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non-linear neutral terms
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This study primarily seeks to expand upon these developments by encompassing
neutral differential equations of mixed type, incorporating both delay and
advanced terms, particularly in the case of the canonical operator. The presented
results are derived from the application of the comparison method, Riccati
transformation, and integral averaging technique. These methodologies lead
to substantial improvements and extensions of existing results found in the
literature. Additionally, illustrative examples are provided to demonstrate the
practical implications of the developed criteria.
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1 Introduction

In recent years, scholars have shown a growing interest in studying the oscillatory
behavior of solutions to second-order differential and dynamic equations. This attention
is motivated by the significance of such behavior in real-life applications, such as steam
turbine regulation, neural networks, and governing equations which describe the temporal
variation of hormones; see [1-9]. Moreover, there exist numerous sophisticated equations
that serve as applications or direct representations of problems reliant on both present
and future rates of change for further applications in science and technology; see [10].
An advanced argument is characterized by its ability to characterize the impact of a
hypothetical future acts. It is commonly observed in phenomena such as population
dynamics and economic difficulties.

In this study, we discuss the oscillatory behavior of second-order non-linear neutral
differential equations with mixed non-linear neutral terms of the form

(a(0)Pe (Z())) + )Py (x(0 () + () Pp(x(p(@)) =0, ¢ =8 >0, (1)
and

2(¢) = Py(x(2)) + p1(8) @5 (x(1(2))) + ep2(£) Py (x(12(2))),

where ®,(s) = |s|*~! for * > 0 and & = £1. Throughout this article, we assume that the
following hypotheses hold
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(Hy) @,n, A, v,y and B are ratios of odd positive integers;
(H2) a,p1,p2,qandr € C([{o,oo), (0, oo)), Equation (1) is in
canonical form, i.e.,

/ " ()ds = oo @)
%o

(H3) 11,72,0,¢ € C([£,00),R) such that 6(¢) < ¢, 7,75 > 0
and ¢(¢) > ¢ with

lim 7;(¢) = lim 7,(¢) = lim o(¢) = oo.

{—00 {—00 {—>00

By a solution of Equation (1), we mean a non-trivial function
x € C([Tx, oo),R), Ty > &o, which has the properties z €
ct ([Tx, oo),]R), a(Z)¥ e C([Tx, oo),]R) and satisfies Equation (1)
on [Ty, 00). Our attention is restricted to those solutions x(¢) of
|:§ > T} > 0forall T > Ty. We
assume that Equation (1) possesses such a solution. A solution of

Equation (1) satisfying sup { |x(§)

Equation (1) is called oscillatory if it has arbitrarily large zeros on
[Ty, 00); otherwise, it is termed non-oscillatory. Equation (1) is said
to be oscillatory if all solutions are oscillatory.

The literature extensively addresses the oscillation and
asymptotic behavior of solutions across various classes of delay
and advanced differential equations. Recently, Tung and Ozdemir
[11] introduced novel sufficient conditions for solutions to second-
order half-linear differential equations.

(a)((+0) + prE)x(&1(©) + p2(O)x(2(¢))))
+ 9(0)x*(h(2)) =0,
where g1(¢) < ¢, £(¢) > ¢, p1(¢) = 0and pa(¢) > Lpa(t) #
1 for large ¢. In the study by Agwa et al. [12], developed new

oscillation criteria for the second-order non-linear neutral dynamic
equation with mixed arguments

A
() ((x@) + p1©)x (11©) + p2()x (20))*))
+ f(¢,x(0(2))) + (¢, x(¢(2)) ) =0,
in the canonical and non-canonical cases. In the study by Moaaz

etal. [9], investigated the oscillatory and asymptotic properties of a
specific class of delay differential equations of mixed neutral type

(A () + PrO)x(ri () + p2@)x(r2()))
+q(@)x (0/(0) + (%" (9(0) =

with the non-canonical operator.
Very recently, in the study by Grace et al. [13], introduced novel
criteria for the oscillation of second-order non-linear differential

equations featuring mixed non-linear neutral terms and mixed
deviating arguments

(A (@) + PO (@) = p2()x" (22(09) %)
+q(0)x* (0 (£)) + r(£)x* (¢(2)) = 0.

Upon reviewing the literature, it becomes evident that
numerous results pertain to the oscillation of second-order
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differential equations with linear neutral terms. In contrast, there
is a paucity of articles dedicated to exploring differential equations
featuring sublinear or superlinear neutral terms, as evidenced in
the studies by Agarwal et al. [14], Bohner et al. [15], DZurina
et al. [16], Grace et al. [17], Lin and Tang [18], and Muhib et al.
[19]. Furthermore, there is a notable scarcity of results concerning
equations incorporating both sublinear and superlinear neutral
terms. Motivated by this gap, this study aims to establish oscillation
criteria for a specific class of second-order mixed functional
differential equations (Equation 1) characterized by sublinear and
superlinear neutral terms under the conditions where either ¢ =
—1ore = +1, n differs from 1. To the best of our knowledge, there
does not appear to be any oscillation results for Equation (1) when
n # 1. Additionally, it is worth noting that the findings presented
in this study are novel even in the linear case.

2 Preliminaries

In discussing oscillation results for Equation (1), we assume
that any functional inequality holds for all large ¢. To lay the
groundwork for our key results, we first define a few lemmas. To
keep things simple, we will use these symbols

1/(1—2)

E (I—2p @)

At,0) = /; a9k Re= T
-1 v / !

2= S0, pl = maxlso)

1 ~1 .
8i(0) = { (z+1)/2(f(5 z)/2(T(i+1)/2(§)))» l.— L3 ()

Tif2 (T,/z ((9)X i=2,4

1A (82(2)),¢3)
A (7N, &) P17 (52(0))

Lpa(r; (A (81(2),¢3)
A(TH0), ) p) M (812)

1-17 (1= Dpo(z)! (;»)

cp?* <52<c)) p}(81(0))
i Lpi(ry 1(©) a-D

TG P65 cpl (5a())

(1= 5)pi(557(0))
ey (83(0))

U Lpa(t7  (©)A (81(2), ¢3) a-1

"G5 P GENA (10 8) el (85(0))

(= Ppa @)

v/ Cyx > 0) (3 € [;0,00).
cxpy’ " (81())

Lemma 1. Baculikovd [20] and Philos [21] Let g; :[£p,00) —
(0,00), g1:[¢0,00) — Rand f:R — R are continuous functions,
f is non-decreasing with xf(x) > 0 for x # 0 and g;({) — oo as

¢ — oo. If
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(i) The first-order delay differential inequality (i.e., g1(¢) < ¢)

PN+ q@Of @) <0

has an eventually positive solution, so does the corresponding
delay differential equation.

(ii) The first-order
s18)=¢)

advanced differential inequality (i.e.,

MO = O)f @) =0

has an eventually positive solution, so does the corresponding
advanced differential equation.

Lemma 2. Hardyetal. [22] If X,Y > 0, then

XS+ (E—1D)Y —gxyS 1 >0, for£>1 3)

and

X—(1-&Y —exyéf <0, foro<é<1, (4

where equalities hold if and only if X = Y.

Lemma 3. Hardy et al. [22] If B, L be non-negative numbers and if
m, n > 1 are real numbers such that % + % =1, then

1 1
BL < —-B"+ —L™.
n m

Equality holds if and only if B” = L™.
+1
Lemma 4. Bohneretal. [23] Let G(U) = AU—B(U—R)MT , where
B > 0, A and B are constants, i is a ratio of odd positive integers.
Then, G attains its maximum value at U, = R+ (1A /((i + 1)B)*)
and

uht ARt

UeR

(5)

3 Thecasee = -1

In this section, we investigate the oscillatory characteristics of
solutions to Equation (1) under the conditions where ¢ = —1,
71(¢) = 12(¢) = 1(¢), and either of the following conditions is
satisfied either A < 1andv > l,orA <v < 1.

Theorem 1. Suppose 711(¢) = 12(¢) = t(¢), 2 < L, v > 1,and
conditions (Hj)-(H3) are satisfied. Additionally, assume that

;lggo [Ri(¢) + Ra(0)] =0, (6)

and there exists a non-decreasing function o(¢) € C ([{0, oo),R)
such that

0 (0) < 0@) < ¢t N e©) = ¢ and T (p(0(0(2)) = ¢,

(7)
for ¢ > ¢o. If there exist constant ¢; € (0, 1) such that the first-order
differential equations

F'(€) + ¢y q(0)A" (o (£), &)Y * (0 () =0, (8)
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Ale(§), T (0 (2))

y/v
Qv/ev =0, (9
P10 @) ) =00

Q') +q(§)(

Z(0) - (1 / { r(S)dS>W 2/ (r (p(0(2))) = 0
(@) Jow) pB" (x=1(p(s)))
(10)

are oscillatory for sufficiently large ¢, > &1 > ¢, then every

solution of Equation (1) is oscillatory.

Proof. Consider a non-oscillatory solution x(¢) of Equation (1).
Without loss of generality, let us assume that x(¢) is eventually
positive with lim; o x(¢) # 0 for ¢ > ¢o. Hence, x(¢) > 0,
x(z(¢)) > 0, x(0(5)) > 0,and x(¢(¢)) > Ofor & = &1 = &o. It
is worth noting that the proof for the case where x(¢) is eventually
negative follows a similar path and is therefore omitted. Now, from
Equation (1), it can be inferred that

(a@) (Z(9)") = —q(O)x" (6(£)) — r()xP(p(£)) < 0.

Thus, (a({ ) (z/(g ))a) is decreasing and eventually of one sign.
In other words, there exists &, > ¢; such that Z/(¢) > 0 or
Z(¢) < 0for ¢ > ;. Therefore, we will distinguish the following
four cases:

Case(I): z

( ) >0andz
Im: z
(

(

)>0andz
) <0andz
) <0andZ

¢) <0,
¢) >0,
¢) >0,
¢) <0.

Case
Case(III): z
Case(IV): z

Initially, let us examine Case (I). Depending on the fact that
Z(¢) < 0 and (a({) (z/({))a)/ < 0, in accordance with Equation
(2), we conclude that lim; . z({) = —o0, contradicting the
established condition z(¢) > 0. Therefore, Case (I) is deemed
impossible. For the second case, based on the definition of z(¢), we
have

2(¢) = X1(0) = pa()x" (2 () + pr(£)x" (2 (2)). (11)

Utilizing inequality (5) with U = x7(¢), A = 1, B = p2(¢),
R=x"(¢) — x(t(¢)),and u = ﬁ, we deduce

x1(&) = p2(0)x" (2 (2)) < x"(¢) — x(z(¢))
1/(v—1)
()

PO <ﬁ>“/("‘“

-1 .
(v l))p;/a 0.

=x"() —x(z(¢) +

pv/ (=
This with Equation (11) leads to
1 _U
() = 2(0) + x(2(0) — P (x(0)) — ‘fﬁ/(v_f)pi/ ).
(12)
Applying the inequality (4) to [pl(g‘)x)‘(r(g‘)) — x(r(())] with

E=0MX=x(t(¢))and Y = W, we obtain

PUOR ((6)) = x(x () = ()] ¥ (1 (¢)) - ﬁxu(c»]

_a=p"P)
= W/ (0=1)
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It is deduced from Equation (12) that

-1 - 1—2 _
X1(¢) = 2(¢) — v(‘j,(v_f)pi/ =) - A(k B i)

R+ Ro0))
‘(1 20 )Zm'

As z(¢) is positive and increasing, there exists a constant ¢ > 0,
ensuring z(¢) > ¢ for ¢ > ¢,. This implies

¥() = (1 - W) 2(¢). (13)

Therefore, based on Equations (6, 13), a constant ¢; € (0, 1)
exists, such that

x(¢) > c%/"zl/"(g) = czzl/”(g); = ci/" for¢ > ¢z > 0.

(14)
Combining Equation (14) with Equation (1), we get

(a(0) (Z(©)) < = q(0)2" (o () — Fr(©)2 M (e(0)). (15)

Consequently, since z(¢) is increasing,

¢ 1/ /
@) > f; O b o A o) @ OZ@). (16)

X al/a(s)

This with Equation (15) leads to

(a(©) (Z())") + & gAY (0 (¢), ¢3)
(alo (D)) (o ())*)!/e" < 0.

Letting F (¢): = a(¢) (z/({))a, we have

F'©) + S q)A"(e(6), &) F "0 (0) <0.  (17)

By applying Lemma 1 (i), the differential Equation (8)

associated with the inequality (17) reveals the existence of a positive
solution, leading to a contradiction.

Now, suppose the case (IIT) holds, we have z(¢) < 0 and
Z/(¢) > 0. Let

2(¢) = —2(8) = —x"(¢) — p1(OK*(z(¢))
+p2(0)x"(1(8)) < pa()x"(2(2)),

it follows that
Zr71(2) )”“
nE@)y)

It can be inferred from Equation (1) that

x(¢) = ( (18)

(a(0) (Z(©)") = g% (0()) + )P (9(2)) = q(O)x" (0(2))

~(+—1 v/v
Zq({)<2(r (a(z)))) _

PACRICI3) {2

Since Z/(¢) < 0, we have

" (a(s)(Z ()

gy sz Almm)—a )z ()

z(m) — z(n) = —
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Letting m = t~1(0(¢)) and n = 0(¢), we conclude
20 (©) = Ae(), T o (O)))(—a*(0(¢)Z (0(2))). (20)

Combining Equations (19, 20) yields

A(g(o,r—l(a(;))))w”
(10 (2)))
(a(0(2))(F (0()))*)r /™.

(a0) Z(©)") = —q(0) (

That is as follows:

, A(Q@),z—l(a(;))))”“ s
Q(£)+q(£)<—p2(r,1(a({))) QY% e(g)) =0, (21)

where Q'(¢): = (a({) (Z({))a). By applying Lemma 1 (i), we
conclude that the Equation (9) corresponding to the inequality (21)
also possesses a positive solution, leading to a contradiction.
Ultimately, examine the case (IV) wherein z(¢) < 0and z/(¢) <
0. As in the preceding case, let us take z(¢) = —z(¢). Utilizing
Equation (18) in conjunction with Equation (1), we obtain

(@) (Z(©)%) = &) (0(2)) + r(&)xP (p(0))
2t 1o (2))) )””
= 4) (pz(r_l(o(é“)))
2t (p(0))) )W Y
o (m(r—l(w(c)))

2 p(0))) )f‘/ "
=) (m(rl(w(;)» '

Integrating from o(¢) to ¢, we get

7(0) > (1 f ; Mds)l/a /(" ((0(0)))
~\a©) Jow) p2 (1 (0(9))) ’
(22)

which has a positive solution z(¢). It follows from Lemma 1 (ii) that
the Equation 10 corresponds the inequality (22) also has a positive
solution. This completes the proof.

Corollary 1. Assume that 71(¢) = ©2(¢) = ©(¢), A < Lv > 1,
and (H;)-(Hj3) hold. Furthermore, assume that Equation (6) holds
and there exists a non-decreasing function o(¢) € C ([{0, ), R)
satisfies Equation (7). If

¢
lim q(s)A”/"(a(s),53)ds =o0 fory <an,

—>00 o

CE (AT e\
i o0 () e oy
and

o v
lim —/ ﬂ/vidu ds=o00 forf > av
t—00 Jgy \ als) Jogs) P57 (t~He(u)))

hold for sufficiently large ¢&2 > ¢1 > o, then every solution of
Equation (1) is oscillatory.
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Theorem 2. Assume that 71(¢)
v > 1, B > an, and (Hy)-(H
that Equation (6) holds and there exists a non-decreasing function
o) eC ([{o, ), ]R) satisfies Equation (7). If there exist function
p(¢) e C! ([{o, 0), (0, oo)) and ¢, > 0 such that

¢ 1/a ’
. B ana'/®(s) ey pl(s) yetly
h?f;p/;(] [CZr(s)p(s)_(ﬁcf/(na—np(s)) ((a—|—l)) ]ds_oo’
(23)

and the differential equations (9) and (10) are oscillatory for

72(¢) (@) A < 1,

3) hold. Furthermore, assume

sufficiently large ¢ > ¢, then every solution of Equation (1) is
oscillatory.

Proof. Let x(¢) be a non-oscillatory solution of Equation (1).
Following the same proof of Theorem 1, we arrive at Equation (16).
Define the Riccati transformation by

a(¢) (2())”
() = P(f)w) ¢ = &o. (24)
Then, w(¢) > 0 and
o P©) (a(0) (2(©)")
o/() = 2o @)+ P& Gr
a(2) (Z(©))" B2Pm=1(0)7 (¢)
_p(f) 22/3/’7({)
_P© (6@ (Z@)*)  pZ©)
=) O TP s e ()w(c)
Using the monotonicity of z(¢) with Equations (15, 16),
we get
) £) ()
w({)s’; £ 06) = ) (0) - ﬁz(f) (2.
B/(na)—1
< PO (o) = Erone) - £ @ v

9) (§)at/*(¢)

Given that z(¢) > 0and Z/(¢) > 0, it follows that there exists
a positive constant ¢, > 0 such that z(¢) > ¢, for ¢ > .

Consequently, we have

g o
= * a)(oH—l)/a({).
n pl(g)al/(g)

P (&)
p(¢)

w'(0) < w(2)—Ere)p0) -

Applying the inequality (5), we get

, ano /¥ (a¢)Ne p pL(Q) 5
o) = ( o ) (armom)  —4ron.
Integrating from ({3 > &) to ¢, we obtain
¢ 1/« ’
5 analla(s) ey pl(s) \ett
/{3 [”r(s)"(s)_(,scf/w“p(s)) (ahp) Jas=ow)

This contradiction contradicts Equation (23). By completing
the proof for the two cases (III) and (IV) in a manner similar
to the proof of Theorem 1, we arrive at the conclusion of
the theorem.
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Theorem 3. Assume that 7;(¢) = 1©(¢) (&), r» <v <1,
and (H;)-(H3) are satisfied. Additionally, assume that all other
conditions of Theorem 1 are met, replacing Equation (6) with

_)\ v/(v— —v
R (9% )(o):o, (25)

. v
lim <
—>00

then the conclusion of Theorem Iremains valid.

Proof. Let x(¢) be a non-oscillatory solution of Equation (1). For
convenience, assume, without loss of generality, that x(¢) becomes
eventually positive. Consequently, there exists {; > ¢o such that
x(¢) > 0, x((¢)) > 0,x(0(¢)) > 0,and x(p(¢)) > 0for & > ¢y.
Employing a similar approach as in the proof of Theorem 1, we
analyze the four cases (I)-(IV) for z(¢).

Firstly, consider case (I). As demonstrated in the proof of case
(I) for Theorem 1, it is evident that this case is not feasible.

Next, let us examine  case (II).

[P1(O)x*(2(€)) = p2(&)x* (z(¢))] in the form

Expressing

PO (T(2)) — p2(O)x"(x(¢))

v N Api@) A, v/
= s @O[F Ny s = T e |
Applying inequality (3) withn = 7, B = (), L = %“z;g;

)
and m = T3> we get

(&)\ /=2
Che)

2" @py @),

PUE (€)= P2 (1 () = Tp2(0)] -

—A
A

It follows from definition of z(¢) that

l}_)»pv/(v A)( ) A/ (A—v) (C) 1/
x(¢) = (1 - 20) 1(¢).

Therefore, considering Equation (25) and the positivity and
increasing nature of z(¢), it follows that there exists a constant
¢3 € (0, 1) such that

x(¢) = &/"2(g). (26)

Concluding the proof in a manner similar to the proof of
Theorem 1, replacing Equation (14) with Equation (26), leading to
the conclusion of the theorem.

Remark 1. The outcomes of Corollary 1 and Theorem 2 can
be directly applied to Theorem 3, replacing Equation (6) with
Equation (25) and considering A < v < linstead of A < 1,v > 1.

4 Thecasee =+1

In this section, we investigate the oscillatory behavior of
solutions to Equation (1) under the conditions ¢ = +1, 7;(¢) < ¢,
and 72(¢) > ¢. Specifically, we consider cases where either of the
following three conditions holds v < A with n < A, or A < v with
n<v,orn <v <aAa.
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Theorem 4. Assume that 71(¢) < ¢, 02(¢) > v < A, < A, Applying inequality (4) with Y = 1, we get
and conditions (H;)-(H3) are satisfied. Additionally, suppose that
foranyc, > 0 2(0)
Jim $i16) =o0. @ e -7 0=PpEe)
= =1 1 n/A v/A
If there exists a number k3 € (0,1) such that the first-order p1(T1n ©) (82@)) P Gi()
delay differential equation m [2(52(6)) = x"(52(6)) = p2(82(O))x" (12826 )))]
HIOA(0.5)

Otk e (En=0 @8 _ W [20516)) = (610D = p2(61 ¥ (1 )] |
is oscillatory for sufficiently large ¢, > ¢1 > o, then every solution - 1 I:Z(I_I(C)) B AZ(‘SZ(;)) Apz(fl—l({)) (51(2))
of Equation (1) is oscillatory. - Pl(fl_l(C)) 1 ?7/?»(82@)) V//\(al({))
Proof. Let x(¢) be a non-oscillatory solution of Equation (1). _( 1—% 1 - )pz(r1 1(;))>] (32)
Without loss of generality, assume that x(¢) is eventually positive p717/)‘(82(§)) V/l( 81(¢))

for ¢ > ¢o. Therefore, there exists {; > o such that x(¢) > 0,

x(11(2)) > 0, x(12(¢)) > 0, x(0(¢)) > 0, and x(¢(¢)) > 0 for Z({) '
¢ > ¢ It follows that z(¢) > 0 for ¢ > ¢y, which means that Given Equation (16), which implies that Ao 1S decreasing,

cases (IIT) and (IV) mentioned before in the proof of Theorem 1 ~ we can deduce that §,(¢) > T17'(¢) and §1(¢) > Tz(ffl(f)) >
are impossible here. Consequently, we shall study the two cases, T '(¢). Therefore, we have

namely, case (I) and case (II) in detail.

From Equation (1), we have Equation (15). FiI/'St, suppose that A ( ©) 53) .
case (I) holds. Since z/(¢) < 0 and (a(;‘) (z/({))a) < 0, according 2(82(8)) £ ————2(r; (¢)) and
to Equation (2), z(¢) must be negative, which contradicts the A (Tl ©, Q)
positivity of z(¢), making this case impossible. 28:1(0)) < A (81(2)), 83) 2z7(0)).
Now, consider the possibility that case (II) holds. In this case, A (Tl_ o), ts) '

we have Z/(¢) > 0 for ¢ > ¢;. From the definition of z(¢), we have

Hence, Equation (32) takes the form
M11(0) =

Plt;) [2(6) = x"(§) = p2(O)x" (m2(¢))].

n
It follows that x}‘(g) - 2ty (5)) [1 AA((SZ(;)) 53)

Tt O AN, 6) Pl 6:(0))
(0) = ——— [a(r (€)= +"(z ' (0) 3 O)A (31(6): 85)
P A0, 6) P (810))
_( 1-1 L= A>pz(r11(;)>) 1 ]
PV (52(0)) Py )

—pa(z; (O (ra( ()] (29)

Hence,

v —1 _ 1 i
* oy O = Pl% 51(2)) [26:16) =" B1(6) By virtue of the positivity and increasing fact of z(¢), there a

constant ¢, > 0 such that z(¢) > ¢, for { > ¢4 > ¢3 and
PG @GN B0 neauently, we have )

and

A 1 YN C(9) [i - 1A (5:0)) ¢3)

X" (7, (C))=m[z(82(§))—x"(52@)) “pi(r Q) A(Tfl({),é}) ”/k(Sg(C))
i T E)A (516, 53)

A0, 63) ) (510)

2SO (L G@ON]r. G

Combining Equations (30, 31) with Equation (29), we get

)
_( 1-12 (1—2)p, (r;l(o))]
! (6:(2)) c*p/ (61())

N 1 . 1
x*(¢) E=n [z(r) (¢)) — p?“(z‘i ) [2(82(2))
—x7(8,()) — pa(82(¢))x" (1’2(82({)))]”” It follows from Equation (27) that there exists a constant ¢4 €
. (0, 1) such that
*M [2651(2)) — x7(51(0)
(5 ( )) C4/A21/)‘(‘L’ ({))
—p2(B1 N (w281 (ON] 1. Oz gy iE (33)
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This with Equation (15) leads to

2 (17 N0 (2)))
ARG CA())
PP LA (A (1(9)))

T P
(" (0(2))
I Z”“(fl Yo (2)
y//\ -1
(z; (o (()))

(@) Z@©)") < —c*q()

<- (34)

Given that z(¢) is an increasing function and 7, 1(0(()) >
"(0(¢))) = z(o(¢)). Hence,

o(¢), we can conclude that z(t
Equation (34) takes the form

20 ()

V/?»
q(Q)—— 2,
A CCA(9))

(a@) (Z(©)") < - (35)

Since (a({) (z’(;))a)/ is positive and decreasing, a conclusion
analogous to the proof of Theorem 1 leads us to Equation (16). By
substituting Equation (16) into Equation (35), we obtain

v/ gAY (0(¢),¢3)

FY o (g)) < 0,
P 0 (@)

F'(&) +ey (36)

where F(¢): = a(?) (z’(;))a. According to Lemma 2 (i), the
differential equation (27) associated with the inequality (36) also
possesses a positive solution. However, this contradicts our earlier
assertion. As a result, the proof is completed.

Theorem 5. Assume that 7;(¢) < ¢, 2(¢) > ¢, A < v,n < v,and
conditions (H;)-(H3) are satisfied. Additionally, suppose that

t—00

(37)

If there exists a number k4 € (0,1) such that the first-order
delay differential equation

(0)AY" (5710 (0)),&3)
I CRI ()

)+ Frlo o) =0, (38)

is oscillatory for sufficiently large £, > ¢1 > o, then every solution
of Equation (1) is also oscillatory.

Proof. Let x(¢) be a non-oscillatory solution of Equation (1).
Following the approach outlined in the proof of Theorem 4, we
deduce that the possible case for z(¢) is z(¢) > 0, Z/(¢) > 0 and
(a(0)(Z(£))*) < 0holds for ¢ > ¢; > . From the definition of
z(¢), we have

2 (0(0)) = p;{) [2(2) — 27(2) — 1O (@ ()]
It follows that
@) = — [ @) - 5 Q)

pa(y (0))

—p1(z; ") (1 (1, ()] - (39)
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Hence,

(e H(©9) = [2(85(£)) — x"(85(¢))

1
P75 (85(2))

—p1 GNP @G ON]" . (40)

and

x(ry 1(0) = [2(84(¢))

1Y (84()

)2 )

—x1(84(2)) — p1(84(O)X (11 (B4 e))]" . (41)

Combining Equations (40, 41) with Equation (39), we get

xM(¢) = [z(z; '(¢)) — [2(84(¢))

1
p2(1; () P2V (84(2))
—x(84(0)) — pr B4 () (@ Ba@N]""
)
5" (85(¢))
(BN (@G ON].

[2(85(£)) — x"(85(¢))

Applying inequality (4) with Y = 1, we get

x'(¢) = EC09))

1
pa(ry (0))

77

"/”«s ©)
—p1(84(0))x* (11(84(2)))]
A —1
- M [2055(0) — 1(65(2)
(83(0))
—P1(53(C))Xk(fl (83(2))]
a-o  a- )pl(rzl(;»]
"/“<a4(<;)) 25" (85(0))
12(84(0))
"/”(s ©)

[2(84(2)) — x"(84(2))

St oy ey @) -

2oy (157 1(2))2(85(0))
PAMCNCS)
1=  (1=2p )
) PG

I (42)

é{ is decreasing, 84(¢) > rz_l(g) and §3(¢) >

n(r; (€)= 57'(¢), we have z(84(¢)) < z(r;'(¢)) and
2(83(¢)) < z(rz_l(g‘)). Hence, Equation (42) takes the form

Since

o (571(0))
+ k/v
84(2)) (55(2))
(1—2p(5 @), 1 )]
AR CN D) I C ()

) 21, 1(¢)) z
€)= 1—
w pz(rgl({))[ (p;’/“(

(1-1
"/”(84(4))

+

By virtue of the positivity and increasing fact of z(¢), there a

constant ¢, > 0 such that z(¢) > ¢, for ¢ > ¢4 > ¢3 and
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consequently, we have

@) > 2(1;1(¢)) [ 1 %Pl(fz_l(C))
P25y 1) PV Gae)) Py (85(0))
a-1

0= Bpi @) l
AL CNC) R A O (9)

It follows from Equation (37) that there exists a constant ¢s €
(0, 1) such that

"2 (5 ©))

P (@)
This with Equation (15) leads to

x(¢) =

(@ (2))
[ (9))
£ B o))
()

TP (e ()
21 (1Mo (2)))
21 (57 e (@)

y/v z /U(‘L'

(a(®) (Z(©)") = -} q(¢)
—c

< _ V/Vq(

=—c (43)

Since (a({) (z/(g))"‘)’ is positive and decreasing, a conclusion
analogous to the proof of Theorem 1 leads us to Equation (16). By
substituting Equation (16) into Equation (43), we obtain

e y/uq(cw/”( AR )

F'@)
I CIR ()

(0(£)) =0, (44

where f(¢): = a(¢) (z’(;))a
differential equation (37) associated with the inequality (44) also

. According to Lemma 2 (i), the

possesses a positive solution. However, this contradicts our earlier
assertion. As a result, the proof is completed.

Theorem 6. Assume that 7,(¢) < ¢, 12(¢) > ¢, n < v < A, and
conditions (H;)-(H3) are satisfied. Additionally, suppose that

lim $3(¢) = 0.

{—>00

(45)

If there exists a number k3 € (0, 1) such that the first-order
delay differential equation (28) is oscillatory for sufficiently large
& > &1 > o, then every solution of Equation (1) is also oscillatory.

Proof. Let x(¢) be a non-oscillatory solution of Equation (1).
Following the approach outlined in the proof of Theorem 4, we
deduce that the possible case for z(¢) is z(¢) > 0, Z/(¢) > 0 and
(a(¢)(Z(£))*) < 0holds for ¢ > ¢; > . From the definition of
z(¢), we have Equation (29). Hence,

(7 NE) = [2(85(2)) — x"(85(¢))

PV (85(0))
—pr@Bs @) (mGs@ON]”", (46)
and
1
(@ @) = < [2(61(6)) = x"(81(2))
Pl (81(;
21O (mGUON] . (47)
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Combining Equations (46, 47) with Equation (29), we get

) = Z(’[lf“)
)
1 |:[Z(35(§)) — x1(85(¢)) — p1(85(0)) (1 (85(2))]"" ]
') P2 (65(0))
() {[z(&(c)) —X1510) - P2(31(C))x”(rz(&(f)))]vMi|
Q) P 61(0) '

Applying the inequality (4) with Y = 1, we obtain

2 @) B 12(85(2))
@) pia @)Y 65(0))
(e (€))2(81(8))
P O 610))
1-1
o @np 65(0))

= HpE @)
i O (51(0)

(48)
Since Aé{{) is decreasing, 85(¢) > 7, ' (¢) and 8;(¢) > 7, ' (¢),
we have 2(35(¢0)) < 2(ry”' () and 2(01(0)) = {EHEEEL 2(x7! (0)).

Hence, Equation (48) takes the form

e = 2(r () [1 T i @A (i16).¢)
p it pies@)  py M)A (7). )
=D |, 0=PpE'e), 1 ]
P (55(2) ) EE)
- 2(r; () [1 1 Fpa(t Yena (81(2),23)
T Ol 65 P i)A (17N &)
1-1

= Lpa(ry ! (E))]

) 65(0)) ) (51(2))

for ¢ > ¢4 > ¢3. Now from Equation (45), it follows that there
exists a constant ¢ € (0, 1) such that

P2 ()
[ Ca(9)!

Completing the proof following the steps outlined in the proof
of Theorem 4 and substituting Equation (33) with Equation (49),
we arrive at the same conclusion as stated in the theorem. This
completes the proof.

x(0) = for¢ = ¢4 (49)

Corollary 2. Assume that all the hypotheses of Theorem 4 are
satisfied, with the modification that the condition

lim /4 gAY ™ (o (s),81)
{—o00 ;—0

P o)
is used instead of the condition in Equation (28), and then, the
conclusion of Theorem 4 holds.

ds=o00 for y < ahr

Corollary 3. Assume that all the hypotheses of Theorem 5 are
satisfied, with the modification that the condition

¢ qA"" (' (0 (s), 4“1)

lim 7 N
Py (1 (0 (s))

{—>00 %o

=o0 for y <av
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is used instead of the condition in Equation (38), and then, the
conclusion of Theorem 5 holds.

Now, we consider the following special case of Equation (1). We
considern = A = v = landa = B = y with p5({) = 0 and
P1(2) > 1 eventually, namely

(@) ((<(2) + P (OX(T1 () + x(xa(2)))) )
+q(0)x*(0(8)) + r(0)x(p(£) =0, =% >0, (50

For the sake of notation, we define:

A(8,(8)),¢3)
A(r71(©2), 63) pr(82(2))
2 E)A(810).53) ]
A(1710), 23) pr(8u(@)

() =

ol
pi(r (©))

Theorem 7. Suppose that conditions (H;)- (Hz) hold. If there
exists a positive function p € C!([£y, 00), R) such that

¢ 1
lim sup/{ p()r(s)p% (t; (p(s))) —

—>00

a(s)(p'* (5))* ! ) P
(a 4 1)2+1 p(s) ’

(51)
then Equation (50) is oscillatory.

Proof. Let x(¢) be a non-oscillatory solution of Equation (50).

Employing a procedure akin to the proof of Theorem 4 with n =
A =v =1, Equation (32)can be expressed as follows:

x(¢) =

2(7 (;))[ A(52(0)).6)
(7)) (Tfl(f)) 3) p1(82(2))
P2t (E)A (81(0), 23)
( THE),3) p1(81(2))

|: =@z 0.

Let us redefine the Riccati substitution w according to Equation
(24), setting @ = B and n = 1, yielding

oy P©) (@@ (Z©)") 2@
()= p(g)w(§)+p(§) =0 Z(g)w(C).
Utilizing the monotonicity properties of z(¢) with Equation

(16), we get
) P& - 2 (1 ' (9(2))
() < p(g)w(f) p(O)r(§)¢" (7, (w(c)))iza@)
_ @ (@+1)/a
Qg
< 280 6) - eI ©9* (7 (N)
p(&)
_ o (a+1)/a
EOa

Applying the inequality (5), we get

a(§)(p* ()

PR SCE— ar_—1
(@ + D*H 0% (0) p(O)r(§)¢% (z (9(£))).

o'(7) <
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Integrating from ¢; to ¢, we get

a(s)(p* ()" !

¢
o —1 R S A—
/{ | (p(s)r<s>¢ @O = o T

)ds = w(&).

This contradicts Equation (51) and concludes the proof.

Example 1. Consider the second-order differential equation:

N2\
(((xz(c) + éx“(;/z) - z;zx(:/Z)) ) )

+qox>(£/6) + rox°(12¢) = 0, ¢ > 1 (52)

Here,a(t) = L = 2,p1(¢) = £, 4 = 3, 0(0) = ©@) =

T(¢) = 2,8——1172({)—(:U—201—ZQ(§)—¢10,)’—2
o(¢) = ¢/6,r(¢) = ro, B = 5and ¢(¢) = 12¢. It is clear that

f:)o a1/%(s)ds = 0o and
lim [R R lim L _ 192
Jim [R(©)+ Re@)] = fim [ 5 = 5] =
Choose o(¢) = &, where T71(0(¢)) < 0(¢) < ¢, 771 (p(¢)) =

¢ and 11 (p(0(0(¢)))) = ¢,and consequently, we have

¢
lim q(s)AV/"(s,sl)ds = hm qo(s3/2 - si/z)ds =00

{00 Jg o

e Ao(s), T (o @)))W
1 =
ey q“)( P2t 10 (5))) &

¢ 6 3
= lim q0 (%) d
¢—00 Jg, s2/8

s =00
and
(e a
lim — ﬁ/‘}idu ds
s=00 Sy \ a(s) Jow) ph" (r=1(g(w)))
¢ s 1/2
= lim/ (/ _T 5du> ds = oo.
{—>00 o /2 (24u)

Therefore, all the assumptions stated in Corollary 1 are satisfied,
indicating that every solution x(¢) to Equation (52) exhibits
oscillatory behavior.

Example 2. Consider the second-order differential equation

(4‘ (x(@) + x5 /3) = ¢ 3@/3)))
+¢2x(5/5) + ¢°x°(48) =0, ¢ > L. (53)

Here,a(¢) = £ n=1Lp1(0) = ¢ = Lu(Q) = () =
t(¢) =56 =-Lp¢) = ¢ =1/3,0 = 1,q0) = &2,
y =1,0() =¢/51r¢) = B =5and ¢(¢) = 4¢. It is clear
that foo ~1/2(5)ds = co and condition (25) becomes

lim (7]) pv/(u )") )
{—>00

= lim (%((1/10)1/3 1/5(;1/3)1/5 1/3) 0.

—00
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Choose () = %, where T (0/(£)) < 0(¢) < ¢, T (p(¢)) =
¢ and 171 (g(0(0(2)))) > ¢, consequently we have

¢ ¢
lim [ q(s)A?/"(s,;s1)ds = lim [ s*In(s)ds = oo,

—00 % —00 %

i [ 0 (A5 00",
t—>00 Jg, p2(t7 Yo (5))

~ lim {sz<h1(‘*5/5>—1n(35/5))3ds=oo

t—00 Jg, (3s/5)1/3 ’

and

¢ s 1/a
lim (l/ r(u)du> ds
=00 gy \ als) Jow pBY (z=1(p(u)))

I 1 s 5
(7 / uisdu) ds = oo.
t—00 Joy \ U Jags5 (12u)

= lim

It is evident that the requirements outlined in Corollary 1,
transferred to Theorem 1 by substituting Equation (25) in place
of Equation (6) and A < v < 1 instead of A < L,v >
1, are fulfilled. Consequently, each solution to Equation (53)

demonstrates oscillatory behavior.

Remark 2. Note that oscillation results presented in the study by
Grace et al. [13] fail to apply to the Equation (53), where 0 < A,v <
land y # B unlike in the study by Grace et al. [13].

Example 3. Consider the second-order differential equation

N5\
(43 ((x“(;) +¢5x°(5/2) + %x”@;)) ) ) +¢%°(/3)
1
I
Here, a(¢) = 3 n = 1/5p() = %0 = 5, 1) =
;/20 ‘[2(;) =36 = 1’1’2({) = %: V= 1/3’0[ =5, q@-) = {2>

y =3,00)=¢/3,1¢) = {%,ﬂ = 3and ¢(¢) = 2¢. It is clear
that f;o a1/ (s)ds = coand lim $;(¢) = 0. Since
0 {—>00

+—x32¢)=0, ¢ > 1. (54)

¢ 5
A(;:;l) = f (53)_1/5(15 = E(4‘2/5 _ 4-12/5))
s}
we observe that

lim
t>00Je V(27 Yo (5))

¢ 2((5/3)° — 515
/; (2s/3)3

¢ q(s)A”" (o (s), g“1)ds = (2>3/5

lim

—>00

ds = oo.
0

According to Corollary 2, every solution of Equation (54) is
oscillatory.

Example 4. Consider the second-order differential equation

N3\
(; ((x3(c> + %x(;/z&) + scx‘*(sg)) ) > + x5 /3)

+%x5(2§) =0, > 1
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Here, a(t) = ¢&,n = 1/5pi1(§) = ¢4 = 5 u() =
£/2 n@) =3 = Lp@) = §v =4a =54¢) =¢
y =3/2,0() =¢/3,r(¢) = %,ﬂ = 5and ¢(¢) = 2¢. Itis clear
that f;o a~1%(s)ds = 0o and {11;1;0 $>(¢) = 0. Since

¢ 3
AL, &) =f§ (s)"3ds = E(;2/3 _ 512/3))

1

we observed that

gAY (1, o (9)), &)

lim TP ds
{=o0dey  pili(r, (0(s)
3/8
es (361827 =)
= lim 3 ds = oo.
(=00 g (s/18)38

According to Corollary 3, every solution of Equation (54) is
oscillatory.

Example 5. Consider the neutral differential equation

((6) + ¢x(s = 27) +x(¢ + 7)) +2x (5 = 7)

+¢x(C +2m) =0, ¢>5. (55)

Here, wehaven = A = v =a ==y = La(¢) = 1,
P =¢p8) =1711(8) = ¢ —2m, 12(8) = ¢ +7,q(¢) =2,
r(¢) = ¢, 0() = ¢ — % and ¢(¢) = ¢ + 27. It is clear that
A(¢,¢0) = ¢—5and ¢(¢) > 0. Setting p(¢) = 1, it becomes evident
that condition (51) is satisfied. Thus, according to Theorem 7, every
solution of Equation (55) is oscillatory. Indeed, x(¢) = sin(¢) is

such a solution.

Remark 3. It is important to note that the oscillation results
outlined in the study by Thandapani et al. [24] and Thandapani
and Rama [25] can not directly apply to Equation (55) primarily
because « = B = y in Equation (55), whereas in the study
by Thandapani et al. [24] and Thandapani and Rama [25], this
condition does not hold.

5 Conclusion and discussion

The findings of this study are showcased in a fundamentally
innovative and broadly applicable manner. These findings not
only enrich but also complement the current literature study, as
referenced in the studies by Agarwal et al. [14], Bohner et al. [15],
Dzurina et al. [16], Grace et al. [17], Lin and Tang [18], and Muhib
et al. [19]. Furthermore, Equation (1) represents a more general
formulation, where ¢ can take values of either —1 or 1, and («, 3,
and y) are distinct, with 7 differing from 1.
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