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Darboux transformation of
symmetric Jacobi matrices and
Toda lattices

Ivan Kovalyov'* and Oleksandra Levina?

HInstitut fur Mathematik, Universitat Osnabrlck, Osnabrlck, Germany, 2Faculty of Mathematics,
Informatics and Physics, Mykhailo Drahomanov Ukrainian State University, Kyiv, Ukraine

Let J be a symmetric Jacobi matrix associated with some Toda lattice. We find
conditions for Jacobi matrix J to admit factorization J = LU (or J = $£€) with
L (or £) and U ( or ) being lower and upper triangular two-diagonal matrices,
respectively. In this case, the Darboux transformation of Jis the symmetric Jacobi
matrix J®) = UL (or J'9 = g41), which is associated with another Toda lattice. In
addition, we found explicit transformation formulas for orthogonal polynomials,
m-functions and Toda lattices associated with the Jacobi matrices and their
Darboux transformations.

KEYWORDS

Jacobi matrix, Darboux transformation, orthogonal polynomials, moment problem,
Toda lattice

1 Introduction

Let a sequence of real numbers s = ({s,}7°, be associated with a measure u on
(—00, +00), i.e.

+o00
Sn = /A”dﬂ(k), ne’Z;.

—00

However, in the general case, s = {s,,}/ , is associated with a linear functional & by
sp=60"), neZy. (1.1)
We consider the sequence s = {s,}7 , such that
D, #0, forallneN,

Z]-;lo. Note, if D, > 0 for all n € N, then there exists measure

associated with s = {s,}° ), otherwise, the sequence s = {s,}7°; is associated with only

where D, = det(s;y))

linear functional &.

On the other hand (see [1, 2]), the real sequence s = {s,}7°, is associated with the
symmetric Jacobi matrix J and the sequence of orthogonal polynomials of the first kind
{Pn(X)}52 > which can defined by

So 1 Sn
1 S1 S Sn+1
Po(A)=1 and P,(A)= ———| ... ... ...
anan
Sn—1 Sn $2n—1
1 Ao A
01 frontiersin.org
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[3, 4] Moreover, the sequence {P,(A)}72.

o satisfies a three-term
recurrence relation

APy(A) = apy1Ppy1(A) + byPy(X) + anPy 1 (1) (1.2)
with the initial conditions
P_l()») =0 and P()()\,) =1. (1.3)

In the short form we can rewrite Equation (1.2) as
JP(A) = AP(}),

where P(A) = (Py(A),...,P,(A),
matrix ] is defined by

...)T and the symmetric Jacobi

bo al
a) b] ap
(1.4)

a by

On the other hand, the symmetric Jacobi matrix J is associated

with the moment sequence s
holds (see [2, 5])

{sn}p> the following relation

sn = (eo,J"ep) foralln e Zy, (1.5)

where e = (1,0, ...)T and m- function of Jacobi matrix is found

by
dpu(r)
m(z):/ = (L6)
R A—2z
There exist two type transformations of orthogonal
polynomials, which are the Christoffel and Geronimus

transformations. One are studied in the paper Zhedanov [6].
The Christoffel transformation is defined by

~ Pn+1()\) - Anpn()t)

Py = T

P (1.7)

ne Z+,
Ppyr(a)

Py(a)
Equation (1.7) can be rewritten as follows:

where A, and o is arbitrary parameter. Moreover,

Theorem 1.1. ([7, Theorem 1.5]) Let {P,(1)};2, be the sequence
of the orthogonal polynomials associated with Equation (1.2). Then
the Christoffel-Darboux formula takes the following form

Py (x)Py(t) — Pn(x)Pn+l(t)

— (1.8)

Y Px)Pi(t) = an

i=0

The second transformation is a Geronimus transformation of
the orthogonal polynomials [6], one is defined by

P(h) = Py(A) — BsPy_1(A), B,€R and neNl.
Toda lattice. The Toda lattice is a system of differential
equations

xp(t) = g1

— Tty e N, (1.9)
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which was introduced in Toda [8].

We study the semi-infinite system with x_; = —o0. [9, 10]
Flaschka variables are defined by
1 %1% 1
=_¢ 2 d by=—-x. 1.10
ax 2e an k 2xk (1.10)

Therefore, we obtain the following system in terms of Flaschka
variables

@, = ag(by —bx_1) and b, =2(a;,; —ap), ao=0. (111)

Hence, the semi-infinite Toda lattice is associated with the
symmetric Jacobi matrix J and Lax pair (J, A), such that

U,Al =JA — 4],

where the matrix A = J; —J_, where J; and J_ are upper and lower
triangular part of ], respectively and

0 ay
—a] 0 ap
A:
—ap 0

As is known (see [8, 11]), the system (1.11) is equivalent to the
following

]/ = _[])A]~

Darboux transformation of the monic classical and generalized
Jacobi matrices were studied in Bueno and Marcellan [12],
Derevyagin and Derkach [13], and Kovalyov [14, 15]. Darboux
transformation involves finding a factorization of a matrix from
a certain class such that the new matrix is from the same class.
There are two types of Darboux transformation: transformation
with and without parameter. Jacobi matrix is associated with
many objects. There are moment sequence, measure, linear
functional orthogonal polynomials and Toda lattice. Hence, in the
current paper, we study not only Darboux transformation of the
symmetric Jacobi matrices, but we also study the transformation
of the associated objects. Hence, we investigate the Darboux
transformation of the symmetric Jacobi matrices J and find
relations between associated Toda lattice, orthogonal polynomials,
moment sequences and m-functions. We obtain that the Darboux
transformation without parameter of the symmetric Jacobi matrices
has more additional existence conditions in contrast to case of
the monic Jacobi matrices. On the other hand, the Darboux
transformation with parameter of the symmetric Jacobi matrices
is generated more easily. The results obtained can be applied for
further research related to symmetric Jacobi matrices, Toda lattices
and inverse problems. Of course, it can also be applied to the Toda
lattice hierarchy.

Now, briefly describe the content of the paper. Section
2 contains Darboux transformation without parameter of the
symmetric Jacobi matrix J. We find LU-factorization of J and the
transformed matrix J' (), Relation between Toda lattices, moment
sequences and m-functions associated with the Jacobi matrices was
obtained. In this case, the orthogonal polynomials are transformed
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by the Christoffel formula (1.7). In Section 3, we study the
Darboux transformation with parameter of the symmetric Jacobi
matrix J. We find UEL-factorization of | and transformed matrix
J@. Moreover, the relations between orthogonal polynomials, m-
functions, moment sequence and Toda lattices are found according
to explicit formulas.

2 Darboux transformation without
parameter of symmetric Jacobi matrix

Now we study a Darboux transformation without parameter of
symmetric Jacobi matrix J. The goal is to find the transformations
of polynomials of the first kind, m-functions, measure, moment
sequence and Toda lattice, which are associated with the
transformed Jacobi matrix.

2.1 LU-factorization
Lemma 2.1. Let J be a symmetric Jacobi matrix. Then J admits
LU-factorization

J=1LU, (2.1)

where L and U are lower and upper triangular matrices,
respectively, which are defined by

1 uy vi
I 1 uz v2
L= L1 and U= w | (2.2)
if and only if the following system is solvable
b() = up, vy = dap, Vj = aj, lju]‘ = aj, (2.3)
lej + Uit = bj, uj #0 and lj #0, jeN.

Proof. Let us calculate the product LU

Ui V1
Lhuy hve + up V2

LU =

Luy hLvy 4+ u3 B

Comparing the product LU with the Jacobi matrix J

by ai ug V1

ai b1 ap llul 111/1 + up V2

a, by . huy  bLva+us

we obtain the system (2.3).

If the system (2.3) is solvable, then J admits the factorization
J = LU of the form (2.1-2.3), where L and U are found uniquely.
Conversely, if ] admit LU—factorization then the system (2.3) is
solvable. This completes the proof.
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Lemma 2.2. Let J be the symmetric Jacobi matrix and let ] =
LU be its LU- factorization of the form (2.1-2.3). Let P; be the
polynomials of the first kind associated with the matrix J. Then

P,(0) 1

Pnfl(o) - ln)

neN. (2.4)

Proof. Let ] admit the LU-factorization of the form (2.1-2.3).
Setting A = 0 in Equation (1.2), we obtain

apy1Pny1(0) + by Py(0) + apPy—1(0) = 0.

By induction, we prove Equation (2.4).
1. Let n = 0, then

(11P1 (0) + boPo(O) + aoP_l(O) =0
and due to the initial condition (1.3) and (2.3), we get

Py1(0) bo uy 1

P (0 boPy(0) =0 = ——= =
a1P1(0) + boPo(0) = o(0) .

_11u1 a ll.
2.Let n = 1, then
a3 P5(0) + b1 P1(0) + a1 Po(0) =0

and by Equation (2.3), we have

P,(0) N E ay Po(0) PN P,(0)
P1(0)  ay  ayPi(0) P1(0)
by arlh — l%ul —upy + l%ul 1
T w hw L

3. Let Equation (2.4) hold for n = k — 1.
4. Let us prove Equation (2.4) for n = k, we obtain

Ak 41Pry1(0) + by P(0) + axPr_1(0) = 0.

Pr1(0) by ap  P,(0)
P(0) a1 a1 Pr(0)

Consequently
Pr11(0) b ap Pr_1(0)

Tk T TR by Section (2.3))

P(0) aky1 k1 Pr(0)

o~ bi + ayly - liuk — U1 + liuk _ 1
Af+1 ey vk bt .

So, Equation (2.4) is proven. This completes the proof.
Corollary 2.3. Let J be the symmetric Jacobi matrix and let ] =

LU be its LU-factorization of the form (2.1-2.3). Let P; be the
polynomials of the first kind associated with the matrix J. Then

|
P,0) = (-"[] - 2.5)
i=1 "

frontiersin.org
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Proof. Let ] admit the LU-factorization of the form (2.1-2.3) and
let P; be the polynomials of the first kind associated with J. By
Lemma 2.2, Equation (2.4) holds and we obtain

Pn(o) Pn,1(0) Pl (0) .

&@:Pwmfmqm””?mf44wn7

So, Equation (2.5) is proven. This completes the proof.

Corollary 2.4. Let J be the symmetric Jacobi matrix and let ] =
LU be its LU-factorization of the form (2.1-2.3). Let P; be the
polynomials of the first kind associated with the matrix J. Then

1 1 1
Py(0) = (=1 = —-
ln ln—l

Pk (0). (2.6)

Li—k—1)

Proof. Let J admit the LU-factorization of the form (2.1-2.3). By
Lemma 2.2, we obtain

Pn(O) Pn,1(0) Pnfkfl(o)
PO =570 Pn® " Py O
_ . B 1 1 1 P "
=D PO

Hence, Equation (2.6) is proven. This completes the proof.

Theorem 2.5. Let ] be the symmetric Jacobi matrix and let P; be
the polynomials of the first kind associated with J. Then ] admits
LU—factorization of the form (2.1-2.3) if and only if

Pj(0) #0 forallje Z,. (2.7)
Furthermore,
bo = u1, vj=aj j=—Pj71(O) an ujz_aij(O).
P;(0) Pi—1(0)
(2.8)

Proof. Let Pj(0) # 0 for all j € Z,. By Lemma 2.2 the system
(2.8) is equivalent to the system (2.3). Consequently, by Lemma 2.1
the Jacobi matrix J admits LU—factorization of the form (2.1-2.3).
Conversely, if the Jacobi matrix J admits LU—factorization of the
form (2.1-2.3), then by Lemma 2.1 and Lemma 2.2 the polynomials
of the first kind P; satisfy (2.7). This completes the proof.

2.2 Transformed Jacobi matrix J®) = UL

Definition 2.6. Let the symmetric Jacobi matrix J admit LU—
factorization of the form (2.1-2.3). Then a transformation

J=LU— UL=]®

is called a Darboux transformation without parameter of the
symmetric Jacobi matrix J.

Theorem 2.7. Let ] be the symmetric Jacobi matrix (1.4) and let
J = LU be its LU~factorization of the form (2.1-2.3). Then the
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Darboux transformation without parameter of the matrix J is the
symmetric Jacobi matrix

bl ay
ay bz a
JP) = UL = . (2.9)
a, by .
if and only if
a; + b
uj = by and =1b; foralljeN. (2.10)

0

Proof. Calculating UL, we obtain

uy " 1
e L1
» —yL = ) =
J us L1
uy + il V1
huy, uy+wnb V2

= . = { by Equati 2.3
bus  uz+wvilz . {by Equation (2.3)}

U + Vlll ay
ll up u; + Vzlz ap

hus  uz+vils

Consecuently, J® is the symmetric Jacobi matrix if and only if

liujy1 = a; foralljeN. (2.11)
Comparing Equation (2.3) with Equation (2.11), we get
lju]‘ =a; = lju]-+1 = Uj = Ujp1 = Uj = by for all] e N.

By Equation (2.3), uj + vjlj = bj for all j € N, we obtain
Equations (2.9, 2.10) and J® s the symmetric Jacobi matrix. This
completes the proof.

Theorem 2.8. Let the symmetric Jacobi matrix J satisfy (2.7) and let
J = LU be its LU-factorization of the form (2.1-2.3). Let J#) = UL
be the Darboux transformation without parameter of J. Then the
polynomials of the first kind P associated with J®) can be found
by Christoffel-Darboux formula

1 Pn-H()\)Pn(O) - Pn()\)Pn-H(O)
P,(0) A

PP = , 2.12)

where P; are the polynomials of the first kind associated with the
symmetric Jacobi matrix J.

frontiersin.org
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Proof. Let the Jacobi matrix J satisfy (2.7) and admit LU-
factorization of the form (2.1-2.3). Calculating the inverse matrix
of L, we obtain

1
- 1
L —h 1
—hbl L3 —I5 1
L™t =
n n
D"TTL D" T e ey =1 1
i=1 i=2
On the other hand,
J®)p() = ULPP (1) = APP) (1) =

= LULPP(3) =] (LP(P)(A)) =2 (LP(P)(A)> — AP(0).

Consequently, we obtain the relation between the polynomials
of the first kind

! Po(h)
-h 1 Py(%)
PP =L7'P() = hh —L 1 P00

—hbly Lz =3 1 P5())

Po()
P1(X) = 1 Po(X)
— Py(A) = LP1(A) + 1Py (M)
P3(%) — I3P2(A) + L3Py (A) — L1 bI3Po())

PP ()
P(1p) )
— | PP
PG

By Corollary 2.4, we obtain

n— 0)
PP = B+ Y R0) [T b = Pl +Z ENO
i= i+1
. (2.13)

However, we can rewrite Equation (2.13) and by Christoffel-
Darboux formula (1.8), we obtain

o) P;(0 ) 1 -
PP () = - Pi(0)P;(A) =
@) +§ P P = o & PO
1 Py (M)P(0) — Py(2)Pyy1(0)
RO A ’

Hence, Equation (2.12) holds. This completes the proof.

In the following statements we find the connection between
orthogonal polynomials, moment sequences, measures, linear
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functionals, m-functions and Toda lattices according to the
transformation Darboux transformation without parameter of the
symmetric Jacobi matrix.

Proposition 2.9. Let the symmetric Jacobi matrix J admit LU-
factorization of the form (2.1-2.3) and let the symmetric Jacobi
matrix J» = UL be the Darboux transformatlon without
parameter of J. Let s = {s,,}7° ) and s®) = {s };’O o be the moment
sequences associated with the matrices J and @), respectively.

(p) oo

Then the moment sequence s = {s,/'}° / can be found by the

following formula

s
(p) —b—n foralln € N.

s = (2.14)
0

Proof. Let the symmetric Jacobi matrix J admit LU-factorization of
= ULbe
its Darboux transformation without parameter. By Equation (1.5),

the form (2.1-2.3) and let the symmetric Jacobi matrix J )

we obtain

sn = (e0,J"eq) = (eo, (LU)"eq) = (o, LIUL)" ™' Uey) =
= (L eo, JP)" " byeo) = bo(eo, JP)"eg) = bos? .

Consequently, ip_)l

Equation (2.14). This completes the proof.

the moments s can be found by

Corollary 2.10. Let the symmetric Jacobi matrix ] admit
LU-factorization of the (2.1)-(2.3) and let the
symmetric Jacobi matrix J® = UL be the

transformation without parameter of J. Let & and &® be

form
Darboux

the linear functionals associated with the matrices J and J®,
respectively. Then

s
6l = —6.
bo

(2.15)

Proof. Let & and &) be the linear functionals associated with
the symmetric Jacobi matrices ] = LU and » = UL,
respectively, where L and U are defined by Equations (2.1-2.3). By
Equation (1.1), we obtain

s 1
Oy =P = = —s(3") foralln e N.
by bo
Consequently, Equation (1.19) holds. This completes
the proof.
Corollary 2.11. Let the symmetric Jacobi matrix ] admit

(2.1-2.3) and let the
UL be the
transformation without parameter of J. Let du and du®

LU-factorization of the form

symmetric Jacobi matrix J® = Darboux
be the measures associated with the matrices J and J®),
respectively. Then

au® ) = biodu(x). (2.16)

frontiersin.org
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Proof. Let p and w® be the measures associated with the
symmetric Jacobi matrices ] = LU and J® = UL, respectively,
where L and U are defined by Equation (2.1-2.3). Then

+o0 1 +o0
S

/ A la ) =P = 2o / Adu(y) foralln e N.
bo  bo

—0o0 —0o0

Consequently, we find transformation of the measure and
Equation (2.16) holds. This completes the proof.

Proposition 2.12. Let the symmetric Jacobi matrix J admit LU-
factorization of the form (2.1-2.3) and let the symmetric Jacobi
matrix /? = UL be the Darboux transformation without
parameter of J. Let m and m(®) be the m-functions associated with

the matrices J and J®), respectively. Then

m(P)(z) — w. (2.17)
bo
Proof. By Equation (1.6)
+00
du®
m(P)(z)z / wP( )=
A—z
—00
A0y 1 fa—z 1 zdu)
bo A—2z bo R)L—Z bo A—2z
—oo —00
1 +°°1d s Au0) s+ zm()
_?o/ MOt T T e
—00 —00

Hence, m-function is transformed by Equation (2.17). This
completes the proof.

Toda latice. The last statement is the following theorem of
this section. One is described the Toda lattice associated with the
symmetric Jacobi matrices J 28

Theorem 2.13. Let the symmetric Jacobi matrix J admit LU-
factorization of the form (2.1-2.3) and ] be associated with the Toda
lattice (1.9-1.11). Let the symmetric Jacobi matrix J®» = UL be
the Darboux transformation without parameter of J. Then J ) js
associated with the following Toda lattice

x;('(t) = k1M R (2.18)
1 X1 =Xk 1
ap = Eelf and  br = _Exgc (2.19)

@, = ap(bp1—be) and b, =2(a;,,—ap), ao=0. (2.20)
Furthermore, the matrix A does not change.

Proof. Let the symmetric Jacobi matrix be associated be associated
with the Toda (1.9-1.11) and let ] = LU, where L and U are defined
by Equations (2.2, 2.3, 2.10). Consequently, the symmetric Jacobi
matrix J® = UL is the Darboux transformation without parameter
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of J. By Equation (2.9), we obtain J; = ]f), J_ = ](f) and the
matrix A does not change in the Lax pair, i.e.

A=J—]-=]P -2

Moreover, similar to Equation (1.9-1.11), the
symmetric Jacobi matrix J® = UL is associated
with the Toda lattice (2.18-2.20). This completes
the proof.

3 Darboux transformation with
parameter of the Jacobi matrix

The next step is the Darboux transformation with parameter
of the symmetric Jacobi matrix J. We study the transformations
of the polynomials of the first kind, m-functions, measure,
moment sequence and Toda lattice, which are associated with the
transformed Jacobi matrix.

3.1 sL—factorization

Theorem 3.1. Let J be the symmetric Jacobi matrix and let
So be a some real parameter. Then J admits the following
UL-factorization

J=uUg, (3.1)

where £ and 4l are lower and upper triangular matrices,
respectively, which are defined by

1
So + bo
ai
L= S1+ b
az
=S @
—Sl a
and 4= > (3.2)
-S, .
if and only if the following system is solvable
Si(Si—1 +bio1) = —a?, Si1+bi1#0 and S;i_; #0,
forall i € N. (3.3)

Proof. Let ] be the Jacobi matrix. Let £ and il are defined

by Equation (3.2), where the parameter S € R \ {0,—bo}.
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Calculating the product 4(£, we obtain

1

—So @ So + bo

—Sl a) a
UL = s, S+ b
a
b() ay
S1(So + bo)
- by a
ay
= ~S(Si+b)

2
az

Comparing the product {€ with the Jacobi matrix J, we obtain
the system (3.3). This completes the proof.

3.2 Transformed Jacobi matrix J@ = ¢(¢

Definition 3.2. Let the symmetric Jacobi matrix / admit $(€—
factorization of the form (3.1-3.3). Then a transformation

J=4Ue — i =J@

is called a Darboux transformation with parameter of the Jacobi
matrix J.

Theorem 3.3. Let the symmetric Jacobi matrix J admit $(€—
factorization of the form (3.1-3.3) with parameter Sy € R\{0, —by}.
Then the Darboux transformation with parameter of the Jacobi
matrix ] is the symmetric Jacobi matrix

—So ay
ay bo ap
@ = : 4
J o b (3.4)
if and only if
So=3S; forallieN. (3.5)

Proof. Let ] admit $(€—factorization of the form (3.1-3.3).
Calculating the product £, we obtain

—So al
So(So + bo)
——— So+ by — S a,
9= u= " S1(S1 + by)
1081+ by )
—— St — %
a

Hence, /9 is the symmetric Jacobi matrix if and only if

~Si1(Si—1 + bi_1) = a? forallieN.
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On the other hand, by Equation (3.3), we know

—Si(Si—1 + bi_1) =a? forallieN.
Consequently, we obtain Equation (3.5). This completes

the proof.

Theorem 3.4. Let the symmetric Jacobi matrix J admit U£—
factorization of the form (3.1-3.3) and let J@ = £4( be its Darboux
transformation with parameter. Then the polynomials of the first
kind transform by the Geronimus formula

b;

So + bi_
P = Py(3) and PE”(A):P,»(A)+%-P14(A),ieN,
1

(3.6)
where P; and Pfd) are polynomials of the first kind associated with
the matrix J and J@, respectively.

Proof. Let J admit {{€—factorization of the form (3.1-3.3) and let
J@ = £4(be its Darboux transformation with parameter. Then

JP()) = AP(L) = $ULP(L) = AP(A) = SULP(L) = LLP(\) =
= JOPDG) = aP D),

where
1
Po(h)
Sotbo Py
P = P(L) = Py(2)
So + by P3(A)
az
Po(A)
So + b (d)
P0)+ ——P) | [P0 W)
“ PO()
Si+b (d)
= | P2(0) + p Py | =| P’
2 @
Sy + by P37 ()
P3(2) + p Py(2) .

So, the polynomials of the first kind are transformed by
the Geronimus formula and Equation (3.6) holds. This completes
the proof.

Proposition 3.5. Let the symmetric Jacobi matrix J admit {£—
factorization of the form (3.1-3.3) and let the symmetric Jacobi
£40 be the Darboux transformation with
{sn}po, and s {sﬁf’)}g‘;o be

the moment sequences associated with the matrices J and J @,

matrix ](d) =
parameter of J. Let s =

respectively. Then the moment sequence s@ = {si,d)}gio can be
found by
sf)d) =1 and sgfl) = —S8psy—1 forallm e N. (3.7)

Proof. Let the symmetric Jacobi matrix J admit ${€—factorization
of the form (3.1-3.3) and let the symmetric Jacobi matrix J @ = gy
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be its Darboux transformation with parameter. By Equation (1.5),
we obtain

s = (eg, T9)ey) = (en, e9) = 1
and

S = (eg, (J'D)"ep) = (eo, LU ep) = (e, L(LL)" ' Leg)

= (£Teq, ()" (—S0)e0) = —So(eo, )" eg) = —Sosu—1
foralln € N.

Hence, Equation (3.7) holds. This completes the proof.

Corollary 3.6. Let the symmetric Jacobi matrix J admit {£—
factorization of the form (3.1-3.3) and let the symmetric Jacobi
matrix J@ = €[ be the Darboux transformation with parameter
of J. Let s = {s,}7°, and s@ = {sid)}iio be the moment sequences
associated with the matrices J and J@, respectively. Then

S = s (3.8)
Proof. By Equation (3.7) and sp = 1, we obtain
sgd) = —S0s0 = s(ld) = —S.
So, Equation (3.8) holds. This completes the proof.
Corollary 3.7. Let the symmetric Jacobi matrix J admit
UL—factorization of the form (3.1-3.3) and let the
symmetric Jacobi matrix J@ = €4 be the Darboux

transformation with parameter of J. Let & and &@ be the
linear functionals associated with the matrices J and J@,
respectively. Then

p(A) — p(0)

SD(p(r) = —$& ( - ) +p(0), p(r) e C[AL. (3.9)

Proof. Let & and & be the linear functionals associated with
the symmetric Jacobi matrices ] = 4U£ and J@ = ey
respectively, where £ and il are defined by Equations (3.2, 3.3). By
Equation (1.1), we obtain

s@Wom = sild) = —Spsp—1 = =SS (A”_l), foralln € N.
Consequently, Equation (3.9) holds. This completes the proof.

Corollary 3.8. Let the symmetric Jacobi matrix J admit {£—
factorization of the form (3.1-3.3). and let the symmetric Jacobi
matrix J@ = £4( be the Darboux transformation with parameter
of J. Let du and d? be the measures associated with the matrices
Jand J, respectively. Then

b @
du(r) = —S—du ). (3.10)
0
Proof. Let] = UL and ] @ — ¢§( where the matrices £ and 4 are
defined by Equations (3.2, 3.3, 3.5). The measures dju and du(d) are
associated with the matrices J and J@, respectively. Then

+o0 +o00
—So f A Ydp(r) = —Spspoy = 59 = / Adp D).
—00 —00
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Consequently,
+o00 +00 2
/A”ild,u(k)z— / )L"*ls—d,u(d)()\).
—00 —00 0

Hence, Equation (3.10) holds. This completes the proof.

Proposition 3.9. Let the symmetric Jacobi matrix J admit {£—
factorization of the form (3.1-3.3) and let the symmetric Jacobi
matrix /9 = £4( be the Darboux transformation with parameter
of J. Let m and m@ be m-functions associated with the matrices J
and J @, respectively. Then

1 Som(z)
m@(z) = - + :
z z

(3.11)

Proof. Let] = 1€ and JP = €4, where the matrices £ and
are defined by Equations (3.2, 3.3, 3.5). Then m-functions of the
matrices J and J@ are related by

+ +
() 1 adu @)
m(z) = f - ==
A—z So A—z
—00 —00
+ +
T ORISR ML IOD
__ L du ><A>+7/
So A—2z S() A—2z
—00 —00
sf)d) N zmD(z)
TS So
On the other hand
(d) (d) (d)
zm'9(z) s s Som(z)
=mz)+ 2> = mDz) =2 4 0 .
So S() z z

By Equation (3.7), sgd) = 1 and Equation (3.11) holds. This
completes the proof.

Toda latice. There is the last target of our investigation.

Theorem 3.10. Let the symmetric Jacobi matrix J admit £-
factorization of the form (3.1-3.3) and ] be associated with the Toda
lattice (1.9-1.11). Let the symmetric Jacobi matrix J4 = €4( be
the Darboux transformation without parameter of J. Then J@ s
associated with the following Toda lattice

X/(f) = M1 ke (3.12)
1 *%—1—% 1 1
a=-e 2 , Sy=-x, and by, = ——x,. 3.13
k=5 0= 5% k-1 5%k (3.13)
ag =0, ay=ai(bo+So), a = ar(br_1 — bx_2),

—So=2(a; —ag) and b, =2(a,, —a) kel
(3.14)

Furthermore, the matrix A does not change.
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Proof. Let the symmetric Jacobi matrix J be associated with the
Toda lattice (1.9-1.11) and let ] = £, where £ and U are defined
by Equations (3.2, 3.3, 3.5). Consequently, the symmetric Jacobi
matrix /) = €4(is the Darboux transformation with parameter of
J. By Equation (3.4), we obtain J; = f), J_ = ]@ and the matrix
A does not change in the Lax pair, i.e.

A= —) =) -9

Moreover, similar to Equations (1.9-1.11), the symmetric
Jacobi matrix J@ = €4l is associated with the Toda lattice (3.12-
3.14). This completes the proof.
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