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This study aims to address the difficulties in solving coupled generalized
non-linear Burger equations using local fractional calculus as a framework.
The methodology used in this work, particularly in the area of local fractional
calculus, combines the Elzaki transform with the Adomian decomposition
method. This combination has proven to be a highly effective strategy for
addressing non-linear partial differential equations within the local fractional
context, which finds numerous practical applications. The proposed method
offers a systematic and easily understandable procedure for tackling both linear
and non-linear partial differential equations (PDEs). It provides an easy-to-follow
path to solve these problems. We offer a real-world example that exhibits the
method’s successful use in resolving issues to corroborate its efficacy. The
obtained solution is visually represented to illustrate the practical utility of this
approach.

2010 Mathematics Subject Classification: 34A34, 65M06, 26A33.
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1 Introduction

The main aspiration of fractional calculus is to extend differentiation integration
to fractional order, which has been around since the seventeenth century, thanks
to the groundbreaking work of Leibnitz, Euler, Lagrange, Abel, Liouville, and many
others [1-3]. A growing area of mathematics called fractional calculus (FC) has diverse
applications in all connected sectors of science and problems of engineering. Some of
the findings were published in books or related review articles [4-11]. It is interesting
to note that these derivatives and integrals are not just mathematical oddities, these
models are increasingly being employed in fields such as engineering fields, electrical
circuits, digital control systems, fluid movement, and many more [12-14]. Fractional
differential equations have seen a lot of use in physics and engineering over the
last few decades. Thousands of efforts have been put into developing reliable and
consistent numerical and analytical methodologies to solve these fractional equations
over the past decade or more [15-25]. To find precise and approximative analytical
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solutions, certain potent techniques have been developed, few of
them are Yang-Laplace decomposition approach [26], Sumudu
decomposition in local fractional [27], the method of variational
iteration [28, 29], the method of homotopy analysis [30, 31], and
the method of fractional difference [32]. For fractional differential
equations, the method of Adomian decomposition and the method
of variational iteration stand out among the rest because they offer
approximations of the issues under consideration without the use
of linearization or discretization.

Burger [33] developed Burger’s equations, which were derived
by qualitatively approximating Navier Stoke’s equation. To
comprehend non-linear diffusion and dissipation phenomena, such
as those pertaining to shock waves, unsaturated oil, soil dynamics
in water, cosmology, approximation theory of flow, and non-
linear kinematics wave of debris flows, Burger’s equation is an
essential tool.

Here, we investigated an equation of one of the most important
coupled non-linear Burgers [34]. Recent years have seen the
application of coupled partial differential equations in several
practical scientific and engineering fields. Burgers coupled-form
equations, also known as coupled partial differential equations,
provide an approximation for the flow theory that arises when a
shock wave travels through a viscous fluid. The novel aspect of this
paper is that it will investigate the generalized non-linear coupled
Burger equations listed below:

M %M
70 — o —2M"M$ + (MN)%, =0 )
T = Gy — 2NN+ (MN)}, =0,

Many authors have used different techniques to solve coupled
Burgers equations. For example, Rashid and Ismail solved one-
dimensional coupled Burgers equations using the Fourier pseudo-
dospectral method. Mesh-free interpolation was accomplished
using the methods developed by Rashid and Ismail [35], Islam et al.
[36], and Alqahtani and Prasad [37], who also invented the RBF
collocation method to numerically treat coupled Burger equations
and other non-linear PDEs. The generalized non-linear coupled
Burger equation within the framework of local fractional calculus
is difficult to solve, as the equation has generalized form in terms
of non-linearity. Researchers have solved many non-linear coupled
equations so far but, generalized form of that equation is more
advanced form and direct methods are not available.

For the numerical evaluation of coupled equations, Kumar and
Pandit [38] adopted a composite numerical technique that was built
using finite difference and Haar wavelets. For an analytical solution
represented by Burger equations, Mohammadi and Mokhtari [39]
used a reproducing Kernal approach. Bak et al. [40] created a new
strategy in 2019 called a semi-Lagrangian strategy to numerically
solve coupled Burger equations. To show how our suggested
approach might be utilized to address issues that arise in applied
science and engineering, we compare our findings with those
of [40]. In this investigation, we employ the Elzaki transform
decomposition method within the framework of local fractional
calculus. This approach is constructed through the utilization of
the Adomian decomposition method and the Elzaki transform
in local fractional form [41]. The objective is to address the
challenges posed by solving generalized non-linear coupled Burgers
Equation (1). The Elzaki transform decomposition technique has
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an advantage in its applicability, speed of convergence, and
accuracy, unlike other numerical methods. Applying the Elzaki
transform decomposition technique yields the series solution. The
Elzaki transform decomposition technique is a very effective tool in
finding the solution of the generalized non-linear coupled Burger
equation. It can also be applied to several other more complex
ordinary differential equations (both linear and non-linear). This
technique does not require linearization and initial guess points.

This research advocates the adoption of the proposed method
for addressing real-life problems in various domains of applied
mathematics. Tarig and Elzaki [42] introduced a modified version
of the Sumudu transform, known as the Elzaki transform and
applied it to solve a wide range of partial differential equations and
ordinary differential equations that emerge in the realms of physics,
engineering, and biology.

The Elzaki-Adomian composition method is an effective and
powerful tool that can be used to solve differential equations that
cannot be solved by Sumudu Transform [42]. The method can
be used to solve the non-linear Klein-Gordon equation. Klein -
Gordon mathematical model [43] is regarded as one of the most
essential models in quantum mechanics. The method can also
be used to solve the non-linear Sine Gordon equation [41], this
equation plays a major role in the propagation of fluxons in
Josephson junctions between two superconductors. Furthermore,
it is applicable in non-linear optics, solid-state physics, and stability
of fluid motions.

Not every kind of non-linear equation will exhibit convergence
of ADM. The features of the equation being solved determine
whether the approach will converge, and there are situations
in which convergence might be challenging. ADM was created
especially to solve non-linear issues. While it is applicable to
linear problems, other numerical techniques’ like the finite element
or finite difference methods’ are frequently more effective when
dealing with linear equations. Certain parameter choices may
have an impact on the procedure, and it can occasionally be
difficult to identify the best values for the parameters. Depending
on the type of problem and how many terms are in the series
solution, the accuracy of ADM can change. Sometimes, a lot of
terms are needed to get a reasonable level of precision. When
working with equations that need a lot of terms in the series
expansion, the procedure could be very computationally expensive.
It is crucial to remember that, despite its drawbacks, ADM has
been effectively used to solve a variety of non-linear issues in a
variety of domains. The particulars of the topic at hand determine
which numerical approach is best, and researchers frequently
combine several approaches to handle different facets of a given
problem. The other segments of the study are composed along the
below lines:

Section 2: Preliminaries.

Section 3: Existence and oneness of solution.

Section 4: Elzaki transform decomposition method in local
fractional.

Section 5: Applications.

Section 6: Conclusions.

Section 7: Conflict of interest.

Section 8: Funding.

Section 9: Acknowledgments.

frontiersin.org


https://doi.org/10.3389/fams.2024.1323759
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Alhamzi et al.

2 Preliminaries

Throughout this endeavor, basic definitions and introductory
concepts of Elzaki transform in local fractional and calculus of
fractional domain are provided. In the beginning, the local fractal
derivative is described using the [41-46],

Definition 1. Let R is a real-valued function [45, 46], such as
IR(t) = Ro(8)] <
the fractal derivative at t = t; in local sense, is defined as

B
DFR (to) = 43R (1) s,

i AT R(®) = R(t))
= lim —F
(t — to)?

t—to

where

AP (R(1) = R(19)) = [R() = R ()] T (1 + f) .

Definition 2. If Q(£) in fractal space has order w(0, 1), then the LF
integral of Q(¢) is defined in the interval (o, 1) as follows.

t

) fsz ©) (d9)”

L0 = ————
sIy ) i+t

S

) j=I-1
j— 1 . . @
~Tate) A ; 2 (6) (26)"

where A9; = 611 — 0, A8 = max{Af;, Ay, Abs,...} and
[00i+1].] = 0,...] — 1,60 = 5,0y = t, is a division of (&, 1)
([45, 46]).

Theorem 1. We have the Laplace transform of local fractional

derivative defined as L, {v* (p)} = kLo, {¥ (p)} — v (0).

Definition 3. The Elzaki transform in local fractional [42] of
function ¥ (p ) of order w is defined by

TEo{v (p)} =Fo ()

Tw i — LW w
ZWfEM—f ) v (p) (@)*0 < w <1,
0

integral convergence occurs and t” € o The inverse of Elzaki
transform in local fractional of function [42] ¥ (p ) is elucidate by

FE,"F,(}) =v(p).0<w =<1

Theorem 2. Let IFE, {lp (p )}
Gy (1). Then, we have

= F,(n and YE, {¢ (p)} =

YE v (p)+¢(p)} =Fuo+Gu ().
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Theorem 3. Let L, {¥ (p)} = ¥ (t) and YE, ) =
F,, (r). Then, we get

v = ())

1

o= o ()]

Theorem 4. LetLFEw{W(p)} = F,, (r). Then, we get
LF de(P) _Fo( )

Ew{ pr =~ — Y 0).

3 Existence and oneness of solution

We have the generalized fractional coupled Burger equations as:

T 9%l L 09T 3°IN
i — A =Mko0, @
do® Q2 oK@ k@
a°N  0**N NN N d°IN AlK.0) 3)
T T g —2N'—— = Alk,0),
do®» k2 k@ K@
with
1(k,0) =F(x),
N (k,0) =P (k),
System (Equations 2, 3) can be written as
Ly [I(x,0)] = p[L(k,0)],
Ly [N (k,0)] = p [N («,0)].
where L, = a%—wm and
pI(k,0)] = T (k,0) + 258 42120 — 20 (4

[N (6, 0)] = A (c,0) + 32N Lo 9°N  9°IN
K,0)| = K,0 _— _
P ox2e K@ oKk ®

Theorem 1: Let p [I(k,0)] defined by Equation (4) is local
fractional continuous and satisfies Lipschitz condition i.e.,

|01k, 0)] — plL(k, 0] < 1”11 (<, 0) — Lk, 0)

>

0<w<10<n<l

Then the system

Ly [I(x,0)] = p[I(k,0)],
Ly [N (x,0)] = p [N (x,0)]

I(x,0) = F(k),
N (k,0) =P (x),

Has a distinctive solution in C, [/, p], where C,, is the domain of
a function of continuous and having derivative with fractal order w.
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Proof. Assume the map © : C,[I, p] = C, [, p] be defined by

1 9
O[I(x, =1 —_— I(x, $)](ds)®
166,01 = 1006) + 1o [ 1 9@
First, we establish by induction that

|67 {Li(k,0)} — O {Iy(k, 0)}
)l
= Tr(1+w)

lo

|11k, 0) — Ly(k, 0)|

W’

r=1,2,3..

For r =1, one can get

[© {1i(c. 0)} = © {L(c, 0)} ],
< vy Jo o (e 9} = p {1ae,9)} (d)”

>

1 v,
o 1.0} - 0 (.ol < | [ 110169
—Os(k, )| (ds)”]
This implies that
- nw |pw _ la)|

@~ I'l+w)
~L(k o),

|© {Li(k o)} — © [L(k,0)} | |11(k o)

Assume the equality holds for r = j

|0/ 1,0} - © {10,

< m”II(K,O) — Iz(lc,o)”w
For r = j+ 1, consider

05 1,00} ~ 071 {1te, 0],
= |tk J 21 {1, 9} = pl© {La(o )1 (de)”

>

Further it can be written as,

& {Lik, 0)} — & {La(k, 0)} |,
< [y S 17 10 {16 9) = © {1t 9} | @)

Therefore,

” Ot i (k,0)} — &/ {1 (x, 0)}
ﬂ(j+1>w|}7(u*l(u|j+l
- I+w)

I

|11, 0) — La(, 0) s

So it validates our presumptions.

Now, we have
. i+1
n(}+1)w|pw _ lw|]

M (1 5 o) ||11(/<,o) — 12(K>0)Hw —0
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asr — OQ.

Similarly for Equation (3) one can write
(j+1)a)| ® _ lw|j+1

n P
m ”NI(K>0) - Nao(k, O)Hw -0,

asr — 0o.
Therefore system presents a unique solution.
4 Elzaki transform (local fractional)

decomposition method

We use the Elzaki transform decomposition method on general
local fractional non-linear coupled equations:

0“1l 01
8/{7"’+m+Pw’l (I,N)+Qw,1 (LN) =Il(x,0), (5)
0“N 0“N

m-&-m-i-l’w,z (LN) + Qu2 (ILN) = A(k,0)  (6)
where % shows the linear derivative operator in local
fractional, of order w,0 < w < 1 along with the initial conditions,
Qw1 (IN) and Qg2 (I,N) are the linear operators in local
fractional, P, (I, N) and P,,(I,N) are the local fractional
operators with non-linearity and II(k,0),A (k,0) are two
unidentified functions. The following steps will obtain an analytical
solution for this system.

If both sides of the Equation (5) are subjected to the Elzaki
transform in local fractional

B, [ 3 |+ E [ 353 | B0 [Poa LN)] +
Y Ey [Qui LN ] ="FE,, [T (k, 0)],

w K@

B, [Qua (LN)] =E, [A (x,0)] .

B [ SN +FE, [ 5| +1E, [Poz 0LN)] +

If the Elzaki transform’s differential property is used, we have

LFE 1] = 121 (k, 0) + t°YFE,, [T (k, 0)]

w 7
P, [ 24 P (LN) + Qua (L), 7
LFE, [N] = ©%*N (k,0) + M E,, [A (x, 0)]
B, [ 5 4 Pua (LN) + Qua LN ]
After applying inverse LFET to both sides of Equation (7).
1="1FE, =1 (121 (k,0)) +1FE, ! {r* (*FE, [TT (x, 0)])} )
8

R, [0 (FE) [ 82+ Pun (1LN) + Qua LN }]

N =1E, "' (%N (,0)) +E, = {=* (*'E, [A (k,0)])}
B, 1 { (L) [53 + Poz LN + Qua M) |} ]
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Now according to the Adomian decomposition method, M and
N can be replaced by infinite series.

oo
L(c,0) =Y i (k,0), ©)
i=0
oo
N (k,0) =Y Ni(x,0), (10)
i=0
And the non-linear terms can be written as,
o0
Py1 (LN) = Z A,
= (11)
Pa),Z (LN) = Z Bi>
i=0

where A; and B; are Adomian Polynomials. If Equations (9-11) are
substituted in Equation (8), we get

1= LFEw—l (12(1)1 (K,O)) _|_LF —1 {
(ZI(K 0))

(*FE, [T (k,0)])}

o0
LFp —1 LF
—*'E, @ ( Ew) P + ZA (12)
o0 oo
+Qu1 (Z I Ni)]
r=0 i=0
When the two sides of Equation (12) are compared, we get
Iy (k,0) ="FE, 7! (11 (,0))
+E, 7 (¢ [(MEw [T (k,0)])])
and
0°1
I (k,0) = —HE,™! (T“’ [(LFE [Tj + Ag
+Qu,1 (o, No)])])
and
0”1
12 (K,O) — _LFwal (Tw |:<LFEw [71
0K®
+A1 4 Qo1 (IL,ND)])])
as well as
0”1
L (k,0) = —FE,7! (r’” |:<LFEw [—2 + A,
oK®
+Qu1 (1, N2)])])
and so on. In the same manner
0“N,
Ni (k,0) = —FFE, 7 (| ( *FE, 0 1 B,
0K
+Qu,1 Mo, No)])])
and
0“N-
N, (k,0) = =B, (| (*FE, L+ B,
0K
+Qu,1 M1, ND])])
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as well as
N.
N; (k,0) = —FE,~! <r‘“ |:<LFEw |:8 2 + B,
K@
+Qou,1 (M2, N)])])
and so on.

The system Equations (5, 6)’s analytical solution for (I,N)

comes out as

L
I(k,0) = ZI (k,0),
=0
L
N (k,0) = ZN,-(K,o)-

5 Applications

As an example, consider Burger equations in the context of a
generalized coupled non-linear system

M 9*°M
9°N  9*°N
0 < w < 1 along with the initial conditions.
M (m,0) = siny, (m“’) ,N (m,0) = sin, (m")) .
Ifboth parts of Equations (13, 14) in the system are applied with
the LFET,
LEE, [M (m,7)] = [p*sin, (m®)]
7" [( [ ks = 2MM 4 (MN)%])]’ (15)
LFE [N (m,7)] = [ “sin,, (m“’)]
[ (¥ [ 58 - 2Ny + g ]) ]
Each equation in Equation (15) is solved by using the inverse
LFET on both sides
M (m, ) = sin,, (m®)
_LFwal (P [(LFE [ a,:zlz\f _ zMnMw + (MN) %:I):I) ,
N (m, t) = sin,, (m®)
20
e [ g -]
(16
To replace each function of the solution, use the Adomian
decomposition technique, (M, N) is written as an infinite series
L
M(m,t) = lim Z M, (m, 1),
17)
N(m, 1) = Z N, (m, 1),
and the non-linear term can be decomposed as,
oo
M"Mj = A, (M), (18)
r=0
05 frontiersin.org
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oo
(MN)?' =3 B, (M,N),
r=0

N'N© =

doow. (19)
r=0

Substitute Equations (17-19) in Equation (16), then we have

00
> M, (m,t) = sin, (m®)
r=0
B B 520 S
e > M, (m,1)
_LFwal Pw LFEw o r=0 ~ ,
—2 Y A, (M)+ Y. B, (M,N)
L r=0 r=0
00
> Ny (m, 7) = sin,, (m®)
r=0
B B 32w e
T omze Nf (m) 'E)
—LFEw_l pw LFEw ~ r=0 o
=23 G (N)+ X B, (M,N)
L L r=0 r=0

(20)

Now when we compare both sides of Equation (20), we get

Mo (m, T) = sin,, (m”), (21)
and
f w 3% My
M (m,1) = —E,™! (p [(LFEw [_W —2A0 (M)
+Bo (M,N)DD) (22)
as well as
2w
M; (m, 1) = —1FE, ™! (p“’ [(LFEw {— 0 12\4‘ — 24, (M) (23)
am*®

+B1 (M,N)D]),
and

20
Ms (m,7) = —LFE, 1 (pw |:<LFEw [_ 3am12\21)2
+By (M, N)DD),

—24, 0 (24)

By using the same approach, other terms can be obtained. Also,

No (m, 7) = sin,, (m®), (25)
and
32N,
Ny (m,7) = —*FE," (p‘“ [(LFEw [—WJ —2Cy (M)
as well as
92N
Ny (m,t) = —1E,™! (p“’ [(LFEw [— amel —2C1 (M)
+B1 (M,N)D]D, (27)
and
2w
Ns (m, 1) = ="E,™! (p“’ [(LFEw [73 12\12 —2Cy (M)
am*®
+B, (M,N)D]), (28)
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and so on. The first few components of A, (M), B,(M, N) and C,(N)
polynomials (Equation 16) are obtained as

Ao (M) = My" Mo, (29)
and
Ay (M) = My" My + nMy VMM, ), (30)
Bo (M,N) = (MoNp),,"”,
and
By (M, N) = (MoN; + M;No),,,”,
as well as
By (M,N) = (MoN; + M;Np),,,
By (M,N) = (MiN; + MoN; + MyNp),,“,
and
Co (M) = No"No,u',
as well as

C1 (N) = No"Npm®@ + nNo "D Ny No 2,

and so on. According to Equations (21-30).
The first terms of solutions of Equation (13) are as follows:

Mo (m,T) = sin,, (m®),
and

M (m, 1) = (—sinym® + 2sin, m®.cos,m® — 2sin,m®.cos,m®)

.L.(,l)
1+w
as well as
sin,m® + 2n(n — 1) sin;‘;2 m®.cosy,>m®
—4nsing,"m® .cos,m®
—2 (n+ 1) sin,"m®.cos,m® L2
M, (m,7) = | —4nsing"m®.cosy>m®

1+ 20w

—4c08,2m®sing, " m®
+4 (n+ 1) sing"m®.cos,>m®
+8sin,, m®.cos,m®

and so on. Same the manner
No (m,t) = sin,, (m®),
and

Ny (m, 1) = (—sinwm“’ + 2sin)) m®.cos,m® — 2sinwm“’.coswm“’)

.L.a)

1+w
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FIGURE 1
Graphical representation of M defined in Equation (13) for w = 0.8.

FIGURE 2
Graphical representation of M defined in Equation (13) for w = 1.

also As a result, the local fractional series solution of M (m, 7) and
N (m, 7).
[ sin,m® + 2n (n — 1) sin®, "2 m®.cos,,>m® ]
—4nsin,,"m® .cos,m® ~
—2 (n+ 1) siny,"m®.cos,m® 20 M(m,7) =Y M,(m,1),
Ny (m, ) = | —4nsing," m®.cos,2m® _ =0
—4¢08,2m®sing " m® I+20 N(m,t) =Y N;(m,1).
. =0
+4 (n+ 1) sing"m® .cos,>m® ’
H (o} w
L +8sin,m™.cos,m - Particular case: If we consider n = 1 in our defined model

and so forth.
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given in Equations (13, 14). The model reduces to a well-known
model. And our obtained results reduce to known results:
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FIGURE 3
Graphical representation of N defined in Equation (14) for w = 0.8.

FIGURE 4
Graphical representation of N defined in Equation (14) for v = 1.

M = sin,m®.E, (—1)

N = sin,m®.E, (—71)

We plot the numerical outcomes of Equations (13) and (14) for
different values w = 0.8 and 1.0, see Figures 1-4.

6 Conclusions

In this study, a strategy that combines the Elzaki-transform
and Adomian-decomposition approaches is used. We made an
effort to show the effectiveness of the recommended strategy. The
objective of this study is to resolve the coupled Burger equation.
The illustration depicts the proposed method’s applicability. Visual
representations of the solution show how the method applies to
generalized non-linear equations. Plots with various values of @ are
used to illustrate the solutions that were found during the inquiry.
Elzaki decomposition is a powerful, quick, and effective approach
to solving the local fractional non-linear coupled Burger equation,
as we have discovered.
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