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In this paper, we present a model detailing the benefits of two competing firms in 
a duopoly market, where profit maximization is linked to their production levels 
using the Cournot method. Our primary objective is to develop a collaborative 
strategy within the framework of open innovation to optimize their profits. 
Furthermore, we analyze how these firms can integrate an additional source of 
revenue in the form of intellectual property, without negatively impacting their 
open innovation strategies. To achieve this, we conducted a dynamic study of 
these strategies by introducing this intellectual property, to assess the impact of 
its components, such as patent licensing fees and royalties, on the equilibrium 
of strategies adopted by these firms. Our aim is to provide recommendations 
for optimal management of this intellectual property, thus enabling firms to fully 
leverage its benefits while preserving their competitive position in the market.
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1 Introduction

Researchers from around the world have studied and defined Open Innovation as an 
important concept in innovation management. Over the past two decades, this phenomenon 
has become a principle for many organizations in various industry sectors. Recent 
opportunities for adopting and creating value through Open Innovation during periods of 
global crisis, such as the pandemic, are demonstrated through concrete examples (1–5).

Furthermore, the role of startups and entrepreneurial spirit is illustrated through examples 
from the life sciences industry (6). Intellectual property, which includes patents and rights over 
non-patented intellectual property, as well as the right to sublicense IP, product development 
and manufacturing rights, and marketing rights, constitutes elements of value capture rights 
in innovation. Ozmel et al. (7) were the first to introduce the term “value capture rights.”

An intellectual property strategy is characterized as “the utilization of intellectual property, 
whether independently or in conjunction with other assets of the company, to accomplish the 
company’s strategic goals (8).

The complex relationship between Open Innovation (OI) and Intellectual Property (IP) 
protection has been the subject of numerous research studies, revealing clear evidence of their 
connection. Due to this intricate relationship, several authors have delved into this topic in 
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their research papers (9–12). They have focused on the impact of IP 
on OI. A study based on 73 companies examines the correlation 
between intellectual property protection strategies and open 
innovation, identifying five distinct strategies and evaluating their 
impact on open innovation practices. The findings underscore the 
critical role of strategic choices regarding intellectual property in 
promoting and managing innovation within organizations (10). 
Moreover, the need for intellectual property is a strong driver of open 
innovation. These arguments are verified using firm-level data from 
Vietnam, and supporting evidence is obtained, demonstrating that, 
contrary to conventional wisdom, the need for intellectual property 
protection encourages companies to engage in open innovation 
activities (12). In another study focusing on Italian companies, a 
framework is proposed for using intellectual property (IP) protection 
mechanisms to secure technology and know-how during the 
innovation process. This research highlights increased efficiency, 
emphasizing the importance of managerial and organizational 
interventions. Additionally, it analyzes how these mechanisms can act 
as facilitators, catalysts, or constraints for innovation 
collaborations (9).

Compared to closed innovation, intellectual property (IP) 
protection created within the framework of open innovation is 
complex. A robust IP management policy focused on reducing IP risks 
plays a significant role in ensuring sustained growth. These risks vary 
across business segments, from startups to micro, small, medium, and 
large organizations. A risk assessment model for intellectual property 
in open innovation is proposed by Arunnima et al. (13) to calculate 
the Open Innovation Intellectual Property Risk Score (OIIPRS) using 
an Analytical Hierarchy Process (AHP) method. The OIIPRS indicates 
an organization’s levels of IP risk when engaging in open innovation 
with other organizations. Companies can use the OIIPRMM to assess 
IP risk levels and adopt proactive IP protection mechanisms when 
collaborating with other organizations (13).

To the best of our knowledge, studies of IP strategies and OI are 
scarce, and none of them organically presented how different IP 
strategies shape firms’ capability to leverage and benefit from OI. Such 
a gap is critical since much of the current literature could lead 
practitioners to think that a certain mix of IPPMs may be better than 
another, whereas the very same mix, used with different IP strategies, 
may achieve dramatically different outcomes.

Grimaldi et al. propose a framework comprising three intellectual 
property (IP) protection strategies: the “defensive” strategy, which 
aims to prevent knowledge leakage and erect barriers to competition; 
the “collaborative” strategy, which aims to collaborate with other 
organizations and penetrate new markets; and an “impromptu 
“strategy, which describes firms protecting their IP without a 
predetermined objective (11). According to the findings, most firms 
declare adopting an impromptu IP strategy. Such a strategy can 
impede outbound open innovation (OI), while firms adopting a 
defensive IP strategy are more active in outbound OI than those 
adopting a collaborative IP strategy. Finally, the results show that firms 
adopting collaborative IP strategies outperform those adopting 
defensive strategies (11, 14, 15).

Game theory has proven to be a useful tool for modeling the 
interactions that take place in Open Innovation ecosystems. More 
specifically, the Cournot duopoly has emerged as a popular game 
theory model for simulating the strategic behavior of firms in the 
context of Open Innovation.

Game theory, as a framework for analyzing strategic interactions, 
is an essential tool for studying Open Innovation (OI) and its 
relationship with intellectual property (IP) (16). explore how 
competition and intellectual property protection influence dynamics 
in a duopoly involving both foreign and domestic enterprises. Their 
research aims to understand stability near equilibrium points and how 
different scenarios affect R&D investment dynamics, considering 
cases where one or both enterprises are engaged in R&D activities. 
Moreover, Ikeda et al. (17) investigate the ideal intellectual property 
rights policies for a large market country without local producers. 
They find that prohibiting imitation, especially with low innovation 
costs, can enhance societal welfare, even in a monopoly environment.

Additionally, Zhang et al. (18) propose a model based on game 
theory to analyze how firms choose between innovation and imitation, 
considering behavioral biases like reference point dependence and loss 
aversion. Their study highlights the importance of managing 
innovation risks and the effectiveness of strengthening IP protection 
in influencing firms’ innovation strategies. Meanwhile, Xing (19) 
delves into the dynamics of competition between open-source 
software (OSS) and proprietary software (PS) in a networked software 
market. Using a modified Cournot model, Xing explores how OSS 
learning costs, user software development skills, and network effects 
impact the optimal pricing, quantity, and profitability strategies of 
both PS and OSS. Lastly, Bao et al. (20) demonstrate that cooperative 
game strategies can lead to a more equitable distribution of excess 
earnings produced from cooperation innovation, based on Rubinstein 
subgame perfect equilibrium results.

This article seems to address an interesting analysis of competitive 
dynamics in the market, based on the Cournot model to evaluate the 
quantities of products present on the market. However, it is important 
to note that a discussion of intellectual property (IP) is missing, which 
could potentially have a significant impact on the study results. IP is a 
crucial aspect in many industries, especially when it comes to open 
innovation. Without a discussion of how IP is treated in the model, it 
is difficult to fully assess the validity of the results and their 
applicability in a real-world context. For example, the way intellectual 
property rights are defined and protected can have a major impact on 
the open innovation strategy adopted by companies, as well as on 
competitive dynamics in the market. With this in mind, further study 
should take into account how IP is integrated into the analysis model. 
This could involve examining how companies manage intellectual 
property rights as part of their open innovation strategy, how these 
rights influence product quantity decisions in the market, and how 
they affect the competitive outcomes achieved.

The recent work of Elmire et al. (21) examines an analysis of OI in 
a duopolistic market using game theory, however, the intellectual 
property parameter is not taken into account to study the stability of 
the firm in the duopolistic market.

In this work, a dynamic study of the impact of IP parameters on 
the stability of the duopoly market is presented. The studied dynamic 
system is based on the OI integration rate of the both firms. The 
remaining of this work is as following: the second section is dedicated 
to present the proposed model based on the IP and OI interaction. The 
third section presents the dynamic adjustment process of the two 
firms. The fourth section concerns the study of the stability of all the 
computed equilibrium points, and finally, the principal finding based 
on the analysis of bifurcation diagrams and stability map are present 
in the fifth section.
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2 Cournot duopoly model

Gaining a comprehensive understanding of open innovation 
systems and investigating the effects of varying market structures, 
open innovation investment levels, and intellectual property rights on 
business performance and market outcomes are the goals.

The model is built upon the presence of two firms, denoted as 
i (i = 1,2), operating in a market where identical products are offered. 
The inverse demand function for these two firms is derived from the 
maximization of a utility function, which can be expressed as:

 p a b q qi = − +( )1 2  (1)

where, a > 0 and b∈[ ]01, , q1 and q2 are the output of the 
products quantity provided by the firm 1 and firm 2, respectively.

In this work, we  have considered that both firms are making 
strategic decisions regarding the incorporation of innovation into 
their operations. To model the adoption of Open Innovation (OI) 
strategies, we  introduce the parameter σ i ∈[ ]01, . This parameter 
serves as a crucial factor representing the OI integration rate, allowing 
us to quantify the extent to which each firm embraces Open 
Innovation practices within the range from 0 (completely closed 
innovation) to 1 (fully open innovation).

According these assumptions, the effective marginal cost of firm 
i can be expressed as

 C A c ii i iσ σ( ) = + −( ) =1 1 2, ,  (2)

The cost function values are contingent on the OI integration rate. 
When a firm i opts to outsource its innovation, the marginal cost 
remains at A, as the integration rate σ i equals one. Conversely, if firm 
i chooses to completely internalize the innovation, the marginal cost 
increases to A c+ , reflecting the additional cost incurred due to the 
internalization of the innovation process.

Considering the advantages associated with Closed Innovation 
(CI), such as robust incentives, firm-owned property rights, and 
decreased reuse costs, it becomes apparent that as a firm elevates its 
Open Innovation rate, it relinquishes these benefits. Consequently, 
this represents a loss incurred by the firm due to the extensive 
utilization of Open Innovation. These foregone benefits can be viewed 
as costs or charges imposed on the firm, adding to its overall cost 
structure and reducing its competitive advantage.

We assume that the two firms practice the OI concept with a rate 
σ i . In addition, one of the firm sells patent to the other firm with a 
price Li, in this case, if firm 2 get the patent from firm 1, it should paid 
the license fees to the firm 1 upon the signing of the agreement, and 
the royalty that represent a share of the revenues paid to the licensor 
in exchange for rights. It can be a fixed amount, a percentage of the 
revenues, or an amount per unit sold, and so on. Often, a minimum 
of royalty is required (22). In this work, the royalty is represented by 
αqi. Consequently, the firm 2 should paid L q1 2+α  (The assumption 
is always Firm 1 is the seller of the patent, and Firm 2 is the buyer of 
the patent).

According to Chesbrough, the PI protection is related to the 
innovation strategy, especially, the firms that adopt CI protect more its 

PI (23). Considering firm 1 adopts CI, in this case, it is possible that 
this firm sells the patent to firm 2 with a fee of L2 , for this reason 
we consider two patents fees L1 and L2 and the same royalty α . In the 
case of firm 1 sells patent to firm 2, the profit of intellectual property 
can be expressed as:

 η α σ1 2 1 11= +( ) −( )q L  (3)

The intellectual property profit is important when the firm 
practice closed innovation (σ1 0= ). In other words, they are no IP 
protection when the firm practice totally OI (23).

Based on the aforementioned proposals, the expression of the 
profit for both firms is defined as:

 

π σ σ η σ

π σ σ
1 1 1 2 1 1 2 1 1 1 2

2 2 1 2 2 1

= ( ) −  + ( )
= ( ) −

p q q C q q

p q q C

, , ,

, ,

( )

( 22 2 2 2 1)  + ( )




 q qη σ ,  
(4)

By substituting Equations (1)–(3) into Equation (4), we obtain the 
expression of the profit function for each firm as:

 

π σ α σ

π

1 1
2

2 1 1 2 1 1

2 2
2

1

1 1= − + − − − −( )( ) + +( ) −( )
= − + − −

bq a bq A c q q L

bq a bq AA c q q L− −( )( ) + +( ) −( )





 1 12 2 1 2 2σ α σ  
(5)

Then, the marginal profits of these two firms are expressed by 
Equation (6).

 

∂
∂

= − + − − − −( )( )
∂
∂

= − + − − − −( )

π
σ

π
σ

1

1
1 2 1

2

2
2 1 2

2 1

2 1

q
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q
bq a bq A c(( )








  

(6)

The second-order conditions are met because 
∂

∂
=
∂

∂
= − <

2
1

2
1

2
2

2
2

2 0
π π

q q
b

. Letting ∂
∂

=
π i
iq

0  (i =  1,2), the reaction 

function of the firm 1 and firm 2 is obtained as follow:

 

R q q
a bq A c

b

R q q
a bq A c

1 2 1 1
2 1

2 1 2 2
1 2

1

2

1

,

,

σ
σ

σ
σ

( ) = =
− − − −( )

( ) = =
− − − −

∗

∗ (( )








 2b  

(7)

The reaction function in a Cournot model describes how one 
firm’s output (or quantity) depends on the output chosen by its 
competitors. From Equation (7), we obtain the equilibrium solution 
for the two firms as following:

 

q U c
b

q U c
b

1 2 1

2 1 2

3
2

3
2

∗

∗

= − −( )

= − −( )










σ σ

σ σ
 

(8)
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With U
a A c

b
=

− −( )
3

. Also, by subtracting q1
∗ from q2

∗, we obtain:

 
∆q q q c

b
= − = −( )∗ ∗
1 2 1 2σ σ

 
(9)

By analyzing the Δq value (Equation 9), it becomes evident that 
the equilibrium quantities are contingent upon the innovation 
integration rates adopted by each firm. Assuming that firm 1 opts for 
an Open Innovation (OI) approach (σ1 = 1) and firm 2 selects Closed 
Innovation (CI) as the opposing strategy (σ2 = 0), where Δq > 0, it 
implies that firm 1 consistently produces quantities surpassing those 
of firm 2. Consequently, a higher OI integration rate results in the firm 
delivering greater quantities. The Cournot equilibrium can 
be  expressed by substituting q1

∗ and q2
∗ in the reaction function. 

Substituing Equation 8 in Equation 5, we obtain the system shown by 
Equation (10). In this system, the two firm’s the equilibrium profits are 
expressed in terms of the OI integration rate, and we notice that the 
equilibrium profit is expressed in parabolic function (σ σ

1
2

2
2

, ), linear 
function (σ σ1 2, ) and an interaction function (σ σ1 2).

 

π α σ σ α α σ1 1
2

2

2
2

1 1
9

2 3
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3
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( ) ( )( )

( )

c
b

c
c
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b L cU

c
b
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2

1

9
6 2

9
2 3

9

1

3
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( ) ( )
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b
c c U bU L

c
b

c
c
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c
b
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b
c c U bU

3 3 5

3
2

1
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10







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


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( )

The relative profits ∆π i  (i = 1,2) of each firm can be expressed as 
the difference between the absolute profit of itself and the absolute 
profit of its competitor (24). The relative profit of firm 1 is expressed 
by Equation (11).

According to Equation (11), the relative profit expressed by 
Equation (11) depends on the rate of integration of OI, intellectual 
property, and other economic parameters.

 

∆π π π α σ σ
α α

σ σ

1 1 2 2 1

2 1

3

3 1

3

7

6
= − = + + +

+
−

−

( )( ) ( )















(

c
b
c

b
cU

)) ( ) ( )+ − − −L L1 1 2 21 1σ σ  
(11)

Therefore, we  can identify various scenarios based on the 
strategies adopted by the two firms.

 ✓ Case 1: σ σ1 20 1= =and
In this case, the two firms are symmetrical where firm 1 adopts 

close innovation and firm 2 adopts totally Open innovation. 
Consequently, the relative profit becomes:

 
∆π α

α α
= +( ) + +( )

−


















 −

c
b
c

b
cU L

3

3 1

3

7

6
1

 
(12)

If Firm 1 wants to achieve a profit higher than Firm 2, it must sell 
its patents at a price 

L c
b
c

b
cU

1
3

3 1

3

7

6
< +( ) + +( )

−


















α

α α , and if 

L c
b
c

b
cU

1
3

3 1

3

7

6
> +( ) + +( )

−


















α

α α
 it will realize a profit lower 

than Firm 2.
 ✓ Case 2: σ σ σ1 2= =

In this case, the two firms adopt the same level of openness with 
σ σ σ1 2= = ; therefore, the relative profit becomes:

 ∆π σ= −( ) −( )L L2 1 1  (13)

According to Equation (1), if Firm 1 and Firm 2 cooperate by adopting 
the same integration rate of open innovation, they must also collaborate in 
terms of intellectual property strategy and sell patents at identical prices.

 ✓ Case 3: σ1 0=
In the case where the firm 1 adopt the close innovation, its relative 

profit becomes:

 
∆π σ σ

α α α σ
= − + + + − +

+
+

+( ) ( )





L L L

cU
b

c c
b

1 2 2 2 2
27

6

1 3

3 3  
(14)

The derivative of the relative profit is expressed by the 
Equation (15).

 

d
d

L cU
b

c c
b

∆π
σ

α α α σ

2
2

27

6

1 3

3

2

3
= − +

+( )
+

+( )
 

(15)

Making this derivative equal to zero, the value of σ2 can 
be determined as:

 
σ

α α
α2

27 6 2 1 3

2
=

− − +( )
+( )

bcU bL
c c  

(16)

Substituing (Equation 16) in (Equation 14), we obtain Equation (17):

 
∆ = −

− +( )( ) + +( )
− − + + + −

π
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2
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2bL
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α

Firm 2 must sell the patent with a price 

L
c c bcU

b2

2 2
4 2 1 2 6 7

3
>

+ +( ) +( ) −α α  in order to realize a profit 

higher that firm 1.
Proof ------------------------------------------------------------
If ∆ <π 0 , we have:

 12 4 7 2 4 6 3 02
2 2

2bL c bcU c bL( − + + + − <α α α

Consequently:

 
L

c c bcU

b2

2 2
4 2 1 2 6 7

3
>

+ +( ) +( ) −α α

https://doi.org/10.3389/fams.2024.1434012
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org


Elmire et al. 10.3389/fams.2024.1434012

Frontiers in Applied Mathematics and Statistics 05 frontiersin.org

3 Dynamic adjustment process

The system of the profits expression of the two firms (system 10) 
determines the maximum local profit according to the rate of 
integration of the open innovation. The maximum profit is computed 
by expressing the derivative of the two profits defined by system (10) 
as following:

 

∂

∂
= + − +

− + − +
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∂
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b

c
c
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c
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1

α σ α σ

α α
 

(18)

players with bounded rationality may not be able to make optimal 
decisions in a single step during dynamic competition. Instead, they 
gradually fine-tune their strategies based on their marginal profits. For 
example, if an enterprise experiences positive marginal profit in the 
current period, it is inclined to believe that increasing its R&D strategy 
in the next period will lead to higher profits. Conversely, if it incurs 
negative marginal profit in the current period, it will likely reduce its 
R&D strategy in the next period to mitigate losses. This adaptive 
approach reflects the reality of decision-making in a complex and 
uncertain business environment. The mechanism of the specific 
dynamic decision is referred the dynamic gradient adjustment 
mechanism by other researchers (25–28). The dynamic decision-
making process of these firms, according to the gradient adjustment 
mechanism, can be described by the following difference equation:

 

σ σ ϑσ
π
σ

σ σ ϑ σ
π
σ

1 1 1 1
1

1

2 2 2 2
2

2

1

1

t t t

t t t

+( ) = ( ) + ( ) ∂
∂

+( ) = ( ) + ( ) ∂
∂








  

(19)

Where v1 and v2, are positive parameters, which represent, 
respectively, the speed of adjustment of firm 1 and firm 2. Which also 
means that the difference between the OI integration rate in t + 1 
period and the OI integration rate in t period is directly proportional 
to its marginal profit in t period.

Substituting Equations (18) and (19), then the following 
two-dimensional nonlinear map can be obtained:
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(20)

The speed of adjustment indicates how quickly firms respond to 
their marginal profit signals. Various factors influence these 

parameters, including innovation potential, R&D spillover, R&D 
costs, patent rights, and others.

By delving into the analysis of model (Equation 20), we can 
discern the advantages accruing to firms, the achievement of 
goals, and the overall stability of the market when two firms opt 
for distinct parameters. Additionally, this study allows us to 
anticipate the developmental status and trends of firms under 
specific, fixed parameter combinations. Such insights offer 
theoretical guidance for managers or owners of firms, facilitating 
their ability to navigate and develop more effectively and stably 
within the market.

In the real world, decision-makers often face a complex market 
environment where various factors like psychological biases, cognitive 
limitations, computational constraints, and incomplete information 
comes into play. As a result, they cannot always make perfectly 
rational decisions. Instead, they operate under bound rationality. This 
means that decision-makers adjust their strategies through a process 
of trial and error (29, 30).

4 Equilibrium points and local stability

The system of Equation (20) represents a collection of 
interconnected first-order nonlinear difference equations. To examine 
the equilibrium and stability of this system, we can determine its fixed 
points by equating σ1 1t +( ) to σ1(t ) and σ2 1t +( ) to σ2 t( ). Setting 
σ σ1 11t t+( ) = ( ) and σ σ2 21t t+( ) = ( ).
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(21)

The system (Equation 21) accepts four equilibrium points as 
expressed by the Equation (22).
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(22)

With Z c= −2 2
9α  and M bcU c c= −( ) + +( ) +( )5 3 1 3 3α α α α .

All the four equilibrium points of system (Equation 21) will 
be nonnegative.
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Studying the equilibrium points of the model holds practical 
significance as it allows us to gain insights into the market’s dynamics. 
Analyzing these points enables us to assess the market’s condition. To 
commence, we  clarify the economic implications linked to each 
equilibrium point. The trivial equilibrium point in the system denotes 
that both enterprises face bankruptcy and exit the market. The 
boundary equilibrium points suggest a situation where one enterprise 
goes bankrupt, leaving the other as the sole oligopoly in the market, 
thereby monopolizing the entire market. The equilibrium point 
indicates a temporary equilibrium state in the game process, where 
both enterprises mutually constrain each other. In this state, if the rival 
enterprise maintains a consistent strategy, both enterprises are less 
likely to alter their strategies easily. However, even a minor strategic 
adjustment by either enterprise can introduce complexity into the 
game process.

According to the stability theory, studying the local stability 
of an equilibrium point can be  assessed by determining the 
eigenvalues of the Jacobian matrix in a nonlinear dynamic 
system. The corresponding Jacobian matrix of system (20) at any 
point (σ1, σ2) has the form of the Equation (23).

 
j

J J
J J

=










11 12

21 22  
(23)

With

 

J v c
b

c v c
b
c

v
b
b L cU

11 1 1 1 2

1 1

1
2

9
2 3

9
6

1

3
3 3 5

= + +( ) − +( )

− + −( ) +( )

α σ α σ

α α

 
J v c

b
c12 1 1

9
6= − +( )α σ

 
J v c

b
c21 2 2

9
6= − +( )α σ

 

J v c
b

c v c
b
c

v
b
b L cU

22 2 2 2 1

2 2

1
2

9
2 3

9
6

1

3
3 3 5

= + +( ) − +( )

− + −( ) +( )

α σ α σ

α α

Applying insights from nonlinear dynamics, we can evaluate 
the local stability of the equilibrium point by analyzing the 
interaction between the constant value of 1 and the absolute 
magnitudes of the eigenvalues. In other words, the equilibrium 
point is considered a stable node if the absolute values of its 
eigenvalues are less than 1 ( λi i< =( )1 1 2, ). In contrast, when all 
the eigenvalues have absolute values exceeding 1, the point is 
classified as an unstable node ( λi i> =( )1 1 2, ). Nonetheless, if the 
absolute value of one eigenvalue exceeds 1 while the other is less 
than 1, the equilibrium point is characterized as an unstable 
saddle point.

Moving now to discuss the stability of the system for each fix 
point (E E E E0 1 2 3, , , ).

4.1 First equilibrium point

Starting with the first point E0, the Jacobian matrix becomes:
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Obviously, the eigenvalues of the above matrix are the elements 
on the diagonal λ α αi i iv

b
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3
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From the non-negative of the parameters, E0 is always an 
unstable node.

4.2 Second equilibrium point

The Jacobian matrix at E1 is showed by Equation (24).
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With 
T b L cU1 13 3 5= + −( ) +α α  and T b L cU2 23 3 5= + −( ) +α α .

Matrix J(E1) is an upper triangular matrix, and the corresponding 
eigenvalues are expressed by Equation (25).
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From the non-negative of the parameters, and since b∈[ ]01,  it 
seems that λ1 1> , and, if c c c

b T
T
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> +( )6 2 3
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α , the second 

eigenvalue verify the condition λ2 1< , in this case, E1 is a saddle point. 
However, if c c c
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α , λ2 1> , then, the point E1 

becomes instable. In the case where 
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α ,  λ λ1 2 1, < , the equilibrium point E1 

becomes stable.
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4.3 Third equilibrium point

The Jacobian matrix at E2 is expressed by Equation (26).
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where J(E2) is a lower triangular matrix; thus, its eigenvalues 
(Equation 27) are main diagonal elements, that is,
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The same reasoning as the first point, it seems that λ1 1> , and, if 
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condition λ2 1< , in this case, E2 is a saddle point. However, if 
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point E2 becomes instable. The point becomes stable if 
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4.4 Fourth equilibrium point

In order to study the local stability of the equilibrium point 
E3 of the system, the Jacobian matrix J(E3) is expressed 
as following:
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The characteristic polynomial of matrix (Equation 28) is expressed 
by Equation (29).

 λ λ2
3 3 0− ( )( ) + ( )( ) =Tr J E J E. det  (29)

With

 Tr J E f L L v f L L v3 1 1 2 1 4 1 2 22( )( ) = + ( ) + ( )α α, , , ,  (30)

Equation (30) is the trace of the matrix, and Det represent the 
determinant of the matrix expressed as shown by Equation (31).
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Finding the eigenvalues of the Jacobian matrix J(E*) by solving 
the characteristic polynomial can indeed be  a challenging and 
computationally intensive task, particularly in complex systems or 
high-dimensional problems. The local stability of equilibrium E3 is 
determined by a condition that is both necessary and sufficient. 
Specifically, this condition holds true if and only if the Jury’s 
condition (31–33), as presented below, is met.

i) 1 0− + >Tr det

ii) 1 0+ + >Tr det

iii) 1 0− >det

with
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(32)

These three conditions expressed in the Equation (32) have some 
properties to be used to interpret the equilibrium point behavior. 
These properties are:

If the three conditions are verified, the point is locally 
asymptotically stable.

The point undergoes instability through flip bifurcation if 
− + >Tr det 0, 1 0− >det  and 1 0+ + =Tr det .

The point becomes unstable due to transcritical or fold bifurcation 
if − + =Tr det 0, 1 0− >det  and 1 0+ + >Tr det .

The point becomes unstable due to Neimark–Sacker bifurcation 
if − + >Tr det 0, 1 0+ + >Tr det  and 1 0− <det . This implies that there 
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are two complex and conjugate eigenvalues whose magnitude crosses 
the threshold of 1.

Regarding the first condition, the products f1.f4 and f3.f2 are always 
positive, and then, we can conclude that the first Jury condition is 
approved. Consequently, the second Jury’s condition is respected.

The three Jury conditions hold if 
f f f f1 4 3 2 0. − >  and f v f v f f v v1 1 4 2 3 2 1 2 0+ + < .

As per the Jury criterion, the stability region of E3 is confined by 
the curves determined by the inequalities (Equation 32). Additionally, 
these three inequalities also serve as the stability conditions for E4.

5 Numerical analysis

In this section, we  will materialize the theoretical results 
obtained in the previous sections by presenting some numerical 
findings. Our objective is to analyze the stability of the model 
representing the dynamics of open innovation integration rates 
between two firms. We will also determine the impact of intellectual 
property integration on the stability of this model. To achieve this, 
we will employ bifurcation theory to assess the system’s ability to 
maintain stability while varying the parameters related to 
intellectual property. In order to reach this objective, we  have 
utilized the parameter values indicated in the following table. The 
numerical analysis is realized using MatLab software. In our study, 
the computing power of the PC used is characterized by an Intel 
Core i7-9700K processor running at 3.6 GHz with 8 cores and 16 
threads, supported by 8 GB of DDR4 RAM at 3200 MHz. The time 
of computing varies between 5 to 9 min.

The system (20) has four equilibrium points, with the parameters 
from the table above: E E E0 1 20 0 0 334 0 0 0 543= ( ) = ( ) =, , . , , ( , . ), and 
E3 0 51 0 58= ( ). , . . To determine the relevant equilibrium for our 
analysis, it is essential to understand the variation of the profits of both 
companies, 1π  and 2π , as a function of the open innovation 
integration rates, σ1 and σ2. It is through this understanding that 
we can discern the optimal equilibrium to focus on. For this reason, 
we proceed to construct two figures representing the impact of σ1 and 

σ2 on profits 1π  and 1π  respectively as shown by Figure 1. These 
visualizations will allow us to identify more precisely the most 
significant equilibrium region for our analysis.

According to Figure 1, an interesting observation emerges: when 
both companies adopt a closed strategy at 100%, their profits remain 
minimal. However, if one of them chooses to increase its open 
innovation (OI) integration rate, this positively influences the profits 
of both companies, causing them to grow. It is noteworthy that 
maximum profit for both companies requires an OI integration with 
a rate between 0 3.  and 0 7. . However, exceeding this degree of 
integration leads to a negative impact on their profits, decreasing 
them. This observation underscores the crucial importance of finding 
an optimal balance in OI integration to maximize profits. Therefore, 
to gain a deeper understanding of this dynamics, we  focus on 
studying the evolution of OI integration rates, σ1 and σ2, around 
equilibrium E3. This thorough analysis will enable us to grasp how 
companies’ strategic decisions in the realm of open innovation affect 
their competitive performance.

5.1 Dynamics around E3

By substituting the parameters from Table 1 into Equation (28), 
the Jacobian matrix will take the following form.
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And its eigenvalues are: λ1 0 5 1= <.  and λ2 0 8 1= <. , so E3 is a 
stable point. We notice that the Jury conditions are verified, which 
means that the system is locally asymptotically stable around E3. Indeed
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FIGURE 1

Variation of the profit for both firms in term of the OI rate of integration.
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These numerical results are illustrated graphically in the following 
figure, composed of two separate graphs. The first graph presents the 
trajectory of variation of σ1 and σ2 over time. We  initialized the 
strategies of the two companies with an OI integration rate 
σ σ1 20 0

0 4 0 4,( ) = ( ). , . . We observe that the solution oscillates slightly 
for about 35 time units before converging to the E3 equilibrium. This 
dynamic is presented differently in the second graph, which represents 
the phase portrait showing the variation of σ1 as a function of σ2. 
We notice that the trajectory oscillates until it converges toward the 
E3 equilibrium, thus highlighting the stability of the system in the long 
term (Figure 2).

Continuing our analysis, we  seek to explore the impact of the 
variation of the parameters L1, L2 and α  on the stability of the system. 
This approach aims to determine to what extent the two companies can 
integrate intellectual property to benefit from the revenues it generates, 
while preserving the effectiveness of their cooperation strategies in the 
form of open innovation (OI). By studying the effect of these 
parameters on system stability, we will be able to identify the optimal 
intellectual property integration thresholds that allow companies to 
maximize their gains without compromising their IO collaboration. 
This in-depth analysis will provide a valuable resource to guide 
companies’ strategic decisions in the management of their intellectual 
property and their participation in open innovation networks, thereby 
promoting their long-term competitiveness in the market.

5.2 Impact of license prices L1 and L2

The first aspect of intellectual property lies in the sale of patent 
licenses at a given price. An increase in this price is a means to increase 
the revenues of both companies. However, it can also influence their 
open innovation strategy. Therefore, it is essential to determine the 

ranges in which license prices can be chosen for both companies. With 
this in mind, we  construct the following bifurcation diagrams, 
illustrating the impact of varying L1, on σ2 and L2  on σ1. These 
diagrams will allow us to better understand the relationships between 
patent license prices and companies’ open innovation integration 
decisions, providing valuable insights for the strategic management of 
intellectual property and innovation initiatives (Figure 3).

In the previous diagrams, we varied the parameters L1 and L2  in 
the interval [0,7]. We observe that an increase in the license price L2, 
ranging from 0 to slightly below 1.5, does not affect the stability of the 
system, and σ1 remains constant without any apparent disturbance. 
This suggests that both companies maintain their open innovation 
strategies despite the increase in license prices. However, when L2  
exceeds1 5. , the system undergoes a bifurcation that results in a 
disturbance at the level of strategy σ1. This disturbance destabilizes the 
companies’ strategies, as the dynamics of the strategies are 
interdependent. Thus, a disturbance at the level of one strategy disrupts 
the entire system. Similarly, in the second diagram, the system remains 
stable as long as L1 1 3< . , but it loses its stability if L1 exceeds this value.

In conclusion, the stability regions map as a function of L1 and L2  
is plotted as shown by Figure 4. The green areas indicate stable regions, 
where for all values of L1 and L2 within this zone, the strategies of both 
companies are stable, meaning that the companies can adopt them. 
Conversely, the red zone represents unstable regions, where σ1 and σ2 
never converge to a stable equilibrium. These regions should therefore 
be avoided in the choice of prices. Finally, the blue curve represents 
the bifurcation line, which marks the transition boundary between 
stable and unstable states of the system. This analysis allows us to 
delineate the domains in which patent license prices can be set to 
maintain the stability of companies’ open innovation strategies, while 
avoiding unstable areas where strategies may lose their effectiveness.

5.3 Impact of royalty α

In this section, the impact of the second component of intellectual 
property, namely the royalty α  is analyzed. Similarly, we  seek to 

TABLE 1 Set of parameters used for the numerical simulation.

Parameter a b c α v1 v2 L1 L2

Value 5.340 0.81 1.885 0.3 0.612 0.532 4.14 2.92

FIGURE 2

(A) Temporal variation of σ1 and σ2. (B) The phase plane of system around the equilibrium point.
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determine the amount of money paid by one company to another for 
the use or exploitation of intellectual property, without it influencing 
the stability of open innovation (OI) strategies. To achieve this, 
we present the following two diagrams, which will allow us to visualize 
and understand how variations in royalty α  affect the dynamics of 
companies’ OI strategies (Figure 5).

In these two diagrams, we varied α  between 0 and 5. We observe that 
its effect is similar for σ1 and σ2. As long as alpha is less than 2 85. , the 
system maintains its stability. However, beyond this critical value of 2 85.
, the system undergoes a bifurcation and loses its stability. This observation 
underscores the importance of carefully choosing the value of royalty α  
to preserve the stability of companies’ open innovation strategies. A 
cautious adjustment of the royalty can thus reconcile the financial interests 
associated with the use of intellectual property with the need to maintain 
effective and stable open innovation strategies.

In this section, we have explored the crucial impact of parameters 
L1, L2 , and α  on the integration of intellectual property (IP) without 
compromising the open innovation (OI) strategies of competing 
companies. We have observed that the choice of patent license prices 
(L1 and L2) and royalty α  can have a significant effect on the stability 

of OI strategies. By varying these parameters within a given range, 
we have identified critical thresholds beyond which the system loses 
its stability, thereby compromising the OI strategies of companies. 
These results underscore the crucial importance of carefully choosing 
IP parameters to maximize revenue without disrupting companies’ OI 
strategies. Prudent management of these parameters can help 
reconcile the financial interests associated with IP use with the need 
to maintain effective and stable OI strategies, thus enhancing long-
term competitiveness in the market.

6 Conclusion

In this study, we  have examined profit maximization in a 
duopoly market where two competing firms operate. Using game 
theory, specifically the Cournot model, we  investigated optimal 
strategies for these firms. Our research also delved into the avenue 
of collaboration through open innovation, aiming to delineate the 
best strategy for these players. We  found that openness to 
innovation at a specific, though not complete, level was most 
effective. Beyond strategy analysis, we also studied the introduction 
of intellectual property in this context, utilizing bifurcation theory 
to assess its impacts on the equilibrium of firm strategies. Our 
findings highlight the importance of carefully managing intellectual 
property parameters to optimize revenue while maintaining the 
stability of open innovation strategies. These conclusions offer 
valuable insights for decision-makers, helping them in navigating a 
complex commercial landscape while capitalizing on the 
opportunities presented by innovation and intellectual property. In 
summary, our study provides a comprehensive analysis of 
competitive dynamics and the adaptive strategies necessary to 
thrive in an ever-evolving economic environment.
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FIGURE 3

Bifurcation diagram with respect to L1 and L2. (A) Firm 1, (B) Firm 2.

FIGURE 4

Stability regions.
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