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This paper presents two standard numerical methods for solving second order initial value problems for ordinary differential equations (ODEs). The Euler and the Runge-Kutta fourth-order methods are applied without any discretization or restrictive assumptions for solving ODEs. The numerical solutions obtained by the two methods are in good agreement with the exact solutions. The convergence and error analysis which are discussed demonstrate the effectiveness of the methods. The results obtained from the two numerical methods show that the RK4 method is appropriate, consistent, convergent, quite stable, and more accurate than the Euler's method.

Keywords
ordinary differential equation (ODE), second order initial value problem (IVP), Euler method, fourth order Runge-Kutta method, error analysis


1 Introduction

Ordinary differential equations (ODEs) are mathematical equations that describe the relationship between a function and its derivatives. They are widely used in various fields of science, engineering and mathematics to model physical, biological, and dynamical systems [1–5]. Solving ODEs analytically can often be challenging or even impossible for complex differential equations [6–8]. Therefore, numerical methods play a crucial role in approximating solutions to these equations. The initial value problem (IVP) is a specific type of ODE problem where the values of the unknown function and its derivative(s) are specified at a given initial point. Many researchers developed different methods for solving ordinary differential equations (ODEs) with the initial value problem. Many authors have attempted to solve initial value problems (IVPs) to obtain high accuracy rapidly by using different methods such as the spactral method, the, the Euler's method and Runge Kutta fourth (RK4) order method and some other methods.

Jhnson and Lee explored the application of spectral methods to solve second-order IVP ODEs [9]. The authors employed Legendre polynomials as basis functions and developed spectral schemes to approximate the solution with high accuracy and rapid convergence rates. The advantages of spectral methods in terms of solution accuracy and numerical examples to validate their approach are discussed. Spectral methods are based on representing the solution as a series of basis functions, such as Legendre polynomials, Fourier series or Chebyshev polynomials [6, 10, 11]. By discretizing the problem on a set of collocation points, the unknown function can be approximated by a truncated Legendre polynomial series. These methods provide exponential convergence and are particularly effective for smooth or periodic solutions. It is worth noting that spectral methods, such as the Fourier or Chebyshev methods, have their own advantages for solving ODEs. They are typically more accurate, rapid convergence rates and efficient for problems with only smooth and periodic solutions. Euler's method is straightforward to implement and understand, making it a popular choice for beginners in numerical analysis [5, 11]. It involves only simple arithmetic operations. Euler's method requires fewer computations compared to more complex methods, such as RK4. Hence, it can be computationally more efficient for simple and low-dimensional problems. Since Euler's method only uses information from the previous step to approximate the next step, it can provide a quick estimate of the solution, especially when speed is prioritized over accuracy. RK4 is a higher-order method, which means it provides more accurate approximations compared to Euler's method for a given step size [6, 11, 12]. It achieves this by using multiple evaluations of the derivative at different points within the step, resulting in a smaller truncation error. RK4 is a versatile method that can handle various types of problem, including those with stiff equations and irregular behavior [9]. It is widely used and considered to be one of the most accurate and reliable numerical methods for solving ODEs. Compared to Euler's method, RK4 exhibits better stability properties, making it more suitable for problems that require higher accuracy over longer integration intervals [6, 12]. While there are more advanced and sophisticated numerical methods available, Euler's method and the Runge-Kutta fourth-order method strike a balance between simplicity, efficiency, accuracy, and stability when solving second-order IVPs of ODEs. Euler's method is a basic, easy-to-implement method, while the Runge-Kutta fourth-order method provides higher accuracy, numerical stability, and better control over the solution's accuracy. The choice between these methods depends on the specific problem characteristics, accuracy requirements, available computational resources, and desired trade-offs between accuracy and computational efficiency. Euler's method and Runge-Kutta methods provide a practical and reliable alternative for general second order IVPs of ODEs but spectral methods are accurate and efficient for problems with smooth and periodic solutions. Although extensive research has been conducted on numerical methods for solving first-order IVPs of ODEs, there is a noticeable gap in the literature regarding specialized methods for solving second-order IVPs. Second-order IVPs are more complex due to their involving second derivatives, and applying first-order methods may result in inaccurate solutions or numerical instability. The lack of comprehensive studies on numerical methods tailored for second-order IVPs highlights the need to bridge this gap in the literature. It is crucial to develop and evaluate specialized numerical methods that can reliably and efficiently solve second-order IVPs of ODEs. The aim of this study is to investigate and compare the performance of two widely used numerical methods, namely the Euler method and the Runge-Kutta fourth-order method, in approximating solutions to second-order IVP of ODEs. The study of numerical methods for solving second-order IVP of ODEs with Euler's method and the Runge-Kutta fourth-order method holds significant importance in the field of numerical analysis and scientific computing. Understanding the strengths and limitations of these methods can help researchers, engineers, and scientists select the most appropriate approach for solving ODEs based on specific requirements such as accuracy, efficiency and stability. This knowledge can also aid in optimizing computational algorithms to solve ODEs and providing reliable solutions for real-world problems. In this paper we apply Eulers and fourth order Runge-Kutta method for solving initial value problem of second order ordinary differential equation. A more robust and intricate numerical technique is the Runge-Kutta fourth-order methods. The Runge-Kutta fourth-order (RK4) method generally exhibits better convergence properties compared to Euler's method when solving second-order initial value problems (IVPs) of ordinary differential equations (ODEs). We take an example of a second-order ordinary differential equation to verify our proposed formulation.



2 Problem formulation

In this section, we consider two numerical methods to find approximate solutions of the initial value problem (IVP) of the second-order ordinary differential equation having the following form [9].
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Where [image: image] , [image: image] and f(x, y(x), y′(x)) is the given function and y(x) is the solution of Equation (1). To solve the second-order IVP of ODE by using the Euler and Runge-Kutta fourth-order methods, the second-order initial value problems of ODE can be transformed into a system of first-order initial value problems, which allows the use of standard numerical methods that are widely employed. This approach is commonly known as the first-order system approach and it is indeed not new. In the context of the current study focusing on Euler's method and the Runge-Kutta fourth order (RK4) method, the novelty lies in the analysis and comparison of these specific numerical methods for solving the first-order system derived from the original second-order initial value problem. Although the idea of transforming a second-order initial value problem into a system of first-order problems is not innovative, the analysis and comparison of specific numerical methods applied to the derived first-order system can provide new insights and understanding of their effectiveness, accuracy, stability, convergence properties, and computational efficiency.

We can transform Equation (1) into a system of two first-order ODEs that are grouped as
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Thus, instead of solving Equation (1), we can solve Equation (2)

We note that, with y′ = f(x, y, z) = z, Equation (2) represents the second-order initial value problem.

[image: image]


2.1 Euler method

The Euler method is a simple numerical technique for solving ordinary second-order differential equations. It approximates the solution by taking small steps along the curve defined by the differential equation. It is a basic explicit method for the numerical integration of an ordinary differential equations. Euler proposed his method for initial value problems (IVP) in 1768 [5, 9, 11]. It is the first numerical method to solve IVP and serves to illustrate the concepts involved in advanced methods. It is important to study this because error analysis is easier to understand.

Now let's consider a general second-order ODE with initial value problem (IVP):

[image: image]

To apply Euler's method, we first transform Equation (3) in to a system of two first order ODEs. Transform Equation (3) to systems of two first order ODE, let y′ = z and z′ = f(x, y, z), then Equation (3) becomes
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With initial condition, y(d) = α, y′(d) = β and z(x) = y′(x).

Now, we can apply the Euler method to this system of first-order ODEs. The Euler method updates the functions y and z at each step as follows:
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This is the general formula to solve the second-order ODE with IVP using the Euler method.



2.2 Runge-Kutta fourth order method

This method was devised by two German mathematicians, Runge about 1894 and was extended by Kutta a few years later [6, 11–13]. The Runge-Kutta method is the most popular because it is quite accurate, stable, and easy to programme. This method is distinguished by its order in the sense that it agrees with Taylor's series solution up to terms of hr where r is the order of the method. It does not require a prior computational analysis of higher derivatives of y ( x) as in Taylor's series method. The Runge-Kutta fourth-order method (RK4) is widely used for solving second-order initial value problems (IVP) for an ordinary differential equation (ODE). Now let's consider a general second-order ODE with initial value problem (IVP):

[image: image]

To apply the Runge-Kutta method, we first transform Equation (4) into a system of two first-order ODEs. Transform equation (4) to systems of two first order ODE, let y′ = z and z′ = f(x, y, z), then Equation (4) becomes
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With initial condition, y(d) = α, y′(d) = β and z(x) = y′(x).

Now, we can apply the Runge-Kutta fourth-order method to this system of first-order ODEs. The Runge-Kutta fourth order method updates the functions y and z at each step as follows:

The general formula for the Runge-Kutta approximation to solve systems of equations is given by
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Where k1 = hf(xn, yn, zn)
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3 Error analysis

Error analysis is an essential component when studying numerical methods for solving second-order Initial Value Problems (IVPs) of Ordinary Differential Equations (ODEs) using Euler's method and the Runge-Kutta fourth-order (RK4) method [9]. Error analysis allows us to quantify the accuracy of these methods and understand their convergence properties. In numerical methods, the truncation error and the global error are commonly evaluated. The truncation error in Euler's method arises from the linear approximation of the derivative [14, 15]. It is proportional to the step size h, used in the numerical scheme. Specifically, the truncation error is of order O(h)2, meaning that by halving the step size, the error typically decreases by a factor of four. The truncation error in RK4 arises from the approximation of the derivative at various internal points within the step. It is proportional to the step size h, increased to the power of five. Therefore, the truncation error of RK4 is of order O(h)5, which is significantly smaller than Euler's method [16]. The global error in Euler's method is the cumulative effect of the truncation error at each step throughout the integration interval [17]. As the number of steps increases, the global error accumulates, resulting in a larger discrepancy between the numerical solution and the exact solution. The global error in RK4 is significantly smaller compared to Euler's method [15]. Due to its higher order of accuracy, the cumulative effect of the truncation error is reduced, resulting in a more accurate approximation of the exact solution. It is important to note that while RK4 has a smaller truncation error and is typically more accurate than Euler's method, the step size h, also plays a role. The accuracy of the solution will depend on how small we make the step size h [18]. If |y(xn)-yn| = 0, then a numerical technique is considered as convergent. Where the exact solution is denoted by yn and the approximate solution by y(xn).

Using a smaller step size can improve the accuracy of both methods; however, it can also increase computational cost [19]. In error analysis, it is common to compare the numerical solutions obtained using Euler's method and RK4 to an analytically available exact solution or a solution obtained using a more accurate method (such as a higher-order Runge-Kutta method). By comparing the errors, we can assess the convergence properties of the methods and determine their suitability for a specific problem. In order to verify the accuracy of the suggested methods, we examine first-order initial value problem ODE in this study. MATLAB software is used to obtain the approximate solution for the two numerical methods that are proposed, at different step sizes. The formula for calculating the maximum error is defined by [image: image].


3.1 Numerical example

This section examines a numerical example to verify which numerical techniques converge to an analytical solution more quickly. Errors and numerical solutions are calculated.

Example 1: We consider the initial value problem y′′−3y′+2y = 0 , y(0) = −1 , y′(0) = 0 on the interval 0 ≤ x ≤ 1 with h = 0.1. Then the exact solution to the given problem is given by y(x) = e2x− 2ex.

The approximate results and maximum errors are obtained and shown in Tables 1–4 and the graphs of the numerical solutions are shown as follows in Figures 1–6 from (a)-(r).


TABLE 1 Comparison between Runge–Kutta fourth order and Euler method with exact solution for step size h = 0.1.

[image: Table 1]


TABLE 2 Comparison between Runge–Kutta-fourth order and Euler's method with exact solution for step size h = 0.05.
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TABLE 3 Comparison between Runge–Kutta-fourth order and Eulers method with exact solution for step size h = 0.025.
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TABLE 4 Comparison between Runge–Kutta fourth order and Euler's method with exact solution for step size h = 0.0125.
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FIGURE 1
 Exact and approximate numerical Solutions for h = 0.1, (A) graph of the approximate solution for Eulers and Runge-Kutta fourth order, (B) graph of the approximate solution of Exact and Runge-Kutta fourth order, (C) graph of the approximate solution for Eulers and Exact, and (D) graph of approximate solutions for Euler, Runge-Kutta forth order methods and exact solution.
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FIGURE 2
 Exact and approximate numerical solutions for h = 0.05, (A) graph of the approximate solution for Eulers and Runge-Kutta fourth order, (B) graph of the approximate solution of Exact and Runge-Kutta fourth order, (C) graph of the approximate solution for Eulers and Exact, and (D) graph of approximate solutions for Euler, Runge-Kutta forth order methods and exact solution.
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FIGURE 3
 Exact and approximate numerical solutions for h = 0.025, (A) graph of the approximate solution for Euler's and Runge-Kutta fourth order, (B) graph of the approximate solution of Exact and Runge-Kutta fourth order, (C) graph of the approximate solution for Euler's and Exact, and (D) graph of approximate solutions for Euler, Runge-Kutta forth order methods and exact solution.





4 Discussion of results

In this work the obtained results are shown in the Tables 1–4 and graphically representations are show in the Figures 1–7. The Tables 1–4 shows that the comparison of the two desired methods Euler's and Runge-Kutta fourth order method with the exact solution and also the Figures 1–4 shows that the graph of the approximate solution for Euler and Runge-Kutta methods for each step size h. The approximated numerical solution is calculated with the step size h = 0.1, 0.05, 0.025, 0.125. The approximate solution of Euler's and Runge-Kutta fourth order methods have different values for the same step size h for each iteration for example when we compared the accuracy of the Euler and Runge-Kutta fourth order method with sizes h = 0.1 and h = 0.05, then approximated solution with the step size h = 0.1 has less accurate then the approximated solution with the step size h = 0.05 because the error of approximate values for h = 0.1 is greater than the error for h = 0.05 in each iterations. This shows that the Euler's method with h = 0.1 and h = 0.05 does not converges to the exact solution. Similarly for the step sizes h = 0.025 and h = 0.0125, then approximate solution with the step size h = 0.025 has less accurate than the approximate the solution with the step size h = 0.0125 because of the approximate solution with the step size h = 0.0125 has less absolute error then the approximated solution for h = 0.025. This shows that the Euler's method with h = 0.1 and h = 0.05 does not converges to the exact solution but for h = 0.025 and h = 0.0125 Converges slowly to exact solution. The Runge-Kutta fourth order method with the same step size also the approximate solution obtained for h = 0.1 and h = 0.05 converges gradually to exact solution but the approximate for h = 0.025 and h = 0.0125 converges fatly to exact solution. This shows that as the step size decreases the accuracy the approximate solution also increases. The Figures 5, 6 shows that the approximate solution of Euler and Runge-Kutta fourth order method with the same step size respectively. According to Figure 5 the graph of the approximate solution for Runge-Kutta fourth order method are approximately all are overlapped because of little difference between approximate solutions of Runge-Kutta methods with Exact solution (i.e., error) for each h values. From the Figure 6 also the graph of approximated solutions for Euler's method has the gap between two consecutives step sizes this shows that Euler's method has maximum absolute error compared to Runge-Kutta fourth order for same step size. Graph of approximated solutions for h = 0.0125 is above the graph of approximated value for h = 0.1, 0.05, 0.025 this means that the graph of approximated solution approach's to the graph of exact solution as step size decreases but the graph for approximated solution for h = 0.1 is under the graph of approximated solution for h = 0.05, 0.025, 0.0125 this means that it away from the graph of exact solution and it has maximum error for h = 0.1. In the Figure 7 the graph of maximum absolute error for Euler and Runge-Kutta fourth order for each step size are plotted. The graph of error for Euler's method in Figure 7 for h = 0.1 is above h = 0.05, 0.025, and 0.0125 this shows the approximate solution for h=0.1 has maximum error then all approximated solution for h = 0.05, 0.025, 0.0125 but for h = 0.0125 the error graph is below h = 0.05, 0.025, and 0.1 this shows that the absolute error for h = 0.0125 is less then all other approximated solution for h = 0.05, 0.025, and 0.1 for every iteration. Additionally, error analysis for Runge-Kutta method in Figure 7 the graph of error for each step size resembles overlapped to x-axis that means the error for Runge-Kutta is almost tends to zero. From the Figure 7 we observed that Runge-Kutta fourth order converges fastly then the Euler's method with the same step size. The absolute error for each step size h of Euler and Runge-Kutta fourth order methods tends to zero as the step size tends to zero. Although the fourth order Runge-Kutta method is more accurate than the Euler's approach, which only requires one-fourth the step size, it is arduous and takes four evaluations per step size. Finally, we noticed that, as the tables and figures show, the fourth order Runge-Kutta method is the most effective approach for solving second order initial value problem for ordinary differential equations, and that it is converging more quickly than the Euler method.


[image: Figure 4]
FIGURE 4
 Exact and approximate numerical Solutions for h = 0.0125, (A) graph of the approximate solution for Euler's and Runge-Kutta fourth order, (B) graph of the approximate solution of Exact and Runge-Kutta fourth order, (C) graph of the approximate solution for Eulers and Exact, and (D) graph of approximate solutions for Euler, Runge-Kutta forth order methods and exact solution.
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FIGURE 5
 Approximate value for Runge-Kutta fourth order method for each step size.



[image: Figure 6]
FIGURE 6
 Approximate value for each step size in Euler method.



[image: Figure 7]
FIGURE 7
 The approximated error for Euler and Runge-Kutta fourth order for different step size.




5 Conclusion

In this work, we have discussed Euler's and fourth order Runge-Kutta method for solving second order initial value problems that provides efficient solutions. To achieve the desired accuracy of the numerical solution it is necessary to take step size small. From the tables and figures, we can see that accuracy of the method obtained for decreasing the step size h. The numerical solutions obtained by the two methods are in good agreement with the exact solutions. However, by comparing the results of the two methods, we state that the RK4 Method is appropriate, consistent, convergent, quite stable, and more accurate than the Euler's method and it is widely used in numerical solutions of second order initial value problems in ordinary differential equations. Our research will be helpful in many scientific areas where numerical computations are needed.
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