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Approximation of classes of
Poisson integrals by rectangular
Fejer means

Olga Rovenska*

Department of Theory of Functions, Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine

The article is devoted to the problem of approximation of classes of periodic
functions by rectangular linear means of Fourier series. Asymptotic equalities
are found for upper bounds of deviations in the uniform metric of rectangular
Fejér means on classes of periodic functions of several variables generated
by sequences that tend to zero at the rate of geometric progression. In one-
dimensional cases, these classes consist of Poisson integrals, namely functions
that can be regularly extended in the fixed strip of a complex plane.
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1 Introduction

Let R? be the Euclidean space of vectors X = (x1; x2; ...; x4). Let f(X) be a function

27 -periodic in each variable x;, i € {1,d} and summable on the set Td = [—m; 7'[]"1, ie.,

fel (']I‘d),let

- d .
® = 3270 30 G eos (k- %)

kezd sefo;1)d =1

be the complete Fourier series of function f, where

a

il

d
1= x /f(ic)l_[cos (k,-xi — %) dx;,
i=1

Td

are the Fourier coefficients of the function f, corresponding to the vectors k € Z4,
s€{0;1}9, and y (k) is the number of zero coordinates of the vector k.
Let A = (Aq; Ag;...; Ag) be the fixed set of infinite triangular matrices of numbers

I _ d
Aj = {)\]((:”)} ,i € {1,d} such that )\(()"") =1, )L]((:”) =0, k; > n;. Denote )L;-:') = ]_[ A](:i”), and
i=1
d _ _ -
7 = [1[0; n; — 1]. If k & Gy, then )LIE") = 0. For function f € L (']I‘d) the set A defines a
i=1
family of trigonometric polynomials

- d i
Uslf: A1) = Z zfy(k)klg(m Z ai_c[f]l_[cos (kiXi - %)

keGj sefo; 14 i=1
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The polynomials U;[f; A](X) are called rectangular linear
means for S[f](x). In particular, if A "’) = 1, k e Gj, then
Uilf; AlR) =
S[f1(®), and if A{"”

Sa—1[f1(x) are the rectangular partial sums of
=1— %,k € Gy, then

d
[Tm D salfl@®

=1 keGy

Ualf; A1) = oalf1() =

are the rectangular Fejér means of S[f](X).

Basic results relating to the approximation of functional
classes by linear methods of summation of Fourier series can
be found in books Timan [1], Lorentz [2], and Dyachenko [3].
Linear summation methods are widely used both for the solution
of practical problems and for development of more advanced
approximation methods. This chapter of approximation theory has
been intensively developed over the past decades [4-9]. Here it is
difficult to mention all the relevant published research papers in this
area. Recently, we have seen the publication of several important
works [10-15].

Let C ('JI'd) be the space of continuous 2 -periodic in each

variable’s functions f(x) with the norm

171 = Ifllc = max £,
xeTd

Let J (r) be the arbitrary subset of the set {1; d}, where r is the
number of elements of the set 7 (r). Denote by ci (Td>, q € (0; 1)4

the set of functions f € C (Td) such that V.7 : = J(r) C {1;d},

the series

S 0" Y e [f]—[cos(,x,

kezd, jeJ 5€(0;1)4
kj 70, ]EJ

=) W

are the Fourier series of certain functions (pé‘j)(a_c) eL (’]I‘d),
which are almost everywhere bounded by a unity, and the Fourier
series of functions (péj) (%) do not contain terms independent of the
variables x;, i € J(r).

For example, in the case d = 2, the series (Equation 1) is as

follows:
sl (x) = vk 3
& )= > el > “k[f]
keNxZ, 5e{0:1)?
cos (k1x1 y ) cos (kzxz - %>,
e 5 s g
keZ. xN 5€{0;1}2
cos <k1x1 s ) cos (kzxz - %)»
J —k —k: 5
o= g g
keN2 se{0:1)?
cos (kyx; — ) cos (koxp — ZF)

In the one-dimensional case, the classes C1 (']1'1), q €
(0; 1) consist of continuous 27 -periodic functions, given by the
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convolution

flx)=Ap+ 77! / goél)(x +1)Py(t)dt, Ag — const,

!
where
> 1 —qcost
Pq; t) = Feoskt = —————— € (051
(4: 1) ;q cos 1 —2qcost+ q? 4€©:1)

is the well-known Poisson kernel, the function (p,(il)

€
L(TY) (J 1) =ii= l) satisfies almost everywhere the conditions
P < 1, L1,

In this work, we consider the problem of the exact
upper bound for the approximation of periodic functions by
linear means of the Fourier series. We employed methods for
studying integral representations of deviations of polynomials,
generated by linear summation methods of Fourier series
of continuous periodic functions, developed in the works of
Nikolskii [16], Telyakovskii [17], Stepanets [18],
This topic is currently being developed in the works of many
authors [19-21].

Nikolskii ~ [22]
asn — 0o

and others.

established the asymptotic equality

sup {[If — Salf1ll : f € C1(T")} =

1 o0
sup ;/(pél)(x—i—t) Z chosktdt : |<p;1)(t)| <1, goél)J_l

T k=n+1
8 n+1 n
T —k@+omL,
2 n
where K(q) = f(l — g*sin®u)” 2 du is the complete elliptic

integral of the first kind and O(1) is a quantity uniformly bounded
with respect to n. Regarding the summability of Fourier series by
Fejér means o, (f], we proved the following two theorems [23-25].

Theorem 1. Let qq be the only root of the equation q* — 2q> —
2¢> — 29 + 1 = 0, that belongs to the interval (0;1), qo =

1/2
(2+f—2 2+f5) = 0346....If q € (0: qo], then the
equality hold as n — 00

sup {If — oulf1ll : f € CF (T)} = — 2 +omi,

7n(l+ q?)

where O(1) is a quantity uniformly bounded with respect to n.
Theorem 2. If q € [qo; 1), then the equality hold as n — oo

sup{l[f—Un[f]H ifect (Tl)}

-2 (1)’ +0(1) L
n (l—qz)(l—q2+«/2(1+q4)) 1—g)*’
where  O(1) is  uniformly  bounded  with  respect
ton,q.

The purpose of this paper is to present the asymptotic
equalities for upper bounds of deviations of rectangular
Fejér means taken over multidimensional analogs of classes
C4(T"). Similar asymptotic expansions for other rectangular
linear methods can be found in Rukasov et al. [26] and

Rovenska [27].
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and t, is determined by the condition

2 Result
Bﬁ(q;t)‘ :aﬂ(q;t)) 0 <

>
_ T
I=tg+75

The main result is the following.
t=t,

Theorem 3. Let g € (0; l)d. Then
Combining Equations 4, 5, and 6, we obtain

d
Sup{llf—dh[flll feci(t)) = 32 @ )
) = sup {If = sl : f € C7 (1)} < £ 30 4
+om) [ Y ——+ Z > T1 - , d
i il 1 WS J(ciLd)jed @) i1 qJ)S row (Z mli=g® +rX:25(r)Zc{ dyje ﬂ nj(l v ) 7

where
Next, we find the lower estimate of Equation 3. We construct
the function f*(x) € C1 (Td> for which estimate Equation 7 cannot

e e 2 q € (0: 9o}
q) = (1+4%) c . . ation 3
P ( o \/ZGT'I) q € [q0; 1), be improved. Based on equality Equation 3 we have
£(0) — 05 [£1(0)

f 23 — 297 —2q+1=0, 1
=1 Zl 17 f (ﬂ (O + tzez) Z:;O Zgio:kiJFI q:l cos v;t; di;

qo is the only root of the equation q
., O(1) is a quantity,

that belongs to the interval (0; 1), go = 0.346 ...
uniformly bounded with respect to q;, n;, i € {1,d}.
Proo d
Firstfwe find the upper estimate for the quantity Lm0 7% THcid ]Tf (J) <O * ]E;(r) tJe])
(3) n]—l
H]ej 0w n] > Z q] cos vjt; dt;.
k=0 vi=kj+1

sup{|[f—cr;,[f]|| fect (Td)}.

Based on Theorem 1 in Rukasov et al. [26], Vf € C4 (']I‘d), the
Since the functions 95

almost everywhere, and

() satisfy the condition |g0(‘7)( ) <1

equality holds
X) — oalfl(x) = 2 r® a cos (kx - —) " 1
f® = o3lf1H) ,;sz 2 an H , S [S S cosvin] d
c 5e(0;
) _ ay(qj;tj) L 1 . T
=2 0[1(1-%) T anfes(on- ) - = | oy = oty s
keGs sefo;1)4 =1
then
d ni—1 A _ Ay — (i) - i—1
L Z L / fﬂ(l) (x + tie;) Z Z q;" cos vt; dt;+ fO = oalfl0) = 7 Xt f e, (0+ ti2) ZZFO
T ki=0 vi=ki+1 I
™ . Y ski41 4 cos viti dt;
d
1
+1 I | % 5. d
ICVAED S Kl R +o() (z, Y0 q])s)
r=2 T cindtr €T J(c{1dyjeT ()
nj—1 .
1—[ JX: Z q i cos vit; dt;. 4) Denote by gz);l(l)()_c)l)_ce T4 an arbitrary continuation on the set
jed M k=0 vk +1 T¢ of the function ¢, (x;), x; € T', and denote by f*(%), X € T4
the function, such that
In Novikov et al. [24] and Rovenska [25] it was shown that
0] (z) — —y ) ki ( ﬂ)
sup { |1 1 60+ 0 X2 20 4 cosvia slar]o=2 vt X g H“’S =)
= kezd, sefo;1)d
ki#0
el @l <1 e 1) = )
L p 0yl s vrdy Let f*®): = Y f7(®). Its dlear that [®) e C7(T¢).
L _ 4@ Therefore, we have
Ag)
+ O(l)n(l -9’ (5) d ni—1
where F1O = oalf10) = — Iy [ REODY Z q;' cos vit; dt;
i=1 ki=0 vi=ki+1
T! i
. VP a; I q:
" sign ( a(qq 2 - B(qq z . ,,)wze (0 qol,
K@) = -z 6
I I 220 _ 17| cn, o) Z Z I1 (1_q)3 (®)
&\ g iy, )0 TS0 = gciaied o
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Combining Equations 5, 7, and 8, we obtain equality
(Equation 2). The proof is complete.

Remark 1. Formula Equation 2 is asymptotically exact for any
g € (0; 1)%.

Remark 2. In the case d = 2, formula Equation 2 is simplified

as follows:
sup {IIf — oalflll : f € C1(T?)}
A(qi
e
+o0 ¥ s + i g

i=1,2

3 Conclusion

In this study, we propose an approach to define the
multidimensional analogs of classes of Poisson integrals,
which allows us to take into account the rate of decrease
of each sequence that determine the class. The problem
connected with the search for upper bounds of approximation
errors with respect to a fixed class of functions and with
the choice of an approximation tool is considered. In the
certain case, our approach turned out to be effective for
obtaining exact asymptotic. The key point in this approach is
to construct the function f*(x) € ci (']I‘d) that implements the
upper bound.

Our study may be useful for solving the upper bound problem
in other particular cases. In particular, our ideas can be used
to obtain the corresponding asymptotic equalities on classes,

which in one-dimensional cases are determined by the Poisson

kernels ,@q(t) = % sin kt, @g(t) = i cos (kH' ﬂTn)’
k=1 k=0

B eR,etc.
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