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Stability of generalized models
for HIV-1 dynamics with impaired
CTL immunity and three
pathways of infection

Noura H. AlShamrani'*, Reham H. Halawani' and
Ahmed M. Elaiw?

!Department of Mathematics and Statistics, College of Science, University of Jeddah, Jeddah,
Saudi Arabia, 2Department of Mathematics, Faculty of Science, King Abdulaziz University, Jeddah,
Saudi Arabia

Highly active antiretroviral therapy (HAART) stands out as the most effective
treatment for human immunodeficiency virus type-1 (HIV-1). While total
eradication is still difficult, HAART can dramatically lower the virus's plasma viral
level below the detection threshold. The activation of latently infected cells is
considered to be the main obstacle to the total eradication of HIV-1 infection.
This study investigates the dynamic characteristics of two generalized HIV-1
infection models taking into account the impairment of cytotoxic T lymphocytes
(CTLs). These models include CD4™T T cells that are latently infected and equipped
with the capability to engage in cell-to-cell infection and elude immune
responses. We introduce models featuring three infection pathways: virus-to-
cell (VTC), latent cell-to-cell (L-CTC), and active cell-to-cell (A-CTC). The three
pathways' infection rates are characterized by general functions, which cover the
many types of infection rates documented in the literature. The second model
integrates three distinct types of distributed-time delays. We demonstrate the
validity of the suggested models, through their well-posedness. We determine
the basic reproduction ratio (%) of the systems. Lyapunov functions and LaSalle’s
invariance principle are employed to verify that the global stability of both the
virus-free steady state (Og) and the virus-persistence steady state (O1). More
precisely, O achieves global asymptotic stability when Rg < 1, whereas O
attains global asymptotic stability when %y > 1. To demonstrate the impact of the
parameter values on Mg, we examine the sensitivity analysis. It is illustrated that
Mg comprises three components, namely Rge, Rgp, and Ry, corresponding
to the transmissions of VTC, L-CTC, and A-CTC, respectively. Thus, if the L-CTC
pathway is disregarded in the HIV-1 infection model, 9ig may be underestimated,
which could lead to inadequate or erroneous medication therapy focused on
eradicating HIV-1 within the body. To demonstrate the associated mathematical
outcomes, we conduct numerical simulations through an illustrative example.
Specifically, we delve into how the dynamics of HIV-1 are influenced by both
immune impairment and time delay. Our findings suggest a significant role of
reduced immunity in the progression of the infection. Furthermore, time delays
possess the potential to markedly reduce 9, thereby impeding the replication
of HIV-1.

KEYWORDS

HIV-1, immune impairment, global stability, delays, Lyapunov stability, sensitivity
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1 Introduction

In recent years, there has been a significant upsurge in interest
regarding the mathematical modeling of human immunodeficiency
virus type-1 (HIV-1) dynamics within the host [1]. Researchers
have developed mathematical models that have the potential
to substantially advance our knowledge of infection and the
medication therapy approaches used to combat it. The dynamics
of HIV-1 infection within-host have been explored through
various mathematical models. The basic model, governing the
time evolution () of the healthy CD4"T cell population (7),
the infected CD4 7T cell population (K), and HIV-1 particles (),
utilizes a set of ordinary differential equations [2]. This model has
been extended and modified by using non-integer derivatives [3-
5]. The concept described in reference [2] postulated that CD4™T
cells get infected upon coming into contact with HIV-1 particles
is known as the virus-to-cell (VTC) pathway. Numerous studies
have demonstrated that HIV-1 may spread directly through the
development of virological synapses from an infected cell to an
uninfected cell, a process referred to as the cell-to-cell (CTC)
pathway (see, e.g., [6-8]). The CTC mechanism can decrease the
time required for HIV-1 particle production by 0.9 times and
enhance HIV-1 fitness by 3.9 times [9].

A viral infection model with two infection pathways, VTC and
CTC, can be formulated as outlined in Graw and Perelson [10]:

T =0—-—n5T — (pe€ + pxK) T,

’:C = (p€ + ) T — ik, (1)
E=wk —ngé,
where 7 = J (@), K = K() and € = &£ (t) represent

the concentrations of healthy CD41T cells, actively infected cells
and HIV-1 particles at time ¢, respectively. The production rate
of healthy CD4TT cells is 0, while their death rate is n 7J.
At rates of pg JE and pxc JK, respectively, the healthy CD4*T
cells get infected via VTC and CTC routes. HIV-1 particles are
generated at a rate of @w/C from cells that are actively infected.
The HIV-1 and actively infected cell death rates are represented
by ng€ and nic/C, respectively. Because HIV-1 replication and
transmission in lymphoid tissues are so complex, an increasing
number of significant biological parameters (such as cell-to-cell
transfer, latency, immune response, and time delay). Therefore,
many authors have interested in extending model (1) by including
different factors.

Cytotoxic T Lymphocyte (CTL) immunity plays an important
role against viral infection. Cytotoxic T Lymphocyte (CTLs) kill the
cells infected by viruses. Under the effect of CTL immune response,
model (1) can be written as [11-15]:

T =0-n5T —(pe€ + pxK) T,
K = (o€ + pxK) T — Kk — $LK, @
E=wK—ng&,L=ELK —n,L,

where, £L = L(t) is the concentration of the CTLs at time t¢.
CTLs are stimulated, die and kill infected cells at rate, £ LIC, n, L
and ¢ LI, respectively. It has been documented that HIV-1 can
impair CTL immunity and inhibit CTL responsiveness [16-22]. By
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considering the CTL impairment, the fourth equation of system (2)
can be modified as [23-25]:

L=¢K—BLK —n,L,

where CTL immunological impairment rate is denoted by LK and
CTL immunity stimulation is represented by £C.

Although effective combination therapy often lowers the HIV-
1 plasma viral load to below the detection limit, complete virus
elimination remains elusive [26]. Despite the advancements in
antiviral medication, one of the major challenges in eradicating
HIV-1 lies in the persistence of latently infected cells [26, 27].
Latently infected cells harbor HIV-1 virions but remain dormant
until activated. In the HIV-1 infection model, which encompasses
two infection pathways, CTL immune impairment and latently
infected cells, the formulation can be expressed as: [24, 25]:

J=0-n77 —(pe€+pxK) T,
P=v(peE+pcK)T — W +np) P,

K =Q1-v)(pe€ + pxK) T +¥P — nxck — ¢ LK,
E=wK —ng&,

L=.K—BLK —ngL,

where P = P(t) is the concentration of the latently infected cells
at time ¢. Latently infected cells become active at a rate of 1P and
undergo cell death at a rate of npP. Among all infections, a fraction
v becomes latent, while the remaining fraction 1 — v becomes
active.

According to the experimental data by Agosto et al. [28], it has
been observed that latently infected cells can spread the infection
through the CTC mechanism to uninfected cells. Consequently, in
recent works [29-31], viral infection models were developed by
including three pathways of infection, (i) VIC, pg€7, (ii) latent
cell-to-cell (L-CTC), ppPJ and (iii) active cell-to-cell (A-CTC),
pic/CT . One crucial factor influencing the spread of viruses is the
infection rate [32]. The following types of infection rates were taken
into account in the viral dynamics models including CTL immune
impairment and/or CTC transmission:

e Bilinear infection rate: pe£J (21, 33]; (pg€ + picK) T [25];
(pe€ + ppP + pcK) T, [34, 35]. This situation implies that
the rate of infection is precisely proportional to the product
of the concentrations, involving viruses or infected cells
interacting with uninfected cells, a phenomenon known as the
mass-action principle. However, practical applications reveal
that this concept is not universally applicable. The law of mass-
action, for instance, won’t apply if the quantity of viruses or
infected cells surpasses the quantity of uninfected cells. In such
a scenario, an increase in virus or infected cell concentration
won’t result in a rise in infection.

e Saturated infection rate: Iiifgj [18]; %‘7 + %‘7
[23, 36], where g, exc > 0.

e Beddington-DeAngelis infection rate %ﬂ [371,

where eg, €7 > 0.

e General infection rate: Ye (T,E) [19];
(Ye(©) + Tp(K) Tic(T) [24]; Ye (T,E) €+ Yi (T, K) K
38 Ye (T, E+ YTp (T, P)P + Tx (J,K) K [29], [30];
Ye (T,E) + Yp (T, P) + Y (J,K) [31], where Yg, Tp
and Y are general functions.
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It should be noted that the model in Alofi and Azoz [24]
disregarded the L-CTC route, but included consideration for CTL
immune impairment. While the models in Wang et al. [29] and
Hattaf and Dutta [30] incorporated three infection pathways (VTC,
L-CTC, and A-CTC), they did not account for CTL immunity.
In another model discussed in Elaiw and AlShamrani [31], the
VTC, L-CTC, and A-CTC pathways were considered, yet the model
omitted consideration for CTL immunological impairment.

The current study aims to investigate two HIV-1 infection
models with CTL immunological impairment, taking into account
three different infection pathways: VTC, L-CTC, and A-CTC which
are modeled by general nonlinear functions. Additionally, three
kinds of distributed-time delays are incorporated into the second
model. We examine the fundamental characteristics of the model’s
solutions in addition to the steady states’ global stability. We
provide numerical simulations to validate the theoretical results.
We wrap up by talking about the outcomes. Our proposed model
can be seen as a generalization of several HIV-1 infection models
with CTL impairment presented in the literature. Our system’s
basic reproduction ratio (M) is more accurate than models that do
not account for the L-CTC route. As a result, the acquired (9y) may
result in appropriate drug therapy aimed at eliminating HIV-1 from
the body.

2 Model with CTL immune
impairment, general infection rate and
three pathways of infection

2.1 System overview

We introduce a model for HIV-1 that incorporates CTL
immune impairment while also accounting for the infection
of healthy CD4%T cells through VTC, L-CTC, and A-CTC
transmission modes. The model is outlined as follows:

J =0-ngT —Ye(J,) = Yp (T, P)— Yk (J.K),
=Ye(J,6)+Tp (T, P)+ T (T,K) — (¥ +np) P,
=YP —nck — LK,
oK —ngé,

EK —ncL — BLK.

P
K
£
L

(€)
The general functions Yg (J,€), Yp (J,P) and Y (J,K)
represent, respectively, the VTC, L-CTC and A-CTC routes of
infection. The meanings assigned to all remaining parameters and
variables remain in line with the explanations provided in Section
1. Model (3) is very general as it considers nonlinear incidences
(Te (T, &), Yp (J,P)and Yk (J, K)). Additionally, it is crucial
to highlight that model (3) encompasses a broad spectrum of
pre-existing models, as seen in earlier research [24, 30, 31].

Define 7 (J), Z € {£€,P, K} as:

Te (7.6 _ 976 (J,0)

Le (J) = glij(}+

g Y
TR (ILP) 0Tp(J,0)

Lp (J) = Plgr(lﬁ D = P
. Y (T,K) 9Tk (J,0)

e = lim —— ="k
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The paper relies on the following conditions regarding the
functions Yz (7, 2),Z € {£€,P, K} [39, 40]:

Condition Cl. Yz (J,Z) is continuously differentiable,
Yz (J,Z) > 0and Yz (0,2) = Yz (J,0) = Oforal J > 0
and Z € {£,P, K} > 0.

Condition C2. 012(J.2) > 0, 012(J.2)

0z
and Z € {£,P, K} > 0.
Condition C3. £z (J) > 0 and £, (J) > 0forall 7 > 0,
Z e {&,P,K}.
Condition C4.
forall Z € {£€,P,K} > 0.

> Oforall 7 > 0

Yz (J,Z . . .
Yz(J.2) is non-increasing with respect to Z

2.2 Fundamental characteristics

2.2.1 Model's well-posedness

To guarantee the biological acceptability of our model, the
following assertion establishes a constrained domain for the
compartment concentrations. More specifically, the concentrations
shouldn’t go negative or unbounded.

Proposition 2.1. Assume that Condition C1 is satisfied, then the
solutions of system (3) are nonnegative and bounded.

Proof. From system (3) we get the following:

J |7=0=16 >0,

P lp=o=Te (J,€) + i (J,K) > 0, forall 7,E,K > 0,
K |x=o= %P >0, forall P > 0,

Ele—o=wK >0, forall K > 0,

L |peo=EK >0, forall K > 0.

Thus, according to Proposition B.7 of Smith and
Waltman [41], we conclude that, for all ¢ > 0,
we have (J(8),P(t), K(t), E(t), L(t)) Eszo> whenever
(J(0), P(0), K(0), £(0), £(0)) €2. Let

N nc
o = K+ —&+ —L.
T+P+K+ 44
Then, we have
C s e MK s K
o = K+ —&+—L
T+P+R+5 €+ 4
nK nh
=0-— - - —K- — | LK
ngJ —npP -~ <¢ + e )
_TIKnE o nKNL
2w 4&
N nKne nKne
<0 - — - —K- E— L
=0-—ngJ —npP - - 1
59—8<J+P+K+"—’<5+”—’<£> —0— s,
2w 4&
where ¢ = min {ﬂj, np, "T’C, ne, 7711}~ Hence
—et 6 6
D) <e (DO -2 )+~
e e
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0
This yields 0 < @ (t) < T} if  (0) < T'j, whereI'} = —.

&
Considering that all state variables have non-negative values, 0 <
J®),P@®),K#) =T1,0 =< 5(?7 =Tyand0 < L () =< T3, for

allt > 0if 7 (0)+P (0)+K (0)+2—’CS(O)+Z—’§£(O) < Ty, where
o)
20" 4ET
h = o1 and ['; = L To sum up, the boundedness of

K nic
J (1),P (1),K (1),€ (t) and L (¢) implies that the solutions of system
(3) are bounded.

2.2.2 Derivation of reproduction ratios and
steady states

Proposition 2.2. Assuming that Conditions Cl1-C4 are
met, there exists a positive basic reproduction ratio
m D Yle (Jo)tnenxlp (Jo)+¥nelic (Jo) :

NRo e D) for system (3) in a
way that

(i) ensures the system consistently maintains a virus-free steady
state, denoted as Og, and

(if) if Mo > 1, the system additionally possesses a virus-persistence
steady state, denoted as O.

Proof. It is observed that a virus-free steady state labeled as Oy =
0

(Jo,0,0,0,0) consistently exists in system (3), where Jp = —. In
ng

the upcoming analysis, we plan to calculate the basic reproduction
ratio for system (3) using the next-generation matrix (NGM)
approach, as introduced by Driessche and Watmough [42]. The
model (3) features infected compartments, denoted as (P, KC, &),
and is defined by matrices that describe the nonlinear components
related to the new infection Q; and the outflow term A; within
these compartments as given below.

Ye (T,E)+Yp (T, P)+ T (JT,K)
Q= 0 ,
0
W +np)P
—UP+ K+ LK
—o K +ngé

Ay =

The derivatives of €, and A; at the steady state Op are
calculated, yielding the following matrices:

3P (J0,0) 3Tk (Jo,0) 9Yg (Jo,0)

Q) = BgD B(I)C 805 )
0 0 0
Y+np 0 0
Ay = ¥ nc O
0 —w ng

The form of the NGM is as follows:

QA7
@ Ylg (Jo) + Lp(Jo) + Vi (Jo)  w@le(Jo) + L (Jo)  Le(Jo)
ngnc (W+np) V+np nc(W+np)  nenc nC ng
= 0 0 0
0 0 0
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The spectral radius of matrix QlAfl, symbolized as Ny, defines
the basic reproduction ratio. Its calculation is determined by the
following expression:

@ Yle (Jo) + nenxctp (Jo) + ¥nelic (Jo)

Ny =
nenk (¥ +np)
— Nog + Nop + Noxe, )
where

N wyle (Jo) tp (Jo)
E=—", WP = >

nenk (¥ +np) v +np

Yl (Jo)

Roje = ——————.

oK nK (¥ +np)

The clinical relevance of the parameter 9y holds significance
as it plays a crucial role in determining whether the HIV-1
infection will progress into a chronic state. Within this framework,
Noz symbolizes the average quantities of secondary infected cells
generated from engagements with viruses and infected cells, where
Z € {€,P,K}. To extend our exploration beyond Oy, we scrutinize
(T, P, K, &, L) as a potential steady state governed by the following
set of algebraic equations:

0=0—-n7T —Ye(J,&) = Yp(J,P) =T (T,K), (5)
0="e(T,E)+Yp (T, P)+ T (T, K) = +np)P, (6)

0=yP —nk—¢LK, (7)
0=k —ng€, (8)
0=&K —ncL — BLK. 9)

From Equations (8, 9), we get

f—o k=28 -tk

E S h— 10
ne nc + BK (10)

Clearly, ®; (0) = 0. The following outcome is obtained after
inserting Equation (10) into Equation (7):

nenek + (9§ + nicB) K2

P=0,(K)= (11)
’ ¥ (e + KO
It is clear that ®;, (0) = 0. From Equations (5, 6), we get
O—ngT = +np)P. (12)

The following outcome is obtained after inserting Equation (11)
into Equation (12):

J = 0;(K)
_ Ly @t (nenkK + (9§ + nic p) K?) (13)
ng ¥ (nc + BK) '

Note that ©3(0) = Jp. Upon substitution of Equations (10, 11,
13) into Equation (6), the result is as follows:

Ye (O3 (K), 01 (K)) + Tp (O3 (K), 02 (K)) + Tk (03 (K), K)

W +np) (nenK + (9€ + nkp) K?)

¥ 1z + BK) =0 (1)

From Equation (14), we have
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1. When £ = 0, the virus-free steady state Oy is derived from
Equations (10, 11, 12, 13).
. When IC # 0, let us define a function W (K) on [0, 00) as:

U (K) = Te (03 (K),0; (K) +Tp (03 (K), 0, (K))
+Tx (O3 (K),K)
W +np) (nencK + (9§ + ncB) K?)
¥ (e + BK) '

We have W (0) = 0. Let K be such that O3 (I&) =0, ie.,

W +np) (nenck + @€ +ncp) K2)

0 — =

ngv (nc + /3’@) >

which implies that

(& +nicB) (W +np) K2 + (nene (0 + np) — ngvBIo) K
—ng¥necdo =0.

Therefore, Equation (15) has a positive solution

o ~B+ VB* —4AC
- 24 ’

where

A= (¢ +nch) (¥ +np),
B=mncnx (f +np) —ngv¥BI,
C=—ng¥nco.

We can see that
w (IC) = s (0,@1 (IC)) +Tp (0, 0, (IC)) + T (o, IC)
W +np) (nenk + @€ +ncp) K2)
) v (ne + BK)
W +1p) (nemck + @8 + ncp) K2)
. v (ne + BK)

< 0.

In addition

dTe (J.€)
0T
0Tp (J.P) |,
T + 0, (K)
0T (J,K) | 0Tk (T,K)
0 )@
( $E 20z + ﬂlC)lC>
nwK+—m————1-

(nc + BK)?
Condition C1 implies that %go,o) =0,Z e {&,P,K}. Then

ATe (J,€)
&

aTp (J,P)
P

v (K) = 0} (K) + ©] (K)

+ 045 (K)

+ 045 (K)

Y +tp
4

3Te (Jo,0 . aT ,0
v ©=6; 0 =00 46 o) 77’3(750 )
n 0Tk (J0,0)  nx (¥ +np)
K 4
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_ @ Ve (J0,0) | nx 9T (Jo,0) n 0k (Jo,0)
Tone A€ v 9P aK
k(Y +np)
¥

¢ ¢
_z s(Jo)+n/< P (D) +£K(j0)_w

ne Y ¥
_ W Do — 1),

where Ny is defined in Equation (4). Therefore, if %y > 1 then
W’ (0) > 0 and there exists K} € (0, I&) such that ¥ () = 0.
Let L = Ky in Equation (5) and define

N(T) =0—-ngT —Ye(T,01 (K1) = Tp (J,02 (K1)
Y (I, KD .

Subsequently, based on Condition C1, we obtain 8(0) = 6 > 0
and

R (Jo) = — (Ye (Jo, 01 (K1) + Yp (Jo, ©2 (K1)
+Yx (Jo, K1) < 0.

Under Condition C2, it follows that X () decreases strictly
as a function of J. Consequently, there is a unique value
J1 within the interval (0, Jy) for which R (7)) equals zero.
Moreover, considering Equations (10, 11), we find

P = nencky + (9§ + o) K2 = o K1
¥ (e + BKY) ' ne
&K
L=
YT e+ B

The presence of the virus-persistence steady state O,
(J1, P1, K1, &1, L1) becomes evident when Ry > 1.

2.2.3 Global stability of steady states

The forthcoming theorems explore the global asymptotic
stability of both virus-free and virus-persistence steady states. The
development of the Lyapunov function will adhere to the approach
outlined in Korobeinikov [43].
the
i (J,P,K,E, L), and we characterize M; as the largest invariant

=0}, i

In order to examine whether the steady state Op, is

In remaining work, we focus on a function

subset of

dE;
dt

M; = {(J,P,IC,S,[Z):

globally asymptotically stable (G.A.S), we necessitate adherence to
Condition C5 as outlined below [40]:

Condition C5. The supremum of £2(T)

Le(T)

on (0,6/n7] is
%

attained at 7 = —, where Z € {P, K} .
ng

Theorem 2.1. For system (3), let Ry < 1 and Conditions C1-C5
are satisfied, then Og is G.A.S.
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Proof. Let’s contemplate a potential Lyapunov function as:

J 55 (Jo) @ le (T0)+nelic (Jo)
- dr+P + MK
55(]0)5 ¢(w55(\7g)r)’+rrzlifzc(~70)) 2.

—
L1

Evidently, E1(J,P,K,E,L) > 0 for everyj PICE L > 0, as
well as E1(7,0,0,0,0) = 0. Computmg dt L we derive
Le (Jo)

dg;

dt ( Le () ) T+P+ nKne

n Le (Jo) ¢ (@ ls (To) + nelic (Jo)) £
ne Enkne

Le (Jo)
=(1- 0 — -7 &) -7 ,P
( Eg(j)>( ngJ = Ye(TJ,&) = Tp (T, P)

Y (T, ) +Ye (T, +Tp (T, P)+ Yk (J,K)

- +np)P

n wle (Jo) +nelic (Jo)
nKne

(@K —neé)

wle (Jo) +nelic (Jo) K

WP — kK —¢LK)

Es (Do)
ne
d’ (@le (Jo) +neli (Jo) £
Enicne

Le (Jo)
=(1- 0 —
( te () ) (¢ =n77)
Le (Do) Ye (T,E)
(65 0 € Le (Jo)) &
Le (Jo) Yp (T, P)
+<€g(j) ) W +np)
. ¥V (wle (Jo) + neli (Jo))) P

(EX —ncL—BLE)

nKne
Le (Jo) Tx (T, K)
* <eg @ k% (‘70)) *
_ ¢ (@le (o) + neti (Jo))
Enkne

(nz + BK) L. (16)

From Condition C4, we have

Ye (T, E) Ye (T, 6)

e ST e T

TP (J.P) _ im Yp (J,P)
P T P—ot P

Tk (T.K) _ lim Tx (J,K)
K T K—o0t K

forall 7,& > 0,

=Lp(J),

=Ll (J), forall 7, > 0.

(17)
Then

te (Do) Ye (T,8)

Le (Do)
—Le
te () € (Jo) =

T le ()

Le (J) —Le (Jo) = 0.

0
Further, Conditions C4 and C5 in case of Jy = — imply that
J

te (Do) TP (T, P) Y (wle (Jo) + nelic (o))
Le (J) P W +1p)+ nKne
l 0 0 0
_ e er () — W) + Y (wle (Do) + nelic (Jo))
Le () nKne
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forall 7,P > 0,
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_ te (Jo) tp (J0) Y (wle (o) + nelic ()

—(W+np)+
nKne

e (Jo)
14 +nel
=5P(jo)—(w+np)+¢(w & (Jo) + netk (J))
nKne

_ Y (wle (Jo) + nelic (Jo)) + nicnetr (Jo)
nKne
=W +np) (Mo —1).

— (¥ +np)

Furthermore

Le (Jo) Tk (J,K)
te () K

—Lt (Jo) =

Le (Jo) tx ()
te (J)

— Lk (Jo) =0.

— L (Do) =

Le (Jo) tx (Jo)
te (D)

Upon conducting a computation and substituting the value

Jo = 6/ng, Equation (16) transforms into the following
expression:

g Le (Jo)

dg; _retJo _J _

2 50<1 egu))(l F)+ W +np) o~ DP

_ 9@l (Jo)+nelc (o) 2
Encne (e + BK) L.

From Condition C3, we have

l
(1- 9 (1- ) <o
Le (T) Jo
Clearly, <3 d“l < 0 when iy < 1 and % = 0when J = )
and P = K = £ = 0. All solutions convey to M;, wherein every

element fulfills 7(t) = Jy and P (t) = K(t) = L(t) = 0 forall ¢

[44]. Following that, the first equation of system (3) in conjunction

with Condition C1 results in

0=0 =007 — Ye (JnE (1) = Ye (Jo.E®) =0
— £(t) =0, forall t.

Therefore, with M/1 = {Oy}, our conclusion asserts that Oy is
G.A.S under the condition My < 1, in accordance with LaSalle’s
invariance principle (L.I.P) [45].

In investigating the global stability of Oy, we define /' («) =
o — 1 — In (). Besides, the following remarks and Condition will
be essential.

Remark 2.1. Considering Conditions C2 and C4, it is established
that, for every positive 7, £, £*, we have

(Ts (J,6)  Ye(J,&9)

E - Ex )(TS (j,g)_Tg (j,f,'*)) <0,

which implies that

Ye (6 € Te (.69
(Tg TE 5) (1 T e (7.6 ) =09

where £* € {51,4‘:’1].

Condition C6. For any J within the interval (0, 6/n J), and
positive values of P and /C, the following condition is satisfied
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Yp(T,P)  Tp (TP
Ye (T,ENP  Ye(THEH)P*
(Tp (JP) _ Yp(T5PY
Te (T, Te (T5EN

( )

)0

( Tk (7K Ye (THKY )

Ye (T, EHK  Ye(T*E)K*
<TK(5,/C) Tk (J*W*))

X - <0,

Ye (T, &%)  Ye(T*E%)
where J* € [Jl,jl} > 0,P* ¢ {771,751} > 0,K* €
[ICI,IG} > 0,and £* € [51,5‘1} > 0.

Remark 2.2. From Condition C6, For any J within the interval
(O, Q/nj), and positive values of P and IC, we get
< Ye (T5E9Tp (T, P) £>
Ye (T, Tp (T P*  P*
o (1 Y (T, E)Yp (T‘J”)) -
Ye (T5ENTp (T, P) )~
(Tg (THEN T (TK) K )
Ye (T, E%) T (T K*) K+
* * *
o (1_ Ye (T, EHN Y (T K )) <o,

Ye (T*E%) YT (T, K)
where J* € [-.71le] > 0,P* € [731,751] > 0,K* €
[KLki) > 0,ander e [, 8] >0

0, (19)

(20)

Theorem 2.2. Given Ny > 1 and the fulfillment of Conditions C1-
C4 and C6, it can be concluded that the steady state O; for system
(3) is guaranteed to be G.A.S.

Proof. We formulate E;, (7, P, K, E, L) given by Equation (21) as:
=)
P1

(&)

- T Ye (N, €1)
L=T-5 /gl Te (b E1)

n oK1 Ye (J1, &) +neéi Y (J1, Kr)
ne& (e + ¢L1)

T ,
n E(jlgl)F(£>
&

d)»+771r<

ne
P (@K1 Ye (J1,E1) +ne&1 Yk (J1,K1)) (L — L))
meKi & (ke + $L1) (& — BLY) v
1)

Steady state condition Equation (9) guarantees that £ — L4
ncla
1

> 0. Clearly, 8, is positive definite. Calculating %:
_ Ye (D €)

_ (1P 5
‘(1 T5(7,51)>j+<1 P)P

n o K1 Ye (J1,E1) +neé&i Y (J1, K1)
neki& (e + dL1)

n Ye (J1,€1) (1 B %)5

neé
Frontiersin Applied Mathematics and Statistics

dg;
dt

(

K\ .
-k
)

07
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¢ (@K1 Ye (J1,E1) + ne&1 Y (J1, K1)

L—LDL
1eKaby (i + 6L G — Ly TV

Tg(@&))

=|{1—-—) (60 — -7 L E) =T P
( TS(j)&)( ngJ —Ye(T,E) = Tp (T, P)
—Yk (J.K))

+ (1 - %) (Te (J.6) + Tp (T, P) + Tic (J.K)

(%)

- W +np)P)

n @K1 Ye (J1,6) +neé& Y (J1,K)
neki&r (nx + ¢L1)

X (PP — ek —¢LK)

Ye (J1,€1) &
neé1 (1 B E) (@k = ne)
¢ (@K1 Ye (J1,E1) +ne&i Y (J1, K1) L — L)
neki&r (e + L) (€ — BLY)
X (EK —neLl — BLE)
Ye (J1,€1) Ye (J1,&1)
— (1 e g —ena)
(1-TF5) -+ T

x (Ye (J,8) +Yp (J,P) + T (J,K))
- Ye (T, +Tp (T, P)+ Tk (JJC))%

- +np) P+ @ +np)Pr

+ Y (K1 Ye (J1,E1) +ne&1 i (J1, K1)
neki&r (e + ¢Ly)

Y @K1 Ye (J1,€1) +neé&i Y (J1, K1) Py

P

neKi& (e + o L1) K
k(@K Te (T, €) +neéi T (J1, K1) K — K)

neki&r (i + $L1) !
P @K Ye (J1,€) +neéi Tk (jl»K:l))L K — Ky

neKi&r (ne + oL1)

o IC o K £
+ Ye (J1,&1) - Ye (J1,&1) —= — Ye (J1,&1) =
ne€ ne€ &

+ Ye (J1,€1)
¢ (@K1 Ye (1, &) +ne&i T (1, K1)
neki&r (e + L) (€ — BL1)
x (EK —neLl — BLK).

(L—-Ly)
(22)
Using the following steady state conditions for O;

0 =ng0 + Ye (J1,E) + Tp (J1,P1) + Y (J1,K1),

Ye (J1,E) + Tp (J1,PD) + Yk (J1, K1) = (¥ +np) Pr,

Y1 o K1

Ki=—7—, El=——, EKi=n,L LK,
Y 1 ne EKy =nely + BLIK

we get

Ye (J1,€1) + Y (J1, K1)

_ ol Ye (J1,E) + neé&i Y (T, Kh)

B ne&

_YPL (@K Ye (T, E) +neéi T (T, Kh))

B neki&r (nx + ¢L1) '
Consequently, the representation of Equation (22) will be as
follows:

dg; _ <1

dt

_ Ye (J1,€1)
Ye (T, &)

) (ngh —ngJ)
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Ts(j1,51)>

1— ——— (T ,E T P

+< e (7.€) (Ye (J1,&1) + Yp (J1,P1)
Ye (T,E)

e K T, ,E ) ————

+ Y (J1, K1) + Ye (N1 1)T£($51)

Ye (J1,E) Yp (T, P)
Ye (J,&) Yp (J1,P1)
Ye (J1,6) T (T, K)
Ye (T, &) Y (1, K1)
Ye (J,6)P1
Ye (J1,E)P
Yp (J,P)P1
Yp (J1,P)P
Tic (T, K) Py
Yic (J1, K1) P
+ Ye (U1, E1) + Tp (J1, P1) + Yic (J1, K1)
n VP (@K1 Ye (J1,8) + ne&i T (L, K1) P
neki&r (e + ¢Ly) P
_YPL(@Ki Ye (J1,€1) + neéi Tk (1, K1) PKy

+Yp (J1,P1)

+ Yk (J1, K1)

= Ye (J1,€1)
= Yp (J1,P1)

P
— T (J1,K1) —(lﬁ'f'7779)77131

neKi& (e + o L) PIK
ek (@K1 Ye (J1,8) + ne&i Y (T, K1) K - Kp)
neki&r (e + dL1) !
¢ (@K1 Ye (J1,E1) +ne&1 Y (J1, K1)
— LK-K
nekKi&r (e + ¢ L1) ( v
¢ (@K1 Ye (J1,E1) +ne&1 Y (J1, K1)
Ly (K=K
* neki&r (i + ¢L1) i v
¢ @K Ye (J1,€) +neéi Tk (jla’Cl))El K - K1)

neki&r (nk + ¢L1)
+ Ye (1, &) IC£1 = Ye (1, &) % = Ye (J1,€1) 551
+ Ye (J1,€1)
¢ (@K1 Ye (1, E1) +ne&i T (J1, K1)
neki&r nx + ¢L1) (6 — BLY)
X (EKL —neL —BLK
— &K1 +ncly + BLIK + BLIK — BLIK)

_ Te (T, €D _J
a3

Y (T.E)
+ (2 )(TE (J1, &) + Yp (J1,P1)

Ye (N, €1)
v, JE
FTie (T KD) + Te (1, 6) £ 8)

(L—Ly)

C Ye (T,E)
Te (7,6

Ye (T, &) Tp (T, P)
Ye (J,&) Yp (J1,P1)
Ye (J1,6) T (T,K)
Ye (T, &) T (T, K1)
Ye (T,6) P
Ye (J1,E1D) P
Yp (J,P) P
TP PGP P

T (T, ) Py
SRRy < r p
- T (J1, K1) P (e (J1,E) + Tp (T, P1)

P P
+ T (J1,K1) =— + (Ye (J1,€) + Y (J1, K1) —
P1 P1

Py
Pk

+Yp (J1,P1)

+ T (J1, K1)

—Ye (J1,&1)

- T (J1, K1)

— (Ye (1, &) + Y (J1, K1)

08
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oK1 e (J1,E1) +neé1 e (J1, K1)
L) (K-K
k11 (nx + ¢L1) (i +¢L1) ( 5

_ ¢ @K1 Ye (J1,€1) +neéi Yk (J1,KD)
nekKi& (e + ¢L1)

K ICE
X (L= £0) (€ = K) + Yo (T &) 3o = Ye (T &) Ké

&
— Ye (J1,€1) a5 + Ye (J1,€1)

¢ (@K1 Ye (1, E1) +ne&i i (J1, K1)
neki&r (nk + ¢L1) (6 — BLY)
X (§ = BLy) (L~ L) (K—-Ky)
¢ (@K1 Ye (1, €1) +ne&i Y (1, K1)
K& ik + 0L E — BLD
x (e + BK) (£ = L1)*.

This implies that

dE,
dt

Ye (J1,€1)

= ]
1 ( Te (7,61
Ye (J1,€1)

2_
+< Ye (T, &)
+ Tx (J1, K1) + Te (J1,€1)

J(-7)

) (Ye (J1,&) + Yp (J1,P1)

Ye (T,E)
Ye (J,E1)
Ye (J1,E) Yp (T, P)
Ye (J,&) Tp (J1,P1)
Ye (J1,€) Y (T, K)
Ye (T, &) YTk (T, K1)
Ye (J,€) Py
Ye (J1,ED) P
Yp (J,P) P
Yp (J1,P)P
Yic (T, K) Py
Yic (J1, K1) P

PKy
— (Ye (J1, &) + Y (J1, K1) DK

oK Ye (J1,€) +neéi Yk (J1,K)
neé1

K K&,
+ Ye (J1,€1) KK Ye (J1,€1) e

+Yp (J1,P1)

+ T (J1, K1)

—Ye (J1,&1)
- Yp (J1,P1)

P
= T (J1,K1) - Tp (k71,731)7jl

(%)

£
— Te (J1,€1) & + Ye (J1,€1)

¢ (Ye (T ) + T (J1.K1)) )
— KL -L
K1 (e + L0 6 — Ly et ARG =L

_ Ye (J1,€1) B i
=17 (1 ) (1 jl)

C Ye(T.&)
+ (2 >(T£ (T, &) + Tp (T, P1)

Ye (J1,&1)
T JE
b T (0 K) + Te (i, €) £ T8

e (J.&)
Te (7,6

Ye (J1,E) Yp (T, P)

Ye (J,&) Yp (J1,P1)

Ye (J1,6) T (J,K)

Ye (T, &) Y (T, K1)

Ye (T,E) Py
Ye (J1,E) P — TP (P
Yic (J,K) Py
Tic (J1, K1) P

+Yp (J1,P1)

+ T (1, K1)

Yp (J,P) P
Yp (J1,P)P

P
_T Py —
» (J1,P1) Pr

— Te (J1,€1)

- Tx (J1, K1)
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PR ve (e

- (Te (J1, &) + T (J1, K1) Pk

IC
+Yx (J1,K1)) (7?1 — 1)

K K&, &
T, ,6) — — 17, ,E6)— =17, ,E1) —
+ Ye (J1,€1) & & (J1,€1) K.E & (J1,€1) g

+ Ye (J1,€1)
¢ (Ye (T, &) + T (J1,K1)
Ky (n + L) (& — BLY)

Te (71,51)> ( J)
= T LAV Y (T
T}le( Ye (J,&1) Ji

Ye (J1,E)
2——— ) (T, ,E T , P
+( Tg(],é'l))( e (T, &) + Yp (J1,Pr1)
Ye (T,E)

+ T (J1,K0) + Te (T, € Ye (J,E1)

Ye (J1,€) Yp (T, P)
Ye (T,E) Yp (J1,P1)
Ye (J1,6) T (J,K)
Ye (J,&) Y (J1, K1)

+Yp (J1,P1)

+ T (J1, K1)

Te (T, P Tp (J,P) P

—Ye (U€) =————F~—7 — TP (J1,P1)

Ye (J1,E) P Yp (01, PP

T (J,K)Pr P
— Y (j1,IC1) m - Tp (J1,Pr1) 771
PK

1
P C

K
- Tk (J1,K1) K +2Y¢ (J1,€1) + T (J1, K1)

— (Ye (J1, &) + Y (J1,Kv))

K&, &
- Te (J1,€1) e~ Ye (J1,€1) a

¢ (Xe (T, &) + T (J1,K1)
Ky (e + L) (& — BLY)

_ _ Ye (D €) _J

=17 (1 Te <;7,51)> (1 Jl)
Ye(T,6) €

+ T (T, ) (7%5 ((jj &)) - 67)

 Ye (&)  Ye(T,EP
Te(T,&)  Ye(TL,EDP

+ Tx‘: (LYI)SI) (4

_PK1 K&
P K&

Ye (T, €0 TP (J1,P1) P

+Tp (\71,771)<
(2 _Ye (&)  Yp (T, P)P )

Ye (J1,E) Yp (T, P) P)

+ Yp (J1,P1) Ye (T, &) Tp (J1,P1)P

Ye (J1,E1) Y (T, K) IC)

e KO 3 (T e e k)~ Ki

Ye (J1,E) Y (T,K)Py
R (3_ Te (7,80 | Tr Gk P
_PICI) ¢ (Xe (T, &) + Tie (J1,K1))
PiIK Ky (e +¢L1) (& — BLY
X (nc + BK) (L= L1)*.

Then
dB, Ye (J1,€1) J
7L 1— =27 (- L
dr njjl( Te (J,Sl))( j1>
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(e + BK) (L — L1)*
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Ye (T, &) €& Ts(J,51)5>
FYe(TLE () 2y e
e ”(Tg T8 & Ye (T,6)&
Ye (Jn&) e (T,6) P
+ 7, ED |5 — —
e ”( Ye (T,8)  Ye(J1,E)P

PK: K& TYe (j>gl)€)

P K€ Ye(T,E)&

Ye (JL,E)Yp (T, P) P
p (1P B
SR ”(Tg(J,sl)Tp(Jl,Pn 2
Ts(j,&)TP(ijl)P)
Ye (J1,E) Tp (T, P)P1

Ye(J,€)  Yp (T, P)P1

Yr (7P (3 - -
R ”( Te (&) Yp (TP P
_Ts(j»gl)TP(prl)P)
Ye (J1,E) Tp (T, P) Py

Ye (J1,E) Y (T,K) K
T ,IC - — =1
AL l)<T£(j,51)TK(jl,/C1) K1
TE(J,&)T)C(Jh/Cl)K)
Ye (1, E) T (T, K) Ky

Ye (J1,E) Y (T,K)Py

T ,IC 4 — —
R ”( Te (T 8) Yk (kD P
_PK1 Ye(J,E) Tk (jl,/Cl)/C>
P Ye(J1,&) T (T,K) Ky
¢ (Ye (J1,E) + Y (J1, K1)

— + BK) (L — L)
Ky (e + 0L ¢ — pry et PRE=L0

Ye (J1,&1) J
= L Lt TAn Y (B
17 ( Te (J,€1)> ( Jl>
Ye (T,6) & Ye (T,
Te (TL,E) (= — =) (1- 22
e 51)( ) (1 Te (J,S))

Ye (T, &) &
Te (JLE)  Te(T,E)P

T, VE 5— -

e ”( Te (T,6)  Ye(Jié)P

P K8 T

P ICiE Ye (T, &

Ye (J1,E) Yp (T, P) 77)
+Tp (TP -
P (TP (Tg T,&0) Tp (TP P
§ (1 e (J.E) T (Jm))
Ye (T, &) Yp (T, P)

Ye (TLE)  Yp (T, P)Py
R (3 T Y (T.E&)  Yp(JLP)P
Te(J.E) TP (Jl,mP)

Ye (J1,60) Yp (T, P) Py
Ye (J1,E) Yk (T,K) K
R (Ts (T, 60 Tx (T K E)
% <1 . Ye (T, &) Yk (.71JC1))
Ye (J1, &) Tx (J,K)

Te (J1,E) Y (T, K)P
e (4_ Te (7€)  Tr(JuKDP
_PK1 Ye(TJ,E) Tk (jl,lcl)/c>
PIC Ye(J1,€1) Y (T,K) Ky
¢ (Xe (T, &) + T (J1,K1)
Ky (e +¢L1) (& — BLY)

(e + BK) (L — L1)*.

From Condition C2, we have
<1 _ TYe (j1,51)> (1 _ l) <o.
Ye (J,E1) Ji
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Under the AM-GM inequality, we discern that

Ye (T, E)P1 PK, K&,

_Xe (J1,&1)

T Ye (T, &) Ye(ULENP  PIK K€
Ye (T, E
Ye (T, &

X (J1.€1) | T (T.KYP1  PKy

T Ye(J, &) T (JL,K)P o PIK

Ye (J,6) Y (T, KK

Ye (J1,€) Yi (T, K) K1’
_Yehé&) Tp(TP)PL  Ye (T80 TP (.71»731)73.
T Ye (T, &) Yp (DL, PHP  Ye(J1,E) Yp (T, P)Py

<0,

Moreover, from Equations (18-20), we conclude
Ye(T,E) )

(Ts(j>5) _E) <1

Ye (T, &) & Ye (T, E)

(TE (J1,E) YTp (T, P) _ B)
Ye (T, EDYp (T, P1)  Pu

( Ye (J,E) Tp (71,771)>
x [1— <0,
Ye (J1,E) Tp (T, P)
(TS (J1,€1) T (T, K) _E)
Ye (T, &) Y (K1) Ky
<1 _ Ye(J,E) Yk (Jb’ﬁ)) -0
Ye (J1,E) Y (T,K) ) —

Therefore, when Ry > 1, it implies that % < 0 for all
J, P, K, E,L > 0. Moreover, % = 0Owhen J = J1,P =
PLK = K1,€ = &, and £ = L;. Consequently, M, = {Oy}.
Applying the L.I.P allows us to infer that if %ty > 1, the steady state

O is being G.A.S [44, 45].

3 HIV-1 model with distributed delays

According to estimates, it takes HIV-1 0.9 days to penetrate a
target cell and start creating new HIV-1 particles. Perelson et al.
[46]. Numerous studies have delved into models of HIV-1 infection,
considering time delays and dual infection routes (see e.g., [47-
51]). This section enhances the previously introduced model by
integrating three varieties of distributed time delays.

3.1 System overview

The system of delay differential equations (DDEs) presented
below will be studied.

J =0—n7T —Ye(T,E) = Tp (I, P)— Tk (J,K),
P o=[m@e " Ye(Tt—1,E—r1)
+Yp (T =1, PE—1))+ T (T -1,
K (t =) dr — (¥ +np)P,
K =v f02 72 () e 2P (t — r)dr — nicK — ¢ LK,
E =w f03 73 (1) e (t—r)dr—ngé&,
L =¢K—npL—BLK.

Here, system (23) includes the following assumptions:
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e At the moment ¢, healthy cells are encountering either HIV-1
particles or infected cells transition to a latent infection state »
units of time later. The emergence of latently infected cells at
time ¢ depends on the count of cells recently contacted at time
t — r, which persists until time ¢.

e After a latency period of r units of time after infection, cells
that were initially latent and became actively infected. The
emergence of actively infected cells at the time t depends on
the count of cells recently transitioned into latent infection at
time ¢ — r, which persist until time ¢.

e Newly formed mature HIV-1 particles emerge from actively
infected cells r units of time after infection. The occurrence of
HIV-1 particle production at time ¢ relies on the count of cells
that recently transitioned into actively infected status at time
t — r that remain viable until time ¢.

As such, the likelihood of surviving the time frame from ¢ —r to

t is represented by 7; () e~ bir

, where b; are positive constants and
i = 1,2, 3. Besides, we choose the delay parameter, r, at random. It
is drawn from a probability distribution function 7;(r), which spans
the interval [0, f;], in which f; refers to the maximum delay duration.
The functions 7;(r), for i = 1, 2, 3 adhere to and fulfill the following

specified conditions:

fi fi
7w (r) > 0, / wi(r)dr=1, and / i (r) e Mdr < oo,
0 0

where > 0.

Assuming that
) . ;i
() = m(e b, I = / f(ndri = 1,23,
0

implies the fact that 0 < IT; < 1,i = 1,2,3.
System (23) has the outlined initial conditions below:

(T W), PW,KW»,EW,L W)
= (kl (V) > k2 (V) > k3 (V) > k4 (V) > k5 (V)) > (24)
ki(v) >0, i=1,2,..,5 ve[-f,0], f =max{fi,fr,f3},

where k;(v) € C([—f,0,Rxp), i = 1,2,.,5 and C =

C([~f,0],Rx0) is the Banach space comprising continuous

functions, and it is equipped with the norm Hk,” = sup ‘k,- ({)‘
—f=¢=<0

for all k; € C. Thus, a unique solution for system (23) under
the specified initial conditions (24) is guaranteed, as affirmed by
references [44] and [52]. The meanings assigned to all remaining
parameters and variables remain in line with the explanations
provided earlier. We presume that functions Yz (7,2), Z €
{€,P, K}, satisfy Conditions C1- C6 as presented previously.

3.2 Fundamental characteristics

3.2.1 Model's well-posedness

Proposition 3.1. Assuming that Condition CI is fulfilled, then
the solutions of system (23) under initial conditions (24) are
nonnegative and ultimately bounded.
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Proof. Since J |7=0= 60 > 0, then it can be inferred that [J(t)
is always positive for every t > 0. Furthermore, other equations
within system (23) can be expressed as:

. fi _

77+(1//+7)7>)7’=/0 Iy () (Ye (T (t—=1),E(t—T1))
+Yp (T (t—1),P(t—r)
+ Y (T @E—1r),K({t—r)))dr

t
= P (t) = ky(0)e" VTP 1 / (1) (t=2)
0

fi
x/ Iy (1) (e (T (k= 1), € (k= 1)

0
+Yp (T A=1),POh—r)+T (T GK—=r),KG—=r)))drdr

> 0.

. fa

’C+(m<+¢£(t))/C=1/f/ fly (1P (¢ — r)dr
0

t
s K (1) = ka(0)e— Jo A OLGN oy / o= JHOnc+9 L)
0

fa _
X / I, ()P (A —r)drdir > 0.
0

. fi _
Et+nel = Wf (N (t —r)dr
0
t
— M =k(0)e " + @ / ¢t
0

fs _
X f I3 (r) K (A — r)drdir > 0.
0

L+ 0+ BK)L=¢EK

— L (1) = ks(0)e— Jo e +BKw)du

t
+€/ o et PR (1) g > g,
0

for every t € [0,f]. By employing a recursive argumentation
approach, it can be shown that 7 (t),P (t), K (¢),E (¢), and L (t)
remain nonnegative for every t > 0. As a result, system (23) only
admits solutions where (7 (¢),P (), (t),E (1), L (1)) €5>o’ for
every t > 0. -

0
Obviously, tlim sup J (t) < —, as deduced from the first
— 00

equation in system (23). Following that, we proceed with defining
®; as follows:

CDI:/II:[l(r)J(t—r)dr—FP.
0

Therefore

. fi _
‘1>1=/ Iy (r)
0

fi
/0nl(r)(e—ngj(t—n)dr—(wnpﬂ?

AT 4y p

adJg (t—r)
dt

fi _
=9H1—n3/ (T (¢ — ) dr — (F +1p) P
0

fi _
<0—¢& (/ l'[l(r)J(t—r)dr—}—P) =60 — g Py,

0
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where &; = min{n 7, ¥ +np}. This indicates that tlim sup ® () <
— 00

6 A _
— = I'y. Based on the nonnegativity offo1 I, (r) J (t — r) drand
€1

P, then tlim sup P (t) < [} is confirmed. Furthermore, we let
—00

nK
O, =K+ —L.
2 + 2%

This produces

. . nl(: .
O, =K+ —L
2 + 2%

:w/Zﬁz(r)P(t—r)dr—n;ch—q)ElC
0

+ I8 (K = nel — LK)

2§
fo _
:wf Hz(T)P(t—r)dr_%C]C
0
nKnc 7HC,3
SW/O ﬁZ(r)P(t_r)df—%ch—m;gcﬁ

<yl —e </C + %l:) =yl — 0,

vy
1)

=Ty

Based on the nonnegativity of X and £, one can guarantee that

where &;

= min{Z&, n}. Thus, lim sup (1) <
(=00

lim sup C () < ', and lim sup L (1) < 20 5. As a result

t—00 t— 00 nKc

of the fourth equation in system (23), one can acquire

. S _ A
Ezw/ [;(NK(t—r)dr—ne€ <@l —neé
0

<l —nek.

< =2 _ T, Consequently, it can be

Then, tlim sup ()
—00
inferred that 7 (1), P (1), IC (¢), £ (t), and L (¢) are being ultimately

bounded.

3.2.2 Derivation of reproduction ratios and
steady states

Proposition 3.2. Assuming that Conditions C1-C4 are
met, there exists a positive basic reproduction ratio
sﬁo Hl(ﬁﬂ/fﬂzl'lsfs (jo)Jrnsmc(P (jo)+¢nsnz€;<(jo)) for
‘ nenk (Y +np)

system (23) in a way that

1. ensures the system consistently maintains a virus-free steady
state, denoted as Oy, and

2. if Ry > 1, the system additionally possesses a virus-persistence
steady state, denoted as 0.

Proof. Tt is observed that a virus-free steady state labeled as Op

ng
Using NGM, the matrices below characterize the nonlinear terms,

(jo, 0,0,0,0) consistently exists in system (23), where jo
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denoted as sz and responsible for new infections, as well as 1A\2,
representing the outflow.

I (Ye (J,6) +Yp (T, P)+ Yk (J,K))
0 >
0
¥ +np)P
—YTLP + K+ ¢LK
—w 3K +ne€

Q=

A =

We compute the derivatives of 522 and [\2 at the steady state
Oy, leading to the generation of the subsequent matrices:

aTp (jo,o) i (jo ,o) aTe (j[,,o)
Q, — M —p 173K 1775¢
2= 0 0 0 ’
0 0 0
Yv+np 0 0
Ary=| —yIl nc O
0 —olls ne
The form of the NGM is as follows:
DAy
symanseg (Jo)  mep () N vt (o) wmieg (J0) . M (Fo) Mg (Jo)
ngn (l//‘rnp) vEIP s (‘/l+n‘p) nEMIC I ng
= 0 0 0
0 0 0

The expression representing the basic reproduction ratio Ny is
outlined as follows:

9o
_ nl(w‘/fnznal’s (j0)+'7£m<€7>(jo)-'—llfﬂgnzﬁ}c(jo))
- nenk (W+np)
= Noe + Rop + Roc, (25)
where
. (2R FRRCINEY S (jo) [Mép (jo)
NRog = o Rep=—/—7—7—
nenk (¥ +np) ¥ +np
- YI Ml (jo)
Nog = ————=—.
nk (Y +np)

The parameters Noz, Z € {E,P,K} share the identical
biological meaning as those elucidated in Section 2. To extend our
exploration beyond 0y, we scrutinize (7, P, K, E, L) asa potential
steady state governed by the following set of algebraic equations:

0=0-n7T —Ye(J,&) = Tp(J,P) =T (J,K), (26)
0=TL (Ye (J,E) +Tp (T, P)+ Yk (T,K) = (¥ +np) P,

(27)
0=yYILP —nk —dLEK, (28)
0=wll:K —ngé&, (29)
0=¢K —nsL — BLK. (30)
From Equations (29, 30), we get
~ ZD'H3IC SK
E=0,(K)= , = —. (31)
' ne nc+ BK
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Clearly, 4 (0)
inserting Equation (31) into Equation (28):

0. The following outcome is obtained after

nenck + (@€ + niep) K2

P=0,(K) = (32)
’ YT, (1 + BK)
It is clear that ®, (0) = 0. From Equations (26, 27), we get
+
0—n,g=YT"Pp (33)
Ty

into Equation (33):

J

The following outcome is obtained after inserting Equation (32)
03 (K)

1 (9 - ).(34)
ng

Note that @3 (0) = Jo. Upon substitution of Equations (31, 32,
34) into Equation (27), the result is as follows:

W +np) (neneK + (@& + neB) K2)
VI T, (ne + BK)

Te (03 00,01 (10) + Yp (63 (60,6, ()

W +np) (nenek + (9€ + nicB) K?)
Y1 I, (ne + BK)

+Tic (63 (0. K) -

=0. (35)

From Equation (35), we have
1. When € = 0, the virus-free steady state @0 is derived from
Equations (31, 32, 33, 34).
2. When K # 0, let us define a function ¥ (K) on [0, 00) as:
V(0 = Te (05.(6),61 (0) + 1 (63 60,62 (10))
T ((3)3 ) ,/c)

W +np) (nzncK + (9€ + nicB) K2)
VI I (ne + BK) '

We have ¥ (0) = 0. Let K be such that O3 (Ié) =0,i.e.,

W +np) (nemck + @8 +ncp) K2)

H- ng ¥ (ne + K) -

which implies that
(& +nicB) (W +np) K2

+(nene @ +np) = ngwBMLIM0) K

—ng¥nc LTy = 0. (36)

Therefore, Equation (36) has a positive solution

¥ —B+ /B> —4AC
B 24 ’

where

A= (@€ +nxh) (W +np),
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B= (UL’IIC W +np) — n7vBI nzjo) , Under Condition C2, it follows that R () decreases strictly as a

function of J. Consequently, there is a unique value 7; within

C=-— 1, . J%. - - .
ng¥nehihdo the interval (0,jo> for which 8 <J1 equals zero. Moreover,

We can see that considering Equations (31, 32), we find
U (K) = S, (K S, (K e N C C2 N C
¥ (K) =e (0,61 (K)) +71p (0,62 (K)) + 1 (0.K) By = kit @+ K] 5 oMKy
v . I IC ne
W +1p) (nenck + @€ +mcp) K2) o1z (nc + K i
- - ~ K
yILII, (7711 +ﬁ’C) Ly = €71~
y 5 nc + K,
W +np) (nenck + @8 +ncp) K2) )
=— - < 0. The presence of the virus-persistence steady state O; =
VILIL, (nﬁ T ’BK) <j1,751, K& E~1> becomes evident when 9, being > 1.
In addition
¥ (k) = &, () DO L gy iy AT (T8 3.2.3 Global stability of steady states
CN 9 The  forthcoming  theorems  explore the  global
+ @, (K) 3Tp (I, P) + @), (K) TP (T, P) asymptotic  stability of both  virus-free and  virus-
3T P persistence steady states. For clarity’s sake, lets demonstrate
+ 6, o) TR | 9Tk (7,19 (T =1, PE=1),Pt—1,E =) by (T PrPré).
0T K
¥ +np ¢ 2ne + BOK Theorem 3.1. For system (23), let #g < 1 and Conditions C1-C5
_ 2T Rl RN i Yy
Y1111, (ne + BK)? satisfied, then Op is G.A.S.
Condition C1 implies that aTzzS‘}%,O) —0,Z € (£,P,K). Then Proof. Lets contemplate a potential Lyapunov function,
83(J, P, K, E, L), in the following manner:
B ~ e (jo,()) ~ aYp (jo,O) B
U’ (0) = O] (0) + 05 (0) ————~ _ J L (Jo) 1
P B=0-J- |. dr+ —P
- Le (M) I,
07k (0. 0) o
n KAJ0 nk (Y +np) e (j)—f—nﬁ (j) ' (j)
- 3tE 0 ELKC 0 E 0
K Y111, + K+ £
7 7 nKne ne
_om e (00) e TR (00) o (ot (1) + et ()
ne 9E wHZ P n w ll3te 0 nec 0 Ez
> 28nKkne
n o (‘70’0) k(W +up) e :
K VI 11, o M@ [ (Ye (T R),ER)
~ ~ 1J0 t—r
I15¢ 14 -
= TR | PR () 1P (T (), P 09) + Tic (T ), K () didr
E 2
nc (Y +np) v (wl'lsﬁs (Jo) +neli (Jo)) ffz a0
- + r
‘/’(HIHZ | nKne 0o
+ - ~
YL x | P(drdr + ———2 / () | K(dadr.
t—r ne 0 t—r

where 91 is defined in Equation (25). Therefore, if Ro > 1 then
U’ (0) > 0 and there exists K; € (O, 16) such that U (I&l) —o¢. CEvidently, E3(J,P,K,&, L) > 0 for every 7, P,K,E,L > 0, as

- =. (7 — d83 1o o .
Let K = K; in Equation (26) and define well as E; (JO,O,O, 0, O) = 0. Further, < is given by:

S =007 =% (760 (K2)) =00 (7.6 (R1)) gz, (1—65 (jo))m 1

- T (7.K1). dt te (J) I,
Subsequently, based on Condition C1, we obtain RWO0)=6>0 + @llste (jo) +nebic (j()) K+ te (jo) g
and nKne ne
8 (jo) = - (Tg (.70,(:)1 (Iﬁl)) +Tp (jo,(:)z (;@1» N ¢ (wnség <i0n>lc:jgm (Jo)) L‘,£
+ T (JoK1)) < 0. + e (T,6) + Tp (T, P) + Y (T, K)
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1

fi
) I (r) (Ye (T &) + Yp (T Pr) n

+ Y (I, Ky)) dr
Y1l <wn335 (jo) +nelk (jo))

Yz (o Tate (Jo) +netx (70))) P

nKne

(R ()

+ - P te (J) K
B 14 (wl’[ﬂg (Jo) +nelx (jo)) /fz )P ~ ¢ (wl’Iség (jo) +nelc (Jo)) e+ B LY G7)
nKne 0 Encne '
+ @ lste (jo) K Using inequality (17), we obtain
ne
) @ ree o eld)
_ : — e (T)—t =0.
ne /0 e e e el @ (n)
te (T .
= (1 - (?>) (0 —ngT —Te (T, 6 Further, Condition C4 and C5 in case of [Jy = ﬂi imply that
le () J

=Yp (J,P)— T (J,K)) le (~70> Yp (T, P) ¥ +np

+ni " ) ore (T &) + TP (T Pr) te(7) P I
L y1z (wTate (%) +netx (5))

+Yx (T, Kr)) dr + e
tnp,, te () +netx () te () tr Dy 4op
n‘ e =T e m
(v [ Bsrmar - mer - o 1t (oMt (70) + net (0))
o (7 * nKne
+ 850) <w | " s - n55> _te ()t () e
¢(5n ¢ (ﬁo) e (4)) £ o eld) "
o +
i mm v (e () et (7))
— el — BLK) +Ye (T, &)+ Tp (T, P)+ Yic (J,K) nKne ) )
- Of L) (e (T &)+ Xp (T Pr) =tp (%) - LE2 4 e (e S‘Z‘;}? et (%))
+Yic (T, Ky)) dr Y, (w 3l (jo> +neli (jo)) +nicnelp (jo)
Il (wl—lsfs (jo) +nelic (jo)) - nKne
! e " _ vt
N 3 m
- v (wnsﬁg <j0) nete <j0)> /fz ()P, dr = vEue +1777> <?7~'io - 1) .
nKne 0 T
. [oB VY (jo) o wle (jo) /‘f3 (K d Furthermore
ne e Joo o o (7 ]
( ES)(j) - le (jo)l;c (jo) . (j0> —0
te (Jo Ye (T, E) _ - Zg(jo) o
+(Z€(j) S —zg(Jo))S
i . bt .
(ﬁs (%) vp 2.7y _ v +np comporating the vaee 7o e oo (il ot
te () P 1T the subsequent manner:
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le (jo)

dg;3 ¥ +np
dtf@(l—eg(j))(l j0)+ o (h—l)P
¢ (wTsle (Jo) + neti (o
oo (@) (@)
Enkene
From Condition C3, we have
te (T
1— (0) (1 Z><0
Le () Jo

Evidently, for g < 1, the rate d‘% remains non-positive.
Furthermore, % equals zero at J = jo, withP=K=L=0.1It
follows that all solutions convey to M; Within M;, every element
satisfy J (t) = Joand P(t) = K(t) = L(t) = 0 forall £. Following
this, the first equation of model (23) along with Condition C1
results in:

0=0=0-n70~Te (o€ 1) = Te (FE®) =
— £ (t) =0, forall t.
Then, M

inference can be drawn that Oy exhibits global asymptotic stability
whenever 0y < 1 [44, 45].

{Oo} Consequently, according to the L.LP, the

Theorem 3.2. Given 9y > 1 and the fulfillment of Conditions C1-
C4 and C6, it can be concluded that the steady state 0, for system
(23) is guaranteed to be G.A.S.

Proof. Building up E4(J,P, K, &, L) according to Equation (38)

as follows:
ot Dop ( P )
I, Py

=
g

. J Ye (jl,fjl)
J - - / —
T Ye (A 51)
o 3K, Ye (jbél) +neéi Yk (jb]al)
neé (mc + ¢E~1>
Te (j1,g1) £
e (5)
¢ <WH3I€1T£ (jl,a) +neéi Yk (jllél))
2K (VIKZ + ¢5~1) (5 - 1351)
Te (jbgl

+

+

+

(e o)

) didr
) didr
) didr

Te (T (1), ()

) g
e ALY A Ye (7.6
. (Tp (T, PO))

Tp <j1,751) 1 i) ‘

T/O e Tp (j1,751>
/lﬁl(r)/t F(TK(JW’CW)
0 t—r Ti <j1)]cl)

YP (w-n3’€1T5 (jbgl) +neéi Yk (jl,/a))
neKi&y (UIC +¢£~1)

—+

+

Tk (jl,’a1>

+ 0,

+
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f2 t
/ I5(r) F (P(A)> drdr
0 t—r P
oY j,g 3
—1 8< v f 1:I() (’C( ))dkd

neé
We can deduce from the steady state condition Equation (30) that

5 77££~1
— BL = —=
& —BLy 9

evident. When calculating dﬂ% along the trajectories of the model

N (38)

> 0. The positivity definiteness of E4 becomes

described in Equation (23), we obtain
TE (Lil’gl> . 1 751 .
=|ll-—|T+—=—|1-=|P
Te <j> 51) I P
oMkiTe (71.8) +neéiTe (F1.K1) ( ,gl> .
1 -
neki&r (TIIC + ¢£1)

e (F1.61) <1 )

neéi
¢ (ke (F1.81) +neéire (51.K1))
nekKi& (U}C +¢El> (S - ﬂ£~1>
x(c-2))£

Te (jl)gl>

Iy

—
g

dt

—+

&1

~)g-

* £

+

Te (J,6)

/ i, (1) (
0 T
Ye (7€)
l e
* “( Te (7,6) )) ar
Tp (j1>751>
T,

_ Ye (T &)
£ («71»51) Te (jlxgl)

+

Tp (J,P) Tp (I Pr)

'/0 e (TP <j1,751> - Tp (jl,ﬁl)
Tk (jl,’a)
I

+

/lﬁ](r) Tk (J,K) T (TnKr)
0 T (jb’al) Tic (jb’al)

TIC (s7r> ’Cr)
i ( T (7. K) )) dar

VP (Wnaﬁng (j1)£1> +neéiTx (jl»’a))
neKi&i (THC + ¢£1>
Lol 5l

oK1 Te (jl,c‘z)

+

+

3 _ I K, K,

+ = I1 — — —=—+In{—))d
neéy /o 3(”(/@ £ n(IC))’
Tg(jlagl>

=[1-——2 |0 —ngT —Ye (T, E)
TE(J,&)

—Yp (T, P) -

L
I

Tic (J,K))

fi _
- P) (/o I (r) (Ye (T &) + Yp (T Pr)
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Yk (T Kr)) dr — (¥ + np) P)
o 3K1 Te (jbél) +neéi T <j1,’€1) ( 151)

! neKiéi (mc + ¢>£1>

fa _
X (l/ff I (r)Prdr — ncK — ¢£IC)
0

Ye (T, & 3 f _
+ Q 1— é w/ I5(r)Crdr — neg&
neé £ 0

¢ (wn3’€1T£ (j1,£'1> +neéi Yk (jb’%l))
neki& (ﬂlc +¢Zl) (S - ,3/31)
x (£ £) 6K = neL - pLK)

+

1 rho_
T8 - - /0 () Ye (T &) dr
Te (F06) i Ye (T €))
T /o Hl(m“(m(y,s))d’

1 [N
+Tp TP - o /0 () Yp (J P dr

Yp (J1, P 3
N 7’( ! 1)/ ﬁl(r)ln<%($,7>r>)dr
0

I Tp (T, P)

1 rh_
+ Y (J,K) — I'T1./o (") Y (Jr, Ky) dr

T j,lﬁ 1 _
i ( ! 1)/ Hl(r)ln<TK (‘Z’Kr))dr
0

a8 T (T, K)
N YILPy (wnslelTs (jl»él) +neéi T (jlalel)) P
neki& (Ulc +¢£~1) P

B 14 (Wnﬂal"ﬁs (j1,<‘f1) +ne&i Yk (j1161>)
nekié (n/c +¢£~1)

X /2 [, (r)P,dr

0
YP (ZUH3/€1TS (jl,5~1> +neé1Tx (jlxlél)>

neKi&1 (UIC + ¢£1>

f2 P,
x-/(; I15(r) In <$) dr
oK, Te (jl,gl) K @Te (jbr‘:’l)

77651 ’E - ’7551

fs _

X /(; M3 (r)KC,dr

oK1 Ye (jl»él) 3 K,
4+ / II3(r) In ( ) dr.
ne&1 0 K

+

+
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Te (j1,51>
Te (j,gl)
_ Hil ; ' ﬁl(r)%&)ﬁlm
_ H% O 'y X2 (J;;Pr) Py
_ Hil \ 1 ﬁl(r)w,ﬁ
14 14 =
_ -I;IUPP+ -l;ln”lﬂpl
B 14 (wngléng (jbgl) +neé1 Tk (jl,/a))
neKi&1 (U}C +¢£~1>
x / a(r )P”Cl
0
K (wH3K1T5 (Juﬁ) +neéi Yk <j1,/€1)>
nekié1 (UIC +¢ﬁ~1)

¢ (wl'[3I€1Tg (jl»gl) +neé1Tx (JHJ@))

+ (Ye (J,8) +Tp (T, P) + T (J,K))

dr

(<)

B nek1&1 (ﬂlc + ¢ﬁ~1) - (IC - ICI)
_@Ye 7(};%51) /03 ﬁ3(r)%dr— Ye (jbél) gg
1
+Y¢ (j1,t€'1>
¢ (wl'[3I€1Tg (jl»gl) +neé1Tx (J},/%l))
+ po— = =
neki& (ﬂlc +¢£1> (E - ﬁ£1>
x (£ L)) €K = neL - pLK)
R o ()
. Tp <§1751> /O i ﬁl(r)ln<¥;((t77r:7?;r))> ir
N Tk (iﬁl) /0 i ﬁﬂr)ln(i’fc(g}:%))dr
N YILPy (wn3’€1TE (j1,51> +neé1Tx (jl,’el)) P
neKi& (n;c +¢£~1) P

YPy (wl'lslaﬂg (.71,r€1> +neéi Tk (jl»lal))
neki& (mc + ¢>£1>

) P, oK, Te (jl)gl) K
x/ ¢ )ln( )d + = —
0 P ne&i K1

oK Te j,f:‘l 3
+ $ / I15(r) In <&> dr. (39)
ne&1 0 K

+

Implementing the specified conditions for steady state O,

0=ng0 +Te (j1»£1> +Yp <j1,751> + Tk (jl»’a),
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Te (j1,51>+T7; <j1>751>—|—T;C (jl ]C1> w++f)7)1

YILP E o 3K,
= = 5 1 =
nK +¢L ne

we derive
Te (F1.&) +1ic (1K)
oMakiTe (71.8) +neéire (71.K1)
neé
PPy (oMK e (F161) + neéiTie (71,601
) nekads (nic -+ 6L1) |

Therefore, Equation (39) will be expressed as follows:

as, _ (1 Te (J él)) (17 —n23)

e (n8)
+ (2 ((? :)) ) (vs (7.8)
+ Z ({;1 gl) + T (F.51)) + Ye (71.8)

Te (7.81)

+ Tp (jl,ﬁ)

e (J1.61) Tp (7. P)
Ye (j, &) rp (j},ﬁl)
Te (J1.61) T (7260
Ye (J,él) Tic (jl,iél)

+ Tk (JH,I@)

dr

Te (jl’él) / 'y XE (T &) Py
I, 0 1 Te (jbgl)P

Tp (T Pr) P
Tp (j1,751) P

Tic j,l& 5
( ! 1) flﬁl(r) T (jr»lcr)pl
0

dr

B Tp <j1,751> /‘1 _
0

0, Iy (r)

— dr
m T (51.K1) P
_WHp) P P
I, 751

- YPy (wl—lzlidTg (jl»él) +neéi Yk <j1”€1)>
ek (ﬂlc +¢E~1)

X /:2 ﬁz(r)gll;ccl dr

B nic (wnalalTs (jlagl) +neé1 Tk (jb’él))
neKi&1 (VIIC + ¢E~1>

¢ (wn3’€1T£ (j1,£1> +neéi Yk (j1,/€1))

nekiéy <7IIC + ¢£~1)
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¢ (wl'[3I€1Tg (jl»gl) +neéi Yk (jl’&))g (IC e )
neK1éi (ﬂIC +¢£1) 1 1
¢ (ZITH3’€1T£ (jhél) +ne&1 Yk (jl)la1>) -

B nekié (UIC + ¢£~1) o <’C B Kl)

+

(TEATE) i v () £

+ Ye (jl,él)

¢ (o sRiTe (71,6) + neéi e (51.K1) )
neKiéi (mc +¢£1) (S - /351)

x (6K = neL — BLK — €K+ nely + BLIK

+

(c-)

—ﬂilic+ﬁ£1/c)
TS j,g fi _
( ! 1)/ Hl(r)ln<T5(‘7“5’))dr
I 0 Ye (T,E)

T j,’ﬁ fl —
P( ! 1)/ Hl(r)ln(TP (mjhpr)>dr
0

I Tp (J,P)

Tr (7. K ;
K( ! 1) / l:Il(r)ln (T’C (me’Cr)) dr
0

I, T (J,K)

+ (Ts <j1,€1) + Tk (jlrlal)) 733

1

el E) ) (2 )

+ m,
_ o\ kY (jl,gl> fi _ K,
+ Y¢ (71,51> E + m /0 I15(r) In (E) dr.

Consequently, the form of the expression becomes as follows:

i)

) (2_ e (71 fl)) (te (31.8) + 10 (2.5

Te (j>51)
Ye (T, €)

Te (7.81)
Te (J1.61) p (7. P)
Te (7,51) Tp (j1,751)
Te (F1,6) i (7,50
Te (j,gl) Tk (jl,lal)
N Ye TPy

j1,£1> fi

M /0 Hl()78<j1>51)73
) g

<1'[1 /Onl(

+Yx (j1>’€1)> + Ye (in‘l)

+Tp <j1,751>

+ Ti (jl»]a1>

Tg(

Tp (J1. Py _ Yp (TP Py
- N~

Tp (j1,751)77
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Tk (jb}al)

T,

/1 ﬁl(r)wdr

0 Ti (jl,/il)P

_ (Tg (jhfl) +Tp (j1,751>

+ Tic (j1,l€1)) % _ Te (jl’gl> ;zTK (jl,ﬁl)
P /Cl

12
X I, (r r
fo (L

|
oMakire (71.8) +neéire (51.K1)
neKié (mc + ¢51>
(o) (- )
¢ (R Te (F1,6) + neéi e (71.K1) )
neKi€i (nic +¢£~1)
x (£ £) (k-K)

Te (jlxél) G ;Cr(c:‘l
— 7/ I5(r) —=
I 0 K&

dr —

v (9.8) ¢

+ e (F1.61)

P (wn3l€1Tg (jl,él) +eéi i (jl,lﬁl))
neKi& (mc - ¢51) (E - ﬂfl)
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Ye (7,)
Te (J , 51)
Te (G1.6) Yp (. P)
Ye (j, 5]) Tp (jl,ﬁl)
Te (F1.61) T (7260

+ Tk (jl»]a1>) +Y¢ (jlrgl)

+Tp (j1>751>
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_ Tp (jl’ﬁ1> / ! ﬁl(r)wdr
I 0 Tp (jbﬁl)P

e (AK) [P,
Iy 0 Y <j1,l€1)7)

—Yp (jlf’%) %

Ye (jbc‘l) + Tk (jl)’al)

f iy
I, (r dr
o Pk
o 15K Ve (jw‘fl) +ne&i Yk (jlia)
77851
Te (j1,5~'1> 5 KE
7'/ l_[3(7') =
n3 0 Klg

+Te (jl,gl>

I,

K

(T_

K1

)

dr—"Yg <j1,51> gg

1

Ye (Ir&r)

nek1& (ﬁ)c + ¢£~1) (E - ,3£~1>
e (7.6) )dr

Te (jlagl> /‘fl 70 ln(
0

n( )dr
a Jar

Te (‘71,51) + Tk <j1>/€1)
I,

x (£- 21)2

Yp (T Pr)
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o e () + e (1)
Ki (mc + ¢C~1> (E - ﬂil)

(e +pK) (£~ L))

Ye (j1,51> fi Ye (I &r)
Se\eea) In 7 Cr
+ l'[l fo l_[l() (Tg(..’] 5))617‘
+ Jl 771 (TP(J P))
Yp (T, P)
Jl Kl 1 Yic (T K))
+ “(rK(J K)
Té) + Y (J1,K
. (1 1) ’C(l 1>/ Hz(r)ln( >

e (38)

15

+Te (jl,a) %

1

+

[ ()
J(-9)

) (Ts (jbgl) +Tp (j1,751

Thus

d=, - Ts(jl»gl)
I (7.8)

—— =ngn =4
N (2 B Te (j1,51>
Te

J

)

dt
(7:8)
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_W/lﬁl(r)wd’
I, 0 Tp (jl:P1>P
_ Tx (j1)’€1> /ﬁ ﬁl(r)wdr
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Tg j:é fi _
+ ( ! 1>/ I1 (r)ln(Tg Q7r)5r)>dr
0

I Te (T,€)
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Additionally, we have the following equalities:

Te (Tn€)\ [ Ye(TnE) Py Te (jl,él)
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frontiersin.org


https://doi.org/10.3389/fams.2024.1412357
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

AlShamrani et al.
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By simplifying the previous result, we arrive at
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From Condition C2, we have
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In addition, from Equations (18-20), we conclude

( Ye (7.6) _5) (1_ Te (j’gl)) 0
Te(7.8) & o

Te (7.8)
( Te (F1,6) Yp (. P) _7))
Te <j>5~1)TP (j1,ﬁ1) Py

5 (1 B Te (Jigl? Tp (j1,751) o
Te (J1.61) Yp (7. P)
( Te (F1.61) i (760 K
Te (j,gl) Tk (jla’el) K
y (1 - Ye (.7:51? Tr (jl,ﬁl) o
Te (F1.61) i (7260

Consequently, when Mo > 1, it is established that d““ <0
holds true for all positive values of 7, P, K, € and L. Addmonally,
M = 0is realized when 7 = 71, P = P, K = K1, € = &, and
ll £1. As a result, with M. = {01 }, we can affirm that the steady
state O is G.A.S under the condition %y > 1 in accordance of L.I.P
[44, 45].

4 Illustrative examples and numerical
simulations

Dive into the real world! This section brings our theoretical
predictions to life through numerical simulations. We use the
MATLAB solvers’ ode45 and dde23 to explore the dynamics of
systems (3) and (23), respectively. We utilize saturated incidence
functions for the incidence rates in the system (3), while choosing
Holling type-II incidence for system (23). Additionally, within the
framework of model (3), we investigate the dynamic impact of
CTL immune impairment and saturation effects. Furthermore, our
analysis extends to exploring the influences of time delays and
the Holling effect on the dynamics of the system (23). We utilize
sensitivity analysis to reveal how basic reproduction ratios respond
to variations in parameter values.

4.1 Numerical simulation for model (3)

The subsequent saturation incidence rates will be selected for

system (3):
peJE ppIP
T ,E) = , T P)= ———,
T =1 qe PP 1+epP
pJIK
T LK) = ———,
(TR = T ek

where o > 0, Z € {&,P,K}, account for the infection rate
constants. Parameters €z > 0,Z € {&,P,K}, represent the

frontiersin.org


https://doi.org/10.3389/fams.2024.1412357
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

AlShamrani et al.

saturation infection rate constants. Hence, the structure of system
(3) will be as follows:

. peJE ppJIP pcIK

J =0-ngT - - - :
1+e% 1+epP  1+exkK

P peJE ppJ PICf’C W) P

C T 1tef 1tepP 1tk TP

K =9yP—nk-¢LK,

& =wk—ngé,

L =&K—npL—BLK.

(40)

Clearly, Yz (J,Z2), Z € {£,P,K} are continuously differentiable
functions. In addition, Yz (J,Z2), Z € {&,P,K} satisfying the
following: Yz (J,Z) > 0and Yz (0,Z) = Yz (J,0) = 0 for all
J > 0and Z > 0. Hence, Condition C1 is fulfilled. Moreover, we
have

N2 (T2 _ P22 frallZ >0,
a7 1+ezZ

3z (J.Z
22 2T G ferall 7,2 > 0,
PYA (1+e€z2)

where Z € {€,P,K}. This means that Condition C2 is valid. It is
obvious that

T ,0
0 () = %:pzj>0, forall 7 >0, Z € {£€,P,K}.
Furthermore
S d (902(T,0)
ZZ(J)—dJ( 2z )—,Oz>0, Z e {&,P,K},

which confirms that Condition C3 is also met. Moreover, we have

a (7T VA
— ( z2J )> = — pzezd 5 < 0, foral 7,Z >0,
Iz z 1+ €22)
Z e {&,P,K}.
Then Condition C4 is verified. It is observable that fZ(J ) = bz,
() Pe

Z € {P,K}. Hence, Condition C5 is satisfied. Furthermore, we
have

Yp (T, P) _ ppP(+eeé)

Ye (T, pe&i (1 +epP)

TABLE 1 Summary of model parameters and references.

10.3389/fams.2024.1412357

Tp (J1,P1) _ ppPi(1+ecé)
Ye (J1,€)  pe&i(1+epPy)’
T (T,K)  pcK (1 +egl)
Ye (T,&)  pe&i(1+ecK)
T (J1,K1)  picKi (1 +egéh)
Te (J1,€)  pebi(l+ecKy)
« (TP J,P) Tp (jl,P1)>

Ye(T,&)  Ye (T, &)

_ eppp (L+ecl)? (P =P’
P2E (1 +epP)> (1 +epPp)? ~

and

Yp(J,P)  Yp(J,P)
Ye(T.EDP  Te(J1,E)Pr

(

( T (J,K) Yk (J,KD) )
Ye(T.EDK  Ye(J1,E) Ky
T (J,K) Y (J1, K1)

dt

Te (J7,€)  Ye(J&) )
expp (1+e&)* (K — Ky)?
PEE (1 + exck)? (1 + ek ~

>

forall P, > 0,7 € (0, Jp). Consequently, Condition C6 is also
satisfied. Given that Conditions C1-C6 are fulfilled, the conclusions
regarding global stability, as outlined in Theorems 2.1 and 2.2,
persist. System (40) is associated with the basic reproduction ratio,
provided as

Jo (@Ype + nenpr + ¥nepk)

N, =
040) nenk (Y +np)
= Nog0) + Nop0y + Noxca0)> (41)
where
9% _ oY Jope % _ Jopp
U T e (b +ap) P T gy
A v Jopk
ORED ™ e (¥ + 1)

4.1.1 Stability of steady states
We conduct numerical simulations for the system described
in Equation (40), employing the parameter with values outlined

Parameter Value References Parameter Value References

0 10 [53-55] @ 2.6 (60, 61]

no 0.01 [53, 56, 57] ne 2.4 (60, 61]

pe Varied - & 0.025 [18,20]
PP Varied - ne 0.2 [18,20]

pKC Varied - B Varied -

W 0.2 [53, 58] €g Varied

np 0.17 [53, 58] ep varied

nic 0.8 [20, 59] € varied

¢ 0.04 [18,20]
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FIGURE 1
Solution patterns of the dynamical system (40) in the state of %40, < 1. (A) Healthy CD4*T cells. (B) Latently infected cells. (C) Actively infected
cells. (D) HIV-1 particles. (E) CTLs.

in Table 1. Several parameters have been drawn from previous
research, complemented by specific choices (oz, B, and € = € for
Z € {£,P,K}) made for this study. For the assessment of steady
state stability in system the (40), we commence simulations using
three varied sets of initial states:

1.S.1: (J(0), P(0), K£(0), £(0), £(0)) = (405,4,2,1,0.2),

1.S.2: (7 (0), P(0), K£(0), £(0), £(0)) = (350, 10, 2.85,3.5,0.5),

1.8.3: (J(0), P(0), K£(0), £(0), £(0)) = (500, 20,4, 4,0.6).

Utilizing the infection rates pz for Z € {€, P, K}, the stability of
steady states is governed by % 4(), as defined in Equation (41). To
scrutinize the impact of variations in these parameters, we explore
two distinct scenarios:

Stability of Oy4()- For the parameters pc = 0.0003, pp =
0.0001, pxc = 0.00002, ¢ = 0.02, and B = 0.001, the computed

Frontiersin Applied Mathematics and Statistics 24

value of My40) = 0.503 is below 1. As illustrated in Figure I,
the trajectories originating 1.5.1-1.5.3 approach the steady state
Op(40y = (1000,0,0,0,0). This observation reinforces the assertion
that Oy40) is being G.A.S, aligning with the outcome established
in Theorem 2.1. Biologically speaking, this situation implies the
complete eradication of the infection, signifying the successful
elimination of the pathogen by the human body.

Stability of O;(40)- Choosing pg = 0.003, pp = 0.0002,
px = 00001, ¢ = 002, and B = 0.001, yields Ny40) =
2804 > 1. Consequently, the steady state O,y exists
when My40) > 1, with specific values given by 049, =
(408.467,15.987,3.903,4.229,0.479). In Figure 2, the numerical
results align with the findings of Theorem 2.2, indicating the
convergence of solutions for system (40) to O} (40, when )40, > 1
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FIGURE 2
Solution patterns of the dynamical system (40) in the state of 9ty 40, > 1. (A) Healthy CD4*T cells. (B) Latently infected cells. (C) Actively infected
cells. (D) HIV-1 particles. (E) CTLs.

across all L.S.1-1.5.3. From a biological standpoint, this situation
implies the coexistence of both HIV-1 particles and CTLs within
the host organism.

4.1.2 Impact of impaired CTL immunity

In this given context, we introduce fluctuations in the g value
while maintaining specific values for pg = 0.003, pp = 0.0002,
pic = 0.0001, and € = €7 = 0.02, where Z € {£,P,K}. We aim
to explore how CTL immune impairment impacts the dynamics of
the system (40), by obtaining numerical solutions with different
B values as provided in Table 2. Under these circumstances, we
employ the subsequent initial state:

L.S.4: (7(0), P(0), K(0), £(0), £(0)) = (405, 16.06, 4, 4.3,0.3).

Frontiersin Applied Mathematics and Statistics 25

TABLE 2 Effect of the immune impairment parameter of CTLs on system
(40).

B Steady states O;. )

0 (408.596, 15.984,3.901,4.226, 0.488)
0.03 (406.058, 16.053,3.952,4.281,0.31)
0.1 (404, 16.108,3.994, 4.327,0.167)
0.9 (401.983,16.163,4.035,4.372,0.026)

As B increases, we notice a decline in the quantity of CTLs,
as shown in Table 2. This decrease is accompanied by a greater
quantity of infected cells, whether latent or active, along with a
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FIGURE 3
Solution patterns of the dynamical system (40) along different 8 values. (A) Healthy CD4" T cells. (B) Latently infected cells. (C) Actively infected cells.
(D) HIV-1 particles. (E) CTLs.

higher quantity of HIV-1 particles. Due to this, there is a reduction
in the count of healthy cells. Notably, Figure 3 reveals that the
stability criteria of the steady states remain unaffected by CTL
immune impairment. This is a consequence of the fact that the
parameter %40, stays constant regardless of varying § values.

4.1.3 The saturation infection rates effect on the
system dynamics

In this instance, we fix specific values for ps = 0.003, pp =
0.0002, pxc = 0.0001, and B = 0.001. We numerically solve system
(40) with various values of € = € for Z € {£, P, K}, accompanied

by the following initial state:
1.8.5: (J(0), P(0), K(0), £(0), £(0)) = (500, 12,4,4.3,0.3).

Frontiersin Applied Mathematics and Statistics

TABLE 3 Exploring system (40) dynamics under the influence of
saturation infection rates.

€ Steady states O;.)

0 (363.974,17.19,4.19,4.539, 0.513)
0.1 (527.349,12.774,3.133,3.394,0.386)
0.5 (757.406, 6.557, 1.623,1.758,0.201)

2 (913.612,2.335,0.582,0.63,0.072)

Upon examining the results in Table 3, a positive correlation
is apparent between ¢ and healthy cells, meaning that when
€ becomes higher, the concentration of healthy cells becomes
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FIGURE 4
The influence of saturation infection rates on the solution patterns in system (40). (A) Healthy CD4™T cells. (B) Latently infected cells. (C) Actively
infected cells. (D) HIV-1 particles. (E) CTLs.

higher too. In contrast, the counts of other compartments become
lower. Notably, the parameter 9,40, remains independent of e.
Consequently, Figure 4 illustrates that altering ¢ does not have an
impact on the steady states’ stability.

4.2 Numerical simulation for model (23)

In the context of numerical analysis, we adopt the following
specific form regarding the probability distribution functions 7;(r),
fori=1,2,3:

wi(r) =B« (r—1)), 1€ [O,ﬁ], i=1,2,3,

Frontiersin Applied Mathematics and Statistics

where B,(.) is the Dirac delta function. When f; — oo, we observe
o0
/ i (nNdr=1, i=1,2,3.
0
Furthermore, we obtain
o0
I = / By (r — i) e b dr = 70", i=12,3.
0

Additionally, we will select the Holling type-II incidence rates
of infection as follows:

_ peJE _ ppIP
TE(jﬂg)—m: TP(«7>/P)—71+19J>
JK

Tzc(i/c):l”_’i—w,
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{E,P,K} denote

0 represents the

Here, the positive constants pz for Z €
the infection rate constants, while ¥ >
Holling infection rate constant. Consequently, Based on the
aforementioned reasoning, system (23) was modified into a system
with a discrete time delay, as illustrated below:

., _ peJE  ppIP  pIK
S =T T T T e g 140
peJ (t—r)E(t—r)

> — 7h1r1
Po=e 1+07 (t—1)
ppJ (t—r) Pt —r1)
1497 (t—
p;cJ(t—n()lC(rtl)—n)>_(w+ @
14907 (—n) U
K =ve 2Pt —r)—nck—¢LK,

E =we BB (t—r3) — ek,
L =&tK—neL—BLK.

The functions Yz (7,Z) for Z € ({&,P,K} are evidently
continuously differentiable. Additionally, for each Z € {£,P, K},
these functions satisfy the conditions: Yz (7,Z) > 0 and
Y7(0,Z2) = Yz (J,0) = 0forall 7 > 0and Z > 0. Thus, the
fulfillment of Condition C1 is evident. Furthermore, we observe

T V4 7
0Tz (I )= rz 2>O, forall 7,Z > 0,
N4 a+9J)
Yz (J,2) ozJ
= , forall 8
o7 1—|—z7j>0 orall 7 > 0

where Z € {&,P,K}. This can be expressed by stating that
Condition C2 is valid. It is obvious that

A (T0)  p2T
Lz (J) = 37 _1+0j>0’
forall 7 >0, Z € {£,P,K}.
Furthermore
o d (3TZ(T0)
Ez(j)—dj< 7 )— Q1077 >0, Zel&P,K},

which confirms that Condition C3 is also met. Moreover, we have

0 (1z(J,2)
— | ——) =0, Zel&P,K}.
07z ( Z &PK

Hence, the verification of Condition C4 is straightforward.
Additionally, it is evident that Z((?) = Z—g for Z € {P,K}.
Consequently, Condition C5 is satisfied. Moreover, we have:

Yp(J,P) _ ppP TP(

Ye <\7>5~‘1> peér’ Ye ( 1,51) peéi’
(
(

Tk (J,K) _ pck  TK
Te (J,51) peéi Te

and

(P YP (51,751)
Te (7)51)73 Te (jlxgl) Py
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TABLE 4 Analyzing the influence of delay parameters, r;, on System (42).

Delay
parameters
r1,12,13

NCEASEIC

0.003,0001,0.002 | Oy(4p) = (388.427,16.524,4.031,4.364,0494) | 2.485
001,002,003 | 0, = (392.726,16.396,3.985,4.279,0.488) | 2459
0.8,0.6,0.7 Oy(42) = (554534, 11.114,2.428,2.132,03) 1.753
1.189,1.5,2.5 Oy(42) = (1000,0,0,0,0) 1
3,45 Oy(42) = (1000,0,0,0,0) 0.412
5,6,7 Oy(42) = (1000,0,0,0,0) 0.239
o P (5P)
—_ — O,
Te (7.8)  Te(d6)
e Te(Fk)
Te <J, 51) K Ye (jbgl) K1
T (T,K) Tk (jlaKl)
_ =0,

Te (-.7, 51) Te (jlxgl)
forall P,K > 0,7 € (0, jo). Hence, Condition C6 is fulfilled as

well. With the fulfillment of Conditions C1-C6, the global stability
results stated in Theorems 3.1 and 3.2 persist. Accordingly, the
determination of the basic reproduction ratio for system (42) is
outlined below:

Joebin (we"’z’z (pg we b + pzcns) + ppne mc)

nenk (Y +np) (1 + ﬂjo)

Noa2) =

= Noe2) + Nop(a2) + Nox(42), (43)
where

w1//jopg e—biri—bara—bsrs

Rog(42) = nenk (¥ +np) (1 N 19«70)’
Sfiop(42) - Joppe=tin -
W +np) (14 95)
gtOlC(42) = ‘/fjo,oice_hlrl—bzrz~ |
i (b +np) (1 + 1950)

4.2.1 The stability implications of time delays on
steady states

To assess how time delay parameters affect the solutions of
system (42), we maintain constant values for parameters pg =
0.003, pp = 0.0001, pxc = 0.0004, 8 = 0.001, by = 0.1, b, = 0.2,
by =
Table 1 for the values of the other parameters. Next, we examine

0.3, and set ¥ = 0.0001. Furthermore, you can refer to

how the dynamics are affected by experimenting with different
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The influence of r; on the solution patterns in system (42). (A) Healthy CD4* T cells. (B) Latently infected cells. (C) Actively infected cells. (D) HIV-1

variations of the delay parameters r;, where i takes values from 1
to 3. The stability of steady states is highly sensitive to changes in
the parameters r; due to the dependence of 5)~t0(42) on them [as
indicated in Equation (43)]. Let’s delve into the following choices
for the delay parameters:

D.P.1: r; = 0.003, r, = 0.001, r3 = 0.002.

D.P.2:r; =0.01, , = 0.02, r3 = 0.03.

D.P3:r =08, =0.6,r3 =0.7.

D.P.4:r; =1.189, 1, = 1.5,r3 = 2.5.

D.P.5: r = 3, Ty = 4, r3 = 5.

D.P.6: rn = 5, ) = 6, r3 = 7.
We address the initial state for solving system (42)
as follows:
Frontiersin Applied Mathematics and Statistics

1.S.6: (T(v), P(v), K(v), E(W), L(v))

[=7,0], r = max {r, 7,73} .

(600,5,2,1,0.2), v €

Table 4 displays the values of 5%0(42) corresponding to different

r; values, where i 1,2,3. Significantly reducing 5?10(42) is
noteworthy when the r; parameters increase. Figure 5 visually
depicts the numerical solutions derived from the system,
emphasizing the significant impact of the included time-delays.
Specifically, a positive correlation exists between r; and the count of
healthy cells, indicating that their values increase simultaneously,
while a decrease is observed in the counts of other compartments.
This suggests the potential creation of a new category of medication
aimed at extending delay times and ultimately mitigating HIV-1
multiplication.
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TABLE 5 The dynamics of system (42) affected by Holling infection rates.

v Steady states Ny
0.00001 0y(42) = (375.501,16.875,4.113,4.454,0.504) 2.707
0.00084 0, (42) = (541.024,12.402, 3.042, 3.294,0.375) 1.486
0.0014 0, (42) = (763.525,6.39,1.581,1.712,0.196) 1.139

0.0017336 Op(42) = (1000,0,0,0,0) 1
0.02 Oy(42) = (1000,0,0,0,0) 0.13

4.2.2 The Holling type-Il infection rates effect on
the system dynamics

In this scenario, we set pg = 0.003, pp = 0.0001, pxc = 0.0004,
by = 01, b, = 02,b3 = 03,8 = 0.001, and r; = 0.002
for i = 1,2,3. We consider different values of ¢ and numerically
solve system (42) with the initial state 1.S.6 to analyze the impact
of Holling infection rates on the dynamics of the system (42).
Analyzing Table 5 reveals a correlation wherein an augmentation
in ¥ leads to an increase in the count of healthy cells, while there
is a reduction in the counts of other compartments. Clearly, the
parameter 5%0(42) depends on ¥. Therefore, Figure 6 confirms that
the Holling infection alters the stability properties of steady states.
Furthermore, we derive the subsequent observations:

L. 61(42) is being G.A.S under the condition 0 < ¥ < 0.0017336.
2. 60(42) is being G.A.S under the condition ¥ > 0.0017336.

4.3 Analysis of parameter sensitivity

4.3.1 Investigating the sensitivity of parameters
for model (40)

The principal goal of analyzing parameter sensitivity is to
determine the variable that has the most substantial impact on
Mo, which should be the focus of control strategies. To achieve
this, we will employ direct differentiation, a method that calculates
sensitivity indices by considering changes in variables based on
parameters. We can define the normalized forward sensitivity index
of Mo, which depends on the differentiability with respect to a
parameter p, as follows:

o My

Sp= ——2. 44
¢ 9 do (44)

For each parameter belonging to 9iy40), we utilized Equation
(44) to compute the sensitivity index values. For this purpose,
we considered the parameters specified in Table I, while also
0.003, pp =
0.0001. Sensitivity index values for 9,40,

incorporating supplementary values for pg =
0.0002, and p =
are showcased in Table 6 and Figure 7, revealing positive index
values for 0, pg, pp, px, @, and ¥. In this context, higher values
of these parameters correspond to a higher prevalence of HIV-1
infection within this population. In contrast, the remaining indices
show negativity, implying that an increase in 17, np, nx, and
ng corresponds to a reduction in the M40, value. Notably, the
parameters 6, pg, and @ emerge as the pivotal factors in terms
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of sensitivity, whereas pp, pi, and ¥ are considered less critical.
Interestingly, the parameter &, representing CTLs responsiveness,
demonstrates no impact on 940

4.3.2 Investigating the sensitivity of parameters
for model (42)

Here, Equation (44) will be applied to calculate sensitivity
indices  concerning 5{0(42), considering each parameter
contributing to the basic reproduction ratio. The calculations
were performed with the parameters specified in Table 1,
supplemented by the inclusion of the additional parameters:
pe = 0.003, pp = 0.0001, pxc = 0.0004, by = 0.1, b = 0.2,
by = 03, = 08, r, = 06,r3 = 0.7, and ¥ = 0.0001.
The sensitivity index values for 5?%0(42) are presented in Table 7,
and Figure 8 provides a graphical representation. Positive
indices for 0, pg, pp, px, @, and ¥ suggest that an increase
in these values will elevate the prevalence of HIV-1 disease.
Conversely, negative indices, including n7, np, ni, ne, b,
by, bz, r1, 13, 13, and ¥, indicate that an increase in these
values will lower the parameter §t0(42). Notably, 6, pg, and
w emerge as the most influential parameters, while pp, pic,
and ¢ are considered less critical. Furthermore, the parameter
representing CTLs responsiveness, &, demonstrates no discernible
effect on 5{0(42).

5 Discussion

To emphasize the importance of integrating L-CTC

spread into our investigated models, we analyze model (3)

in the context of various antiviral interventions, outlined

as follows:

T =0-n7T —(1—c)Te(T,E) —(1— ) Tp (T, P)
—(1—63) Tk (J,K),

P =1-s)Ye (T, +1—c)Yp (T, P)
+(1=63) Tk (J,K) = (¥ +np) P,

K =vyP—ncK—oLK,

& =k —ngé,

L =&tK—nel—BLK.

(45)
The parameter 0 < ¢; < 1 represents the effectiveness of antiviral
therapy in inhibiting VTC transmission, while 0 < ¢3,¢63 < 1
denote the therapeutic efficacies in blocking L-CTC and A-CTC
transmissions, respectively [62].
basic

For system (45), the following establishes the

reproduction ratio:

A-—gsDoy Ve (Jo,0) (1 —6) dYp (Jo,0)
nenk (¥ +np) a& v +np P
(1—-g3) ¢ 9Tk (Jo,0)
nk (W +np) Kk

Ny =
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The influence of Holling infection rates on the solution patterns in system (42). (A) Healthy CD4*T cells. (B) Latently infected cells. (C) Actively

500 600

Assuming ¢ to be equal to ¢, 62, and ¢3, we obtain:

Neglecting the spread of L-CTC in model (45) yields

T =0-n7T0 —(1-5)Ye(T.E) —(1—¢) Tk (J.K),

3Te (Jo, 0 .
mg:(l_g)[nsn/cl(vﬁrnp) Sa(go ) P =10-9Ye(T.O+ 1= Tk (T,K) =@ +np) P,
1 37p (Jo,0) v 9Tk (jO,O)i| K =9P—nck - LK,
v +np P nc (Y +np) K 5 =wok —neé,
=(1—¢)No. L =&K—ncLl—BLK,

Currently, we compute the drug efficacy, ¢, which results in
Eﬁg < 1 and stabilizes Oy in system (45) as follows:

1
1>c¢ > Cmin = max40,1 — —¢.
No
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(47)
and the definition of the basic reproduction ratio of model (47) will
be

v oy 9Te (Jo,0)
W =0-9 [ngmc W+np) 08
v Tk (JO,O)] X
+ =(1-— Ro.
n (f +np) K 1=
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TABLE 6 Examining sensitivity in parameters regarding %40,

Parameter o So Value Parameter o So Value ‘
0 So 1 @ Sor 0.783
ng Sys -1 v Sy 0.267
pe Spe 0.783 ne She —0.783
op Sop 0.193 np S —0.459
pxc Soxc 0.024 K Sy —0.807

Forward sensitivity indices

1 1 1 1 1 1 1 1 1 1

Parameters

FIGURE 7
Analyzing sensitivity of parameters for 940, in model (40).

TABLE 7 Examining sensitivity in parameters regarding ’7‘0(42)-

Parameter o : Parameter o

0 Sy 0.909 nx S —0.871
ng 1z —0.909 by S, —0.08
ps Spe 0.756 by St —0.104
op Sop 0.129 bs S —0.159
i Soxc 0.115 n S, —0.08
o Sor 0.756 r S, —0.104
v Sy 0.33 s S, —0.159
ne She —0.756 0 Sy —0.091
np Sip —0.459

It is evident that iy < 9. Interestingly, comparing Equations (46,
We identify the drug efficacy, denoted as ¢, that ensures i < 1,  48) reveal that ¢min is always smaller than Emin. Therefore, applying
thereby stabilizing the steady state Oy of system (47). The condition  drugs with efficacy ¢ in case of Smin < ¢ < Smin Will guarantee that

is expressed as: Efig < 1, ensuring the global asymptotic stability of Op in the system
(47). However, i; > 1, indicating the instability of Oy in system

R 1 (45). As a result, drug therapies are designed without considering

12 ¢ > Smin = max {0’ 1= ﬁ } (48)  the spread of L-CTC may be inaccurate or insufficient for achieving
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FIGURE 8
Analyzing sensitivity of parameters for 5{0(42) in model (42).

Parameters

viral eradication from the body. Therefore, compared to the model
given in Alofi and Azoz [24] and Zhang and Xu [25], our suggested
models are more pertinent in explaining HIV-1 infections.

6 Conclusion

This work formulates two HIV-1 dynamics models with CTL
immune impairment. These models comprise five compartments:
healthy CD4TT cells, latently infected cells, actively infected cells,
free HIV-1 and CTLs. To enhance realism, we introduced a scenario
in which healthy cells acquire susceptibility to infection upon
exposure to infectious compartments (HIV-1 particles, latently
infected cells and actively infected cells). The second model takes
the first model a step further by incorporating multiple distributed-
time delays. Both models incorporate general functions to represent
the incidence rates. Notably, the solutions produced by these
models display properties of nonnegativity and boundedness.
Within this framework, we identified two crucial steady states: the
virus-free steady state, Op (Op), and the virus-persistence steady
state, O; (O1). We calculated the basic reproduction ratios, referred
to as Mo (No), which are essential for determining whether the
steady states mentioned earlier exist and remain stable over time. It
is noteworthy that iy (Ro) consists of three separate components,
representing the contributions from VTC, L-CTC, and A-CTC.
The Lyapunov function technique and L.LP. are employed to
comprehend the system’s behavior over time by studying the global
asymptotic stability of the steady states. Two key findings emerged
from our investigation: firstly, the virus-free steady state O (Oo)
is being G.A.S whenever iy < 1 Ry < 1), ultimately leading
to the disappearance of the infection. In contrast, the steady
state Og (Op) loses its stability and the virus-persistence steady
state O; (O)) is being G.A.S whenever Ry > 1 Ry > 1),
indicating a long-term infection. For experimental verification of

Frontiersin Applied Mathematics and Statistics

our theoretical derivations, we employed numerical simulations,
which vyielded results consistent with our analytical solutions.
Our exploration encompassed the influence of CTL immune
impairment, time delays, and L-CTC on HIV-1 dynamics, revealing
reduced immune function as a key factor contributing significantly
to disease progression. Moreover, time delays significantly reduced
the basic reproduction ratio (M), leading to suppressed HIV-1
reproduction. Therefore, eliminating HIV-1 requires prioritizing
strategies that keep 9y below 1. Our study also highlights the
critical role of L-CTC spread in HIV-1 dynamics. Additionally,
a sensitivity analysis revealed key factors influencing the system’s
behavior, deepening our understanding of HIV-1 dynamics.

We are optimistic that the strategy outlined in our article may
be improved upon. The modeling of the in-host dynamics with an
emphasis on the immune system vs invading particles would be
an intriguing viewpoint. Recently, active-particle approaches have
been utilized to describe the immunological rivalry in detail at the
cellular level, allowing for the modeling of epidemics (see [63]).

It seems like an interesting avenue to investigate the memory
impact on the dynamics of our model with fractional differential
equations (FDEs) [64-66]. Non-local and memory-dependent
effects, which are frequently essential in virological systems, can be
captured by FDEs. In our proposed modeled we assumed that the
production rate of healthy CD4™ T cells is constant. Nonetheless,
HIV-1 infection possesses the capability to infect and disrupt
the thymus’s supply of these cells. As a result, rather than being
constant, the thymuss supply of new cells has been seen to be
changeable [55, 67]. These topics are left for later research.
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