
managing rail passengers negative attitudes. This approach
acknowledges the importance of addressing the root causes of negative
attitudes through prevention while recognizing the need to support
and improve the attitudes of those who have already developed
negative attitudes. Through this control design, the researchers aimed
to create a positive rail travel experience for passengers, which in turn
can enhance customer satisfaction and loyalty.

We presented three control strategies that depend on time and are
designed to modify the fractional order model (Equation 11). These
strategies are represented by the Lebesgue controlling functions
u; (t) , Uy (t) ,and ug (t) , with 0 <uy (t),u2 (t),u3 (t) <1.
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These functions serve as measures of control and are defined
as follows:

1. The measure to prevent passengers’ negative attitudes is aimed
at minimizing the effective contact rate, and it is represented by
the control measure u; (t) . This measure involves taking
actions to enhance the management of congestion during train
operations and improve the daily operation of trains by
ensuring punctuality and regularity.

2. The time-dependent control measures represented by u, (t)
and u3 (t) are improvement strategies for passengers who
developed negative attitudes as a result of safety concerns and
unreliable train operations, respectively.

The new reformulation of the Caputo fractional order model’s
optimal control problem (Equation 11) is based on the control
variables mentioned earlier.

“Di1 (14" Yo E-(d 4 1 (1) )1,
c
D{1,=q'w E+n°Ny=(d* +u,(t)a! )1,

CDfR:uz(t)a\SIS+u3(t)afIU —d°R (13)

with initial data $(0)>0, E(0)>0,I5(0)=0, Iy(0)>0,
and R (0) >0, and the controlling set is
AC = {(ul (t),uz (t),u3 (t)) :0< Uy (t),u2 (t),u3 (t) < 1,t S |:0,Tf :|} 5
where T is the final time of implementing control measures.

The aim of the control problem is to minimize the number of
people who are exposed to and develop negative attitudes while
increasing the number of individuals whose negative attitudes change,
taking into account the cost of implementing control strategies. To
achieve this, we formulated an objective function that represents the
goal of reducing the number of individuals who have already
developed negative attitudes in the population.

T r T r
](“1»”2’”3):.[0/(ZIE+ZZIS + x3ly +71u12 +72u% +*3M§de
(14)

To manage the number of individuals who developed negative
attitudes and the associated costs of implementing prevention and
improvement control strategies, we strived to minimize 1 (t),uz (t),
and u3 (t) while considering the system (Equation 14) as a constraint.

In this section, the value Tf represents the final time, while the
coefficients y;, x5, and y3 are positive weight constants. The

I T I
measures 71,72 ,and 73 represent the relative costs of prevention
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and improvement corresponding to the controls uy,u,, and u3,
respectively. Additionally, these measures help to balance the units of
the integrand.

The objective is to locate the optimal values for the controls

U= (ul,uz,u3), denoted as U* = uik,u;,u; , to achieve the desired
state trajectories S*,E*,I’Sk,IZ}, and R* "that are solutions of
(Equation 14) over a given time interval [O,TfJ . These state
trajectories should also satisfy the initial data and minimize the
objective function.

In the cost functional, the term y;E represents the cost related to
individuals exposed to negative attitudes, the term y,Ig refers to the
cost related to individuals who developed negative attitudes due to safety
concerns, and the term y3Iy represents the cost related to individuals
who developed negative attitudes due to unreliable train operation.

Additionally, y; (where i=1,2,3 ) are positive constants that
represent the cost of implementing the three strategies to control,
and I'; (where i=1,2,3) is the corresponding effort made to
minimize the dissemination of negative attitudes toward these
strategies. Ty represents the duration for which the control
measures are applied.

The aim is to determine the optimal control variable u(t) that
minimizes the objective function min/ (ﬁ) , which is subject to the
new optimal control dynamical sysf‘e%[l]given in Equation 13 with the
initial data.

The vector u ={uy, uy, us) is the vector that controls the system,
and the set

{u

is a closed and bounded set of controls that are admissible.

U

c (L°° ([O,Tf]))3 0<u; <1i= 1,2,3,} (15)

4.1 Existence and optimality of the control
strategies

The fractional order dynamical system (Equation 11) with
(Equation 12) can be rewritten as follows:

CD;"Y:G(:,Y(t))+H(t,Y(r))ﬁ,05tsT,,

Y(t)=Yy,  where Y(t)=(S(t).E(t).Is(t).Iu (t).R(t))
represents the state variables of the dynamical system, and
u(t):(ul(t),uz (t),u3(t) represents the control functions or

variables in the control problem mentioned in Equation 13. The

functions G and H are given as follows:

_K‘g— [3'9(/01915+P591U)+d9 S
G(LY ()= Bg(plglijrngIU)S—(d‘ngwg)E

(1fq‘9)w‘9E7(d‘9 +77‘9)IS
q‘gw‘gE+n‘9157(d‘g)IU

-d°R
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Bg(p1915+pf’lu)
- - T g 0
M
139(/319154'/3591U)S .
H(nY (1)) = M
0 -’y 0
9
0 0 -adly
] 0 oIy oI |

To establish the existence of the three optimal control strategies,
we need to verify the following conditions:

The control trajectories have at least one feasible solution.
The set of admissible controls is convex, bounded, and closed.
The function represented by G(t,Y(t)) +H (t,Y (t)) is bounded

with respect to both the state variables and the
controlling variables. r I r
« The expression yiE + y,ls + y3ly -t-—lul2 +—2u% +—3u§ is

convex on the set of admissible controlzs U.

According to the definitions mentioned in the manuscript, the
conditions can be expressed as follows:
uy =0, and
u3 =0 within the admissible control set U defined in Equation 15 and
the solution Y = (S,E Is,Iy ,R) of the fractional order model
(Equation 11) with given initial data, then the set of all feasible solutions

If we consider control functions with values u =1,

for the control problem is not empty. Furthermore, based on the
definition of the admissible control set U, this control set is bounded,
closed, and convex. Additionally, according to the existence and
uniqueness criteria for model (Equation 11), the solutions of model
(Equation 13) are unique and bounded because 0 <u; <1, for i =1,2,3.

Theorem 7: The function defined by G(t,Y(t))+H(t,Y(t))ﬁ
satisfies the solution.

Y =(S,EI4,I¢,R) such that

G (5.7)+ H (5.7 lls max(knko ) (I T || + 11 ]l)  (16)

1+/3‘9(p1‘9+p§9)+d9,d‘9+w‘9,d‘9

ki = max >
where +df +n% +of @2 +d5 + o 4
and k, :max(ﬁ‘9 (p{9+p§9),779,1) .

Proof: Let us consider the matrix G (t,Y(t)) in a rewritten form.

6(0r (1)

i D 0 0 0 0 |
9 pllgIA
P +p31c a4
7 —{ 3] 0 0 o || S
M @ E
1- d%+dd+ I |,
0 sl@® | “, 0 o | ®
q no+a IU
R
d%+dy
0 oz’ 7’ : 2 0
+ay
| 0 0 al‘9 aig —d'g_
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K4 [3'9(/01315 +P291U)
Where p=—"——— -
S M

Given the definition of the matrix G(t,Y(t)) , we can see that
K?<S. Additionally, considering the bounded nature of the solution,
we demonstrate that

1+ﬂ‘9(p1‘9+pﬁ9)+d‘9,d‘9+m‘9,d'9

9

||G(t,?)||£max
+d1

|
+773+a1‘9,d‘9+d§9+a§9,d‘9

By employing a similar procedure, we can demonstrate
the following:

16 (7)€ max( 2 o+ £ ).n” 1) 1.

Theorem 8: The function expressed as

=_ r r r
V(t,Y,u):;ﬁE + rls + r3ly +71u12 +72u% +73u§

is convex
within the admissible control region U, and there exists a

non-negative constant k such
that V(,Y,ii) > kii .
Proof: For the function V(t,?,ﬁ) , we derived the corresponding

Hessian matrix given by

2”1 0 0
H=| 0 2u, 0
0 0 2u

Therefore, the matrix H is a positive definite matrix in the
admissible control region U and hence V(t,?,ﬁ) is strictly convex

rr,r
in U. Let k =min 71,72,73 ) then
2 2 2
= _ T r r
V(t,Y,u)z;(leL;(zIS + 3y +71u12+72u2 +—3u§
Thus,

r r r r r r
> Lyl 223 3ok L+ —2ud + 3k
2 2 2 2 2

we established the proof.
Theorem 9: There is an optimal control point u= (uik ,uz,u;)
and the model-associated solutions

Y'= (S*,E*,N ;,N}E,R*) that minimize the objective function
] (E) on the admissible control set U , such that minJ (ﬁ) =7 (ﬂ*) .
uelU

The optimality necessary condition: The optimality necessary
condition, as stated in Teklu and Terefe (26), is required to be fulfilled
by the optimal control problem (Equation 13), and Equation 14 is
adapted from Pontryagin’s maximum principle stated in Mandal et al.
(13), Ahmed et al. (16), and Teklu and Terefe (27), and it is also
fulfilled by changing into a minimizing Hamiltonian function with
respect to the control variables (ul,uz,u3 ) . The Hamiltonian function
corresponding to Equations 13 and 14 is derived as follows:
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H(Y,ﬂ, K?)=
LE+ 2, s+ 1y +
%uf+72u22+—3u32+}i1
(1= u(1))
K% - B’ Pl S
—:\/;églU +d3
(1_ U, (1))
+j'2 Bg plgIS
9
*A‘;IU (¢°+a°)E
(l—qg)ng—
+A4| (d? +d + ;
779+u2(t)a19 g
q‘gng+779[S—
+A,| (d°+d:
+u, (1) oy v
o u, (1) e I+
uy(t)ey I, —d°R

17)

where /'Ll(t),/'Lz (t),/'L3 (t),/l4 (t), and A5 (t) are the co-state
variables or adjoint variables.

Theorem 10: Let us give the optimal control solutions u; for
i=12,3
(Equation 13) that minimize the objective function (Equation 15) in

and the solutions of the optimal control problem

the admissible control region U, then there are functions
M>A2,23, 4, and A5 such that

C ! ‘\915 ngU
DA ~(he Wﬂw&%}” .

DY A =(4,-4)(1-u,) e +A4,(d°+0" )4 (1-9" )a’ - Aq’a" - 1,

C (o L+pl1)S
(AP PR iy LA G2 %]

+(ﬂ's _14 )(779 i, )+)'JB+AAQ19 —X2
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C (plI+pi1,)S
DI =(a2)(1-u,) M—B‘gpfi}(lr&)(afw;)+/14(d‘°)—z;

M? M

c B (P 4001, )S (18)

D=2 1w )

where B= d9+ai9 .

The conditions for the transversality of the system (Equation 18)
can be expressed as }»? (Tf): 0, i=12,...,5. These conditions are
based on the Hamiltonian function H defined mentioned in
Equation 17. Additionally, the optimal control strategy can
be determined by

(41— 1) B (P15 + 510 )s
r, M

uf (t) =min- 1, max[0,

us (t)= min{l,max[o,(%l:is)Ns}

2

w5 (t) = min{l,max[o,(hl:ﬂs)NR}

3

where ﬂ,l(t),/'Lz(t),/'L3(t),).4(t),/'Ls(t) , and Aﬁ(t) are the
co-state variables or adjoint variables and the conditions for
transversality that are mentioned earlier.

Proof: The existence of the
A (1) 22 (£):75 (1), A4 (£):25 (1)
Pontryagin’s maximal principle, as shown in reference (15, 28).

co-state  variables

is demonstrated by applying

Furthermore, the characterization of each optimal control strategy
outlined in Equation 13 is achieved by solving the following set of
partial differential equations within the interior of the admissible
control set U as follows:

oH_oH _oH

=—= (19)
Ouy Ouy Ous

5 Numerical simulation

In this section, we conducted numerical simulations of model
(Equation 11) and control problem (Equation 13) to gain a deeper
understanding of the system’s behavior and pinpoint the most efficient
optimal control strategies that influence the evolution of passengers’
attitudes. These simulations yield visualizations, enhancing our
intuitive grasp of how different factors affect the transmission
dynamics and serving as valuable tools for scenario evaluation.
We utilized the ODE45 solver in MATLAB 2023a for numerical
simulations to capture the dynamics of the passengers’ attitude model.
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This solver, belonging to the second-order Runge-Kutta family of
methods and utilizing either the Euler forward or backward finite
difference method, is chosen for its ability to generate accurate and
reliable results (29).

5.1 Numerical simulations to show the
effect of changing fractional order

Some values of the fractional order 9 are taken to check the
performance of the proposed model. The simulation curve illustrated in
Figures 2A-D indicates how changes in fractional order affect the negative
attitudes of passengers toward railway transportation. Based on the results
of Figure 2, it can be observed that, when the fractional order decreases,
there is a decrease in the numbers of exposed passengers and passengers
with negative attitudes due to safety concerns and unreliable train
operations. These changes are attributed to the memory effect.

Moreover, decreasing fractional order leads to an increase in the
number of passengers whose negative attitudes toward railway
transportation have changed. This indicates that the fractional order
model yields better model accuracy than the integer order model.

5.2 Numerical simulation of the optimal
control problem

To assess the effects of controlling strategies and validate the
analytical findings of the fractional order optimal control problem,
we conducted a numerical simulation (Equation 13) using MATLAB
2023a programming codes.

We employed the Euler forward or/and backward finite difference
method for the simulation, using different initial conditions and
assuming specific baseline parameter values to be y; =y, = ¥3 =32,
[} =40, T, =43, [3=48, q=05, =038, =034, d, =02,
d=0.23, K=100, @=04, o1 =0.45 , and o, =0.38 . In this
subsection, we conducted a numerical simulation using the Euler
forward method to investigate the impact of controlling strategies on
the state variables in the optimal control problem (Equation 13).
We assumed that the order of the derivative is 3 =0.96 .

Figures 3-5 in the numerical simulations demonstrated the
importance of control strategies in addressing the dissemination of
negative attitudes among passengers in the community. We considered
optimal controlling strategies to showcase the impact of protection
and improvement measures on reducing transmission rates. The first
strategy involves implementing only the protection strategy (u; ). The
second strategy focuses solely on the improvement of the attitudes
individuals (u, ) who developed negative attitudes due to safety
concerns. The third strategy targets the improvement of the attitudes
of individuals ( #3) who developed negative attitudes due to unreliable
train operation. The fourth strategy combines both improvement
strategies (u, and w3 ) simultaneously, and finally, the fifth strategy
involves implementing all of the controlling strategies (u; , u, , and
u3 ) together.

5.2.1 Effect of protection (u; #0)

In this sub-section, we conducted a numerical simulation under
two conditions: one without applying improvement-controlling
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strategies and the other with the implementation of a preventive
strategy (Strategy 1), that is, by setting u; #0, uy =0, and u3 =0
9=0.96. The graphical
representation in Figure 3 that illustrates the influence of the

while also considering the value

prevention strategy on the dynamics of passengers’ transmission of
negative attitudes shows that implementing the controlling strategy
u; significantly decreases the exposed passengers, the passengers who
developed negative attitudes due to safety concerns, and the passengers
who developed negative attitudes due to unreliable train operation,
while there was an increase in the number of susceptible passengers
and in the number of passengers whose negative attitudes changed.

5.2.2 Effect of improvement strategies (u; #0
and u3#0)

In this subsection, we performed numerical simulations without
applying a protection control strategy (u;) and applying the
improvement strategies (uy # 0 and u3 # 0) . From the simulation
illustrated by Figure 4B shows that individuals in the exposed class are
reduced slightly as compared to Figure 3B, but passengers who
developed negative attitudes due to safety concerns and the passengers
who developed negative attitudes due to unreliable train operation are
reduced rapidly compared to the first similar classes.
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5.2.3 Effect of protection and improvement
strategies (u #0,u2 #20,and u3 #0)

In this subsection, we performed numerical simulations without
applying all controlling strategies in place and by applying all possible
controlling strategies (u1 # 0,up # 0, and u3 # 0) simultaneously.

Here, we can compare the impact of implementing the different
control strategies on the emergence of negative attitudes. Figure 5A
demonstrates that implementing all proposed control strategies
significantly increases the number of susceptible individuals
compared to the numbers shown in Figures 3A, 4A. Additionally,
Figure 5B illustrates that all proposed controlling strategies greatly
decrease the number of exposed individuals compared to the
number of exposed individuals illustrated in Figures 3B,
4B. Furthermore, Figure 5C reveals that all proposed controlling
strategies have a considerable impact on reducing the number of
passengers who developed negative attitudes compared to the
numbers in Figures 3C,D, 4C. Finally, in Figure 5D, implementing
all proposed strategies notably increases the number of individuals
whose negative attitudes changed compared to the number of
individuals whose negative attitudes changed as illustrated in
Figures 3E, 4D. Ultimately, it is observed from Figure 5 that applying

all possible controlling strategies (u; # 0,up #0, and u3 #0)
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Effect of the prevention strategy (u;) on the negative attitude status of different population groups with 9=0.96.
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simultaneously leads to a significant reduction in the number of
passengers who develop negative attitudes in the community after
10years. When compared to other strategies, implementing
protection alone or improvement strategies alone, both protection
and improvement strategies together is the most effective strategy
in addressing the evolution of negative attitudes due to unreliable
train operations or safety concerns among passengers in
the community.
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6 Conclusion

In this study, the dynamics of passengers who developed negative
attitudes by applying the Caputo fractional order derivative approach
fractional order 3=0.96
fundamental proprieties of the solutions of the proposed fractional

whenever the is presented. Some

order model, such as existence, uniqueness, positivity, and
boundedness, are analyzed. We derived the formula for the model’s
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basic reproduction number using the next-generation operator
approach. Using the stability criteria for the fractional order model,
we analyzed the results of the stability of the proposed model with
respect to the basic reproduction number. We examined the local and
global asymptotical stability of the negative attitude-free equilibrium
points whenever the corresponding basic reproduction number is less
than unity.

Moreover, we carried out the local and global stability of the
negative attitude endemic equilibrium point of the model.
We formulated and analyzed the corresponding optimal control
problem for the fractional order model by incorporating three
time-dependent control strategies: prevention measures,
improvement measures for negative attitudes due to safety
concerns, and improvement measures for negative attitudes due to
unreliable train operation by applying the Pontryagin’s maximum
principle. Moreover, using the well-known Euler’s forward or/and
backward finite difference numerical methods, we established the
results of the numerical simulation of the proposed optimal control
problem. From the results of the numerical simulation given in
Figure 5, we concluded that applying all possible controlling
(uy #0,up #0, and u3 #0)
decreases the number of passengers who developed negative

strategies simultaneously greatly
attitudes in the community after a decade. Strategy 4 is the most
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effective strategy to tackle the disseminating rate of passengers’
negative attitudes throughout the community compared to
other strategies.

Finally, as this study is not comprehensive, other researchers in
the field have the opportunity to enhance the proposed model by
including additional factors such as a stochastic approach, considering
the age structure of passengers and refining the model with relevant
real-world data.
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