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Malaria remains a substantial public health challenge and economic burden globally. Currently, malaria has been declared as endemic in 85 countries. In this study, we developed and analyzed a fractional-order mathematical model for malaria transmission dynamics that incorporates variability of temperature and rainfall using Caputo-type AB operators. The existence and uniqueness of the model's solutions were established using the Banach fixed-point theorem. The model system's equilibria (both disease-free and endemic) were identified, and lemmas and theorems were developed to prove their stability. Furthermore, we used different temperature ranges and rainfall data, validating them against existing literature. Numerical simulations using the Toufik-Atangana schemes with various fractional-order alpha values revealed that as the value of alpha approaches 1, the behavior of the fractional-order model converges to that of the classical model. The numerical results are promising and are expected to be valuable for future research related to fractional-order models.
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1 Introduction

Malaria, a life-threatening mosquito-borne disease, ranks among the deadliest infectious diseases worldwide [see [1] and references therein]. The World Health Organization (WHO) data for 2022 indicate ~249 million malaria cases, leading to 608,000 deaths in 85 countries [2]. This mosquito-borne infectious disease is the fifth leading cause of death from infectious diseases globally (after respiratory infections, HIV/AIDS, diarrheal diseases, and tuberculosis) and the second leading cause in Africa after HIV/AIDS [3]. Moreover, malaria remains a significant cause of mortality and morbidity in many tropical and subtropical regions, particularly within developing nations such as Ethiopia [see [4] and references therein].

In Ethiopia, with a population exceeding 120 million, more than 60% face the risk of contracting malaria [4]. This vulnerability stems from the fact that nearly 70% of Ethiopian land falls within areas suitable for malaria transmission, with altitude and rainfall serving as key risk factors.

Mathematical models of malaria transmission dynamics are valuable tools for understanding the disease, planning for the future, and implementing effective control measures [5]. The first integer-order model of this kind emerged from the study of Ross [6] and Macdonald [7]. While researchers have expanded these models over the years to incorporate various aspects of malaria transmission and control, research has given less attention to the impact of age structure. Recent studies have highlighted the significance of age structure in both the vector population and human population to understand the impact of climate variability on malaria transmission dynamics [see [8–10] and the references therein]. This is because environmental and climatic factors play a significant role in influencing the vector population's dynamics and the biting rate of mosquitoes on humans.

Temperature and rainfall are key drivers of mosquito population dynamics and subsequent malaria transmission, as reported in [11] and the references therein. These factors positively or negatively impact malaria transmission [12, 13]. Studies using real data from 67 sub-Saharan African cities have shown that the optimal temperature range for mosquito growth, and therefore malaria transmission, falls between 16 and 28°C [14]. This link between climate and malaria burden is further supported by data from South Africa's KwaZulu-Natal province [8]. Their findings reveal a clear trend: Within specific ranges, both increasing mean monthly temperature and rainfall are associated with increased malaria burden. Malaria burden rises with temperatures between 17 and 25°C and rainfall between 32 and 110 mm, while decreasing outside these ranges. Interestingly, Okuneye and Gumel [8] also pinpoints the specific temperature and rainfall combinations where malaria transmission peaks. Their data show that the highest transmission rates occur within the ranges of 21–25°C for temperature and 95–125 mm for rainfall. In addition to impacting transmission, temperature also directly affects the lifespan of adult female mosquitoes, which averages ~21 days [see [15] and the reference therein]. Notably, mosquito survival rapidly declines as temperatures exceed 34°C.

According to current literature and researchers' findings, all these models employ integer-order derivatives in their differential equations. However, fractional calculus has become increasingly prevalent in epidemic modeling [see [16–19] and as well some of the references therein]. This fractional approach has demonstrated significant advantages over integer-order modeling, offering a better fit to real data and possessing numerous other beneficial properties [20]. Furthermore, the memory and inheritance features of fractional calculus make it particularly well-suited for modeling and understanding real-world phenomena [20]. Within this framework, a variety of definitions and operators exist, including the Atangana–Baleanu [21], Caputo–Fabrizio [22], and Caputo derivatives [23], and serving as valuable tools for epidemic disease modeling.

Among these, the Caputo and Caputo–Fabrizio derivatives hold greater significance, with the latter particularly excelling due to its non-singular, non-local core and enhanced ability to reflect disease dynamics [[24] and the references within]. While the Atangana–Baleanu operator has found applications in modeling various real-world problems [24–28], its suitability for disease modeling specifically requires further evaluation.

Motivated by previous studies, we present a novel mathematical model of malaria transmission dynamics. Building upon the study of [8], our model analyzes and extends their framework by incorporating specific new compartments while omitting others. We further employ ABC fractional operators to explore the model's dynamics in a non-integer-order setting.



2 Mathematical preliminaries

This section presents important theorems and definitions of fractional calculus, especially some fundamental ideas about the Atangana–Baleanu fractional derivative operators and other related findings, before applying them to our suggested malaria model.

Definition 1. Let Ω ⊆ R be open and p ∈ [1;∞), so Hp(Ω) can be defined as

[image: image]

Definition 2. Yadeta et al. [29]. The Caputo derivative of fractional order p with n − 1 < p ≤ n; n ∈ N, for an integrable function g ∈ Cn, can be presented as

[image: image]

Definition 3. Atangana and Baleanu [21]. Let g ∈ H1(a, b), a < b, γ ∈ [0, 1], therefore, Atangana–Baleanu–Caputo (ABC) fractional derivative of g(t) with order γ is given by

[image: image]

where M(γ) is positive and is a normalization function fulfilling M(0) = M(1) = 1, and Eγ is the Mittag-Leffler function

[image: image]

where γ > 0 and z is complex number.

The Mittag-Leffler function with two parameters appears most frequently and has the following form:

[image: image]

Definition 4 Atangana and Baleanu [21]. Let g ∈ H1(a, b), a < b, γ ∈ [0, 1], then the Atangana–Baleanu Caputo integral of a function g(t) of order γ is defined by

[image: image]

Definition 5. Atangana and Baleanu [21]. The Laplace transform of the Atangana–Baleanu fractional derivative of order α in Caputo sense is given by

[image: image]

where [image: image] is the Laplace transform operator.

Theorem 1. Atangana and Baleanu [21]. For a function g ∈ C[a, b], the inequality shown below holds.

[image: image]

where [image: image].

In addition, ABC derivatives satisfy the Lipschitz requirement; thus, we have

[image: image]



3 Model formulation


3.1 Presumptions of the model

The human population at time t, denoted by (Nh(t)), comprises two categories: adults and people under the age of seventeen. The latter group is further divided into susceptible children(Sc(t)), exposed children (Ec(t)), and infected children (Ic(t)). Adults are categorized into four compartments: susceptible (Sa(t)), exposed (Ea(t)), infected (Ia(t)), and recovered (Wa(t)). This leads to the following equation:

[image: image]

The total mosquito population at time t, denoted by (Nv(t)), is divided into immature (MA(t)) and mature mosquitoes (Mv(t)). Furthermore, there are three compartments in mature mosquitoes: susceptible mosquitoes (Sv(t)), exposed mosquitoes (Ev(t)), and infected mosquitoes (Iv(t)). So that:

[image: image]

In the compartmental model (12), πc is the recruitment rate for children, λi(T)(i = c, a, v) are the infection rate of susceptible children, adults, and vectors, respectively. bm(T) is the temperature-dependent per capital biting rate of mosquitoes, and βj(j = c, a, m) is the probability of infection per bite for children, adults, and mosquitoes. μh is the natural death rate of humans, and ξh is the maturation rate of children to adulthood. Immature mosquitoes (eggs, larvae, and pupae) are lumped into a single compartment (MA(t)) for computational convenience [see [8] and the references therein].

The temperature-dependent egg deposition rate is represented by αI(T). Following [14], we assume that the immature mosquito population (encompassing larvae and pupae) is limited by the carrying capacity Kv, where Kv exceeds MA. This parameter reflects the available nutrients and space, as detailed in [8] and its references. Therefore, [image: image] represents the logistic growth rate for the immature mosquitoes.

Using the parameters and their definitions given in Tables 1, 2, we can write the model as a system of first-order ordinary differential equations:

[image: image]

where the infection rates for children (λc(T)), adults (λa(T)), and vectors (λv (T)) are given, respectively, by

[image: image]


TABLE 1 Description of variables of the model (12).

[image: Table 1]


TABLE 2 Description of parameter of the model (12).

[image: Table 2]




4 Model analysis

To account for long-term dependencies and complex memory effects in biological systems, we propose a fractional-order model for malaria. We replace the first-order ordinary derivatives in Equation 12—representing population change rates—with the Atangana–Baleanu fractional derivative of order α (0 < α ≤ 1) to incorporate internal memory effects.

[image: image]

with initial conditions:

[image: image]

where [image: image] is Atangana-Beleanu in Caputo sense of order α, and the infection rates for children (λc(T)), adults (λa(T)), and vectors (λm (T)) are given, respectively, by

[image: image]
 
4.1 Existence and uniqueness of solutions

In this section, we will discuss the existence and uniqueness of solutions ABC fractional operators of the model system (13). To do this, we first re-write the model (13) in the following simple form:

[image: image]

In (17),

[image: image]

and F is a continuous vector function defined as

[image: image]

and

[image: image]

is the initial vector for state variables. The function F also satisfies the Lipschitz criterion, which is as follows:

[image: image]

where L is a Lipschitz constant.

The following lemma helps us to show the existence and uniqueness of the solution to the fractional model system (14):

Lemma 1. The unique solution of the differential equation with fractional order α is given by

[image: image]

is expressed as

[image: image]

Theorem 2. Under the condition that [image: image] [image: image], then there exists a unique solution to the fractional-order malaria model (14).

Proof.

Let τ = (0, T), and the operator [image: image], as expressed in lemma (23), is given by

[image: image]

[image: image] is expressed as

[image: image]

Furthermore, let:

[image: image]

where ||.||τ represents the supremum norm over τ.

Using Equation 25, we obtain:

[image: image]

From:

[image: image]

With:

u(x) ∈ C(τ, R11) and D(t, τ) ∈ C(τ2, R), that is:

[image: image]

Now, using Equations 28, 29 and the triangular inequality on Equation 27, we obtain

[image: image]

[image: image]

[image: image]

Therefore, we obtain

[image: image]

where

[image: image]

Hence, if L < 1 on [image: image], the operator [image: image] becomes a contraction. Therefore, the fractional malaria model (14) has a unique solution by the Banach fixed-point theorem.



4.2 Positivity and boundedness of solutions

For the Atangana–Baleanu–Caputo fractional derivative models to be stable, have a steady state of existence, and have biological significance, their solutions have to be positive. Here is a lemma that can be used to prove the positivity of the solution to the proposed model.

Lemma 2. (Generalized Mean Value Theorem see [30]). Supposing that g(t) ∈ C[a, b] and [image: image] for 0 < α ≤ 1, then

[image: image]

Remark 1 Suppose that g(t) ∈ C[0, b] and [image: image] for 0 < α ≤ 1 from Lemma 2 one can deduce that

i. if [image: image], ∀t ∈ (0, b], then the function g(t) is non-decreasing and

ii. if [image: image], ∀t ∈ (0, b], then the function g(t) is non-increasing.

[image: image]

Theorem 3. The solution of the fractional malaria model (14)

[image: image]

which starts at, t = t0 remains in Ω for any t ≥ t0.

Proof. With reference [31], beginning with the first equation in Equation 14, we want to show that Sc(t) ≥ 0 for all t > t0.

If, to the contrary, it is not true, then there exists a constant t > t0 such that

[image: image]

Now, from the first equation in Equation 14 and based on Equation 38, we obtain

[image: image]

Consequently, invoking Remark 1 of lemma 2, we obtain [image: image], which contracts the assertion [image: image]. Therefore, we conclude that Sc(t) ≥ 0 for all t > t0. Similarly, we establish the following inequalities for t > t0:

[image: image]

This completes the proofs of Theorem 3.



4.3 Invariant region

Given non-negative initial data, we identify the region where the solutions to the system of Equation 14 are viable. Here, we are primarily concerned with demonstrating that the viable region is located in [image: image], which is a positive invariant region with regard to the model (14) under the initial condition (15).

Theorem 4. Let the Atangana–Baleanu fractional model (14) has a unique solution (Nh, Nv) for all t ≥ 0. Then, the epidemiologically feasible region of the model is given by [image: image], where

[image: image]

and

[image: image]

Proof. Let Nh and Nv represent the total population of humans and mosquitoes, respectively. By adding all the equations corresponding to the human and mosquito components of the system (14), we get

[image: image]

and

[image: image]

To prove theorem 4, we need to show that system (14) has bounded solutions. Biologically, the least possible value of each state of the model system (14) is zero. Next, we determine the upper bound of the states. To do this,

let

[image: image]

and

[image: image]

Then, by applying the Laplace transform on both sides of Equation 44, we obtain

[image: image]

and using definition 5, we obtain

[image: image]

where Nh(0) represents the initial value of the total human population.

This implies that

[image: image]

Therefore,

[image: image]

Applying the inverse Laplace transform on both sides of (49), we get

[image: image]

where

[image: image]

Furthermore,

[image: image]

Thus,

[image: image]

since [image: image] as t → ∞.

Thus, the epidemiologically feasible region for the human population is

[image: image]

Similarly, it can be shown that the feasible region for the mosquito population is

[image: image]

Thus, the proposed model is mathematically well-posed and epidemiologically sound on the region [image: image].



4.4 Existence of equilibrium points and the basic reproduction number

This section presents the disease-free and endemic equilibrium points of our Atangana–Baleanu fractional-order malaria model (14) to analyze their stability and dynamical behavior.


4.4.1 Disease-free equilibrium point

The steady-state solution of the model system (a form of the ABC fractional model) (14) obtained in the absence of disease is known as the disease-free equilibrium (DFE). The autonomous form of Equation 14 exhibits two disease-free equilibria, as stated in Theorem 6 below, depending on the magnitude of the threshold quantity M, where [image: image]. For this analysis, we consider the special case of the non-autonomous version of model (14) in which the temperature- and rainfall-dependent parameters are constant, specifically: ηI(T, R) = ηI, αI(T) = αI, μA(T) = μA, and μv(T) = μv.

Theorem 5. The model system (14) possesses two malaria disease-free equilibrium points: the trivial disease-free equilibrium [image: image] and the biologically realistic disease-free equilibrium [image: image]. These equilibria are defined as follows:

• [image: image] holds when [image: image].

• [image: image] holds when [image: image].

where

[image: image]

[image: image]

[image: image]

Proof: To find the disease-free equilibria of the ABC fractional malaria model (14), we set the right-hand side of each equation in system (14) to zero and also set Ec = Ic = Ea = Ia = Ev = Iv = 0. This means all infected and infectious compartments are empty.

From the equations [image: image], we obtain two possibilities: either MA = 0 or [image: image].

Therefore:

i. [image: image]: When MA = 0 and all infected and infectious compartments are empty (Ec = Ic = Ea = Ia = Ev = Iv = 0), and each equation in Equation 14 is equal to zero, we obtain

[image: image]

[image: image]

Therefore, [image: image].

ii. [image: image]: When [image: image] and all infected and infectious compartments are empty (Ec = Ic = Ea = Ia = Ev = Iv = 0), and each equation in Equation 14 is equal to zero, we obtain

[image: image]

[image: image]

[image: image]

Therefore, [image: image].

This completes the proof of Theorem 5.



4.4.2 The basic reproduction number

Definition 6. Diekmann et al. [32] and Van den Driessche and Watmough [33]. The basic reproductive number [image: image] is the spectral radius (largest eigenvalue) of the next-generation matrix, where F represents the Jacobian of the rates of flows from uninfected to infected classes evaluated at the disease-free equilibrium and V is the Jacobian of the rates of all other flows to and from infected classes evaluated at the disease-free equilibrium.

Theorem 6.

i. If [image: image], then the basic reproduction number, R0, associated with system (14) is zero.

ii. If [image: image], then the basic reproduction number, R0, associated with system (14) is:

[image: image]

Proof. To compute the basic reproduction number of the ABC fractional malaria model (14) from the malaria disease-free equilibrium using the next-generation matrix method [33], we focus on the infected compartments (those representing disease progression dynamics) of the model, leading to the following subsystem:

[image: image]

Thus, the Jacobian matrix for the infected sub-population Equation 64 is given by

[image: image]

Now, we look at two cases to determine the basic production number.

Case I: Following (65), the transmission matrix F (of new infection terms) and the transition matrix V (of transition terms) corresponding to the fractional ABC model (14) at trivial disease-free equilibrium point ([image: image]) are given, respectively, by

[image: image]

and

[image: image]

where [image: image].

[image: image]

Thus,

[image: image]

The basic reproduction number in this particular case is zero because zero is the only eigenvalue of the matrix FV−1. This suggests that the disease will not spread if an infected person is introduced into the community at trivial disease-free site [image: image], that is, trivial disease-free site [image: image] is locally asymptotically stable for this particular case.

Case II: Following (65), the transmission matrix F (of new infection terms) and the transition matrix V (of transition terms) associated with the fractional ABC model (14) at realistic disease-free equilibrium point [image: image] are given, respectively, by

[image: image]

and

[image: image]

[image: image]

As a result, one can get

[image: image]

From (73), we get the characteristic polynomial

[image: image]

where

[image: image]

which implies that

[image: image]

Therefore,

[image: image]

where

[image: image]

This completes the proof of the Theorem 6.

Theorem 7. The malaria disease-free equilibrium points [image: image] and [image: image] are locally asymptotically stable if R0 < 1 and unstable if R0 > 1.

Proof. The Jacobian matrix [image: image] is found about the malaria disease-free equilibrium[image: image]:

[image: image]

where

[image: image]

The eigenvalues of Equation 79 are−(ξh + μh)−(δc + μh), −(μh + d1 + σc), −μh, −(μh + δa), −(σa + μh + d2), −(μh + γ), −(μv + αv), −μv, and [image: image] have all negative real part, so for R0 < 1, the disease-free equilibrium is locally asymptotically stable.

The following Jacobian matrix [image: image] is found about the biologically realistic disease-free equilibrium [image: image]:

[image: image]

where

[image: image]

It follows from Equation 81, the eigenvalues −(ξh + μh), −μh, −(μh + γ), −(σa + μh + d2), −(μh + βa), and [image: image] containing negative real parts. The remaining (four) eigenvalues are found in the roots of the equation provided below:

[image: image]

where the coefficients are

[image: image]

Thus, by Routh–Hurwitz criteria, the four eigenvalues found in the roots of [image: image] will have a negative real part if they satisfy the Routh–Hurwitz criteria, that is, Ki > 0, for i = 1, ⋯  , 4.

It can be easily seen from the first, second, and third equations in Equation 84 that K1 > 0, K2 > 0, and K3 > 0, respectively.

Furthermore, from the fourth equation in Equation 84, we have

[image: image]

if R0 < 1 and K4 < 0, if R0 > 1.

Thus, [image: image] for all 0 < α ≤ 1. Therefore, [image: image] will be locally asymptotically stable for R0 < 1 and unstable for R0 > 1 as in [34].

Lemma. Vargas-De-León [35]. Let f(t) ∈ R+ be a continuous and differentiable function. Then, for any time instance t ≥ 0.

[image: image]

and

[image: image]

where 0 < α < 1.

Note that α = 1, the inequalities in Equations 86, 87 become equalities.

Theorem 8. If R0 < 1, then the malaria-free equilibria, [image: image] and [image: image], of the proposed model (13) are global asymptotic stability.

Proof. To prove this, we construct a candidate Lyapunov function [image: image] [36, 37] such that

[image: image]

where [image: image].

Now applying ABC operator on both sides of Equation 88, we get

[image: image]

Substituting Equation 14 into Equation 86 and after some algebraic simplification, we obtain

[image: image]

As

[image: image]

we conclude that

[image: image]

As a result, [image: image] when 0 < α < 1 and [image: image] if and only if [image: image]. Thus, by LaSalle's invariance principle [38], the malaria-free equilibria, [image: image] and [image: image], are globally asymptotically stable.




4.5 Existence of endemic equilibrium

The endemic equilibrium point of the fractional model (14), denoted by

[image: image], is defined where d1 = d2 = 0, which leads to, [image: image]. This equilibrium point satisfies the following equation:

[image: image]

Accordingly, the roots of Equation 93 that are either [image: image] 0 correspond to the disease-free equilibrium point or the non-zero roots of

[image: image]

where

[image: image]

Theorem 9. The endemic equilibrium [image: image] of the model system (13) is globally asymptotically stable in Ω if R0 > 1.

Proof. To prove this, we define the Lyapunov function as follows:

[image: image]

L is continuously differentiable function and also

[image: image]

and applying lemma[35], we obtain

[image: image]

Applying Equation 14 from Equation 98, we obtain

[image: image]

By further rewriting this inequality, we have

[image: image]

This inequality can be rewritten as

[image: image]

where

[image: image]

and

[image: image]

As a result, [image: image] for C1 < C2 and [image: image] if and only if [image: image] and [image: image]. The largest closed and bounded invariant set in {[image: image]: [image: image] is the singleton {E*}, where E* is the endemic equilibrium point. As a result, when R0 > 1 in the region Ω, the unique equilibrium point E* is globally asymptotically stable, according to the LaSalle invariance principle [38]. This completes the proof of the theorem.




5 Sensitivity analysis

To ensure model predictions remain reliable despite potential uncertainties in parameter values, sensitivity analysis is widely conducted. It reveals how changes in parameters affect the system's overall dynamics, particularly in relation to the basic reproduction number, offering crucial insights. Sensitivity analysis using the fixed-point estimation method described in reference [39] is applied to the fractional malaria model (14). This method analyzes the effects of local changes in model parameters by calculating the normalized forward sensitivity index of a variable v to a parameter (p), which is defined as

[image: image]

We created Table 3 using the following values: bm = 0.29, δc = 0.0003, βm = 0.022, μh = 0.00005, πc = 540, η = 0.343, d1 = 0.0002, μA = 0.1041, αI = 1.84, ξh = 0.000161, and μv = 0.05 per day, Kv = 40000, αv = 0.5, and σc = 0.002 as given in [[8] and the references therein]. Figure 1 illustrates a schematic of the mathematical model for malaria transmission (Equation 12), based on the works of [8, 10].


TABLE 3 Temperature-dependent parameters [see [8, 14, 41, 42] and there references therein].

[image: Table 3]


[image: Figure 1]
FIGURE 1
 A schematic of the mathematical model for malaria transmission.


Figure 2 depicts the sensitivity analysis of the basic reproduction number [fractional malaria model (14)] for the 14 parameters in Table 4.


[image: Figure 2]
FIGURE 2
 Sensitivity to model parameters (Table 2).



TABLE 4 Sensitivity analysis of the basic reproduction number (R0) at parameter values given above.

[image: Table 4]

From the analysis of Table 4 and Figure 2, it is evident that each parameter has a positive or negative effect on the basic reproduction number (R0). Parameters with positive signs, such as bm, δc, βm, αv, μh, η, kv, and αI, increase R0, while those with negative signs, such as πc, d1, μA, ξh, σc, and μv, decrease it. The parameter with a higher sensitivity index magnitude is more influential than those with smaller magnitudes, as exhibited in Figure 2. For instance, among the parameters given in the fractional malaria model (14) relative to R0, the per capita death rate for adult mosquitoes (μv), the lifetime number of eggs laid (bm), the maturation rate of immature mosquitoes (η), vector carrying capacity(kv), and the rate at which exposed children transition to the infected class (δc) are the most sensitive parameters, in that order. Therefore, to eliminate or control malaria disease, it is important to focus on controlling these parameters.



6 Model analysis with climate-dependent (temperature and rainfall) parameter

This section examines the model parameters that affect malaria transmission dynamics focusing on temperature and rainfall. The results presented below were obtained using MATLAB software.


6.1 The mosquito maturation rate

The mosquito maturation rate, denoted by η(T,R), depends on both temperature (T) and rainfall (R). It determines the rate at which immature mosquitoes develop into mature adults, as described by the following equation [see [8, 14, 41] and the references therein].

[image: image]

where

• [image: image], where B(T) is the lifetime number of eggs laid,

• [image: image], where PE(R) is the daily survival probabilities of eggs,

• [image: image], where PL(R) is the daily survival probabilities of larva,

• [image: image], wherePP(R) is the daily survival probabilities of pupae,

• [image: image], where PL(T) is the temperature-dependent daily probability of survival of larvae,

• [image: image], where TEA(T) is the development time from egg to adult mosquito.

• Thus, [image: image] [image: image] [image: image]

Based on the study of malaria transmission shown in [8, 14, 40, 41] and Figure 3, we examined the effects of temperature on the infected mosquito population in our proposed integer-order malaria model (14). We simulated infected mosquito populations across four temperature ranges: 17–25°C, 21–25°C, 30–32°C, and 35–39°C. The results are shown in Figures 4A–D, respectively.


[image: Figure 3]
FIGURE 3
 Relationship between basic reproduction number vs. temperature.



[image: Figure 4]
FIGURE 4
 Model simulations 4 show new mosquito infections for temperatures: (A) (17–25°C), (B) (21–25°C), (C) (30–32°C), and (D) (35–39°C).


Furthermore, we investigated the effects of daily rainfall on mosquito development. Mosquito burden are known to peak at 25°C [[8, 40–42] and Figure 4A], so we used this constant temperature (T = 25°C) for our analysis, as in previous studies [see [42] and the reference therein]. Figure 5 depicts the relationship between mosquito maturation rate (η(T,R)) and rainfall (R) in millimeters for a temperature of 25°C. As shown in Figure 5, aquatic mosquitoes cannot survive daily rainfall exceeding 50 millimeters. It is important to note that aquatic mosquitoes cannot survive daily rainfall exceeding 50 mm, which limits vector population growth. These effects are illustrated in Figures 6A–D.


[image: Figure 5]
FIGURE 5
 Mosquito maturation rate (η (T,R)) vs. rainfall (R) in mm for (T = 25).



[image: Figure 6]
FIGURE 6
 (A–D) Show mosquito stages (aquatic, susceptible, exposed, and infected) at 25°C over time (days) for different rainfall rates (10, 20, 30, and 40 mm).


The mosquito maturation rate, denoted by η(T,R), depends on both temperature (T) and rainfall (R). This rate determines the speed at which immature mosquitoes develop into mature adults. We examined this rate for various temperature and rainfall values: T = 20, 25, 30, and 35°C and R = 10, 20, 30, and 40 mm. The results are shown in Figure 6.




7 Results and discussion


7.1 Results

This section presents fractional-order (14) malaria models using graphs to understand the behavior of the solution trajectories. To draw the graph of the fractional-order model (13), we use the scheme introduced in [43], that is, from the solution of the differential equation with fractional order α given by

[image: image]

expressed as

[image: image]

where

[image: image]

At t = tn+1, n = 0, 1, 2, ⋯  , we obtain

[image: image]

With the help of interpolation polynomial, we approximate the function f(τ, g(τ))over [ti, ti+1].

[image: image]

Using Equation 110, Equation 109 takes the form:

[image: image]

Solving the integrals involved in Equation 111, we get the approximate solution as below:

[image: image]

Hence, we have the following recursive formulas for the proposed malaria model (14):
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where
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7.2 Discussion

Fractional-order malaria model analysis considering temperature and rainfall with Caputo operators showed correlation between these factors and mosquito population dynamics. Key factors affecting mosquito dynamics identified through sensitivity analysis were adult mosquito death rate, egg laying rate, maturation rate, vector carrying capacity, and exposed child transition rate, aligning with prior studies [8].

Based on the study of malaria transmission shown in [8, 14, 40–42] and Figure 3, we examined the effects of temperature on the infected mosquito population in our proposed integer-order malaria model 14(α = 1). We varied temperatures across four ranges: 17–25°C, 21–25°C, 30–32°C, and 35–39°C. The results are shown in Figures 4A–D, respectively. Figure 4A confirms that within the 17–25°C range, both infections and malaria burden rise with temperature, with the optimal temperature being 25°C [as expected from [8, 14, 40–42]]. However, Figures 4B–D show varying trends at higher temperatures: a peak burden at higher temperatures [Figure 4B, supported by [8]], a decrease with increasing temperature [Figure 4C, consistent with [8] and the references therein and [40]], and a drastic decrease with increasing temperature (Figure 4D) [see [15] and the references therein and [14, 40]].

As Figure 6A shows, the maximum value for aquatic mosquito vector growth is observed at a rainfall of 40 mm. In contrast, the remaining mosquito stages, including the susceptible mosquito (Figure 6B), exposed mosquito (Figure 6C), and infected mosquito (Figure 6D), all require a maximum rainfall of 30 mm for growth. Notably, infected mosquito populations peak at 30 mm of rainfall, suggesting that this is a favorable condition for malaria transmission compared to other rainfall values considered. Thus, we conclude that the peak for malaria transmission is at temperature (T = 25°C) [8, 40–42] and rainfall (R = 30 mm) [42]. Figure 7 reveals that mosquito maturation rate peaks and reaches its minimum at 20°C (19.18 and 10 mm, respectively) despite variations in rainfall (10–40 mm).


[image: Figure 7]
FIGURE 7
 Impact of temperature and daily rainfall on mosquito maturation rate. Values used: T = 20, 25, 30, and 35°C and R = 10, 20, 30, and 40 mm.


Figure 8 shows mosquito infection peaks at 25°C for all fractional orders (α = 0.7, 0.8, 0.9, and 1), similar to the classical malaria model 14 (Figure 4A) and aligned with prior findings [8, 40–42]. In addition, Figures 8A–D (α = 0.7, 0.8, 0.9, and 1) reveal a rise in mosquito infections with increasing temperature, consistent with the classical model 14 (Figure 4A) [8], whereas Figures 9A–D for all fractional orders (α = 0.7, 0.8, 0.9, and 1) show a dramatic reduction in mosquito infection as the temperature increases from 35 to 39°C. This is similar to the graph of the classical malaria model (14) as in Figure 4D, which is consistent with the findings in [15] and the reference therein and [40].


[image: Figure 8]
FIGURE 8
 (A–D) Exemplify the total numbers of infected vectors for 17–25°C for different values of fractional order alpha: (A) (α = 0.7), (B) (α = 0.8), (C) (α = 0.9), and (D) (α = 1), respectively.



[image: Figure 9]
FIGURE 9
 (A–D) Depict the total numbers of infected vectors for 35–39°C for different values of fractional order alpha: (A) (α = 0.7), (B) (α = 0.8), (C) (α = 0.9), and (D) (α = 1), respectively.


Furthermore, from Figures 8, 9, we can see that as the value of the fractional order alpha approaches 1, the results resemble the graph of the classical malaria model 14. For instance, Figures 8A–D (α = 0.7, 0.8, 0.9, and 1) resemble the classical malaria model 14 (α = 1) in Figure 4A, and Figures 9A–D (α = 0.7, 0.8, 0.9, and 1) resemble the classical malaria model 14 (α = 1) (Figure 4D).

Furthermore, Figure 10 shows that, like Figures 8A–D plotted on the different plane, the burden of mosquito peaks shown to occur at 25°C. As the value of the fractional-order derivative approaches one, it resembles Figure 4A, the classical model of 14 (α = 1). One advantage of ABC fractional derivative operators is that we can obtain distinct solutions.


[image: Figure 10]
FIGURE 10
 Infected vector vs. time (days) for different temperatures 17–25°C and different alphas (α = 0.6, 0.7, 0.8, 0.9, and 1).


Figure 11A demonstrates that as the number of susceptible children under seventeen decreases, the value of alpha (α) also decreases. This suggests a linear relationship between the two. Conversely, Figure 11B reveals that decreasing the exposed class of children under seventeen lowers alpha (α). This implies faster transitions from susceptible to exposed with a lower alpha value. Finally, Figure 11C shows a steeper curve. This indicates that model (14) relies heavily on past infection data when determining the rate of change in infected individuals.


[image: Figure 11]
FIGURE 11
 (A–C) Show the total numbers of susceptible, exposed, and infected children under 17, for different values of alpha.


Figures 12A–C examine adult susceptibility and disease spread. Figure 12A shows a rise and fall in susceptible adults, reflecting growth (new adults) followed by depletion (infections/immunity). Figure 12B reveals slower transitions from susceptible to exposed adults with lower alpha (α). Conversely, Figure 12C shows infected mosquitoes raise with higher alpha (α), implying the model prioritizes past infections in adult disease spread. The decline in infected adults with higher alpha (α) suggests the model incorporates other factors later.


[image: Figure 12]
FIGURE 12
 (A–C) Show the total numbers of susceptible, exposed, and infected adults, for different values of alpha.


Furthermore, for our future study, research directions [44–49] will be used. These areas, particularly those related to non-standard finite difference methods in fractional modeling [44, 49] and delay techniques in epidemic models [45–48], align well with the potential applications of our proposed method.




8 Conclusion

This study analyzes malaria transmission dependence on temperature and rainfall using a fractional-order differential model with Atangana–Baleanu operators (in the Caputo sense). It confirms the model's solution existence, uniqueness, and stability. Sensitivity analysis identified adult mosquito mortality, egg laying, maturation, and exposed child transition rates as key factors, aligning with prior research [8].

Simulations confirmed theoretical results: Peak malaria transmission occurred at 25°C (Figure 4A), consistent with [8, 40–42]. Malaria burden increased with temperature (17–25°C) (Figure 4A) [agreeing with [8]]. Figures 4B–D show a decrease with increasing temperature, also supported by [13–15], and the references therein.

Fractional-order model simulations (alpha approaching 1) resembled the classical model. For instance, Figures 8A–D (α = 0.7, 0.8, 0.9, and 1) resemble the classical malaria model in Figure 4A, and Figures 9A–D (α = 0.7, 0.8, 0.9, and 1) resemble Figure 4D. This study lays the groundwork for future research on infectious diseases using fractional derivatives, particularly ABC operators. Further extension could incorporate real-data non-autonomous parts, requiring additional compartments for mosquito and human populations.
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