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Inverse problem for semilinear
wave equation with strong
damping

Nataliya Protsakh*

Department of Computational Mathematics and Programming, Institute of Applied Mathematics and
Fundamental Sciences, Lviv Polytechnic National University, Lviv, Ukraine

The initial-boundary and the inverse coefficient problems for the semilinear
hyperbolic equation with strong damping are considered in this study. The
conditions for the existence and uniqueness of solutions in Sobolev spaces to
these problems have been established. The inverse problem involves determining
the unknown time-dependent parameter in the right-hand side function of the
equation using an additional integral type overdetermination condition.
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1 Introduction

Propagation of sound in a viscous gas and other similar processes of the same nature
can be described by the model hyperbolic equation of the third order, which includes a
mixed derivative with respect to spatial and time variables

uy = nAxur + Axu, (1)

where 7 is a positive constant, and nA yu; represents low viscosity.

Many important physical phenomena can be modeled with the use of Equation 1
and its generalizations. These are, in particular, processes that occur in viscous media
(propagation of disturbances in viscoelastic and viscous-plastic rods, movement of a
viscous compressible fluid, sound propagation in a viscous gas), wave processes in different
media, acoustic waves in environments where wave propagation disrupts the state of
thermodynamic and mechanical equilibrium, liquid filtration processes in porous media,
heat transfer in a heterogeneous environment, moisture transfer in soils, and longitudinal
vibrations in a homogenous bar with viscosity. The term A,u; indicates that the level of
stress is proportional to the level of strains and to the strain rate [1-5].

Due to its wide range of applications, different problems for Equation 1 were
investigated by many authors. For example, the unique solvability of the direct initial-
boundary value problems for Equation 1 and its nonlinear generalizations with power
nonlinearities have been studied in other research [1, 2, 4-11].

The inverse problems, with the integral overdetermination conditions, of identifying
of the coefficients in the right-hand side function of hyperbolic equations without
damping or for other types of equations have been investigated in many studies [12-
18]. Their unique solvability has been solved with the use of the methods such as
integral equations, the Green function, regularization, and the Shauder principle [14]
and successive approximations [18]. The unique solvability of a two-dimensional inverse
problem for the linear third-order hyperbolic equation with constant coefficients and with
the unknown time-dependent lower coefficient has been proved in Mehraliyev et al. [19].
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The main objective of this study is to determine the sufficient
conditions for the existence and uniqueness of the solution to the
inverse problem for the third-order semilinear hyperbolic equation
with an unknown time- dependent function on its right-hand side.
The unknown function is determined from the equation, subject to
initial, boundary, and integral type overdetermination conditions.
To prove the main results of the study, we use the properties of
the solution for the corresponding initial-boundary value problem
and the method of successive approximations. These results
are new for semilinear n-dimensional third-order hyperbolic
equations with non-constant coefficients and an unknown function
on their right-hand side. The unique solvability of the initial-
boundary value problem has been proved using of the method
of Galerkin approximations and the methods of monotonicity
and compactness.

2 Problem setting

Let @ C R",n € N, be a bounded domain with the smooth
boundary 92 € Cland 0 < T < o00. Denote Q; = 2 x (0,7),7 €
(0, T]; Qt,, = 2 X (t1,12), 1, 12 € (0, T]. In this study, we consider
the following inverse problem: find the sufficient conditions for

the existence of a pair of functions (u(x, t),g(¢)) that satisfies the
equation with strong damping (in the sense of Definition 3.1).

g — Y (s Dt ) — Y (b6 Dty + 9106 1)

ij=1
+ ¢2(x> ut) :fl(-x)g(t) +f2(x: t))

ij=1
xeQ, te|0,T],

and the initial, boundary, and overdetermination conditions

u(x, 0) = up(x), us(x,0) = up(x), x € Q, (3)
ulaaxo,r) =0, (4)
K(x)u(x, t)dx = E(t), te[0,T]. (5)

/

We shall use Lebesgue and Sobolev spaces L*°(-), L*(-),
H'(:): = WH(), CE(), C[0, T]; LX(G)), HY(): = Wi(:) (see,
e.g., Gajewski et al. [20]).

Suppose that the data of the problem (2-5) satisfy the following
conditions.

(H1): ajj, bij, aiji, bijr, bijx; € C([0, T]; L(RQ)), ajj(x,t) =
aji(x, t), bij(x, t) = bji(x, t), and

n
2 2
aollEl* < D alx OEE < anll€])%,
ij=1

BollEI? < Y bij(x DG < BilEN,

ij=1

forall§ € R”, almostall x € ©,allt € [0,T],and i,j = 1,...,n,
where ag, o1 and By, B are positive constants.
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(H2) : functions ¢;(x, &), p2(x, &) are measurable with respect
tox € Q forall & € R! and continuously differentiable concerning
& € R. Moreover,

loi(x,6)| < Linlgl,  lei(x8) — ¢i(x, )| < Liol§ —nl, i=1,2,

(92(x,8) — @2, m)(E — 1) = 0

for almost all x € Q and &, € R, where L;o, L;; are positive
constants.

(H3): fi € L*(RQ), , € C([0, T); L*(R)), up € Hé(Q), uy €
H ().

(H4): E € C*([0, T]), fK(x)uo(x)dx = E(0), fK(x)ul(x)dx =
E(0). ¢ N

(H5): K € HX () N HY(Q).

Denotef(x, 1) = fi(x)g(t) + fa(x, 1).
Let ¥ = y0(£2) be a coeflicient in Friedrich’s inequality.

/IV(x)Izdx < yo/Z v (0)*dx, ve Hy(Q).  (6)
Q i=1

Q

3 Initial-boundary value problem

Definition 3.1. A function u(x, t) is considered to be a solution of
problem 2-4 if u € C([0, T]; Hj(R)), u; € L*(0,T: Hj(22)) N
C([0, T); L*()), uy € L*(Qr), u satisfies (3), and

n n
/ ugv + Y a6 D v + Y by, v + 1 (xr, u)v
o ij=1 ij=1

+ @26, u)v — f(x, t)v) dxdt =0 (7)

for all functions v € L*(0, T; H}(2)) and T € (0, T1.
Theorem 3.2. Under the assumptions (H1)-(H3) and g € L?(0, T),

ajjp < 0forallij=12,..
solution.

., n, the problem (2-4) has a unique

Proof. First, using Galerkin method, we prove the existence of a
solution for the problem. Let {wk}zozl,k = 1,2,..., be a basis in
Hé(Q), orthonormal in L?(£2). We will consider the sequence of
functions

N
W) =Y (W), N=1,2,.,
k=1

where the set (ci\l (t),....,c%(t)) is a solution of the initial value
problem

n n

N, k N, k Nk

/ (“uW + E aij(x, g wy, + E bij(x, )t Wy,
o ij=1 ij=1

+1 (6, uN YWk + ¢ (x, 1l )wk>dx = S{ fx, Hwkdx, )

GO =u), O =u), k=1,.,N.
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Here uo (x) =

Z ”o W k), ull (x) =

Z ull\] P wk(x) and
k=1 =1

. N _ : _ N _
Nh_f)%o lluo — uy ”H(l)(Q) =0, Nll_f)Iéo llur — uy ||H3(Q) 0.

The solution of system (8) exists on some interval [0, 7]
(Carathéodory’s Theorem [21, p. 43]). The estimation (13) from
below implies that this solution could be extended on [0, T].
Multiplying each equation of (8) on function (cfj (2)) respectively,
summing up for k from 1 to N and integrating to ¢ on interval
[0,7], T < 19, we obtain

/(”zt uy Z aji(x, t)u ux]t—|— Z bij(x, t)ux’tuxj

Q, ij=1 ij=1

+¢1(x, uN)ui\I + @ (x, u?’)uf) dx dt= -/f(x, t)ut dx dt.
Q:

)

After transformations of terms from (9), we get

n
/|u (6, 7)Pdx+ = /Za,-j(x,t)ug(x,r)uxNj(x,r)dx
& =1
1 n
_5/ Zﬂijt(x: t)uxNiudedt—}—/ Zb,j(x, t)uxNituxthdxdt
Q. =1 Q =1
+/(p1(x,u ) dxdt—|—/<p2(x, Uy )ut dxdt
Qr
1 1
- E/|uflv(x)|2dx+ 5/ Zalj(x, £yub. (x)qu (x)dx
Q

o b=l

(10)

+/f(x, t)ut dx dt.

Note that

/ (0106 u™) + @26, up))uy dxcdt
Q‘[
5/(L1,1|“N||”Zt\]|+L2,1|uf1|2)dxdt
Q
= %/(LilluNl“r(ZLz,l + D[l ) dxdt
Q‘[

i1

Qr

11VOZ|HN|2 + (2L21 + Dy, |2) dx dt,
i=1

then from (10) we obtain

/|ut (%, 17)] dx+ozo/2|u1\’(x,r)| dx+ZﬂO/Z|uxt| dx dt
i=1

Q:

/Iul(x)l dx—l—ozl/ZIqu,(x)l dx+/(f(x,t))2dxdt
Q = 1
+2(L2)1+1)'/|u |2dxdt+(L11)/0+O(2 meN'dedt

QT
(11)
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We rewrite the last inequality in the form

/ (1l e P + ) Juy (6, 7)) dx < Ay

o i=1
(12)
+A2/ <|u[ |2+Z|uN|2) dx dt,
QT
where
A= m f|u1(x)| dx"‘al/ZWOx, x)| dx
Q = 1
+ / F2(x, t)dxdt
- max{2(Ly, + 1); (L3 v + @2)}
2= -
min{1, g}
Then by Gronwall’s lemma, from (12), we get
[ P+ Y WP de< AT, (1)
Q i=1
Therefore, from (11) we also get
n .
Ay(1 + AyTeA2T 1,
/ZWﬁtlzdxdtS 11+ 4, 2/3 ) min{ Olo}' 14)
— 0

Multiplying each equation of (8) on function (C]Z(V )"
respectively, summing up with respect to k from 1 to N and
integrating on interval [0, t], T < T, we obtain

n
/((u]t\t,)z + Z ai]-(x,t xtt + Z bij(x, t xt”x t
o ij=1 ij=1 (15)
+¢1(x, uN)uQ] + @ (x, uf)uﬁ) dx dt = /];(x, t)ug dx dt.
Q:

After transformations in all terms from (15), we get

/|u | ddt—l——/zthx, ) dx

nal /ZW "(x,7)|% dx

p1+1
/Z( " G+ Py o >|2)
Q = 1 (16)

2 4
M/ZWM dx dt
i=1

2 T
)

+ P

(/30

3L
11y0>/2|uN|2dxdt
3 3L1
|ue|? dXdl‘+ [fx, )2 dx dt,
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n
where Y- bi(x,0)&& < BlENS B > 0, @a =
ij=1

max sup |ajjt(x, t)|. Taking into account (13), (14), from (16) we
bl tel0,T]
obtain

/luglzdxdt—k%/Zluﬁt(x,r)lzdxfh, (17)
o o i=1

where
A
As: = ﬁ (SnafeAzT + max {83 + 1212, Boyo; 12BoLa, }
0

Te'?T + (2B, + Bo + 4o1) x
x(1 4+ A, Te*2T) min{l,ao})

n

+ / (e 105, )P + (B1 + Dlur (9I?) dx
/ :

i=1

+3 / If (x, )| 2dx dt.
Qr

The right-hand sides of the estimates (13), (14), and (17)
are positive constants, independent of N. Therefore, there exists
a subsequence of {uN}3?_, (which will be denoted by the same
notation), such that as N — oo

uN — u * —weakly in L>°(0, T, Hé(Q)),

uﬁ\] — u; * —weakly in L>°(0, T,Hé(Q)),

uN — uweakly in L?(0, T, Hé(Q)), (18)
ui\’ — u; weakly in L2(0, T, H(l)(Q)),

uﬁ\[ — uy weakly in L2(Qr).

It follows from (18) that ¥ — u in L2(Qr), and therefore,
o1 uN) = o1 u) weakly in L2(Qr) as N — oo. Besides,
u € C([0,T); HY(Q)), ur € C([0, T]; L2(R)) and ¢a(x, ul) — x
weakly in L2(Qr).

Equations 8 and 18 imply the equality

n n
/ (unv + > aln Dy + Y byl Ditgvyg + 1 (6 w)v

&, ij=1 ij=1
v — t)v)dxdt -0 (19)

for all functions v € L?(0, T; Hé(Q)) and 7 € (0, T].
Let us prove that x = ¢2(x, uy).
< LiglluN*tF —

Note that [l¢1 (6 1¥H) — 106 4™ 12qy)
”N”LZ(QT) for all k € N. Due to (18), {u}}2, is fundamental in
L2(Qy). So, for any ¢ > 0, there exists such a number Nj that for
all N, k € N, N > Ny the inequality luN+e — ”N”LZ(QT) < ¢ holds;
thus, {1 (x, u)}72, is also fundamental in L2(Qr) and, therefore,

@16 uN) — @1(x,u) in L*(Qr) as N — oc. (20)

Consider the sequence

0< Xy = / (206 6) — 2 m0)) (Y — )
Qr

= / (0206 Yuy — @a(x, )y — 1) — @2( up )e) dxdt,
Q1

(21)
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where n € C(0,TI; Hy(R), n € L*0,T; Hy(R) N
C([0, T); L*(2)), nit € L*(Qr). From (9), it follows that

n

Ny, N r; N, N N

/<p2(x, uy uy dxdt:/ Fle, ul —ulul — E a;j(x, t)uzuxjt
Qr Qr ij=1

n
_ Z bij(x, t)ufxtugt— o1(x, uN)uf] dx dt
ij=1

-2 [ ((ugV (o T+ 3 aye, Ty e, T, T)) dx
Q

ij=1

2 / ((M?I(X))2 + ) a(x, O)uﬁfxi(x)uﬁij(x)> dx

2 b
Q ij=1

N 1 n n

N N, N N N

+/ flx tuy +E E it (x, £t U, — E b,'j(x,t)ux’_tuxj,
Or ij=1 ij=1

—¢1(x, uN)uiV dx dt.

(22)

After substitution (22) in (21), passing to the limit as N — oo,
taking into account (18), (20), and the assumptions of Theorem 3.2,
we obtain

1
0 < liminfXy < —f/ (us(x, T))?
N—oo 2
Q

n
+ Z aij(x, T (x, Tty (x, T) | dx
ij=1

5 [ {00 3 0y O g 0 |
5 ij=1

N 1 n n
+ / FOo e+ 2 3 ai (it — D bijlo, Ottt

or ij=1 ij=1
=106, Wur — @26, 1)Uy — ) — xny) dxdt

< f (X — @2 00)) g — 1)
Qr

Choosing here n = u — xw, x > 0, w € L*(0,T; H}(Q)) N
C([0, T]; L*(R)), we € L*(0,T; Hy(R)) N C([0, T]; LA(Q)), wy €
L*(Qr), dividing the result on » and then tending x — 0 we obtain
X = @2(x, u;). Hence, from (19), it follows (7).

Now we prove the uniqueness of the solution for the problems
(2-4). On the contrary, suppose that there exist two solutions
uy(x, t) and ug)(x,t) of problems (2-4). Then u: = u(x,t) =
uy(x, t) —u()(x, t) satisfies the conditions #(x, 0) = 0, it;(x, 0) = 0,
and the equality

n n
/ (ftttv + Z aij(x, )ik vy, + Z bij(x, )i vy + (@1(x, u(r))

O ij=1 ij=1

— @1(x u))V + (92(x, (u))e) — @2(x, (u(2))))v) dxdt = 0
(23)

frontiersin.org


https://doi.org/10.3389/fams.2024.1467441
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Protsakh

holds for all v € L*(0, T; Hé(Q)), te(0,T].
After choosing v = iy in (23) we get

n n
[ G 37 g+ 3 by

& ij=1 ij=1
+ (p1(x, uqy) — 1(x, u()))u
+ (02(x, (u))e) — @2(x, (ug))e))iag) dx dt = 0.

(24)

From (24) by the same way as from (11) we got (12), we find the
following estimate

/ (lu (x, D> + Z |ule_(x,r)|2) dx
o i=1

n (25)
< A2/ <|u,N|2 +y |uf§|2) dxdt.
Q =1
Then  from  Gronwalls lemma and (25) we

n
obtain [ (|i(x, T)> + Y i (x7)I?) dx < 0 and
; Q i=1
ZIﬁxit(x, O?dxdt < 0, hence, i =

Qe =t
u(l) = u(z) mn QT.

0, and, therefore,

4 Inverse problem

Definition 4.1. A pair of functions (u(x, t), g(t)) is a solution to the
problem (2-5), if u € C([0, T]; Hé(Q)), ur € L*0,T; Hé(Q)) al
C([0, T); LX(RQ)), uy € L*(Qr), and g € C([0, T]), and it satisfies
(5) and

n
/ uyv + Z aij(x, f)ux,-ij

+ Z bij(x, g vy + @1 (x, w)v + @a(x, ut)v) dedt  (26)

ij=1

= / (fi0)g(®) + folx, 1)) vx dt
Q:

holds for all functions v € L?(0, T; H}(2)) and € (0, T].

4.1 The equivalent problem

In this section, we shall find the equivalent problem for the
problem (2-5).

Lemma 4.2. Let fK(x)fl(x) dx # 0, the assumptions of Theorem

Q
3.2, (H4), and (H5) hold. A pair of functions (u(x,t),g(t)), where
u € C([0, TN, Hy(Q), ur € L*0,T; H(Q)) N C(0, T,L*()),
uy € L*(Qr), g € C([0, T)), is a solution to the problem (2-5) if
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and only if it satisfies (26) for all functions v € L*(0, T; Hé(SZ)), and
for T € (0, T], the equality

g(t)fK(x)fl(x) dx=E"(t) +
Q

f (Z K (x)aij(x, t)uy,

o \ij=1

— ) (K (byj(ox, D) yue + K(x)1 (v, 1) + K)o ur)  (27)
ij=1

— K(x)fa(x, t)) dx

holds for t € [0, T].

Proof. Necessity: Let (u(x,t),g(t)) be a solution to the problem
(2-5). From (26) and (5), it follows that

/ (A )OK) + folx, K (x) — @1 (x, w)K(x) — @2, u)K(x)
Q

n n
— 20 (% Duy Kig () — X bij(x, DK (x)) dx
ij=1 ij=1

=E'(t), t € (0, T]. (28)

By integrating by parts in (28) and using the condition (H4), we
get the equality

g0 / KGOfi () dx + / (KG)fs() — K@ u)

Q Q
n

- Z aij(x> t)KXj(x)ux;
ij=1

Y (b, DKy, () ) dx = E'(0), t € (0, T).
ij=1

(29)

From (29), we can obtain (27).

Sufficiency: Let g* € C([0,T]), u* € C([0, T]; H(l)(Q)), u; €
L*(0, T; Hé(Q)) N C([0, T]; L*(2)), uy € L2(Qr), and they satisfy
(4), (26), and (27). Then u* is a solution to the problem (2-4) with
¢" instead of g in (2).

We set E*(t) = fK(x)u*(x, t)dx, t > 0. In exactly the same

Q

way as in the proof of necessity, we obtain
n
g0 [ K () dx=(E*(1))” + / > Ky (Wl 00
Q Q \i=l

=3 (K (b D)yt + K (1)
ij=1

+ K(x)@a(x, uf) — K(x)f2(x, t)) dx, te(0,T]. (30)
On the other hand g*(¢) and u*(x, t) satisfy (27)

0 / K(fi (x) dx= (E”(t)
Q

+ / (3 Ky @an 0, — 3 (K (b5, 0) 4]
Q

ij=1 ij=1

+ K(x)1 (x, u*) + K(x)g2(x, uf) — K(x)f(x, 1)) dx), t e (0, T].

(31)
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It follows from (30), (31) that

(E*(1))" = E"(1), € (0, T]. (32)

Integrating (32) with the use of the equalities E*(0) = E(0) =
J K(x)up(x) dx, (E*)'(0) E(0) = [K(x)u}(x)dx, implies

Q Q
E*(t) = E(t), t > 0. Hence, u*(x, t) satisfies the overdetermination
g

condition (5).

4.2 Main results

Letfi:= [(fi (x))? dx, ay : = maxsup |ajjt|. Denote
Q HoQr

. 2
M, : =max { nmax sup/ ZKxj(x)al-]-(x, t) ] dx
it \'5
Q
% / (K()? dx;
Q
2
n
L3, / (K(x))* dx + sup / (Z(Kx,. (X)byi(x, t)»,) dxt,
[0.7] ij=1
Q Q o)
4M,
M2 L= - )
(/xenc0ax)
Q
272
ax {ZLZ’(); ZV%LI’O + Olz} To
2f10 0
Ms: = ex - 5
Bo min{1l, o}
M4 = M2M3,

Ty is such a number that M4 Ty < 1.

Theorem 4.3. Let [K(x)fi(x)dx # 0, ajz < 0 for all i,j =

(H5) hold. Then there exists
a unique solution to the problem (2-5).

Q
1,2,...,n,and the assumptions (H1) -

Proof. I.1In the first step, we shall prove the theorem for T < Tj.

We  construct  an (u™(x, 1), g™ (1))
of  the solution of  problem (2-5), where
g'(t): = 0, the functions g™ (t), m > 2, satisty the equality

approximation

—1 n
g"(t)= (/ K(x)fi (x) dx) E"(1) +/ <Z Ky (x)aij(x, yulll !
Q Q

ij=1

= ) (K (byile, D) uf' ™ + K(x)gr (e, u™ ")

ij=1

FKx)@2(x, " 1) — K(x)fa(x, t ) ) t € [0, Tol,
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and ™" satisfies the equality

n n
[ G+ 3 ay ouo + 3 by o + 1

O ij=1 ij=1
+ @ (x, u;”)v) dxdt = /(fl ()™ () +fo(x, t)vdx dt,
QT
€ [Oa TOL m = 1,
(34)
for all v € L*(0, To; H(l) (£2)), and the conditions
u™(x,0) = up(x),  uy"(x,0) = u1(x), x € Q. (35)

It follows from Theorem 3.2 that for each m € N there exists a
unique function 4™ € C([0, To]; Hé(Q)), uj' € L2(0, Ty; Hé(Q)) N
C([0, Tol; L2()), ulll € LZ(QTO) that satisfies (34), (35). Now we
show that {(u(x, 1), g™ (1))} 5n
problem (2-5). Denote

>, converges to the solution of the

2" =2"(x 1) = u"(x, 1) — W™ (x, 0),

) =g"—¢" ), m=>2

Equation 33 for t € (0, To] and m > 3, implies the equality

-1
(1) = (/ K(x)fi(x) dx / (Z Ky (0)asj(x, t)zzt?ﬂ

Q Q W=l

_ Z(
ij=1

+K () (g1 (x, ™) —

+ K(x)(p2(x, uf" ™)

0bii(x, 1)y 2" (36)

106" %)
— @a(x,u)'7?))) dx
We square both sides of equality (36) and integrate the result

with respect to ¢, taking into account the hypotheses (H5), then
we obtain

T

[y dt < —2——
0 ( ) dx)

T n 2
/ ((j > Kxj(x a,](x, t)Zm 1dx>
0

Q ij=1

2
3 (b3 (x, 1)z dx>

(/L

Q ij=1

2
+< [ KG)(@1 (6 u™ 1) = @1 (x, u™2)) dx)
Q
2
( [ K@)(@206u™1) = oo, u)'2)) dx) )dt, m>3. (37)

Then (37) implies the estimate

T

/ (" ()* dt < M, / ((zg"l)2+2(z;';1)2) dx dt,
0 Q: i=1

T € (0, To], m>3. (38)
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It follows from (35) that z™(x,0) = 0, z/"(x,0) = 0,x €
2, m > 2. Hence, from (34) with v = z/", 7 € (0, Ty], we get

/ zZyzl" + Z ajj(x, t)z t) + Z bij(x, 1)zy! ZytZ x]

Q: ij=1 hj=1
(1 (6, u™) — @1 (e, u™ 1))z
206 u") = @2(x, 1" ))2)") dxdt

= /ﬁ(x)rm(t)zf" dxdt, m > 1.
Qf

(39)

The last term in (39)

f Az dedt < - / ("> dxdt+% f ("(1))? dt
0

= %f; xr)dedt-l—flyO /(rm(t))zdt.

Besides,
/((/Jl(x, u™) — @1 (x, ™))" dx dt
Qr
/L10|2m||2 | dx dt
Q'!
5/( 10yo( myp 4 o )z)dxdt
0 Bo 40
LZ 2
s/(Ly0 Z( t)2> dx dt
Q o=

— @a(x, u:"_l))z;” dxdt < Ly f |z§”|2 dx dt.
QT

/ (2 (x, u!
QT

Then, taking into account (HI)- (H5), from (39) we get
inequality

min{1, &g} / (&' 0)” + Y (@ (x, 7)) dx
Q

i=1

n
+Bo / > (@)? dxdt
Q =

< max {2L2,0;

2L2
ZV; = +a2} / ((zt )? +Z(z’”)2> dx dt
0

Q. i=1

LHn /(rm(t))z dt, m > 2. (40)
Bo )

According to Gronwall’s Lemma, we obtain

[ teresnrs S

Q

Frontiersin Applied Mathematics and Statistics

10.3389/fams.2024.1467441

< M; /(rm(t))2 dt, T € (0, To], m > 2. (41)
0

Interating (41) with respect to 7, we get the estimate

/ ((zt + Z(zm)2> dxdt < M3T, / (@™ (t)* dt, m > 2.

Qr, i=1
(42)
Besides, (40) and (42) for m > 2 imply the estimates
n TO
M
/ > @) dudt < ,75 / (r"(6)* dt (43)
Qr, = °
and
m 2
JACCS: +Z<z (5 1)) = f (0
Q
(44)

B
Note that r2(¢) = g 2(¢). Then, taking into account (33), we have

-2
/ (1) dt = / (g2 (1) dt < 6< / K()fi (x) dx>

(/(E”(t))z dt + n? maxsupZ/ Kx}(x)azj(x, )2 dx
0

Where MS — max {2L207 M}M T + ZfIVO

/ Z(u}q)2 dx dt

Qr, i=1

n n
+n” maxsup Y / (K ()bsi(x, £))* dx / D () dxdt
Loty Gr, =1

Lio /(K(X))z dx / lul|? dxdt + L%,o
Q@ Qr,

T

f (K(x))* dx / |up |* dx dt + / ( / Ofa(x,t dx>2dt) < Mg,
Q

Q To 0 Q

where Mg is a positive constant. It follows from (42) and (38) that
form >3

f (O dt < MyT, / () de

To
< (MyTy)" / (PP dt < Ms(MiTo)" 2. (45)
0
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By using (45) and the assumption M4Ty < 1, we can show the

estimate
1
m—+k Ty 2
g™ — g™z < D | [ @y d| <
i=m+1 0 (46)
m+k 1 %
M7z (MyTy) 2
< > M M4T0)Tz_6(470)1, keN,m>3
i=m+1 (]\44’110)i
Due to (42)

/ ((z;")2 + Xn:(zg)z) dx dt
i=1

Qr,
Ty
<My [T dt < MMM T w2 @)
Besides, (43) and (44) for m > 2 imply the estimates
MsMg(M4To)" 2
/Z( t)zdxdt< w, (48)
Bo
Qr, !
and
1\’151\/16(1\/14710)’"72
X, "(x, _—. (49
| e +Z<z (5 ) de < SO TV (a9)
Q
And, therefore,
k k
Z ™ — w2 qp,) + 1™ = w2y,
m+k n
<y Zn i2n) + 122 0r,)
i=m+1 (50)
m—+k 1 s
<(n+1) Y (M3M6TO> (MsTo) =
i=m+1
1 m—1
2 (MaTo) 7
<n+ 1)(M3M6T0> (470)1, keN, m>2
1 — (MyTo)?2
and
n m+k n
. )
Dol =l = Y DIzl
j=1 i=m+1 j=1
m+k
MsM, i
=n ) ( ; 6) MT) T (5D
i=m+1
1
MsMeg\ 2 (MyT, et
Sn( 5 6) (M4 To) y keN m>2,
Po J 1—(MsTo):
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andforke N, m > 2

k k
> g™ — il cqromo 2oy + 1™ = oo o2

=
m-+k n
= Y [ 222 oy + Izillco o)
i=m+1 \ j=1
L m+k
MsM, 2 5
<(m+1) .576 Z (M4T0)T2
min{1, «g} .
i=m+1
1 m—1
MsMs \> (MyTo) =
5(n+1)< e ) HaTo) L
min{l, a0}/ 1 — (M4T,)2

(52)

Besides, we square both sides of equality (36), taking into
account the hypotheses (H5) and obtain

(") < :

(oo (/2

(/ Z Ky (0)bjj(x, D) 1dx)

o b=l

2
x)aij(x, t)z -1 dx)

2
+ (/K(x)(</)l(x> i B CAT) dx)

Q
2
+ (/K(x)(rﬂz(x. ) — o, )" 2))ulx> ) m > 3.
Q
(53)
From (53), we can conclude that:
("(0)* < Ma / ((z{" (x,t +Z( ', 1) ) dx
Q
MMM,
< IS (MU To)" 2, m = 3. (54)
min{1, op}
Therefore,
m+k ]
max g™ = g™lcqoron < Y I leqoron
i=m+1
M, Ms Mg 1 omtk
5
< MaTo)' 7 (55)
(mm{l ap} ) Z (My O)

i=m+1

- keN,m=>2.

) <M2M5M6 )% (MyTy) "5
1 — (M4To)?

min{1, g}

It follows from (46), (50), (51), (52), and (55) that for any ¢ > 0,

there exists mg such that for all k, m € N, m > my, the following
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inequalities hold:

m+k

g™ — g™l 20.1) < & 18" % — g™ llcqorony < &

n
m—+k m
Z ”qut - qul”LZ(QTo) S 8’
j=1
n
+k m-+k
Do =l agp) + I = w2y < &
j=1
n
m+k m m+k m
Dol — il mon ey + 18 = ul oo, 2@y < €
j=1

are true. Hence, the sequence {g"}%"_, is fundamental in L2(0, Tp)
and in C([0, Tol), {u™}5,_, is fundamental in L2(0, TO;Hé(Q))
and in C(0, Tp; Hé(Q)), {u"}o°

ey s
in 120, To; HA:(R)) C([0, To]; L*(K2)).
asm — o0

and fundamental

and in Therefore,

g™ — gin C([0, Ty)), u™ — win C([0, Tol; Hy()),
Ul — uy in L*(0, To; HY(22)) N C([0, Tol; L*(2)).
(56)

Theorem 3.2 implies the following estimate

A
/ (uh? dx dy dt < =L (SnafeAzTO
40
Qr,
+ max {8 + 1212 Boyo; 12BoLa,1 | Toe™2™

+(2B2 + Bo + 4a1)(1 + Ay Tpe*2T0) min{l,zxo})
+ naf / Z |uox,.(x)|2 dx (57)
Q i=1

+(ﬂ1 + 1)/Z|u1xi(x)|2dx
Q i=1

+3 / i)™ (t) + falx, )| Pdxdt, m > 2.
Qry

and, by virtue of (56) [1g" |l c((0,1,]) < M7, where M7 is independent
on m, and therefore the right-hand side of (57) is bounded with the

constant, independent on m. Hence, we can select a subsequence
oo
m=1
subsequence), such that

of sequence {u™ (we preserve the same notation for this

uly — uy weakly in LZ(QTO) asm — 00. (58)

Taking into account (56) and (58), from (33), (34) we get that
the pair of functions (u(x, t), g(t)) satisfies (27) and (26). By virtue
of Lemma 4.2 (u(x, t),g(t)) is a solution of the problem (2-5) in
Qry,.

II. Uniqueness of solution of the problem (2-5), with T' < Tj,.

Assume that (uq)(x, 1), g1)(t)) and (u()(x, 1), g2)(t)) be two
solutions of problem (2-5). Then the pair of functions (i(x, t), g(1)),
where ti(x, t) = u(y)(x, t)—u)(x, ), g(t) = gy (1) — g (1), satisfies
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the conditions #(x, 0) = 0, i;(x, 0) = 0, the equality

/

Qr,

n n
(ﬁttV+ Z aij(x> t)ﬁxivxj + Z bij(x)ilxitvxj
ij=1 ij=1

+(1(x, uqy) — @1(x, ug)))v
+(@2(x, (u1))s) — @2(x, (u2))1))v) dx dt

= / fix)g(t)vdxdt,
Qr,

(59)

for all v € L*(0, To; H(l) (£2)) and the equality

wo=( [ kwhwax)
(i) (]

Q

( Z K (x)aij(x, t)ity,

i,j=1
— .il(Kxj (x)bij(x, t))xiﬁt
Lj=
HKE(@1 (% ) = 015 49)) + K25 (1))

—@2(x, (u2))1))) dx), t € [0, Tol, (60)

holds.
After choosing v = i in (59) we get

n n
[ i+ Y a0 s+ 3 i
an, ij=1 ij=1
(10 u1)) — @1(x, u))) i
F(a(x, (un))e) — @2(x, (u(z))t))ﬁt) dx dt
= / F1(0)Z(8)iig dx dt.
Qr,

(61)

It is easy to get from (60) and (H5) inequalities

Ty

/ @)% dt < M, / ((at)2 + Xn:(axf) dx dt.
i=1

0 Qr,

(62)

From (61) by the same way as from (39) we got (42), we find the
following estimate

/

n To
((ﬁt)2 +Z(ﬁxi)2) dxdt < M3T, / @)y d,  (63)
Qr, =l 0

and taking into account (62) from (63), we obtain (1 —

n
MyTy) [ ((ﬁt)z—l- Z(ﬁxiﬁ) dxdt < 0. Since MyTy < 1, we
Qr, i=1

conclude that f
Qr,
in Q7,. Then (62) implies g(t) = 0, and, therefore, g1y (t) = g)(t)
on [0, Tp].
III. Let now T > 0 be arbitrary number.

n
((ﬂt)2 + Z(ﬁxi)z) dx dt = 0, hence, ug) = u()
i=1

Let us divide the interval [0, T] into a finite number of intervals
[0, Ty], [T1,2Ty], ...,[(N — 1)T},NT;], where NT; = T, and
Ty < Ty. According to I and II, there exists a unique solution
(u1(x, 1), g0,1 (1)) to the problem (2-5) in the domain Qr, .
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Now, we will prove that there exists a unique solution in
the domain Qr, 27, : = Q X (T1;2T) for the problem for the
Equation 2 with conditions (4) and (5) as t € [T}; 2T;], and with
the initial condition u(x, T1) = u1(x, T1), us(x, T1) = uye(x, Th),
and x € Q.

Let us change the variables t = 7 + Ty, = € [0; Ty]
in this problem. We will denote Go(r) = gt + Ti),
U1) = ulet + T1), a) (x,7) = ay(x7 + T1), b (x,7) =
bie T + T1) V(6 7) = ol T + T1), and EV(x) = E(z + Ty).
For the pair (U(x, 7), Go(t)) we obtain the problem:

U = 3 (a6 D) Ug)g — I (b5 (5, ) Ugie)s,
ij=1 ij=1
+ o166 U) + @2, Up) = F®)Go(x) + AV (x,7), (x,7) € Qry
(64)

U(x,0) = ui(x, T1), U(x,0) = ups(x, T1), x € 2,  (65)
Ulsax(,1) =0, (66)

/K(x)U(x,r)dxdy =EW(p), tel0,Ty]. (67
Q

It is obvious that all coeflicients of the Equation 64 and the
functions fz(l)(x,r), ur(x, Ty), u1(x, T1), ED (1) satisfy the same
conditions as the functions from (2) and (5). According to I and
11, there exists a unique solution to the problem (64-67) in Qr,
and, thus for the problems for the Equation 2 with conditions (4)
and (5) as t € [Ty; 2T;] and with the initial condition u(x, T1) =
uy(x, T1), ug(x, T1) = uye(x, T1), and x € 2, in the domain Q7,27
Denote it by (uz(x, 1), £0,2(t)). By following similar reasoning on
the intervals [2T}; 3T1], ..., [(N — 1)T1; NT;], we can prove the
existence and uniqueness of weak solutions (u(x, kt), go x (1)), k =
3,...,N, in the domain Qu_1yr, k1, : = 2 x ((k—1)T1,kT1) of the
inverse problem for the Equation 2 with conditions (4) and (5) as
t € [(k — 1)Ty; kT;] and the initial condition u(x, (k — 1)T1) =
ug_1(x, (k — 1)T1), x € Q. It is clear that a pair of functions
(u(x, 1), go(t)), where

ur(x, t), if (x,t) € Qry;
ur(x, 1), if (x,1) € Qry 21y

u(x, t) =
un(x, t), if (x,t) € Qu—1)T,,NT} »
go1(1), ift e [0,T1];
t), ift € [T1,2T1];
20(t) = g0,2(1) [T1,2T1]

gon(D), ift € [((N —1)T1,NT1],

is a solution for the problem (2-5) in the domain Qr-.

IV. The uniqueness of solution is proved similar as in II,
II: Assume that (u(1)(x, 1), g(1)(¢)) and (u@)(x, 1), g)(t)) be two
solutions of problem (2-5). Then the pair of functions (#(x, t), g(¢)),
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where i(x, t) = u(p)(x, ) —u)(x, ), g(t) = gy (1) — g (1), satisfies
the conditions #(x, 0) = 0, &;(x, 0) = 0, the equality

n n
[ vt 3 i 0 + 3 by

o ij=1 ij=1
+(1(x, uqy) — @1(x, ug)))v
+(@2(x, (u(1))e) — 02(x, (u(2))e))v) dx dt

= f fi(x)g(t)v dx dt, (68)
Q‘[

forallv e L2(0, T: H(l)(Q)), 7 € (0, T], and the equality

n

—1
g =</K(X)f1(x) dx> (f( > Ky (®)ayi(x, )ity
Q Q i

=1

— ) (K ()i, D)t

ij=1
+K ) (@1 (x, u1y) — 1%, 1)) + K@) (@2 (x, (u(1))e)

_(pZ(xr (u(Z))t))) dx)) te [Or T]a (69)

holds.

Let us divide the interval [0, T] into a finite number of intervals
[0, Tl], [T1,2T1], ey [(N — l)Tl,NTl], where NT1 = T, and
T, < Tp.

Let us choose 7 € [0, T1] in (68). After choosing here v = i,
we get

n n
Gt 3 a5 0 43 by s + (01 )
e ij=1 ij=1
— 1 (%, u())) s
+(2(x, (u))e) — @20, (u(2))e))iie) dx dt
= /fl(x)g(t)ﬂ, dxdt, T € [0; Tq].
Q
(70)

It is easy to get from (69) and (H5) inequalities

/ ((at)2+2(ax,.)2> dxdt.  (71)
i=1

T
/ @) dt < My
0 Qr,

From (70), by the same way as from (39), we got (42). We find
the following estimate:

n T
/ ((at)%Z(axnz) ded <MT; [@oFdn (2
i=1 0

Qr,

and taking into account (71) from (72), we obtain (1 —

n
MTy) [ ((ﬁt)z—i— Z(ﬁx,-)z) dxdt < 0. Since MyT; < 1, we
Qr, i=1

n

conclude that | ((ftt)2 + Z(ﬁx,-)z) dx dt = 0, hence, u(1y = u()
Qry i=1

in Qr,. Then (71) implies g(t) = 0, and, therefore, g1y (t) = g)(t)

on [0, T1].
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Let us choose © € [0,2T)] in (68). After choosing here v = i,
we get

n n
f (itity + ) a6, it gt + Y byj(x, £)iheiinge + (1 (% (1))
O ij=1 ij=1
—p1(x, u(z)))ilr
+(@2(x, (u))e) — @2(x, (u(2))e))ite) dx dt

= /fl(x)g(t)ﬁ, dxdt, T € [0;2T].

Q
(73)

Note that # = 0 in Qr, and § = 0 on [0; T}], therefore, from
(73) it follows that

n n
f (it + Y a6, it gt + Y bij(x, )i + (1 (6, (1))
Qrye ij=1 ij=1
—@1(x, u(2))) it

(a2 (x, (u(1))e) — @2(x, (u(z))t))ﬁt) dxdt

= / fix)g®)i, dxdt, T € [Ty; 2T1].
QTl,t
(74)

It is easy to get from (69) and (H5) inequalities

2T,

/ @) dt < My
Ty

/ ((at)2+2(axi)2) dxdt.  (75)
i=1

Qry 21y

From (74), by the same way as from (39), we got (42). We find
the following estimate

n 2T,
/ ((at)2+2(ax,.)2) dede <M1y [ @ord 06
i=1 T

Qry 21y

and taking into account (75) from (76), we obtain (1 —

n
MTy) [ | @) + Z(ﬁxi)2> dxdt < 0. Since MyT; < 1, we
Qry 2y i=1
conclude that [
Qry 21
uz) in Qr, 21, - Then, (75) implies g(t) = 0, and, therefore, g1)(t) =
g)(t) on [T1,2T1]. Therefore, Uy = () in Qary, gy(t) = gy (1)
on [0,2T7].
Considering T € [0,3T1], ..

((ﬁ,)2 + Z(ﬁxi)2> dxdt = 0, hence, u(;y =
i=1

., T € [0,NT;] in (68), by the same
arguments, we find that u(;y = u(z) in Qu—1)r, k1> §0)(t) = g2)(t)
on [(k — 1)T1,kT1], k = 1,2,...,N. Therefore, uy = u() in Qr,
g)(t) = g)(t) on [0, T1.
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