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Strong nonlinear
functional-differential variational
Inequalities: problems without
Initial conditions

Mykola Bokalo*, Iryna Skira and Taras Bokalo

Department of Mathematical Statistics and Differential Equations, lvan Franko National University of
Lviv, Lviv, Ukraine

Problems without initial conditions for evolution equations and variational
inequalities appear in the modeling of different non-stationary processes within
many fields of science, such as ecology, economics, physics, cybernetics,
etc., if these processes started a long time ago and initial conditions do not
affect them in the actual time moment. Thus, we can assume that the initial
time is minus infinity. In the case of linear and weakly nonlinear evolution
equations and variational inequalities, standard initial conditions should be
replaced with the behavior of the solution as the time variable goes to minus
infinity. However, for some strongly nonlinear evolution equations and variational
inequalities, this problem has a unique solution in the class of functions without
behavior restriction as the time variable goes to minus infinity. In this study, the
correctness of the problem without initial conditions for such types of variational
inequalities from a new class, or more precisely, for sub-differential inclusions
with functionals, is investigated. Moreover, estimates of solutions are obtained.
The results are new and mostly theoretical.

KEYWORDS

parabolic variational inequality, evolution variational inequality, evolution inclusion,
sub-differential inclusion, Fourier problem, problem without initial conditions

1 Introduction

The aim of this study is to investigate problems without initial conditions for the
evolution of functional-differential variational inequalities of a special form, so-called sub-
differential inclusions with functionals. The partial case of this problem is a problem
without initial conditions, or, in other words, the Fourier problem for integro-differential
equations of the parabolic type.

Problem without initial conditions for evolution equations and variational inequalities
(sub-differential inclusions) appear in the modeling of different non-stationary processes
within many fields of science, such as ecology, economics, physics, cybernetics, etc., if these
processes started a long time ago and initial conditions do not affect them in the actual time
moment. Thus, we can assume that the initial time is minus infinity.

The research on the problem without initial conditions for the evolution equations and
variational inequalities was conducted in the monographs [1-4], the papers [5-19], and
others.

Note that the uniqueness of the solutions to the problem without initial conditions for
linear and weak nonlinear evolution equations and variational inequalities is possible only
under some restrictions on the behavior of solutions as the time variable changes to —oo.
Moreover, in this case, to prove the existence of a solution, it is necessary to impose certain
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restrictions on the growth of the input data when the time variable
goes to —oo. For the first time, it was strictly justified by Tychonoft
[5] in the case of the heat equation. Later, similar results for various
evolution equations and variational inequalities were obtained in
monographs [1-4], papers [6-8, 12, 14, 16-19], and others.

However, as was shown by Bokalo [9], a problem without
initial conditions for some strongly nonlinear parabolic equations
has a unique solution in the class of functions without behavior
restriction as the time variable changes to —oo. Furthermore,
similar results were obtained in studies [10, 13, 15] (see also
references therein) for strongly nonlinear evolution equations and
in Bokalo [11] for evolution variational inequalities.

Note that the problem without initial conditions for weakly
nonlinear functional-differential variational inequalities was
investigated only in the study [17]. There, the existence and
uniqueness of the solution to this problem were proved under
certain restrictions on its behavior and the growth of the input
data when the time variable is directed to —oo. As we know,
the problem without initial conditions for strongly nonlinear
functional-differential variational inequalities without restrictions
on the behavior of the solution and the growth of the input data
when the time variable is directed to —oo has not been considered
in the literature, and this serves as one of the motivations for the
study of such problems.

The outline of this study is as follows: Section 2 comprises
notations, definitions of needed function spaces, and auxiliary
results. In Section 3, we set the problem statement and provide
our key findings. The proof of the main results is kept in Section
4. Comments on the main results are given in Section 5. Section 6
provides conclusions.

2 Preliminaries

Let V be a separable reflexive real Banach space with norm
Il - |I, and H be a real Hilbert space with the scalar products (,-)
and norms | - |, respectively. Suppose that V' C H with dense,
continuous, and compact injection, ie., the closure of V in H
coincides with H, and there exists a constant A > 0 such that
AviE < v)?
bounded in V, there exists an element v € V and a subsequence

{vi;}j= such that vj; —> v strongly in H.
]—)OO

forall v € V, and for every sequence {vi};2,

Let V/ and H’ be the dual spaces of V and H, respectively.
Suppose the space H’ (after appropriate identification of
functionals) is a subspace of V'. Identifying the spaces H and
H’ by the Riesz-Fréchet representation theorem, we obtain dense
and continuous embeddings

VcCHcCV. (1)

Note that in this case (g, v) = (g,v) foreveryv € V,g e H C V/,
where (g, v) is the means the action of an element g € V' on an
element of v € V, ie,, (-, ) is canonical product for the duality pair
[V’, V]. Therefore, we can use the notation (-, -) instead of (-, -), and
we will do it in the future.

Let T > 0 be an arbitrary fixed real number, and let S:
(=00, T],and intS: = (—o0, T).
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We introduce some spaces for functions and distributions.
Let X be an arbitrary Banach space with the norm || - |x.
By C(S;X) we the
functions defined on S with values in X. We say that

mean linear space of continuous

wm —> w in  C(S; X) if for each t1,t, € S, &1 < t,
m—00

sequence {Wpl[s,n) ey converges to wly, ) in C([t, 12]; X)

(hereafter W|(, 1,] is restriction of a function w: S — X to segment

[t1, 2] CS).

Let r €
Denote by LI

loc

[1,00], ¥ is dual to r, ie, 1/r + 1/F = 1.
(S; X) the linear space of classes of equivalent
measurable functions w:S — X such that w|y,. €
L'(t;,tp; X) for each t,t, € S, h t,. We say that
a sequence {wy,} is bounded (strongly, weakly, or x-weakly
convergent, respectively, to w) in L (S; X) if, for each t1,t, €
S, t f), the sequence {wpl(t,,)} is bounded (strongly,
weakly, or x-weakly convergent, respectively, to wl[; 1) in
L'(t1,t5; X).

By D/(intS; V;,), we mean the space of continuous linear

<

<

functionals on D(intS) with values in V;, (hereafter, D(intS) is the
space of test functions, i.e., the space of infinitely differentiable
on intS functions with compact supports, equipped with the
corresponding topology, and V7, is the linear space V' equipped
with weak topology). It is easy to see (using (1)) that spaces
L (S V), LIZOC(S; H), and Ll’(;c(S; V') can be identified with the
corresponding subspaces of D'(intS; V],) by rule (f,¢)p
fsf(t)tp(t) dt, where (-,-)p is the means the action of an element

of D'(intS; V;,) on an element of D(intS), f is an element of
one of spaces LI (S;V), L{ (S: H), Ll’(;c
this allows us to talk about derivatives w' of functions w
(S; V) or L}
D'(intS; V) and the belonging of such derivatives to L
LY (S: H).

Let us define the spaces

(S; V). In particular,

r
from L.

(S; H) in the perception of distributions
7 (S: V') or

loc

HL (S H): = {we L}

loc

(S H) |w e L (S; H)},

WE(S; V)i ={we L, (S V) ’ w e Llr;c(S; V), r> 1.

loc
From known results [see, e.g, Gajewski et al
[20]] it follows that Hlloc(S; H) - C(S; H) and

Wll(;Z(S; V) C C(S; H), and for every w in Hlloc(S; H) or Wll(;Z(S; V)
the function t — |w(t)|> is continuous on any segment of the

interval S, and the following equality holds:

%|w(t)|2 =2(w(t),w(t)) foralmostevery (ae) teS. (2)

In this study, we use the following well-known facts:

PROPOSITION 2.1
Gajewski et al. [20]]. Let r > 1, & > 0 be arbitrary, and 1" such
that 1/r + 1)1
holds:

[Corollaries from Youngs inequality,

1. Then, for all a,b € R, following inequality

ab<elal + eV |p|". (3)
In particular,
ab < gla)® + &b

4)
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Proof. Inequality (3) is a corollary from standard Young’s
inequality: ab < |a|"/r + |b]” /¥, if we note that r > 1and ¥ > 1.
Inequality (4) we get from inequality (3) withr = 2. O

PROPOSITION 2.2 [Cauchy-Bunyakovsky-Schwarz inequality,
Gajewski et al. [20]]. Let t, t» € R, and t; < t,. Then, for
v,w € L*(t1, t; H), we have (v(~), w(-)) € Ll(tl, tz) and

2 2 12, (B 1/2
(Mommnhg(/ wmﬁm) (/ qudQ .

f ] h

PROPOSITION 2.3 [Hoélder’s inequality, Gajewski et al. [20]].
Let r € [1,00], ¥’ be a conjugated to r (ie, 1/r + 1/ = 1), t,
t € R, t; < t. Suppose that X is a Banach space and X' is a
dual of X, (-,-)x is the action of an element of X' on an element
of X. Then, for v € L'(t1,t3; X) and w € L’/(tl,tz;X’), we have
(w(-),v())x € L' (t1, 1) and

7]
J IR G T P ey
5]

PROPOSITION 2.4 [Lemma 1.1 [9]]. Let z:S — R be a
nonnegative and absolutely continuous on each interval of S function
that satisfies differential inequality

2+ BM)x(z(t)) <0 forae. teS,

where B € L (S;R), B(t) = 0 forae t € S, [(B(t)dt = 4o0;
X € C([O,+oo)), x(0) =0, x(s) > 0ifs > Oundf1+°° % < 00.
Thenz = 0onS.

PROPOSITION 2.5 [25]. Let Y be a Banach space with the norm
|- 1ly, and {Vk}}?; be a sequence of elements of Y that is weakly or

x-weakly convergent tovin Y. Then lim |villy > |[v|ly.
k—o00
PROPOSITION 2.6 [Aubin theorem, Aubin [21]]. Let r >
1 and q > 1 be given numbers. Suppose that By, By, and By are
c
Banach spaces such that By C By C B, (symbol C means continuous

embedding and symbol C means compact embedding). Then

{weL'(0,T; Bo) | w € LU0, T; B,)} C (L' (0, T; B1)NC([0, T} By)).

(5)

Note that we understand embedding (5) as follows: if a
sequence {wy},o_; is bounded in the space L'(0, T; By), and the
sequence {w,,} | is bounded in the space L9(0,T; B;), then
there exists a function w € L7(0,T; B;) N C([0,T]; By) and
the subsequence {w;,}?°, of the sequence {wy};,_; such that
Wi, —> win C([0, T]; Bz) and strongly in L"(0, T; By).

J—>00

PROPOSITION 2.7. Let a sequence {wp,},w_, be bounded in the

m=
space LI’OC(S; V), where r > 1, and the sequence {w,,} be bounded in

the space LIZOC(S; H). Then there exists a function w € LI’OC(S; V),
w e LIZOC(S; H), and a subsequence {ij}fil of the sequence

{Wm}ow_, such that Wi ];Z win C(S; H) and weakly in L _(S; V),

and w), —> w' weakly in L* (S; H).
J j—>o00

loc

Proof. From Proposition 2.6 forq = 2, By = V,B; = B, = H,
we have that, for every 1,1, € S,t; < 1, from the sequence
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of restrictions of the elements {w,,}% ; to the segment [t1,1],
one can choose a subsequence that is convergent in C([t;,1,]; H)
and weakly in L"(t;, t; V), and the sequence of derivatives of the
elements of this subsequence is weakly convergent in L*(t1, t2; H).
For each k € N, we choose a subsequence {ka,j}f.; of the given
sequence that is convergent in C([T — k, T]; H) and weakly in
L'(T — k, T; V) to some function w, € C([T — k, T]; H) N L' (T —
k,T; V), and the sequence {W;”k,j 21 is weakly convergent to the
derivative W;{ in LT — k, T; H). Making this choice, we ensure
that the sequence {wy,, HJ}}‘; was a subsequence of the sequence
{Winy,; }]9’21. Now, according to the diagonal process, we select the
desired subsequence as {Wm; }f.ip and we define the function w as
follows: for each k € N, we take w(t): = wy(t) fort € (T — k, T —
k+1).

3 Statement of the problem and
formulation of main results

Let ®:V — Ry : = (—00,+00) be a proper functional, i.e.,
dom(®): = {v € V: ®(v) < 400} # @, which satisfies the
conditions:

(Ay) <I>(av + (1 — oz)w)§ ad(v) + (1 — a)®(w) VYv,w €
V,Va e [0,1],

i.e., the functional ® is convex;

(A) w—v in V = lim &)= O,
k— 00

k—o00
i.e., the functional ® is lower semicontinuous;
(A3) there exist the constants p > 2 and K; > 0 such that

d(v) > Ky |v|IP Vv e dom(d);

moreover, ®(0) = 0.

Recall [see, e.g., Showalter [4]] that for a functional @ satisfying

the conditions (A;) and (Ay) its sub-differential is a mapping
0P:V — 2V/, defined as follows:
AP(W): = (v e V| D(w) > d()+(v ,w—v) YweV), veV,
and the domain of the sub-differential d® is the set D(0®): =
{v e V]ad(v) # &}. We identify the subdifferential d® with its
graph, assuming that [v,v*] € 9® if and only if v € dP(v), i.e,
00 = {[v,v*] | v € D(@®), v* € dP(v)}. R. Rockafellar in study
[22, Theorem A] proves that the sub-differential d® is a maximal
monotone operator, ie.,

VF=v5vi—v2) >0 Y[y, ], [v2,v5] € 0D
and for every element [vi,v{] € V x V' we have the implication
(Vi =v5vi =) >0 Vnvledd — [v,v]]e€id.
Suppose that the following condition holds:

(Ag)
that

there exist the constants ¢ > 2 and K, > 0, K3 > 0 such

i =vivi—n) = Kaolvi—nP+Kslvi—wal? ¥ [v1,v(], [v2,v5] € 3@.
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Assume that B(t,-):H — H, t € S, is a given family of
operators that satisfy the condition:
(B) for any v € H the mapping B(-,v):S — H is measurable,
and there exists a constant L > 0 such that following inequality
holds:

|B(t,v1) — B(t,v2)| < Llvi — v2|

forae. t € S, andallv;,v, € H; in addition, B(t,0) = 0 for a.e.
tes.

Remark 3.1. From the condition (B) it follows that
[B(t,v)| < L|v| (6)

fora.e.t € S and forallv € H.

Next, we will assume that the conditions (A;)—(A4) and (B)
are fulfilled, and p" and ¢’ are such that 1/p+1/p’ =1, 1/q+1/q' =
1.

Let us consider the evolution variational inequality, or, in
other words, subdifferential inclusion

W' (1) + 0P(u(t)) + B(t, u(t)) > f(1), teS, 7)

where f € Lfoc(S; V') + quoc(S; H) is given function.
Definition 3.1. The solution of variational inequality (7) is
called a function u: S — 'V that satisfies the following conditions:

Lp q. q . .
1) ue WS V)NLL (S H);
2) u(t) € D(A®) forae. t €S;
3) there exists a function g € L‘foc(S; V') + quoc(S; H) such that,
foraetes, g(t) e Bé(u(t)) and

u'(t) +g) + Bt u(t) = f(t) in V.

The problem of finding a solution to variational inequality (7)
for given @, B, and f is called the problem P(®,B,f), and the
function u is called its solution.

We consider the existence and uniqueness of the solution to the
problem P(®, B, f). The main results of this study are the following
two theorems:

THEOREM 3.1. Suppose that

L < Kz. (8)

Then the problem P(®, B, f) has at most one solution.
THEOREM 3.2. Let inequality (8) hold, and let f € L? (S; H).

loc

Then the problem P(®, B, f) has a unique solution. In addition, this
solution belongs to the space L° (S; V)NH, (S; H), and for arbitrary

loc oc
ti,ty €8S, t1 < t, § > 0 satisfies the estimates:

2

t
max]lu(t)|2+/ [lu®)* + [u®)]? + |u@®)|IP] dt < Ci[ 8”2
t

teltit

ty
+ IF(0) dt ], 9)

t1—§
2 q

ty
esssup [|u(t))[IP +f [/ (1)* dt < Cy[ max{s™ 12,5 12}
t

telty h]

t t
+/ If(®)1>dt 457" IF(0)*dt], (10)
t 26

1—28 t—
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where Cy, C, are positive constants depending on Ky, Kz, K3, and q
only.

Remark 3.2. If ® is such that dom(®): = V and 0®(v) =
{A(v)}, v € V,where A: V — V' is some operator, then variational
inequality (7) will be functional-differential equation

W' (1) + Au(t)) + B(t,u(t)) = f(t), teS. (11)

Note that condition (A3) implies the coercivity of operator 4, i.e.,

AW),v) = K |vIIF, veV.

In addition, from condition (Ay) follows the strong monotonicity
of the operator 4, i.e.,

(A1) —A(2),v1 —2) > Ka|vi —v2|*+K3vi —2|1 Yy, vy € V.

4 Proof of the main results

Proof. [Proof of the Theorem 3.1] Assume the contrary. Let u;
and u, be two solutions to the problem P(®, B, f). Then for every
i € {1,2} there exists function g; € LfOC(S; V) + LFOC(S; H) such
that, fora.e. t € S, gi(t) € 8<I>(u,-(t)) and

in V', i=12.

ui(t) + gi(t) + B(t, ui(1)) = f(r) (12)

We put w: = uj —uy. From equalities (12), for a.e. t € S, we obtain

w () + g1(t) — &) + B(t,ur (1) — B(t,uz(1)) =0 in V. (13)

Multiplying equality (13) scalar by w(t), for a.e. t € S, we obtain

(W' (), w(1)) + (&1(£) — g2(), ur (1) — ua (1)) + (B(t, ur (£))

—B(t, us(t)), ur (t) — up(t)) = 0. (14)

By condition (Aj4) and the fact that g;(f) € 9®(u;(t)),i = 1,2,
we have the inequality

(@1 () =g (1), ur () —uz (1)) = Ko|w(t)|> +K3|w(t)|1 forae. t €.
(15)
By condition (B), for a.e. t € S, we obtain

(B(t, u1 (1)) — B(t, a(0), w1 (6) — () = —LIw(O*.  (16)

By Equations (2), (8), (15), and (16), from Equation (14) we get such
differential inequality

(wD)P) +2K3(wd)?)”* <0 forae teS.  (17)

From Equation (17), taking into account the condition q/2 >

1 and using Proposition 2.4 with z(t): = [w(t)]% B(t): =

2K3 for all t € S, and x(s): = 72 for all s €

[0,+00), we receive |w(t)]> = 0 for all t €

u; ae. on S. The resulting contradiction completes

S, ie,
uy =
the proof of the uniqueness of the solution to the problem
P(d, B,f).
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Proof. [Proof of the Theorem 3.2] We divide the proof into seven
steps.

Step 1 (auxiliary statements). We define the functional ¢y :H —
Roo by the rule: ®y(v): = ®(v) if v € V, and Py(v): = +oo
otherwise. Note that conditions (A1), (A3), Lemma IV.5.2, and
Proposition IV.5.2 of the monograph [4] imply that @ is a proper,
convex, and lower semicontinuous functional on H, dom(®y) =
dom(®) C Vand 9®y = 9P N (V x H), where d&y : H — 2H is
the sub-differential of the functional ®p. In addition, the condition
(A3) implies that 0 € d®(0).

The following statements will be used in the sequel:

LEMMA 4.1 [[4, Lemma IV.4.3]]. Let —00 < a < b < +00, and
we H'(a,b; H), g € L2(a, b: H) such that g(t) € 9Py (w(t)) for a.e.
t € (a,b). Then the function ®r(w(-)) is absolutely continuous on
the interval [a, b] and for any function h:[a,b] — H such that, for
a.e. t € (a,b), h(t) € 3Py (w(1)), and the following equality holds:

9 1 (w(t) = (), W/ (1),

LEMMA 4.2 ([23, Proposition 3.12], [4, Proposition IV.5.2]).
Letf € L*(0, T; H) and wy € dom(®). Then there exists a unique
function w € C([0, T]; H) N H'(0, T; H) such that w(0) = wq and,
forae., t € (0,T], w(t) € D(0®p) and

/(1) + 80y (w() 3 f(r) in H. (18)

LEMMA 4.3. Let7 € L*(0, T; H) and wy € dom(®). Then there
exists a unique function w € C([0, T]; H) N H'(0, T; H) such that
w(0) = wy and, for a.e. t € (0, T], w(t) € D(dPy) and

W (1) + 9@ (w(n)) + Bt w(t) 3 (1) in H,  (19)
i.e., there exists g € L2(0, T; H) such that, fora.e. t € (0, T], we have
g(t) € 9Dy (w(t)) and
in H.

W/ () + 3(t) + B(t, (D) = (1) (20)

Proof. [Proof of Lemma 4.3] Let « > 0 be an arbitrary fixed
number, and set

M:={we C([0,T]; H) | w(0) = wo}.
Consider M with the metric

p(wi, w2) = [na [e™w1(D) —wa ()],  wi, w2 € M.

€[0,T]

The metric space (M, p) is complete. Now let us consider an
operator A: M — M defined as follows: for any given function
W € M, it defines a function w € M N H'(0, T; H) such that, for a.e.
t € (0, T], w(t) € D(d®p) and

W)+ 0dr((t) 3 f(H) — B(t,W(t) in H.  (21)
Clearly, variational inequality (21) coincides with variational
inequality (18) after replacing f(t) by f(t) — B(t, w(t)), and w(0) =
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wo by w(0) = wp. Thus, using Lemma 4.2, we get that ope-
rator A is well-defined. Let us demonstrate that the operator A
is a contraction for some « > 0. Indeed, let W), W, be arbitrary
functions from M, and w;: = Aw;, wy: = AW,. According
to Equation (21) there exist functions g and g from L?(0, T; H)
such that for every j € {1,2} and for a.e. t € (0,T] we have
g(t) € 3oy (w;(1)) and

W/(1) +g(1) = f(1) — Bt (1), (22)

while w;(0) = wy.
Subtracting identity (22) for j = 2 from identity (22) for
j = 1, and, for a.e. t € (0, T], multiplying the obtained identity

by w1 (£) — wa(£), we get

(1) = Wa (1), W1 (t) — Wa(D)) + @1 () — §2(0), Wi (1) — Wa(1))
= —(B(t, w1(t)) — B(t, Wa(1)), W1 (t) — Wa(t))

for a.e.
t e (0,T], (23)
w1(0) — w(0) = 0. (24)

We integrate equality (23) by ¢ from 0 to o € (0, T], taking into
account (24) and that [see Equation (2)] for a.e. t € (0, T]. The
following holds:

1 ’
((W1(t) = Wa (), Wi () — Wa (1)) = £(|/‘v\71(t) —m)?).

As a result, we get the equality

a

%W’I(U) — W) + /@(t) — (1), wi(t) — wy(t)) dt

0
o

= - f (B(t, w1(t)) — B(t, Wa (1)), w1 (£) — w(t)) dt.  (25)

0

By condition (Ay), for a.e. t € (0, T], we have the inequality

@) =20, W1(H) — W) > Kol (1) — wa ()] (26)

Taking into account condition () and inequality (4) for a.e.
t € (0, T], we obtain

|(B(t, w1(1)) — B(t, Wa(1)), w1 () — (1)) ]
< [B(t, w1 (1)) — B(t, w2 (1)| w1 () — Wa(t)|
< LIwi(t) — w2 (D] (w1 () — Wa ()] < elwi () — Wa(t)]?

+e L2 W (1) — W ()%, 27)

where ¢ > 0 is an arbitrary.
From Equation (25), according to Equations (26) and (27), we
have

[Wi(o) — wa(0) 1> 4+ 2(Kz — &) [ w1 (1) — wa (1) dt
0

<2671 I () — ()t
0

(28)
Choosing ¢ = K3, from Equation (28) we obtain

P1(e) — a0 < Ca/(; () — TP dr, o € (0,T),
(29)
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where C3: = 2K;1L2.
After multiplying inequality (30) by e

200 \ve obtain

10.3389/fams.2024.1467426

&k> respectively. From the above, it follows that, for each k € N,
the function u; belongs to LP(S; V), its derivative u; belongs to
L*(S; H), and, for a.e. t € S, gi(t) € 8¢H(uk(t)) and [see Equation

e 27 [wi(0) = Wa(0)|* < C3e72% [T e 2 [y (1) — Wa (D) dt - (33)],

< C3¢7299 max [e= w1 (t) — a(O|]* [ 2%t dt
<G te[O,T][ [wi(t) — wa()1]” [,

L0- 9_2‘1”)[/7(171/1»17/2)]2 < %[P(Wl,%)]z,

o €(0,T].

From Equation (30), it easily follows that

p(W1, w2) < +/C3/Q2a) p(W1, W2).

From this, choosing & > 0 such that inequality C3/(2a) < 1
holds, we obtain that operator A : M — M is a contraction. Hence,
we may apply the Banach fixed-point theorem [24, Theorem 5.7]
and deduce that there exists a unique function w € MNH'(0, T; H)
such that Aw = w, i.e., we have proved over the statement, i.e.,
Lemma 4.3.

Step 2 (solution approximations). Let us consider the next problem:
to find a function u € Hlloc(S; H) such that, for a.e, t € S, u(t) €
D(0®y) and

u'(t) + 0Py (u(t)) + B(t, u(t)) > f(t) in H. (31)

We call this problem the problem P(®p, B, f). The solution of the
problem P(®y, B, f) is the solution of the problem P(®, B,f). We
prove the existence of a solution to the problem P(®y, B, f).

At first, we construct a sequence of functions, that, in some
perception, approximates the solution of the problem P(®y, B, f).
For each k € Nwe putﬁ(t): =f(t)fort € Sg: = (T —k, T] and let
us consider the problem of finding a function iy € H'(Sy; H) such
that (T — k) = 0 and, for a.e. t € Sy, we have 7, (t) € D(0®y)
and

(D) + 00 (@(1) + B (D) 3 fuf) in H.  (32)

The existence of a unique solution to problem (32) implies
Lemma 4.3. Note that sub-differential inclusion in (32) means that
there exists a function ?k € Lz(Sk; H) such that, for a.e., t € Sy, we
have g (¢) € 9Py (Uk(t)) and

) + () + B, () = (1) in H. (33)

Note that D(0®y) C dom(®y) = dom(P) C V, and thus
Up(t) € V for ae. t € Si. According to the definition of the
subdifferential of a functional and the fact that gx(t) € dP(u(2)),
we have

D(0) > D(UE(t)) + (€ (t),0 —u(t)) forae. t e S.
From this and condition (A3) we obtain

@0, (1) = (1)) = Kil[up(DIIP forae. t € Sp.  (34)
Since the left side of this chain of inequalities belongs to LY(Sy), then
Uy, belongs to LP(Sy; V).

For each k € N, we extend functions fi, , and g by zero
for the entire interval S and denote these extensions by f, uy, and
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u () + g (1) + B(t, uk (1)) = fe(t) in H. (35)

Step 3 (estimates of solution approximations). To demonstrate the

(30) convergence {uk}}fil to the solution of the problem P(®p, B, f), we

need some estimates of the functions uy, k € N.
Let the function 8, € C!(R) such that 6,(t) = 0if t €
2
(=00, —1], 04(t) = e?*-1 if t € (—1,0), 6,(¢t) = 1if t € [0,+00)
[see Bokalo [9]]. Obviously, 6, (t) > 0 for arbitrary t € R, and for
any 0 < v < 1, we have

sup 0.1 =
te(—1,0) O (1)

Cy, (36)

where C4 > 0 is a constant depending on v only.
Let 11, 15, and § be arbitrary real fixed numbers such that t;, 1, €
S, t1 < t,8 > 0. We put

9(t)::0*<t_8t1), tes. (37)
It is clear that 6(t) = 0if t € (—o0,t; — 8], 0 < 6(t) < 1if
te(th—8,t),0() =1ift e [t,+00),and /() = §716/((t —
t1)/8) = O for every t € R.
Let k € N. Obviously, uy € H'(S; H). For each t € S, multiply
the identity (35) scalar by 6(¢)ux(t) and integrate from t; — § to
T € [t1,t2]. As a result, we obtain

[ 06) (1), g (1)) dit + / 6(1)(gi (1), (1) di
t—68 t—§

+ / 0(1) (B, u(0), (1) dt = / 000 (i), e (1) dit
t1—§8 t1—§8
(38)

From this, taking into account (2) and using the integration-by-
parts formula, we transform the first term on the left side of the
equality (38) as follows:

g ) 1 [T Lo
/t OO0, 0) e = 3 /t OO(mOP) i = S P

5]
- % / 0" (1) ug (1)|? dt. (39)
t1—6

Then from Equation (38), using Equation (39), we receive

T 51

()P + 2 f 0 () ux(0)* dt

t—6

0()(g(t), () dt = /

t1—6

—2 / OB ugle), w(0) i + 2 / OO, ) dr
t1— t

(40)

Since (0,0) € 0Py and (gx(t), ux(t)) € 9Py forae. t € S, from
condition (A4) we get

(gk(1) u (D) = Ka|ug(t)]* + Ka|ug()|9 forae teS.  (41)
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According to the definition of uy and gi and using the inequality
(34), we obtain
(@), uk (1)) = ®(u(t)) = Ky |ug()|IP forae teS.  (42)

Let us estimate the second term on the left-hand side of equality
(40), using inequalities (41) and (42), in this way:

k(1), g (t))dt

T

> f 60O, m0) de = 20 + (1) /
9(t)|uk(t)|2dt+20K3/ O(t)|u(t)|1 dt

T
> 20’K2/
t1—§8 t—§8

+2(1 —0)K; /T OO |ur()||P dt + 2(1 — O‘)/

t—§ t—§

T

(43)

where o € (0, 1) is arbitrary.

Using the inequality (34) (with r = q/2, ¥ = q/(q — 2)), we
estimate the first term on the right-hand side of Equation (40) as
follows:

T ty 2 2
/ 0" (1) ug(t) | dt = / 6'(107 1 (1) - 01 (1) [ (1)
tHh—68 t—§

tr q
-2

(0’1o~ 4 (t))

t1—§8

51 _ 2
e[ ool d+e
t1—38

(44)
where g1 > 0 is an arbitrary number.
Based on Equation (36), it is easy to demonstrate that
h _2 4
/ (0’0" a()72 dt =
t—§8
ty _2 Lz
[ (ol =)0 e = 1)/8) T d
th—34
2
- [(t —0)/S=s t=8s+1, df = Sds] —5 T2
-3 N7
f (09 6.79) " ds
4 2
<cl? s, (45)

where Cy4 is constant from Equation (36) with v = 2/q (note that
C4 depends on g only).
So from Equation (44) using Equation (45), we obtained

t

T
f O Ol dt < e, f
th =48 =48

where Cs :

O(Olur(DI1 dt + Cs (216) 72,

(46)

a_
= C/* depends on g only.

Let us estimate the second term on the right-hand side of
equality (40). Using (6), we receive

[

O (B(t, ug(£)), g (£) dt( f '

1)|B(t, ur (1)) ||uie (1) dt

<L / OOl dt. (47)
t1—§
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0(1)® (uk(1)) dt,
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Let us estimate the third term on the right-hand side of equality
(40), using inequality (4):

T

OO fi(O]lur(1))] dt

/ OO (), (1)) it < /

t—§8 th—§8

SSz/T 9(t>|uk(t)|2dt+e;1/I o) |fi(DI* dt,

t1—0 t1—6

(48)

where &5 > 0 is an arbitrary constant.

From Equation (40), using Equations (43), and (46)-(48), we

receive
(O + 20K — L — 2) tf_s B0 D di + 20Ky — &)
/ r_ﬁ@(tnuk(owdw 20 - o)y fnt_aea)nuk(t)np d
+2(1—0) tis (1) (uk(t)) dt
< Cs(e18) 77 + 285 /t.iae(t)[fk(tﬂz dt. (49)

In Equation (49), using condition (8), we choose o € (0,1)
such that the inequality 0K, — L > 0 holds, and then we take

€1 = 0Kz, g2 = (0Ky — L)/2. As a result, we get

|uk(r)|2+/ 89(t)[|”k(t)|2+ lur(D17 + NugONIP + (uk(t))] dt
t—

) dt, (50)

2 T
<Ced 42 + C7/ (Ot

t1—§8

where Cg, C; are positive constants dependent on K3, K3, K3, L, and
q only.

Since T € [t;,t;] is arbitrary, from Equation (50) and the
definition of 6, we obtain

5]
r?ax [y ()] —|—/ lug ()| dt+

teltr b] f
t t
/ g (1)1 dt + / gt |P dt + f O
5% 51 51
%)
<2C8 T 42G P e 1)

1 —

From Equation (50) and the definition of f, since ¢1, £, € Sand
§ > 0 are all arbitrary, it follows that

the sequence {u} is bounded in Lf, (S: H), LIOC(S; H), quOC(S; H),
and LIOC(S; V), and (52)
the sequence {® (1)} is bounded in L] (S). (53)

Step 4 (estimates of derivatives of solution approximations). Now let

us find estimates of u;c, k € N. Let t;, t;, and § be arbitrary real
numbers such that t1, t, € S, #; < f,and § > 0. 6 is a function
defined above. We multiply equality (35) for almost every t € S
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scalar by 6(t)u; (t) and integrate the resulting equality from ¢; — §
tot € [t,]:

/se(t)|u’k(t)|2dt+/ sg(t)(gk(t)»”;c(t))dt
1 — t—
+ / OB (1), ) dr

1 —

T
-/ OO0, 5.0 . (54)
t -
Since g € L2(t; — 8,t; H) and gk(t) € 0Py (u(t)) for a. e.
t € (t — 8,1), Lemma 4.1 implies that the function g (u(-)) is
continuous on [t; — &, ;] and

(Pru(1) = (@(0), u (1) forae. te(ti—8n). (55

Taking into account Equation (55), we can estimate the second term
on the left side of Equation (54) as follows:

T

/ 0(t) (g (), (1)) dt = / 6(0)(®r(u (1)) dt
th—68 t—§
= d>H(uk(1:)) —/ 9'(t)<I>H(uk(t)) dt
t1—6
5]
> @) = _max 0’6 [ | onlu@)d 6o

By inequality (4) with ¢ = 4, taking into Equation (6), we
receive

| / OB (0, ,0) | < / 6(0)|BLt, i (1)) 1 (1) dt
t—

T
t1—§8

-1 / OOl (0)| dt < 4L2 / oIt
th—§8 th—68

1 T
+f/ 0()|u (1)) dt, (57)
4 t1—6
T T
| eogaumand<s [ oo
t1—6 t1—6
1 ! / 2
+ - O(t)|u (1)|” dt. (58)
4 Ji-s
From Equation (54), using Equations (56)-(58) and
max 0'(t) =81 max 6/((t—1t)/8) < Cgs7 !,
te[t;—68,t ] te[t;—68,t]
Cg: = 6, (s),
b= max 6.0
we have
1 T T
3| whoPd o) <4 [ gwpa
2 t1 t1—6
T 51
+ 4L / |u(£)| dt + Cga”/ Oy () dt. — (59)
t—§8 th—68

Since t € [t,t] is arbitrary, from Equation (59) by the
definition of ®y and condition (Ajz) (remind that u,(t) € V for
a.e. t €85), we have

ty
less suplluk(t)llp—i—/ |uj ()] dt

te[t,tz] t

5] ty

[5)
<o [ ok [ morars [T a(uo)al,

fH— t—68 t1—§8
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where Cy > 0 is a positive constant dependent on K; and L only.
From Equation (60), taking into account (51), we obtain

2 q

[5)
esssup [|ux(0) |1 +/ |u;<(t)|2dt < C10[8 2 4§ a2
5]

telt,tz]

t 5]
+f lfk(t)|2dt+5_1/ lfk(t)|2dt]> (61)
t—268 t1—28

- 1
where Cjp > 0 is a positive constant dependent on Kj, Ky, K3, L,
and q only.
From the estimate (4) and the definition of fj, since t1, t, € S
and § > 0 are arbitrary, it implies that

the sequence {uk}::f is bounded in Ly (S: V), (62)
the sequence {u;(}::f is bounded in LIZOC(S; H). (63)
From Equations (6) and (51) we have
t 2 )
1B ue®)|? dt < 12 | ()P dt < Cyy
t t
[5)
(1+ J ®Pdi) < Co, (64)
t1—1

where Cy;, C13 are positive constants independent on k € N.
From Equations (35), (63), and (64) and the definition of f;, we
get that

the sequence {gk}]j':of is bounded in LIZOC(S; H). (65)

Step 5 (passing the limit). Since V is reflexive Banach space, H
is Hilbert space, and V embeds in H by compact injection, from
Equations (52), (62), (63), (65), and Proposition 2.7, we have the
existence of functions u € Ly>(S; V) N Lﬁ)c(S; H) N HIIOC(S; H),
g€ LIZOC(S; H), and a subsequence of the sequence {u, gk}::"f (until

denoted by {u, gk},'::of) such that

ur — u  x-weakly in Lﬁi(S; V), and weakly in LfOC(S; V),

k— 00
(66)
ug k—) u  weakly in LfOC(S; H), and weakly in Hlloc(S; H), (67)
— 00
up — u in C(S; H), (68)
k—o00
%k k—> g weakly in LIZOC(S; H). (69)
— 00

From Equation (68) and condition (), for each tp < T, we
have

T T
/|B(t, ur(t)) — B(t, u(t))|2dt < L2/|uk(t) —u(®))? dt = 0.

to to

Thus, we obtain

strongly in LIZOC(S; H). (70)

B(, ux()) —> B(-, u("))

k— 00
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Let v € H, ¢ € C(S) be arbitrary while supp ¢ is compact. For
a.e.t € S, we multiply equality (35) by v and ¢(t), and then integrate
in t on S. As a result, we obtain equality

S

@) dt 4+ [ (g0, Ve(t) + [(B(t, (1)), v)o(t) dt
S S S

= [(fh(t),ve®) dt, keN. (71)
N

We pass to the limit in Equation (71) as k — o0, taking
into account (67), (69), (70), and the convergence of {f;};2, to f
in LIZOC(S; H). As a result, since v, ¢ are arbitrary, for a.e. t € S, we
obtain the equality

W' (t) + g(t) + B(t,u(t)) = f(t) inH.

Step 6 (proof that u(t) € D(d®y) and g(t) € 3Py (u(r)) for a. e.
t € S). Let k € N be an arbitrary number. Since u(t) € D(0®Pp)
and gi(1) € 0P (uk(r)) fora.e. t € S, applying the monotonicity of
the sub-differential 3@, we obtain that for a.e. f € S the following
inequality holds:

(g —v5u(t) —v) =0 V[v,v"] € 9dy. (72)
Let v € Sand h > 0 be arbitrary numbers. We integrate (72) in ¢
fromt — htot:

/T (@) — v, ug () —v)dt >0 V[v,v*] € 0dp. (73)
T—h

Now we pass to the limit in Equation (73) as k — o0, according to
Equations (68) and (69). As a result, we obtain

/t (g(t) = v, u(t) —v)dt >0 V[vv'] € 9dp. (74)
T—h

The monograph [25, Theorem 2] and Equation (74) imply that
for every [v,v*] € 9@y there exists a set of measure zero R[y,,] C S
such that for all T € S\ R[y,,+) we have u(t) € V, g(r) € H

. 1
0< lim —
h—+0 h

T
/ (g(O)—v*, u(t)—v) dt = (g(r)—v*, u(r)—v) > 0.
T—h
(75)
Let us demonstrate that there exists a set of measure zero R C S
such that
VT € S\R: (g(t)—v*,u(r)—v) >0 V[vv]eody. (76)
Since V and H are separable spaces, there exists a countable set

F C 0®py, which is dense in 9®py. Denote R: = U
[v,v*]eF

Since the set F is countable and any countable union of sets of

Rpyp,)-

measure zero is a set of measure zero, then R is a set of measure
Zero.

Therefore, for any 7 € S\ R inequality (76) holds for every
[v,v*] € F. Let [v,9*] be an arbitrary element from d®p. Then
from the density F in d®y we have the existence of a sequence
{[vi, v;1}2, C Fsuch that vy — vin V, v/ — v*in H, and for
everyt € S\ R

(g(t) —vj,u(zr) —vp) =0 VieN. (77)

Frontiersin Applied Mathematics and Statistics

09

10.3389/fams.2024.1467426

Thus, passing to the limit in inequality (77) as | — 0o, we obtain
(g(r) — v*,u(r) —v) = 0 for every t € S\ R. Hence, we have
Equation (76), i.e., for a.e. t € §, the following holds:

() — v, ult) —v) >0 V[nv]eddy.

From this, according to the maximal monotonicity of d @y, we
obtain that [u(f),g(t)] € 0Py forae. t € S, ie, u(t) € D(0Pp)
and g(t) € 0Py (u(t)) for a.e. t € S. Thus, function u is the solution
of the problem P(®, B, f), and therefore P(®p, B, f).

Step 7 (completion of proof). Estimates (9) and (10) of the solution
of the problem P(®, B, f) follow directly from estimates (51) (given
that ft? @(uk(t)) dt > 0) and (4), convergence (66)-(68) and

Proposition 2.5. O

5 Comments on the main results

Let us introduce an example of the problem that is studied here.
Let n € N, Q be a bounded domain in R”, 92 be the boundary
of @, and 92 be the piecewise surface. We put Q: Q xS,
Y: =092 x S, and Q;: = Q x {t} Vt € S. For an arbitrary
measurable set F C RF, where k n + 1, and
r € [1,00], let L"(F) be the standard Lebesgue space with norm
I - Let L,
functions defined on Q such that their restrictions on any bounded
measurable set Q" C Q belong to L"(Q’). For r € (1, 00), we denote

by WH(Q) = {v € L'(RQ) | vy, € L'(Q), i = 1,n) the standard
)l/r

n or k

(Q) be the linear space of classes of equivalent

>

Sobolev space with norm ||v||y1r(q) : = (||V||EV(Q) + ||Vv||£,(Q)
where Vu: = (uy,, ..., uy,) [see, e.g., Brezis [24]].

Let p > 2 and K be a nonempty convex closed set in WHP(Q),
which contains 0. We consider the problem: find a function u €
Lfoc(a) such that uy, € Lfoc(é), i=1,nu € leoc(a), and, for a.e.
t €S, we have u(-,t) € K and

/ [ur(v—u)+ IVulP=2VuV (v —u) + [ulP ~2u(v—u) + a(x)u(v — u)
Q

—l—(v—u)/b(x,y,t)u(y,t)dy] dx > /f(v—u)dx VveK, (78)
Q Q

wheref € [ (Q),a € L®(Q),and S 3 t — b(-,-,t) € L*(Q x Q)

loc
are given.

This problem is called problem (78), and a function u is its
solution.

Note that in cases K = W"P(), this problem is equivalent to
the problem of finding a weak solution to a problem without initial
conditions for a nonlinear integro-differential parabolic equation:

Uy — div(|Vu|P_2Vu) + [ulP~2u + a(x)u + [ blx,y, Huly,t) dy
Q

= f(x,1), (xt)eQ
du
— =0.
v
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We remark that problem (78) can be written more abstractly.
Indeed,
functionals, we have continuous and dense embedding

after appropriate identification of functions and

W(Q) C LX(Q) C (WP (Q)Y,

where (W'())' is dual to WP(Q) space. Clearly, for any h €
L*(Q) and v € W'P(Q), we have (h,v) = (h,v), where (-,-) is
the notation for action of element of (W'(Q))" on element of
WLP(Q), and (-,-) is a scalar product in L?(2). Thus, we can use
the notation (-, -) instead of (-, -).

Now, we denote V: = WY (Q), H: = L*(Q2) and define
operators A: V — V' and B(t,-) : H — H,t € S, as follows:

(A(w),w) = / [|Vv|p_2Vva + P 2w + avw] dx, vwwwelV,

Q
(79)

B(t,v)(:): = /b(~,y, Hv(y)dy, veH,teS. (80)
Q

Then problem (78) can be rewritten as follows: find a function
u € LfOC(S; V) such that ' € L} (S; H) and, for a.e. t € S, we

have u(t) € K and

W/ (t) + A(u@®) + B(t, u(®)),v — u(t)) > (f(t),v — u(t)) ¥Yvek,

(81)
where f € leoc
We remark that, for a.e. t € S, variational inequality (81) can be

(S; H) is given function.
written as

(' (1) + A(u(t)) + B(t, u(t)) — f(1), v — u(t)) + Ix(v) — Ix (u(t))
>0 VveV, (82)

where

0, if vek,

IK(V):z .
400, if ve V\K.

(83)

We can write inequality (82) as follows:

Ix(v) = Ig(u(®) + (—u/ (1) — A(u(t)) — B(t, u(t)) + f(£), v — u(t))
YveV. (84)

The functional Ix from V to Ry is proper, convex and lower
semicontinuous. By the definition of the subdifferential dIx : V' —
2V inequality (84) is equivalent to inclusion

Ak (u(n) > —u'(t) — A(u(t)) — B(t, u()) + f(1),

ie.,
u'(t) + Au(t)) + 81k (u(t)) + B(t, u(t)) > f(t). (85)
We define
Y(v): = f [P (VY + vP) + 27 alv]]dx, veV, (86)
Q
and
O : =W +Ik(v), veV. (87)
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The functionals W and ® from V to R, are proper, convex and
lower semicontinuous. As easy to demonstrate, we have dW(v) =
{A(v)} C V' foreachv € V, and

0b(v): = A(v) + dlx(v), veV. (88)

From the above [see, in particular, Equations (85) and (88)],
it follows that the problem (79) can be written as such a sub-
differential inclusion: find a function u € LfOC(S; V) such that
u e leoc(S; H) and, for a.e. t € S, u(t) € D(3®) and

W) +3P(u®) + B(t,u®) > f(t) in H. (89)

So problem (78) is a partial case of the problem P(®, B, f).
Based on this, let’s illustrate the main results of this study (see
Theorems 1, 2).

COROLLARY 5.1. Let the following condition hold:

esssup [|b(, )l 12oxq) < ess zgf a(x). (90)

teS xe

Then problem (78) has a unique solution. In addition, it belongs
to the space L°(S; WM (Q)) N HY (S; L*(Q)) and for arbitrary

loc loc
ti,ty €8, t1 < ty, 8 > 0 satisfies the estimates:

ty
max [ |u(x, t)|2dx+// [lutx, D17 + [ux, DI + [Vulx, £)[P] dxdt

telty,tz]

1 Q
(1)
ty
2
<Cis[8 72 + //[f(x,t)|2dxdt], (92)
t1—6 Q
t
esssup/[|u(x, HIP + [Vulx, )] dx-f-// lug(x, 1) dxdt
relvnl g tQ
t
2
§C16[max{87ﬁ,8’$}+ //[f(x,t)|2dxdt
1 —28 Q
t
~1 2
+ 6 / /[f(x,t)| dxdt |, (93)
1—26 Q
where  Cis5,Ci¢  are  positive  constants  depending  on

esssup [[b(-, - )l 12(xq) essinf a(x), and p only.
teS x€Q

Proof. [Proof of Corollary 5.1] We need to demonstrate that
functional @, defined in Equations (83)—(87), and family of
€ S, defined in Equation 80, satisfy the
conditions of Theorems 1, 2.

operators B(t,-), t
Writing the functional W defined in Equation (86) in the form

W) =p P

Wie () +27! / avlPdx, ve WH(Q), (94)

Q

we obtain that the functional W is proper and dom(¥) = W'?(Q).
Note that for arbitrary r > 2, function F,(§) = [§]", & € R", is
convex. Indeed, for all « € [0, 1], we have

Frlak + (1 —a)n) = a& + (1 —a)n|" < («l&]+ (1 —a)n)
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<alg"+(1—-a)nl" = aF(§) + (1 —a)F(n), & n € R" (95)

Here we used the convex function g.(s) = s', s € [0,+00), since
g/ (s) =r(r—1)s% > 0 forall s € (0, +00).

From Equation (95), with r = p and r = 2, it is easy to see that
functional W is convex, hence functional ® satisfies the condition
(Ay).

Let vi —> vin WP(Q). Then ||vi[lyipg) —> IVllwin(q) and
k—o00 k— o0
Ve —> vin L*(2). From this, it follows:
k—o00
(96)

P P
1ellyingy = 1m0y

‘/alvk|2dx—/ alv|? dx‘ < /a|vﬁ—v2|dx: /u|vk+v| [vi—v| dx
Q

Q Q Q

<esssup a- ([[vkllz) + IVll2)) - vk — vilz(e) e 0. (97)

From Equations (94), (96), and (97), it follows that the functional ¥
is lower semicontinuous, hence functional ® satisfies the condition
(A2).

Since a > 0 a.e. on €, then [see Equation (94)]
V) = p Iy vE W)
Hence, given that Ix(v) > 0, v € V, condition (.A3) holds with

Ky: = pil.
It is easy to show that

IV = (AW)} € (WH(Q)) Vv e WH(Q),

where A(:) is defined in Equation (79).
Then for any vi, v, € WH(Q) we have

(A1) = A(v2), v — va)= /[(lVVl P72V — [VwalP 72 Vvy)
Q

(VV] — Vl/z)

+ (P20 — (P 20) (v — v2) +alvy — val*ldx. (98)

Since the function F,(§) = [§|", § € R", is convex, from the
convexity criterion we have

(VEp(§) = VE,(m)(§ —n) = 0, & eR™ (99)

Since VF,(§) = plEIPT2E, & € R, then from Equation (99) it
follows:

/[(|Vv1 P72V, — |V lP2Vi,) (Vv — Vi) dx > 0. (100)
Q

By Bokalo [9], for arbitrary s;, 5, € R, the inequality

2 2 2
(Is1P~%s1 — [s2/P7252)(s1 — 52) = 2°7P|s; — 5o [P
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holds. Hence, for all v, v, € LP(Q), we have

2 2 2
/(|V1 P2y — [P 2v) (v — v2) dx > 2 P/ [vi — va | dx.
Q

Q
(101)

Using Holder’s inequality (see Proposition 2.3) with r = p/2,
we have this chain of inequalities:

/|v1—vz|2dx§ (/lr/dx>71,</|v1 —V2|de>%
Q Q

Q

—2

2
(mean)P (/ [vi — vo|P dx)P.

Q

From this, we obtain

[Slac}

2—p
2

[ Iv1 = valP dx > (mes, ) (f v — vzlzdx)
Q Q

e »
= (meSﬂQ) ? “Vl - V2||LZ(Q)' (102)
From Equations (101), (102) it follows:
SUnP~2v1 = [v2lP722)(vy — v2) dx
Q
2 e »
Z 2 P(meSnQ) : ”Vl - v2||L2(Q)- (103)
Also, we have
/alvl — )2 dx > (essg%nf a)/ [vi — vo|? dx. (104)
Q

Q

Hence, from Equation (98), using Equations (100), (103), and
(104), we have

(A(Vl) - A(VZ)) Vi — VZ) = KZHVI - V2||i2(g) +K3|IV1 - VZ“{Z(Q)’
vi,v2 € WHP(Q), (105)

2—p
where Ky : = essénf a,Kz: =227 (mes,Q) 7 .
From Equation (94) and the monotonicity of Ix(-) it follows
condition (A4) with g = p.
Let us prove that condition (5) holds. Since Equation (80), we
have for almost all t € S and for all vy, v, € L*(Q):

1B, )= BE ) Ollizey = | [ bt —vaon o],
Q

= f i) = v2O) - 116G,y Dl @) dy < 11C> - Dllr2ex )
Q

lvi —vallpz@) < Lllvi — vallz2)»

where L: = esssup [|b(-, -, )| ;2(axq)> i-€., condition (B) holds.
tes
From the above, it follows that in this case, condition (8)

has form (90). Estimates (91) and (93) are derived directly from
estimates (9) and (10).
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6 Conclusion

We investigated the problem without initial conditions
for some strictly nonlinear functional-differential variational
inequalities in the form of sub-differential inclusions with
functionals. The conditions for the existence of a unique solution to
this problem in the absence of restrictions on the solution’s behavior
and the growth of input data when the time variable is directed to
—oo have been obtained. There are also estimates of the solution to
the researched problem provided.

The results obtained here can be used to study mathematical
models in many fields of science, such as ecology, economics,
physics, cybernetics, etc.

In the future, it would be worthwhile to obtain similar results
for functional-differential variational inequalities that do not have
the form of subdifferential inclusions with functionals.
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