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Semilinear multi-term fractional
in time diffusion with memory

1,2%

Nataliya Vasylyeva

!Department of Nonlinear Analysis and Mathematical Physics, Institute of Applied Mathematics and
Mechanics of NAS of Ukraine, Sloviansk, Ukraine, 2Dipartimento di Matematica, Politecnico di Milano,
Milan, Italy

In this study, the initial-boundary value problems to semilinear integro-
differential equations with multi-term fractional Caputo derivatives are analyzed.
A particular case of these equations models oxygen diffusion through capillaries.
Under proper requirements on the given data in the model, the classical and
strong solvability of these problems for any finite time interval [0, T] are proved via
so-called continuation method. The key point in this approach is finding suitable
a priori estimates of a solution in the fractional Holder and Sobolev spaces.

KEYWORDS

a priori estimates, multi-terms semilinear subdiffusion, Caputo derivative, global
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1 Introduction

Complex phenomena in the engineering and scientific fields are modeled utilizing the
fractional differential equations (FDEs). Nowadays, the fractional calculus is an efficient
tool for describing dynamic behavior of living systems and hereditary properties of various
materials: the relaxation process in polymers [1], chaotic neuron model [2], longtime
memory in financial time series via fractional Langevin equations [3], and tumor growth
models [4] (see also references therein). We also refer to [5, 6], where the authors propose
the advanced mathematical model for oxygen delivery to tissue through a capillary in
both (transverse and longitudinal) directions. In these studies, conveying oxygen from a
capillary to the surrounding tissue is described by means of a subdiffusion equation having
two fractional derivatives in time, that is

t (t _ S)v—l

D'C — tD¥C = div(ayVC) =k — | ————
: Dy iv(agVC) | )

(b1(x,s)VC(x,s)

+ bo(x,s)C(x,s))ds

with 0 < u < v < 1. Here, C represents the concentration of oxygen, t is the time lag
in concentration of oxygen along the capillaries (in the present model, this parameter is a
positive constant), k is the rate of consumption per volume of tissue, and ag and b; are the
diffusion coefficients of oxygen. In addition, the term D} C— tD}"C details the net diffusion
of oxygen to all tissues.

In this equation, the symbol DY stands for the Caputo fractional derivative with respect
to time of order 6 € (0, 1),

t
L2 [Se=Cgs if g e (0,1)
DIC(x, 1) = { '1-9 Bfof (t=s)°
9 (x, 1) if 0=1,
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where I' is the Euler’s Gamma function. An equivalent definition of
this derivative in the case of absolutely continuous functions reads

t
1 g —69C .
—— [(t —5)7"S=(x,5)ds if 6 € (0,1),
D‘?C(x, t) ra-e) g Js

(6 1) it 0=1.

In this art, motivated by the discussion above, we focus on the
analytical study of the semilinear integro-differential equation with
memory terms. Let @ C R”, n > 2, be a bounded domain with a
smooth boundary 9, and for any T > 0, we set

Qr=Qx(0,T) and 0Qr =02 x [0, T].

We consider the initial-value problems to the multi-term time-
fractional semilinear diffusion equation in the unknown function
u=u(xt):Qr - R,

Diu— Liu—K* Lou+f(u) =g(xt) in Qr, (1.1)
subject to the following initial and boundary conditions:
u(x,0) = up(x) in £,
u=q¢i(x,t) on 0Qr in DBC case,
or
Mu+ Ky« Mu — cou = ¢(x,t) on 9Qr in3BC case,
(1.2)

where the abbreviations DBC and 3BC mean the Dirichlet
boundary condition and the boundary condition of the third
kind, respectively.

Here, ¢y is given positive number, g, uy, ¢; are given functions,
and IC; and K are prescribed memory kernels.

Here, the symbol * stands for the usual time-convolution
product on (0, t),

t
<m*mxn=fma—gm@@
0

The operator Dy is the linear combination of Caputo fractional
derivatives with respect to time, namely

M N
Dyu =D} (pu)+ Y _D}(p) — Y D (yw),  (13)

i=1 j=1

where v € (0,1) and v;, iu; € (0,v) are arbitrary but fixed, and

0
functions.

p(x, 1), pi = pi(x,t) and y; = yj(x,t) are given positive

Coming to the remaining operators, £;, i = 1,2, are
linear elliptic operators of the second order with time-dependent
coefficients, while M is a first-order differential operator. Their
precise forms will be given in Sections 3, where we detail the main
assumptions in the model.

Published works

diffusion/wave equations, i.e., the equation with the operator

concerning the multi-term fractional

N
Dyu = Z gD}y, (1.4)
i=1
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vV < My < < VM,

are quite limited in spite of rich literature on their single-term

with ¢; being positive, and 0 <

version. Exact solutions of linear multi-term fractional diffusion
equations with g; being positive constants on bounded domains
are searched employing eigenfunction expansions in Daftardar-
Gejji and Bhalekar [7] and Morales-Delgado et al. [5]. We quote
Srivastava and Rai [6] and Morales-Delgado et al. [5], where certain
numerical solutions are constructed to the corresponding initial-
boundary value problems to evolution equations with D; given
via Equation 1.4. Finally, we mention [8], where existence and
non-existence of the mild solutions to the Cauchy problem for
semilinear subdiffusion equation with the operator Equation 1.4
are discussed. In particular, the authors obtain the Fujita-type and
Escobedo-Herrero-type critical exponents for this equation and the
system. It is worth noting that, all these works concern to evolution
equations with the operator Equation 1.4 which can be rewritten in
the form of a generalized fractional derivative with a non-negative
locally integrable kernel A(#), that is

t
D;u(x, t) %/ Nt —1)u(x, t)dt — Nt)u(x,0), t> 0. (1.5)
0
Coming to the initial-boundary value problems associated with
Equation 1.1 with the operator D; given by Equation 1.3, we point
out two principal differences with respect to the aforementioned
articles. The first deals with the presence of Caputo fractional
derivatives of the product of two functions: the desired solution u
and the prescribed coefficients p, p;, Yj- Incidentally, we recall that
the well-known Leibniz rule does not work in the case of fractional
derivatives. The second distinction is that the operator D; given by
Equation 1.3 (under certain assumptions on the coefficients) can be
represented in the form Equation 1.4 but with a negative kernel.
Indeed, setting in Equation 1.3
M=0, N=1,

p=Cp> V1=1+Cp>

where C,, is a positive constant, we have the representation

ad
Diu = &(/\/’* (u — up))

]

being negative for t > e~ % [see Janno and Kinash [9], Lemma 4];

with
t—H 1

ST — )

t*l)
F(1—v) I1-mwm)

N:@[

C, is the Euler-Mascheroni constant. In fact, the non-negativity
of the kernel N is a principal assumption in the aforementioned
studies.

The linear version of Equations 1.1, 1.3 subject to various type
boundary conditions with the coeflicients in D; being alternating
sign is discussed in Pata et al. [10] and Vasylyeva [11]. For any fixed
time T, the existence and uniqueness of a solution to semilinear
problem (Equations 1.1, 1.3) with the Dirichlet or the Neumann
boundary conditions are analyzed in Siryk and Vasylyeva [12]
and Vasylyeva [11]. Namely, if the coefficients of the operator
D; are only time-dependent and non-decreasing functions, then
the well-posedness of these problems in the fractional Holder
and Sobolev spaces is established in the one-dimensional case in
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Siryk and Vasylyeva [12]. As for the multidimensional case, the
classical solvability of the Cauchy-Dirichlet problem to semilinear
(Equation 1.1) in the case of two-term fractional derivatives in D;
(i.e., either M = 1,N =0or M = 0,N = 1) is proved in Vasylyeva
[11]. In this study, the coeflicients in Equation 1.1 are time and
space dependent but instead of their non-decreasing in time, they
have to satisfy more complex assumption. Indeed, if M = 1,N = 0,
then the function % should be decreasing. Finally, we remark that
in Vasylyeva [11], the non-linear term is the local Lipschitz.

The goal of this study is finding sufficient conditions on the
coefficients of the operator Dy, the order fractional derivatives
v, [, and vj, j,i > 1, and the non-linearity f which provide
one-to-one classical and strong solvability (for any fixed T) in the
case of the DBC or the 3BC. Actually, we consider two types of
the non-linearity f(u). The first is f satisfying the local Lipschitz
condition and having the linear growth. As for the second, f is
a continuous differentiable on R with a super-linear growth. For
example, f is a polynomial of odd degree with the positive leading
coefficient (see Giorgi et al. [13]). Coming to the coefficients in
the fractional operator Dy, we discuss both the non-decreasing
coefficients and the coefficients satisfying the properties of
Theorem 2 [11].

We notice that the key ingredient in the proof of the classical
solvability is the continuation approach, based on the introduction
of a family of auxiliary problems depending on a parameter A €
[0,1]. Then, one has to produce a priori estimates in the fractional
Holder spaces for the solution which are independent of A. One of
the crucial points in the arguments is concerned to the estimates of
lulleyy obtained via integral iteration technique adopted to the
multi-term fractional case. As for the strong solvability, it is proved
via the construction of this solution as a limit of approximate
smooths solutions and exploiting a priori estimates in the
Sobolev spaces.

Finally, we notice that assumptions on the coefficients and
the memory kernels in the one-dimensional and multidimensional
cases are different. It is related with using various approaches to get
a priori estimates of the solutions if » = 1 and n > 2. Namely, if
n > 2, we relax assumptions on the coefficients of Dy, in particular,
we allow coefficients depending on time and space in Equation 1.3.
However, we require more regular memory kernel in Equation 1.1,

K e C([o, T)).

Outline of the study

This article is organized as follows: in Section 2, we introduce
the notations and the functional spaces. The general assumptions
and main results (Theorems 3.1, 3.2) are stated in Section 3.
Theorem 3.1 is devoted to the one-valued classical solvability to
Equation 1.1 with the DBC or the 3BC in the multidimensional
case, while the strong solvability is established in Theorem 3.2.
Section 4 is auxiliary and contains some technical and preliminary
results from fractional calculus, playing a key role in the course
of the investigation. Section 5 concerns to the obtaining a priori
estimates in the fractional Holder and Sobolev spaces, which will be
a crucial point in the proof of the main results. Here, the key bound

is the estimate of ”Ullca,atv/Z -

@)’ produced via integral iteration
T
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techniques adapted to the case of multi-term fractional derivatives.
The proof of Theorems 3.1 and 3.2 is carried out in Section 6.

2 Functional spaces and notation

Throughout this study, the symbol C will denote a generic positive
constant, depending only on the structural quantities of the
problem.

In the course of our study, we will exploit the fractional Holder
and Sobolev spaces. To this end, in what follows, we take two
arbitrary (but fixed) parameters

o €(0,1) and v e (0,1).

For any non-negative integer /, any p > 1, s > 0, and any
Banach space (X, || - [Ix), we consider the usual spaces
CHeQ), W (Q), Lpy(Q), C([0,T1,X), W*((0,T),X).

Recall that for non-integer s, the space W*? is called Sobolev-
Slobodeckii space [for its definition and properties see, e.g., Adams
and Fournier [14], Chapter 1].

Denoting for B € (0,1)

o

_ [v(x1,)=v(xa,t)] . S

= sup| P X ;ﬁ(x)], X1,X €Q, te [0, T]],
mie,

=sup{%: h#t, xeQ tl,tze[O,T]}.

Then, we assert the following definition.

Definition 2.1. A function v =

Cl+°"l+7u“ (Qr), forl = 0, 1,2, if the function v and its corresponding

v(x,t) belongs to the class

derivatives are continuous and the norms here below are finite:

v o
” “CH—Q’H& l/(QT)H. Uil
i ()
Wlogo @y T hiotPetigl - 1=0.1,
v o
”V“C([O,T],CZJW(S:ZZ)*)— +U‘||Dt V||Cm7”(f_21")
i ()
+ Z|2j|:1<l).lxv)t’QTZ ! > I=2.
In a similar way, for I = 0,1,2, we introduce the space

Ha

Cl+a’Tv(3QT).

The properties of these spaces have been discussed in
Krasnoschok et al. [15] (Section 2). As for the limiting case v = 1,
these classes boil down to the usual parabolic Holder spaces.

Finally, we will say that a function v defined in Q27 belongs to
Y);l’sz(QT) with p > Tand sy,s; > 0, if v € WP((0, T), Ly(2)) N
Ly((0, T), W*2P(L)), and the norm here below is finite

IIVIIg;m(QT) = Ivllwse(o,1),L,2) + IV, 0,1),we2r(2))-

The space $ }S,l *2(3Q2r) is defined in the similar manner.
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3 Main results

First, we state additional requirements on the given data in

Equations 1.1, 1.2.

e hl (Conditions on the fractional order of the derivatives in
Equation 1.3): We assume that

v, v,-,uje(O,@), vi # )
i=1,2,.,M, j=12.,N,

O<vi<m<.<vy<v, 0<pu <iy<..<punN<?v.

h2 (Conditions on the operators): The operators appearing in
Equations 1.1, 1.2 read

Ly=3"5 o (i, t)a%) + 0 aile g + ao(x ),

L2 =Yy g (@500 D55) + 2y bile D5 + bo(x 1),

M=— 23:1 aij(x, t)Niiiixj’

(3.1)
where N; is a component of the outward normal N =
{N1, ..., N,,} to Q; the fractional operator D; in Equation 1.1 is
given by Equation 1.3.

There are positive constants 0 < §; < 82, such that

SiE <) ajx, EE < SN

ij=1

forany (x,t,&) € Qr x R
Moreover, we require that

a, bo € C*"2(Qr),  ay,a;, by € CITOUTOV2(Qy),
ij=1,.,n

h3 (Conditions on the coeflicients of D;): We require that for
vo > max{1,v(2 + «)/2}
the relations hold
P06 1), pilx, 1), ¥j(x, 1) € C([0, T],CH(Q));
and there are positive constants 8, 83, 84, such that
p=38>0, pi>=68>0 y>=8>0
for each (x,t) € Qrand foralli=1,2, .M, j=1,2,..,N.

In addition, if N > 1, then

N
p(x) t) = PO(X, t) + Z yj(x) t))
j=1

where the function py € C™([0, T],C1(Q)) is positive for all
te[0,T] and x € .

Moreover, we require that the one of the following
conditions holds:

Frontiersin Applied Mathematics and Statistics
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N ;oY .
(i) either g—‘t’, ‘%", %, T}? are non-negative for all (x,t) €

Qr;

(ii) or
) 2(2)<o0 if N=1,
) <0, if N=0,

foralli=1,..,M,j=1,..,N,and any (x,t) € Qr.
e h4 (Conditions on the right-hand sides): The given functions
have the following regularity:

geCT(Qr), upe CHUQ),
o1 € CHOBGQr), g € BTy,
e h5 (Conditions on the memory kernels):
K(t) € ([0, T]), K1 € Li(0,T).

e h6 (Compatibility conditions): The following compatibility
conditions hold for every x € 92 at the initial time t = 0,

¢1(x,0) = up(x) and
D;g1li=0 = Liug(x)]i=0 — f(uo) + g(x,0),

if the DBC holds, and there is
Mug(x)|1=0 — coto(x) = ¢2(x,0)

in the 3BC case.
e h7 (Conditions on the nonlinearity): We assume that the one
of the following requirements holds:

e h7.I: either f(u) is the local Lipschitz and has a linear
growth, i.e,, for every o > 0, there exists a positive constant
Co> such that

[f (1) — f(u2)| < Colur — up

for any uy, u; € [—0,0]; and
there is a positive constant L, such that

f)] <L+ |ul) forany ueR;

e h7Il:or f € C'(R), and for some non-negative constants
L;,i=1,2,3,4, and g > 0, the inequalities hold

()] < Li(1 + |ul?),
uf(u) > —Ly + Ls|ul1t?,
f'(u) = —Ly.

Remark 3.1. Itis apparent that if the positive functions p, p;, y; are
time-independent, then condition h3(i) boils down to h3(ii).

Example 3.1. The simplest example of the functions satisfying h3
is

p=Co ¥=C, pi=Ci, i=1..Mj=1..N,

where Cy, Cj, @i are positive constants, such that

N
Co — ZC;’ > 0.
j=1

frontiersin.org
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Now, we are in the position to state the one-valued classical
solvability of Equations 1.1, 1.2.

Theorem 3.1. Let T > 0 be arbitrarily given, 9Q2 € C2F > 2,
and let assumptions h1-h6 hold. We assume that f(#) meets the
requirement h7.1if N > 1, while in the case of N = 0, f(u) satisfies
h7. Then, initial-boundary value problem Equations 1.1, 1.2 admits
a unique classical solution u = u(x, t) satisfying the regularity:

ue e (Qr), DYu,Dlue ™ (Qr),
i=1,.,M, j=1,.N.

The next assertion is related to the strong solvability of
Equations 1.1, 1.2.
Theorem 3.2. Let N = 0,n > 2,9Q € C**® andlet T > 0 be
arbitrarily given. We assume that h1-h5 and h7 hold and

1//1> 1/[2& Upg = O> f € Lp(QT) n WSl’r((O» T)) Wsz’r(Q)))

where p > max{n + %; V_IVM Lr>n+1s € (r~1,1), and

sy € ((n+ 1)r~1, 1). Moreover, in the DBC case, we require

fO)lae = g(x,0)|sq-

Then, the initial-boundary value problem Equations 1.1, 1.2 admits
a unique strong solution in the class 33;’2 (7).

Remark 3.2. Theorems 3.1 and 3.2 hold if D;u in Equation 1.3 is
changed by

M N
Dy = p(x, DYu+ Y pile DU — Y (6 Dy u,
im1 =1

where p, p;, y; satisfies h3, but the requirement on the regularity of
these functions can be relaxed. Namely, p, p;, yj € CHv 2 (Qrp).

The remaining part of this study is devoted to the verification
of Theorems 3.1, 3.2. Here, we proceed with a detailed proof of
Theorem 3.1 in the most difficult case, ie, if N > 1,M > 1
in Equation 1.3. This means that the non-linear term f(u) satisfies
h7.1. The verification of the remaining cases is simpler and repeats
the main steps (with minor changes) in the arguments related with
the cases N, M > 1.

4 Technical results

In this section, we collect some useful properties of fractional
derivatives and integrals, as well as several preliminaries results that
will be significant in our investigation. Throughout this art, for any
6 > 0, we use the notation

t971

“TTe)

and define the fractional Riemann-Liouville integral and the
derivative of order 0, respectively, of a function v = v(x, t) with
respect to time ¢ as

aren

W v(x 1) = 37(0)[91—0 *V)(x, 1),

0 _
I/ v(x, t) = (wg * v)(x, t) 7]

Frontiersin Applied Mathematics and Statistics
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where [07 is the ceiling function of 6 (i.e., the smallest integer
greater than or equal to 6).
It is apparent that, for 6 € (0, 1), there holds

d
3¢ v(x, t) = (@10 # V) 1),

Accordingly, the Caputo fractional derivative of the order 6 €
(0, 1) to the function v(x, t) can be represented as

d
DIv(-, 1) = (@10 % V() = @1 OV 0)

= 30V 1) — w1-9(OV(-0) (4.1)

provided that both derivatives exist.
At this point, we subsume [16, Proposition 4.1], [I1,
Proposition 1] as the following claim.

Proposition 4.1. The following hold.
(i) For any given positive numbers 0 and 6, and a summable kernel
k = k(t), there are relations

(w91 * wez)(t) = w91+02(t)» (1 * wel)(t) = W1+6, (t)>
wg, (1) = CT" ™, (g, x k)(£) < Cag, (1)

Here, the positive constant C depends only on T, 6y, and ||k, o, 1)-
(i) Let k(t) € C([0,T]), 8 € (0,1), 61 > L, v = w(t) €

([0, T1), DYw(t) € C([0, T]), w = w(t) € C([0, T]). Then, the
equality holds

(k s wD{v)() = k(O)w(t)(w1 ¢ * [v — v(0)])(®)
+ (K x w(wi—g * [v = v(0)]))(®)

+ (ks w(wi—g * [v—v(O)]))(®), tel0,T].

The next result is key inequalities in the fractional calculus and
includes [12, Proposition 5.1, Corollaries 5.2-5.3].

Proposition 4.2. The following holds.
(i) Let 6,0, € (0,1) and 6; > 6/2,v € c’ ([0, T). For any even
integer p > 2, the inequalities are true

V() < 9V (1) + (p — D (Dr—p(t) < pvP~ (1)0] w(1).

If v is non-negative, then these bounds hold for any integer odd p.

(i) Let 0 < 6, < 6 < 1,6, € (61,1), and v € C*([0, T]).
Then, there is positive value T} = T;(0), such that the following
inequalities hold:

N =Nt 0,601) = w1-9(t) — w1-p,(t) > 0 forall
t e [0, T1];
LN ) < SN D)) + (p — DV (ON(0)
< p (O LN *v)(1) forall
t € [0, min{T, Ty }],

where p meets requirements of (i).

At this point, for given functions w; and w», we define

Elwi (1) — wi(s)]

Jo(t) = To(t; wi, wa) = (t—9)tto

[wa(s) — w2(0)]ds,

1 3W1
Ww1) = Wlwy; t,1) = / T(z)ds, where
0 z

z=st+ (1 —ys)t, 0<t<t<T,
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and assert the results obtained in ([12], Proposition 5.5) and related
to the fractional differentiation of the product.

Proposition 4.3. Let @ € (0,1), w; € C1([0, T]), w; € C([0, T]).
1) If Df wy belongs either to C([0, T]) or to Ly(0,T), p > 2, then,
there are equalities:

DY (wiws) = w1 (D w,(t) 4+ w2(0)DE wy (£)
0

tTra—o

8¢ (wiwz) = wi(£)DY wy(t) + w2(0)87 w1 (¢)
0

tTra—o

T (t; wi, wa),

Jo (t; wi, wa),
and D?(wlwz), Bf (w1 w3) have the regularity:

c(o, 1), if DYw, e C(l0,T]),

DY (wiw,), 8! (wiw) €
' ' L,(0,T), if Dfw, € L,(0,T).

(ii) For any 6; > 6 > 0 and each ¢ € [0, T, there hold

1M w1d! w)(t) = I (wiw) (1) — w2(0)

x I wi = I (wiw1-9)(D)]

— 0L M w)w2) (1),
LMDl wo)() = I (wiw2)(8) — wa (0L " wy

— 01 W ) wa) (0).

5 A priori estimates

First, recasting step-by-step the proof of ([11], Theorem 1) and
additionally exploiting [17, Theorem 3.4] and arguments leading to
([18], Theorem 4.1) in the 3BC case, we claim the following result.

Lemma 5.1. Let f(u) =0,n > 2, v, [, Vi satisfy h1, and

max{n + 2; ;-5 =) if N> LM =1,
2. : _ :
p> max{n—{—;,v_uM}, if N=0,M>1,
2. _1 ; —
max{n + §; v—uN}’ if N>1,M=0.
We require that
_2 V(l=55)2—5
geLy(Qr)uge W iP(Q), pren, T T(0Qr)
v(i-Ly1-1
pehH, T 1)

Moreover, in the DBC case, we additionally assume
up(x)[ae = ¢1(x,0).

Under assumptions h2-h5, the classical solution u €
2+ta =
C* 27V (Qr) of Equations 1.1, 1.2 satisfies the estimate

M
Il vy + Ml st g ) + D 1D ullty
i=1

N

L]
+ 21D ullzy @) < Cllglz@n + ol .2, ©

)+}<p},

=1
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where

el e fyo-t in the DBC case,
G

» (9Q7)

o2 ”53 NEEE SORS in the 3BC case.
p

lo| =

Poar

Here, the generic constant C is independent of the right-hand sides
in Equations 1.1, 1.2.

Our next result connects with a priori estimates in the fractional
Holder space to the function u satisfying the family of equations for
each A € [0,1]:

Diu— Liu— K* Lou+ Af(u) = glx,t) in Qr (5.1)

and homogeneous conditions Equation 1.2.
Lemma 5.2. Let assumptions of Theorem 3.1 hold, and

©1, 92, ug = 0.

24a = . . .
We assume also u € C2T*"2 ”(Qr) be solution to Equations 5.1,

1.2. Then, for any A € [0, 1], there are the following estimates:

lull e, < ClL+ gl (52)
M Vi e
”u”CHa’HT%O(S_ZT) + Zizl ”Dt u”Ca’T(QT)
N MJ Vo Vo
+ 2 ID g < ClL+ gl ) (53)

The positive constant C is independent of A and the right-hand
sides of Equations 5.1, 1.2 and depends only on T and the structural
parameters in the model.

First of all, we notice that estimate Equation 5.3 in this claim is
verified with the standard Schauder technique and by means of
([10], Theorem 4.1) and bound Equation 5.2 in this art.

We focus on the proof of Equation 5.2 if DBC holds, the
case of 3BC is analyzed by collecting the similar arguments with
techniques leading to ([15], Lemma 5.3). We preliminary observe
that verification of Equation 5.2 in the case of the absence of
D’fj ()/ju),j =1,2,..,N, (i.e., N = 0) is simpler and recasts the main
steps (with minor changes) in arguments related with N > 1. Thus,
here, we assume the presence of at least one fractional derivative
D’fj (yju) in the operator Dyu. Then, we will exploit the following
strategy. Keeping in mind assumption h3, the homogeneous initial
condition and relation Equation 4.1, we rewrite D;u in the more
suitable form:

Diu =1 Deu+2 Deu,  1Dyu = 8} (pou) + Y0ty 8, (piw),
D= Y0, LN * (), (5.4)
where
Nj = Nj(t; v, 1) = 012 () — 011 (B).

Appealing to (ii) in Proposition 4.2, we introduce

T]?" = T*(Mj) >0, j=12,..,N,
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such that the function A is strictly positive for all £ € [0, T7].
After that, for each fixed T :

1
0 < Ty < min {T, TS, .. TS, (vuflf(l +v— ),

1
g T+ v = un) 7= |, (5.5)
we obtain the estimates
luleay) < CO + ligle@, )] < COL+ ligle@n]  (5:6)

with the positive constant being independent of A and T.

Then, we discuss the extension of these bounds to the interval
(To, T] and reach the estimate Equation 5.2. It is worth noting
that this step is absent in the case of N = 0, due to the proof
of Equation 5.6 and consequently Equation 5.2 are carried out
immediately on the entire time interval [0, T].

Step 1: Verification of Equation 5.6. Here, we focus on the
obtaining of Equation 5.6 ifh3(i) holds, the case of h3(ii) is analyzed
with the similar arguments and is left to the interested readers.

Let K be the conjugate kernel to K, its properties are described
in ([15], Proposition 4.4), in particular,

K <C|K 1 TG oy 57
1Kl 0.7y = NG 0.1y (L T+ D). (5.7)
Setting
n
a a
Lo=Y —(ajc)=—), W= —Lou
0 ; ox (az,(x )axj) w ol

W= —Af(u) + g — Dyu+ (L1 — Lou+ K * (Ls — Lo,

and exploiting [15, Proposition 4.4] and Proposition 4.1, we rewrite
Equation 5.1 in more suitable form

7
1Dtu +2 Dtu — LOM = ZSZ’
=1

(5.8)

where

S1= MW +Kxfu)+g—Kxg o= (L1~ Lou,
S3=_I€*(£1—£O)u, S4=’_C*(£2_£0)u,
§s = KO)(@1-y * (o) + K % 012 % (pu),
N s -
SG = Z[’C(O)(wl—u«; k (y]u)) —+ ]C, * a)l_l/«j * (yju)],
j=1
M I —
37 = Z[’C(O)(wlfvi * (,o,u)) —+ IC/ * W]y, ¥ (pzu)]
j=1

After that, multiplying equality (Equation 5.8) by puf~! with
p = 2™, m > 1, and then integrating over 2, we end up with the
inequality (after standard technical calculations with exploiting h2)

/pup_l(x,r)lDTudx-f-/pup_l(X,T)zDrudx
Q Q

+p(p— 1)82/ W2 (x, )| Vulx, 7)>dx
Q

7
< Z/;Zpupfl(x,r)&dx.
=1
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It is worth noting that in the case of h3(ii), one should multiply
Equation 5.8 by p(pou)?~ L.

Computing the fractional integral I; of both sides in this
inequality, we arrive at the bound

7
Ro1(H)+Roa(8)+p(p— 1)621:< /Q uP‘2|Vu|2dx>(t) <D R,
I=1

(5.9)
where we put

Ro,(t) = If(/ puP~1 D, udx) (1),
Q

Roa(t) =1} (/ puP~1 szudx>(t),
Q

R,(t):ff( /Q g,pul’*ldx>(t), I=1,..,7.

At this point, we evaluate each term R, Ro,1, and R .
o First, we notice that the terms R, [ = 1, 2, 3, 4, are evaluated with
the arguments providing the estimates of Dj, [ = 1,2, 3,4, in ([11],
Section 7.1). Thus, we immediately have

- plp — 1)
) _
E [Ri(1)] < Cp[1+ “g”C([O,TO])] t

I;’/ W2V dx,
=1 Q@

where the positive C is independent of A, p, and T, and depends
only on the structural parameters of the model.

e Coming to R;, | = 5,6,7, we pre-observe that R and R7 are
evaluated with the same arguments which provide the bound of
Rs. Hence, here, we tackle only Rs. Applying the Young inequality
to the function u(x,s)u?~!(x, 7) and then employing Proposition
4.1, estimate Equation 5.7, and assumptions h3 and h5, we get the
inequality

7
D oIR)] < CPI?( /Q |u|de)<t)

I=5

with the positive constant C depending only on T, and the norms
of Vjs Pis 0> KC, and being independent of p, Ty, and A.
o Now, we are left to evaluate R,; and Rg,. First, denoting

0 =0,

£0> if
Po = . .
9,‘ =V, 1= 1,2,...,M,

Pi> if

and performing technical calculations and using Propositions 4.2,
4.3, the homogeneous initial condition to # and assumption h3, we
end up with the inequalities

/Q pul =10 (powydx > /Q AP0 (pyuPdx,
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Ir( i p;*"af(pgu%dx)(t)

Jo poubdx —v [o IOMp, P )ohub)(B)dx,

if 6=v,
>
T g pourd @) — 6 fo I M0, D) phut) (D,
if 0=v,i=1,.,M
fQ poPdx, if 6 =v,
=

L70(fo poubdx)(®), if 6 =vii=1.,M.

Here, to reach the last inequalities, we appeal to the definition
of WWand to assumption h3(i) (meaning the non-negativity of ‘%9)
and taking into account the non-negativity of (pgu)f (since p =
2m).

Bearing in mind these inequalities and the non-negativity of the
term I} =0 fQ pouf dx)(t), we arrive at the desired bound

Roa(t) > / poCe, D (x, 1) dx
Q

Concerning the term Rga2(t), we will use the analogous
arguments. Namely, Proposition 4.2 provides the estimate

/ pup_l 3(./\/] s yju)dx > / y-lfpi(./\/} * (yju)P)dx.
Q ot Q ] ot

Then, collecting this bound with Proposition 4.3 arrives at
inequalities:

I;’(/ pupfli(./\/} * ]gu)dx)(t)
Q ot
Poy (y;u)f’dx>(t) - 15( / v, P ()/ju)pdx>(t)
Q
= / ¥i(x, t)uP(x,t)dx—I;’_“" ( / Wde)(t)
Q
+ (VII 1+u H})(/ W(— P)y updx>()

First, we notice that h3(i) provides the non-negativity of
W(—yjl_p ). Hence, ([12], Corollary 5.4) (where we put w

W(—yjl_p )yjp uP) tells us that

<v1t1 - ,uthHv_ﬂj) (/ W(—)/jlfp))/]fgupdx)(t) > 0.
w

After that, this bound and Equation 5.10 lead to the inequality

(5.10)

I;’(fgpu az(N * yju )dx) > [q ¥i(x )uf (x, t)dx

—I;F”’(fﬂ yjuf’dx>(t),

which in turn leads to the inequality

Roa(t)

/ZVJ (o, ) (x, t dx—ZI M’(/ yjupdx>(t).
Q
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At last, collecting all estimates of R;, Roi, Roz with
Equation 5.9, and taking into account the representation of p(x, t)
in the case of N > 1, we arrive at the bound

/ p(x, uf (x, t)dx + MI}’(/ up_2|Vu|2dx)(t)
Q 2 Q

N
< ZI:_M’(/ yjupdx>(t)

=1 ¢

r v P
+ Cp(1 + ||g||C(QT0)) + Cpl (~/9 u dx)(t)

with C being independent of p, Ty, and .

Then, keeping in mind the restriction on p (see h3) to handle
the first term in the left-hand side, and exploiting the easily verified
relation

IVuP’22 < p(p — DuP 2| Vul?

to manage the second term there, we have

/ wP (x, t)dx—l—If(/ |Vup/2|2dx)(t)
Q

< Cmax||y]||c(QI ZIU MJ(/Qde)(t)

j=1

P )
+ Cp[1 + ”g”C@ro)] + Cpl; (/Qupdx>(t). (5.11)

To handle the last term in the right-hand side, we employ the

first interpolation inequality in ([15], Proposition 4.6) with ¢

ch(p D . Thus, we get

/up(x,t)dx+1tv</ |Vup/2|2dx>(t)SCP[1+||g||%(Q ]
A o To)

2 N

+CZIt””‘f</Q

j=1

+[Cplp— 1"

WP dx
Q

updx> (1).
C(10.1o))

Finally, taking advantage of the easily verified estimate
I'(v — pN)
Wy—p; (1< N

T 'v—py)
JN—1, tel0,T],

TN Hiw, (1),
i=12,..

we deduce

P P
[weoa < oo+ gy )

2
+Cpp — 1) ‘ [,y w2

C(10,7o])

+Crr TN ( fa ude)(t), (5.12)

where

[1+Z

being independent of Ty, p, and A.

v —pun) THN= MJ]
r'(v _/'L]
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To control the last term in the right-hand side, we apply
the Gronwall-type inequality [15, Proposition 4.3] and then use
formula (3.7.43) in [19]. Thus, we have

C*I;‘“N( f ude)(t) < C*AL 7MY (By—puy (CHETHN))(2)
Q

= A[E,_ (C*t"7HN) — 1]
< A[E,_ (C*TV7N) — 1]
forall te[0,T],

where we put

>

2
n+2
A=Cpll+Igl5 - 1+ I[Cplp—1)]"T
Ciary) C([0,To])

‘/ P dx
Q
k

and Ey(t) = Z;ﬁg m is the classical Mittag-Leffler function
of the order 6.

Taking into account this estimate to evaluate the last term in the
right-hand side of Equation 5.12, we achieve

/ uP (x, t)dx < AE,_, (C*T"7HN),
Q

In fine, denoting

B = 4CE,_,,, (C*TV™HN), m = sup

1/p
< / updx)
te[0,Tp] Q

with p =2",
we derive the bound

Aw < B " [1+ gl ey, +B™ " Ani. (5.13)

Then, two possibilities occur:

() either max{ A 1,1+ Igllc@,, )} = 1+ I8lc@y,

(ii) or max{A,,_1,1 + ”g”C(QTO)} =Au_1.

Clearly, in the case of (i), passing to the limit as m — o0 in

Equation 5.13, we end up with the desired estimate for ¢ € [0, Tp].
If (ii) holds, then the standard technical calculations arrive at

the inequality

m
Ap < B 4 B ") A,y < CT B+ B2 4
k=1

+00 kn
< Cexp {|ln[B+B”]| ; E}Al.

Letting m — 4-00 in this estimates and bearing in mind the
convergence of the series, we have

lullegy,) = CAL

where the positive constant C is independent of Ty and A.
Finally, to manage the term A;, we first put p = 2 in
Equation 5.11 and then apply Gronwall inequality [15, Proposition

4.3], where we set k = a)v(t)—l—CmaxHyjHC(QT ZJIL a)v_ﬂj(t). Thus,
J

we end up with bound Equation 5.6 and as a consequence with
Equation 5.3 where T' = Tj.
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Step 2: Extension of Equation 5.6 to the whole time interval.
Actually, we only need in the technique which allows us to
extend Equation 5.6 to the interval [Ty, 3T /2]. Then, repeating this
procedure a finite number of times, we exhaust the entire [T, T
and hence complete the proof of Equation 5.2.

Denoting

) g ), if (0,1 € Qo

Dd(x,t) = _
[=Af () + g(x, O]li=1y /2, if x€Q,t> To/2,

we designate ${(x, t) as a solution to the linear problem

D — LU — K% Lo = P(x,t) in Q3T0/2,
U(x,0) =0 in Q
Ux,t) =0

(5.14)

on 3937‘0/2.

Thanks to Equations 5.3, 5.6 (with T = Tp) and assumptions
h6, h7.1, we get

avg

2 (Q371y,2)

< Clllegy,) +1+ Il g )< CHL+ gl o )

P
11

19le@y o < OO+ lglcan,) b
®d(x,0) =0 if xe€0d,
(5.15)

where the positive value C is independent of T, A and the right-
hand side of Equation 5.14.

Keeping in mind these properties of ®, we can apply [10,
Theorem 4.1] to Equation 5.14 and obtain the unique classical
solution 4 satisfying the following relations:

14

2+a —
CH%TV(Q;T

o/

N
D/l v
2) + ; ID; ”C "2 (Q319/2)

M
Hj
+ XI: ID: Ll”CM’%(S_%T(]/z)
]:

< Cl+ gl sy o )
0

180 C(@g, ) = CL1+ lgllci )
U, t) = ulx, t) if (xt) € QTO/Z.

In fine, we introduce new unknown function
v(x, t) = u(x, t) — U(x, t)

solving the problem

Div — L0 —KxLop = —)\f*(tl) +g*(x, t) in Q3To/2»
0(x,0) =0 in &,

b(x,t) =0 on  3Q371,/2.

(5.16)
Here, we set

) =fo+4L), g (xt)=glxt)— D(x1).

frontiersin.org


https://doi.org/10.3389/fams.2024.1388414
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Vasylyeva

By virtue of Equation 5.15 and representation of the right-hand
sides in Equation 5.16, we deduce that f*(v) has all properties of
f(u), and

g —AF=0 if xeQ, tel0,Ty/2],
* av <C(C[1 v R
g™l o s @ty ya) = [1+ gl e s <9TO>]

18" 057, = CLL+ lglle@y,)

where the constant C is independent of A and Tj.
Finally, introducing the new time-variable
To

-2,
|-

and repeating arguments of the end of Section 6.3 in [10], we arrive

T

o=t——,
2

at the problem

D,b — L10 — K% L0 = —Af*(0) +3* in Qpp,

0(x,0) =0 in Q, (5.17)
b(x,0) =0 on 9Qr,,
besides,

_ T _
o(x,0) =0 if ae|:—70,0i|, x € Q.
Here, we put

o(x,0) =v(x,0 +To/2), §'(x,0)=g"(x0+ To/2),

f*(0) =f*(U)|t:a+To/2,

and we call Zk, D, the operators Ly and Dy, respectively, with
the bar coeflicients. It is easy to check that the coefficients of these
operators and the functions §* and f* meet the requirements of
Lemma 5.2. Then, arguing as Step I, we end up with estimates
Equations 5.2, 5.3, 5.6 to the function v. Collecting the obtained
results with the properties of the function &, we extend the desired
estimates to the whole segment [0, 3T /2]. This completes the proof
of Lemma 5.2

Remark 5.1. Collecting estimate

5.1 provides the following a priori estimate to solution

Equation 5.2 with Lemma

of [Equation5.1 satisfying homogeneous boundary and
initial conditions:
M
lllgy w2y + Noll gt ) + 2 1Dl @)
i=1
N
"
+ Y ID @)
j=1
< ClL+ gl + Igle@y)]
with C being independent of A.
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6 Proof of Theorems 3.1, 3.2

Here, we will exploit the continuation approach based on the a
priori estimates in the fractional Holder spaces. It is worth noting
that this technique has been utilized in [11] to prove the well-
posedness of Equations 1.1, 1.2 with two-term fractional derivatives
in the operator Equation 1.3 in the DBC case. Hence, in our
arguments, we focus on only main difficulties connected with
multi-term fractional derivatives in Equation 1.3.

Concerning the proof of Theorem 3.2, we will exploit the
technique leading to Theorem 4.4. in [12]. This approach includes
a priori estimates of Equations 1.1, 1.2 in the fractional Sobolev
spaces and the construction of the corresponding solutions via
consideration of approximated problems.

6.1 Conclusion of the proof of Theorem 3.1

First, we prove Theorem 3.1 in the case of homogeneous
boundary and initial conditions and then we remove this
restriction.

To this end, we rely on the so-called continuation arguments.
For A € [0, 1], we consider the family of problem

Diu— Liu— K Lou+ Af(u) = g(x,t) in Qr,
u(x,0) =0 in
u(x,t) =0 or Mu+K;*Mu—cu=0 on 0JQr.

(6.1)
Denoting A as the set of those A for which Equation 6.1
is solvable on [0, T]. Obviously, if A = 0, then Equation 6.1
transforms to the linear problem analyzed in [10]. Hence,
assumptions h1-h6 allow us to apply Theorem 4.1 and Remark 4.4
from [10] and obtain the global classical solvability. Thus, 0 € A.
Then, we are left to examine if the set A is open and closed at the
same time. To this end, exploiting Lemmas 5.1, 5.2 (in particular,
the estimate of | u|| G via || g||C(§zT)) and recasting step-by-
step the arguments of ([15], Section 5.2), we complete the proof
of Theorem 3.1 in the case of homogeneous initial and boundary
conditions.
To remove this restriction, we consider the following linear
problem with the unknown function w = w(x, t)

Diw — Liw — K * Low = g(x, t) — f(up)
Q,
Mw+ Ky« Mw — cow = @a(x, 1)

in Qf,
w(x,0) = up(x) in
w(x, t) = @1(x, t) or

on JQT.

Applying ([15], Remark 3.1) and ([10], Remark 4.4) arrives
at the one-valued classical solvability of this linear problem and,
besides, at the bound

N
LI

M
Vi vo
9 a2 )+ ; 1D Wl gt o, Z

< Cg(u0>g, (,0);
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where

Gluo 8 9) = 14 lIgl et ) + ol g2 gy + |
o in DBC case,
ol = lle1 ”C”“‘%”(agﬂ i
¢ llo2l Lt in 3BC case.

Cl+u,T ”(GQT)

Here, we exploited assumption h7 and ([15], Remark 3.1) to
handle the term Hf”C"’% &)’

After that, we look for a solution to the original problem
Equations 1.1, 1.2 in the form

u(x, t) = w(x, t) + W(x, t),

where the new unknown function W solves the problem
Equation 6.1 with 4 = 1 and the new right-hand sides:

FOWV) = F(W +w) —f(w), g =f(uo) — f(w).

Remark 6.1. Assumption h4 and the estimate of w provide the
inequality
0 va <
I8l g ) = CG(uo, g ¢)-

In addition, the function f(W) satisfies assumption h7 with the
constant depending only on L or L; and G(uy, g, ¢). Moreover, the
straightforward calculations and the definition of w arrive at the
relations

g(x,0)=0 foreach x¢€ Q, J_‘(O) =0 foreach (x,t)€ Qr.

The last equalities in Remark 6.1 tell us that the consistency
conditions in the non-linear problem for the function W are
satisfied. In summary, we reduce problem Equation 1.1, 1.2 to
Equation 6.1 with the right-hand sides satisfying the assumptions
of Theorem 3.1. Hence, this completes the proof of this theorem in
the general case.

6.2 Proof of Theorem 3.2

Actually, the verification of Theorem 3.2 is a simple
consequence of Theorem 3.1 and a priori estimates obtained in
Section 5 and repeats the arguments leading to ([12], Theorem
4.4). Indeed, thanks to Theorem 3.1 in the case of homogeneous
initial and boundary conditions in Equation 1.2, we construct an
approximate solution u,. Then, exploiting uniform estimates in
Lemma 5.1 and Remark 5.1 and passing to the limit via standard
arguments, we obtain a strong solution to Equations 1.1, 1.2
satisfying the regularity stated in Theorem 3.2. Finally, to reach
the uniqueness of this solution, we assume the existence of two
solutions u; and u, satisfying Equations 1.1, 1.2 with the same
right-hand sides. Clearly, the difference # = u; — u, solves the
problem Equation 6.1 with A =1, ¢ = 0 and f(i1) = f(u1) — f(u2),
where

L, if h7.I holds,
If'(€)], ifh7.1I holds,

@)l = Cluy —uwal, C=
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where £ is a middle point lying between u; and u,.
Finally, recasting the arguments leading to the estimate
Equation 5.2, we obtain the equality

=0, (x1t)e€Qr,

which finishes the verification of Theorem 3.2.

7 Conclusion

In this study, we propose a technique to study the well-
posedness (for each fixed T) of initial-boundary value problems
to semilinear multi-term time-fractional diffusion equations with
memory. The particular case of the problems analyzed models
the oxygen transport through capillaries [6]. The introduction
of fractional calculus in the model of the evolution of the
oxygen density is well-presented with some interesting details. Our
approach is particularly efficient when the multi-term derivatives
can be represented in the form % (NVx pu) with a some non-positive
kernel A 'and given coefficient p = p(x, t).

Our analytical technique and ideas can be incorporated to study
the corresponding inverse problems concerning the reconstruction
of unknown parameters (e.g., the time lag in concentration of
oxygen along capillaries; the order of oxygen subdiffusion; and so
on). Moreover, our investigation can be employed to analyze the
corresponding initial-boundary value problems to fully non-linear
equations containing a term % (N'* f(u)) and to the equations with
degenerate coefficients in the fractional operator. These issues will
be addressed with a possible further research.
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