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Disentangling dynamic and
stochastic modes in multivariate
time series
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Markus Schlarb*? and Knut Hlper?

!Center for Signal Analysis of Complex Systems, Ansbach University of Applied Sciences, Ansbach,
Germany, 2Institute of Mathematics, Julius-Maximilians-Universitat, Wirzburg, Germany

A signal decomposition is presented that disentangles the deterministic and
stochastic components of a multivariate time series. The dynamical component
analysis (DyCA) algorithm is based on the assumption that an unknown
set of ordinary differential equations (ODEs) describes the dynamics of the
deterministic part of the signal. The algorithm is thoroughly derived and
accompanied by a link to the GitHub repository containing the algorithm.
The method was applied to both simulated and real-world data sets and
compared to the results of principal component analysis (PCA), independent
component analysis (ICA), and dynamic mode decomposition (DMD). The results
demonstrate that DyCA is capable of separating the deterministic and stochastic
components of the signal. Furthermore, the algorithm is able to estimate
the number of linear and non-linear differential equations and to extract the
corresponding amplitudes. The results demonstrate that DyCA is an effective tool
for signal decomposition and dimension reduction of multivariate time series. In
this regard, DyCA outperforms PCA and ICA and is on par or slightly superior to
the DMD algorithm in terms of performance.
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1 Introduction

Multivariate signal processing is important in a broad spectrum of applications for
understanding complex systems, improving signal quality, making accurate predictions,
and extracting meaningful information from multivariate data sources.

One way of analyzing multivariate data, especially multivariate (vector) time series,
is to decompose the signal into relevant components (modes and vectors) and their
corresponding amplitudes (time series). This leads to a matrix factorization and by
looking at the resulting amplitudes to a dimension reduction of the signal. The approach
may also be regarded as a form of signal filtration, i.e., a separation of relevant and
irrelevant components. Fields of application are manifold and include the analysis of
climate data, e.g., [1], financial time series, e.g., [2], medical data, e.g., artifact removal in
electroencephalographic data [3], speech recognition, e.g., [4], modern farming, e.g., [5],
and many more.

The most widely used techniques for signal decomposition are based on principal
component analysis (PCA) [6, 7] and are used in a wide range of applications—
sometimes called by different names, such as Karhunen-Loeve transform (KLT),
proper orthogonal decomposition (POD), eigenvalue decomposition (EVD),
empirical orthogonal functions (EOF), empirical eigenfunction decomposition,
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and empirical modal analysis. PCA decomposes the signal into a
set of orthogonal components (modes) and their corresponding
amplitudes (time series) such that the variance of the components
is maximized. The components are ordered by their variance, and
the first components capture the most variance of the signal. It
is a well-established technique for dimension reduction but has
some limitations due to its linear character. A variety of extensions
have been developed to overcome these limitations. We would
like to mention two of them: kernel PCA, calculating principal
components in high-dimensional feature spaces, related to the
input space by some non-linear map [8], and non-linear PCA,
based on auto-associative neural networks (autoencoder) [9].

Another way of extending PCA is to consider time leads and
lags in the decomposition of the signal leading to a generalized
dynamic PCA [2]. Shifting the focus of the decomposition on
the dynamics of a multivariate signal is realized by the field of
dynamic mode decompositions (DMD) [10] and its extensions
based on Koopman operator theory [11, 12]. Principal interaction
and oscillation patterns (PIPs and POS) [13] are precursors to the
concept of DMD.

However, another very common approach to decompose a
multivariate signal is given by independent component analysis
(ICA) [14] based on the statistical assumption that the relevant
components of the signals are statistically independent non-
Gaussian signals. Different techniques have been developed to
estimate the independent components with FastICA [15, 16] as the
most widely used algorithm.

Our approach, called dynamical component analysis (DyCA)
and first presented in Seifert et al. [17] and Korn et al. [18], is based
on a separation of amplitudes that are not statistically independent
as in ICA, but dynamically coupled by a set of ordinary differential
equations (ODEs). DyCA is related to the concepts of dynamic
PCA and DMD, as it also focuses on signal dynamics and analyzes
its time-lagged representation [19]. With respect to its possible
applications, DyCA lies in between ICA and DMD: the signal
is separated as in ICA, but the underlying criterion is based on
dynamics as in DMD and Koopman operator theory.

The report is organized as follows: In the subsequent section,
we present the case of application and the underlying assumptions.
The derivation of the DyCA algorithm, a brief summary of the
utilized methods for comparison with DyCA and the setup of the
investigated examples are introduced in Section 3. In Section 4, we
present the results of the application of DyCA to the examples and
conclude with a discussion in Section 5.

2 Materials and equipment

Starting point is a multivariate signal Q € RN*T with N vector-
ot (i — 6 = Af)
representing the time discrete evolution with T > N:

valued components g;(¢) and t = t,..

q1(t) qi(t) --- qi(tr)
Q=| : |=| ¢ M
an(t) gn(t1) --- gn(tr)
We assume that
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the signal splits into a deterministic part Qp, independent
component noise Qcy, and additive noise Qan,

Q= Qp + Qcn + Qans (2)

both deterministic part and component noise can be
decomposed into vector-valued independent components W
and W and corresponding amplitudes X and E, such that

Qp = WX and Qcny = WE, with W e RN*7,

W e RV X e RXT & e RPXT, (3)

the amplitudes E of the component noise are random,

the dynamics of the amplitudes X of the deterministic part
obey a set of ordinary differential equations (ODEs) with m
linear and n—m non-linear equations. The coefficient matrix A
(with elements a;;) corresponding to the linear part is denoted
by A = [A,A)] € R™" with A} € R™™ and A, €
R™M*(=m) guch that XL = AX. By the notation X, we refer
to the derivatives of the vector components x; with respect to
time evaluated at all time steps :

[ xi(t) 7]
X = xm.(t) _ Xr _ XL _ AX
x| [ X | T x|
L xn'(t) _

_ [Ale +A2XNL} "

F&X)

The function f € COO(R”XT,R(”_’”)XT) is an unknown,
non-linear, smooth function and remains unknown in the
discussed algorithm.

Note that these assumptions allow for a possible transformation
T € GL(n) of X preserving the structure of the set of ODEs:

Consider the partition
Ty T
ro | To
Ty T

where Ty; € RmM>m Ty € R(n—m)xm, T, € Rmx(nfm), and
Ty, € RO=mx(n=m) and write W = WT-!, X = TX and X = TX.
The ODE condition yields
X=TX

T Tha | |A(TT'X) THAT'X + Tiof (T71X) ©)
T T || A(T7'X) TuATIX + Toof (T7IX) |
In order to preserve the structure of the ODE, the above

computation shows that T),f(T~'X) = 0 needs to be fulfilled for

all X. A sufficient condition is Tj, = 0. Assuming T, = 0, one

©)

obtains that T has the following block structure

Ty 0 < AX
T= € GL(n) and X = |~ ~ 7
|:T21 T22i| (n) |:f(X)i| @)
holds, where A = Tj;AT™! and f()?) = TyuAT X +
Toof (T71X).
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3 Methods
3.1 DyCA algorithm

We present a comprehensive derivation that summarizes Uhl
et al. [20] and Romberger et al. [21] with some important
improvements concerning the algorithm to extract all relevant
amplitudes. The Python implementation of the algorithm has been
released recently and is publicly available'.

Goal of dynamical component analysis (DyCA) is to
disentangle the deterministic amplitudes X of the signal Q
based on the structure of the assumed dynamics (Equation 4). It is
based on minimizing the least square error of X; = AX. To obtain
a unique solution with respect to possible scaling of the amplitudes,
the constraint diag(XLXLT) = I, is considered:

min X, — AX|)? st diag(X X[) = L. (8)

The freedom described in Equation 7 will be discussed later.

As there exists a generalized left inverse U € R™¥ such that
UW = I, and U¥ = 0, the amplitudes X are approximated by X ~
UQ in the case of low additive noise Qan. Therefore, the partition
v e R™N with
UnL
Up € R™N and U, € RN Thjs leads to the optimization
problem with respect to the unknown matrices U and A:

X
of X into X = Elis given by U =
XNL

HI}T”ULQ—AUQ”Z st diag(UQULQ)T) = L. (9)

Introducing correlation matrices Cyp, C; and C; € RN*N

Co=QQ", ¢ =QQ", ¢ =QQT, (10)

and a diagonal Lagrange parameter matrix ¥ € R"*" with

diagonal elements o1,...,0, € R, we obtain from Equation 9 a

cost function g,
(U, A %) = (U G U]) — 2tr(U,C;UTAT)

+ tr(AUC UTAT) + tr(Z(UL G UL — Ln)). (11)
The critical points of g are obtained by setting the partial
directional derivatives of g with respect to the three matrix-valued

arguments U, A, X to zero leading to the following expressions:
CUI (I, + %) — qUTAT — (cTu, — quuTaT)A =0, (12)
UGUTAT —clup) =0, (13)
diag(UCUL) — I, =0.  (14)

A sufficient condition is given by

UL, + %)= UTAT, cutal =clu,

diag U G U = I, (15)

which bears resemblance to the characteristic DyCA equations
presented in Uhl et al. [20] if we introduce the diagonal matrix

1 https://github.com/HS-Ansbach-CCS/dyca
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A = I, + X (with diagonal elements %;) and a matrix V: = AU,
reflecting the degree of freedom described in Equation 7:

Quia=c Vvl cvl=clu, uGUf =1, (6)
As we assume a full rank signal Q?, the correlation matrix Cy is
regular, and therefore, the second equation in Equation 16 can be

solved for V7T,
vl =¢;'clug. (17)

Inserting this into the first equation by Equation 16, the
generalized eigenvalue problem

aicylclu = GUuia (18)

is obtained for solving Equation 16.

Evaluating the critical point (Equation 16) in the cost function
(Equation 11) yields the minimal value gyiy = —tr(X) = m —
tr(A), i.e., the generalized eigenvalues A; with 0 < A; < 1 measure
the goodness of fit concerning the linear part of the dynamics
(Equation 8): A value close to 1 indicates a good match for the
amplitude x;(t) with

(1) =) agx(h). (19)
j=1

Thresholding with an appropriate parameter o the spectrum of
the generalized eigenvalues A; of Equation 18 yields an estimate
of m,

m = |{Ailhi > a}], (20

and the corresponding Uy € R™XN an estimate of the

amplitudes X; :
X =uQ (21)

An estimate of the amplitudes X; has to be extracted from the
amplitudes VQ. By construction of V: = AU the amplitudes X,
are included in the linear combination of AX = A X} + Ay Xni,
therefore disentangling the amplitudes can only be solved except
possible transformations (Equation 7). For an equally weighted
comparison of the amplitudes, we use thresholding the economy-
size singular value decomposition (SVD) of the normalized matrix

NULQ|. | UiQ
NyVQ |~ | VQ

€ R¥"<T yith diagonal matrices Nz, Ny €

R and diag(ﬁLCO ﬁLT) = diag(\N/CO VTy = 1I;. Let the
economy-size SVD be given by BSY,
UrQ T
N = BSY", 22
] o

with matrices B € R¥"*2 y e R?"*T | rectangular diagonal
matrix § € R¥"*27 and diagonal elements s1,s),.. .5y The

2 If the signal does not fulfill our requirement of a full rank signal, the signal
has to be transformed by PCA in a preprocessing step, leading to a dimension

reduced signal Qand analyzed by DyCA in this reduced data space.
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dimensionality of the embedded signal 7 can now be estimated by
an appropriate threshold g with

n = I{silsi/ t(S) > B}I. (23)
and rearranged amplitudes are then approximated by
X =BSYT (24)

with a truncated rectangular diagonal matrix § and diagonal
elements sy, 52, . . . Sj.

Note that this approach of introducing a corresponding pair
of matrices Uy and V can only approximate the dimension of
the embedded signal #n if n < 2m; ie., the number m of linear
differential equations must be greater than or equal to the number
n — m of non-linear differential equations: m > n — m. Moreover,
note that, second, the approximation of the relevant amplitudes
and the corresponding dimension is an improvement over the
previous approach in Uhl et al. [20], as it is now based on the

. . qT
possible amplitudes [ULQ> VQ] instead of the projection vectors

T
[UL, V] alone.

3.2 Dimension reduction methods PCA,
ICA, and DMD

The examples of application are compared to the results of
the PCA, ICA, and DMD algorithms. The PCA algorithm is based
on solving the eigenvalue problem of the correlation matrix Cy.
The eigenvalues of the correlation matrix will be denoted in the
following with p;. The utilized ICA algorithm is the kurtosis-based
FastICA algorithm [15].

10.3389/fams.2024.1456635

The DMD algorithm [12] is based on the eigenvalues of
the best-fit linear matrix operator B that approximates the time
evolution of the signal:

qi(t + 1) = Bq;(t). (25)

The matrix B is calculated by the pseudoinverse of signal Q and
the time-lagged signal Q. The eigenvalues of B will be denoted
in the following with p;. The amplitudes corresponding to the
eigenvectors ®; are calculated by the inverse of the eigenvectors,
d-1Q, and rearranged to obtain real-valued amplitudes from
the complex conjugate pairs. Mode selection is performed by
considering modes with the largest absolute value of its eigenvalues.

3.3 Examples of application

Different examples of simulated and real-world data are
presented to demonstrate the performance and the limitations of
the DyCA algorithm. Details of the signals will be presented below.
The derivatives of the signals Q—both, simulated signal and EEG
signal—are approximated by the central finite difference scheme
with a given time step of At: Q(t) = (QU+ A —Q(t— Ab)/(2AL).
Note that this is a major source of inaccuracy. If better derivatives
(measurement, filter) are available, the performance of the DyCA
algorithm will be improved.

3.3.1 Simulated examples

The simulated examples consist of full rank signals Q €
RNXT with N = 20 and T = 100, fulfilling the assumptions
(Equations 2, 3). The additive noise Q4 is assumed to be standard
normally distributed with a signal-to-noise ratio (SNR) of 50 dB.
The deterministic part Qp is generated by numerical integration
(standard explicit Runge-Kutta (4, 5) procedure [22]) of the given

A
2 T . .
-2 L L I
10 T T T T
2]
O 0
8 HWWW%FJL
:.3 -10 L L L L
a
£ 3
< 3
-4
5
0
5 \ \ \ \
0 20 40 60 80 100
time/s
FIGURE 1
multivariate signal Q = XW + EW.

Van der Pol oscillator: (A) deterministic amplitudes x1 (t), x2(t) (forming X) and stochastic amplitudes &; (t), & (t) (forming U): (B) all channels of the

amplitudes

time/s
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FIGURE 2
Van der Pol oscillator: (A) complex DMD eigenvalues p;, (B) characteristic values: PCA eigenvalues p;, DyCA generalized eigenvalues A;, and SVD
values s; of temporary DyCA amplitudes.

Wy \Ww } Mm W}
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j

amplitudes
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FIGURE 3

Van der Pol oscillator: original deterministic amplitudes in blue, transformed estimated amplitudes in red, estimated by: (A) PCA, (B) ICA, (C) DMD,

and (D) DyCA.

amplitudes

0 20 40 60 80 100
time/s

amplitudes

0 20 40 60 80 100
time/s

set of ODEs with predefined initial conditions and a sampling rate
of 100 Hz. The signals are resampled with a time step At = 0.18 s
[x1(®), ..., xa()]T. The component noise
Qcn consists of two random amplitudes &;(t), §,(t), ie, p = 2,
that form the matrix & = [£,(¢), & (¢)]7. Both the deterministic
amplitudes and the stochastic amplitudes are shown for each

and form the matrix X =

example. The components W and W are generated by random
numbers drawn from the uniform distribution in the interval (0,1).
The SNR of the component noise Qcy is set to 0 dB.

Frontiersin Applied Mathematics and Statistics

Three different simulated examples are presented:

1. Van der Pol oscillator: The Van der Pol oscillator [23] is a two-
dimensional (n = 2) oscillator with one linear (m = 1) and one
non-linear differential equation. The ODEs are given by

x1(t) = x2(8)
o) = —x1(0) + e (1 —x1(t)?) xa(t). (26)

For the simulation, the parameter € is set € = 5.
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2. Rossler attractor: The Rossler attractor [24] is a chaotic attractor
with two linear (m = 2) and one non-linear governing

differential equation:

x1() = —xa(t) — x3(2)
x2(t) = x1(t) + axa(t)
x3(t) = b+ x3(t) (x1(1) — ) (27)

TABLE 1 Van der Pol oscillator: relative error of the estimated amplitudes.

Method Error (%)

PCA 93.2
ICA 15.0
DMD 19.2
DyCA 47

10.3389/fams.2024.1456635

and selected parameters a = 0.15, b = 02 and

c = 10.

3. Lorenz attractor: The Lorenz attractor [25] does not fulfill the

DyCA requirements. The underlying set of differential equations
consists of one linear (m = 1) and two non-linear differential

equations:
x1(t) = a (x(t) — x1(1))
() = x1(6) (B — x3(1) — x2(t)
x3(1) = x1(Hxa(t) — yx3(t) (28)

with the parameters « = 10, § = 28 and y = 8/3.

3.3.2 Electroencephalographic signal

As a real-world example, we consider a multivariate EEG signal
Q € RM*T with N = 25 and T = 1,000 representing the
time discrete evolution of an EEG signal during an epileptic so-
called petit-mal seizure. The 25 channels are recorded and labeled

o
-c T
g2 | 1 1 4 1]
%207 T T T T
0
'20’ 1 1 1 1

)
[s==s]
| |

T

-1

time/s

FIGURE 4

multivariate signal Q = XW + EW.

Roessler attractor: (A) deterministic amplitudes xi (t), x2(t), x3(t) (forming X) and stochastic amplitudes & (t), &(t) (forming E); (B) all channels of the

amplitudes

time/s

A
1 ¥ ¥
0.8 *
g— 0.6
(0]
T 04
0.2
*, % o
0 K I £
-0.5 0 0.5
Im(p;)

FIGURE 5

of temporary DyCA amplitudes.

Roessler attractor: (A) complex DMD eigenvalues p;, (B) characteristic values: PCA eigenvalues p;, DyCA generalized eigenvalues A; and SVD values s;

pi (PCA) i (DYCA)

s; (DyCA)
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FIGURE 6
Roessler attractor: original deterministic amplitudes in blue, transformed estimated amplitudes in red, estimated by: (A) PCA, (B) ICA, (C) DMD, and
(D) DyCA.

according to the modified 10/20 system. The signal is recorded
with a sampling rate of 256 Hz and preprocessed by a zero-phase
bandpass filter with a passband of 0.5-30 Hz. This dataset is kindly
provided by the Epilepsy Center at the Department of Neurology
Erlangen. The motivation to analyze this type of EEG data with
DyCA is based on physiological findings that Shilnikov chaos can
be observed in the brain during petit-mal seizures [26]. This type
of chaos is governed by a three-dimensional set of differential
equations with two linear and one non-linear ODE, thus fulfilling
the assumptions for the application of DyCA. This occurrence
of Shilnikov chaos in EEG data of petit-mal epileptic seizures
has been confirmed by our data-driven approach presented in
Seifert et al. [17].

4 Results

For all investigated datasets, the characteristic values
(eigenvalues of PCA and DMD, generalized eigenvalues of
DyCA, and singular values of possible DyCA amplitudes) are
shown in one figure. Due to the invariance of the amplitudes
with respect to a linear transformation® D the amplitudes are
transformed to minimize the Frobenius norm of the difference
between the estimated amplitudes X and the simulated amplitudes
X, D = argming||X — DX||. These transformed estimated
amplitudes DX are shown for each simulated dataset and

3 Q=WK=WD'DX = WX

Frontiersin Applied Mathematics and Statistics

TABLE 2 Roessler attractor: relative error of the estimated amplitudes.

Method Error (%)
PCA 82.7
ICA 98.5
DMD 56
DyCA 0.9

for each algorithm in a second figure (original deterministic
amplitudes in blue, transformed estimated amplitudes in red).
In addition to this visual impression, a quantitative measure
of the performance of the different algorithms is provided
in a table. For each simulated dataset, the table summarizes
the relative errors of the Frobenius norm of the difference
between the estimated amplitudes DX and the simulated
amplitudes X.

4.1 Simulated examples

1. Van der Pol oscillator
The amplitudes both deterministic, x;(t) and x,(f), and
stochastic, &;(f) and &(f), are shown in Figure 1A, and the
resulting multivariate signal Q is shown in Figure 1B. The
deterministic amplitudes show a limit cycle behavior, and
the stochastic amplitudes are uncorrelated. Figure 2B shows

frontiersin.org
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FIGURE 7

Lorenz attractor: (A) deterministic amplitudes x1 (t), x2(t), x3(t) (forming X) and stochastic amplitudes & (t), &(t) (forming U); (B) all channels of the

multivariate signal Q = XW + EW.
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FIGURE 8

Lorenz attractor: (A) complex DMD eigenvalues p;, (B) characteristic values: PCA eigenvalues p;, DyCA generalized eigenvalues 1; and SVD values s;

of temporary DyCA amplitudes.

values
o o
» o

pi (PCA) X (DyCA)  s; (DyCA)

on the left side four non-vanishing PCA eigenvalues p;
consistent with the simulation of two (n = 2) deterministic
and two (p = 2) stochastic amplitudes. The two dominant
corresponding amplitudes are shown in Figure 3A. They
represent a mixture of the deterministic and stochastic
amplitudes as deterministic and stochastic components
are equally distributed in the simulation (SNR is set to 0
dB). The amplitudes obtained by FastICA are shown in
Figure 3B. They show a high degree of correlation with the
simulated deterministic amplitudes. The eigenvalues of the
DMD algorithm p; are shown in Figure 2A. Mode selection
based on the absolute value of the complex eigenvalues
can be clearly performed, and two dominant modes with
large absolute values are observed—consistent with the
simulation of two deterministic amplitudes. This is confirmed
by the amplitudes shown in Figure 3C. The DyCA algorithm
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yields the generalized eigenvalues A;, which are displayed
in the center of Figure2B. One generalized eigenvalue is
close to 1 corresponding to the simulation based on one
linear differential equation. The singular values s; on the
right-hand side of Figure 2B show that the DyCA algorithm
is able to extract the two deterministic amplitudes. The
amplitudes are shown in Figure 3D and illustrate the separation
of the deterministic and stochastic amplitudes. Table 1
summarizes the relative errors of the Frobenius norm of the
difference between the estimated amplitudes and the simulated
amplitudes and show that DyCA yields for that example the
best results.

. Roessler attractor

Deterministic and stochastic amplitudes are shown in
Figure 4A and the resulting multivariate signal in Figure 4B.
Similar to the Van der Pol oscillator, the results are consistent
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FIGURE 9
Lorenz attractor: original deterministic amplitudes in blue, transformed estimated amplitudes in red, estimated by: (A) PCA, (B) ICA, (C) DMD, and (D)
DyCA.

with the simulation: we observe five PCA eigenvalues p; #*
0, due to three (n = 2)
stochastic amplitudes (left side of Figure 5B). Mode selection
of the DMD algorithm based on the DMD eigenvalues
(Figure 5A) vyields three modes, and DyCA indicates two

3) deterministic and two (p =

linear differential equations (1 = 2) by two generalized
eigenvalues close to 1 (center of Figure 5B). The spectrum
of the singular values yields three deterministic modes
(n = 3) (right side of Figure5B). The three obtained
transformed amplitudes by PCA, FastICA, DMD, and DyCA
are shown in Figure 6. DMD and DyCA clearly deliver the
best results. The quantitative summary of these findings
is given in Table 2. DMD and DyCA lead by far better
results than PCA and FastICA, again DyCA with the
best results.
. Lorenz attractor

Again the deterministic and stochastic amplitudes are shown
(Figure 7A) and all channels of the multivariate signal in
Figure 7B. Five non-vanishing PCA eigenvalues are observed
(Figure 8B, left side), as the simulation consists of three (n =
3) deterministic and two (p = 2) stochastic amplitudes.
In the case of DMD, mode selection is challenging: DMD
yields one dominant mode with respect to the absolute value
of the complex DMD eigenvalues, in addition to two less
obvious yet discernible modes (Figure 8A). DyCA indicates
one linear differential equation (1 = 1) by one generalized
eigenvalue close to 1 (center of Figure 8B). This corresponds
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TABLE 3 Lorenz attractor: relative error of the estimated amplitudes (* in
the case of two amplitudes).

Method Error (%)

PCA 52.8
ICA 99.6
DMD 12.9
DyCA 86.9 (11.1%)

to the fact that the Lorenz attractor consists of one linear
and two non-linear ODE. This is correctly detected by DyCA
but does not lead to a correct signal decomposition, as
the requirements are not fulfilled. Nevertheless, to make a
comparison of the methods, we assume that DyCA would yield
two linear equations, which also might be interpreted from the
spectrum of the generalized eigenvalues and we chose n =
3 from the spectrum of the singular values (Figure 8B, right
side). The transformed amplitudes by PCA, FastICA, DMD and
DyCA are shown in Figure 9. One observes that only DMD
yields amplitudes related to the simulated amplitudes. This
is quantitatively summarized in Table 3. Note that looking at
the first two amplitudes—which then would fulfill the DyCA
requirements—we get good results with DyCA and even better
than DMD.
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4.2 EEG data

The multivariate EEG signal of an epileptic seizure dicussed
in Section 3.3.2 is shown in Figure 10. The left side of Figure 11B
shows the PCA eigenvalue spectrum. There are two dominant
components which is due to the coherent structure of the petit-
mal epileptic seizure. Mode selection is for both DMD and DyCA
a difficult task. The DMD complex eigenvalues (Figure 11A) do
not separate with respect to the absolute value. The separation of
the generalized DyCA eigenvalue spectrum (center of Figure 11B)
is not that obvious as in the case of the simulated examples.
However one could argue that there are two generalized eigenvalues

close to 1, leading to an estimate of 2 underlying linear
differential equations. The spectrum of the singular values (right
side of Figure 11B) indicates 1 = 4 components. The amplitudes
obtained by PCA, FastICA, DMD, and DyCA are shown in
Figure 12. Similarities between PCA and DyCA amplitudes are

clearly visible, whereas DMD and ICA yield different results. The

amplitudes

18
time/s

18.5

FIGURE 10
EEG signal: all channels of the multivariate signal, each channel
labeled in the modified 10/20 system.

10.3389/fams.2024.1456635

obtained DyCA amplitudes confirm the findings of Seifert et al. [27]
where low-dimensional Shilnikov chaos was detected in the EEG
data sets.

5 Discussion

We have demonstrated that DyCA is capable of extracting the
deterministic amplitudes of a signal and separating them from
stochastic amplitudes under certain conditions. These conditions
are as follows: (a) the signal is divided into a deterministic part,
independent component noise, and low additive noise; (b) both the
deterministic part and component noise can be decomposed into
independent components; and (c) the number of linear differential
equations is equal to or greater than the number of non-linear
differential equations. The spectrum of the generalized DyCA
eigenvalues allows for the verification of the fulfillment of the
aforementioned conditions. The number of generalized eigenvalues
close to 1 provides an estimate of the number of linear differential
equations. The spectrum of the singular values of the amplitudes
corresponding to the generalized eigenvectors and the amplitudes
of the associated vectors provides an estimate of the dimension of
the deterministic subspace. In the aforementioned circumstances,
DyCA outperforms PCA and ICA and is comparable or slightly
more effective than the DMD algorithm. A comprehensive study
comparing DyCA with DMD with respect to noise robustness
and sampling frequency can be found in Stiehl et al. [28]. In
the case of more non-linear than linear ODEs governing the
system under investigation, DyCA can still be used to estimate
the number of linear ODEs and two times as many amplitudes as
demonstrated by the example of the simulated Lorenz attractor.
The analysis of a multivariate EEG signal demonstrates the
potential of DyCA to extract the deterministic amplitudes of
complex real-world signals.
the to provide a detailed
account of the DyCA algorithm and its implementation,

Ultimately, objective was
which can be utilized by the provided Python package on
GitHub as a valuable tool for the analysis of multivariate
signals. This may serve as a basis for further explorations in

various directions.
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FIGURE 11

EEG signal: (A) complex DMD eigenvalues u;, (B) characteristic values: PCA eigenvalues p;, DyCA generalized eigenvalues A; and SVD values s; of

temporary DyCA amplitudes.
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EEG signal: estimated amplitudes, estimated by: (A) PCA, (B) ICA, (C) DMD, and (D) DyCA.
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