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Sensitivity analysis of a
mathematical model for malaria
transmission accounting for
infected ignorant humans and
relapse dynamics

Getahun Tadesse Haile*, Purnachandra Rao Koya and
Fekadu Mosisa Legesse

Department of Mathematics, Wollega University, Nekemte, Ethiopia

This article presents and analyzes a deterministic model for malaria transmission
that incorporates infected individuals who are unaware of their infectious
status (ignorant infected humans) and accounts for relapse dynamics. We
explore the invariant region and positivity of the model and calculate the
effective reproduction number using the next-generation matrix method. We
demonstrate the local and global stability of disease-free equilibrium points using
the Routh-Hurwitz criterion and Lyapunov function, respectively. The proposed
model shows that a disease-free equilibrium point is globally asymptotically
stable when the basic reproduction number Re < 1. We conducted a sensitivity
analysis on the effective reproduction number to identify which basic parameter
most significantly influences the increase or decrease of malaria cases. This
study focuses on individuals who have been treated and cured but continue to
carry dormant Plasmodium parasites in their blood, which can potentially cause
relapse or reinfection. Additionally, we introduce a protected compartment to
carefully evaluate how preventive measures influence the spread and persistence
of malaria within the population.
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1 Introduction

Malaria is a serious infectious disease with significant clinical and economic impacts,
particularly in developing countries and regions where it greatly affects socioeconomic
development. This disease is caused by single-celled protozoan parasites from the
Plasmodium genus, which can infect a variety of hosts, including humans, birds, mammals,
and reptiles [1]. Among the different Plasmodium species that cause malaria in humans,
five are especially important, namely Plasmodium falciparum, Plasmodium malariae,
Plasmodium ovale, Plasmodium vivax, and Plasmodium knowlesi. Plasmodium falciparum
is widespread in Africa and is the primary cause of infections in that region and Southeast
Asia. In Ethiopia, the predominant Plasmodium species causing malaria are Plasmodium
vivax and Plasmodium falciparum [2].

Malaria is transmitted to humans by female Anopheles mosquitoes that carry the
parasite. These mosquitoes spread the infection by biting and feeding on blood, which
is necessary for them to lay their eggs. The parasite relies on both the female Anopheles
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mosquito and a human host to complete its life cycle. Transmission
occurs when an infected mosquito bites a human [3]. Furthermore,
if an Anopheles mosquito bites a person already infected with the
malaria parasite, it becomes a carrier of the disease. Malaria can
also be transmitted through blood transfusions and from mother
to child during pregnancy [4]. The main vectors responsible for
malaria transmission in tropical Africa include Anopheles funestus,
Anopheles gambiae, and Anopheles arabiensis [5].

Mathematical modeling provides researchers and public health
officials with tools to understand the spread of infectious diseases,
predict future trends, evaluate the effectiveness of interventions,
and devise strategies for disease control and prevention. By
applying mathematical models, experts can better understand the
dynamics of disease transmission, identify key factors influencing
the spread of infections, and make informed decisions to mitigate
the impact of outbreaks. Numerous studies have developed
various mathematical models to illustrate disease control and its
dynamics. The first mathematical model for malaria transmission
was developed by Ronald Ross, who won the Nobel Prize in
1902 for his work on the malaria parasite’s life cycle [6]. Ross’s
model was based on an SIS (Susceptible-Infected-Susceptible)
framework, which categorized the population into susceptible,
infected, and susceptible groups, assuming that the total population
could be divided into specific compartments at any given time.
He used this model to demonstrate that reducing the mosquito
population below a certain threshold could eradicate malaria,
with this threshold being influenced by biological factors such
as the mosquito biting rate and vectorial capacity [7]. A new
non-linear mathematical model for malaria has been developed,
dividing infected individuals into two categories: those who are
aware of their infection and those who are unaware. The model
assumes that awareness campaigns help decrease the number of
unaware infected individuals, while those who are aware take
precautions to avoid mosquito contact. The solutions derived
from the model were verified to be positive and bounded
using differential equations. Stability analysis, based on the
basic reproductive number Ry, showed that the system remains
stable when Ry is <I1. The model also identified conditions
for the existence of a unique endemic equilibrium. Solutions
were obtained using the Runge-Kutta method, and simulations
were carried out for different populations of humans and
Anopheles mosquitoes in each category. The results revealed
an increase in susceptible humans and a decrease in infected
mosquitoes [8].

The global fight against malaria faces significant challenges.
While efforts to control malaria have successfully reduced the
incidence of Plasmodium falciparum, the reduction in cases of
Plasmodium ovale and Plasmodium vivax has been less pronounced
[9, 10]. As a result, the proportion of malaria cases caused
by P. ovale and P. vivax is rising. Research indicates that
ongoing transmission of P. vivax is prevalent in many regions
south of the Sahara Desert [11]. The difficulty in substantially
reducing the prevalence of P. vivax and P. ovale is partly due
to the relapsing nature of these parasites [12, 13]. Dormant
forms of the parasites in the liver can cause the disease to
recur, leading to symptoms weeks or even years after initial
treatment. Any remaining Plasmodium in the bloodstream
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FIGURE 1

A flowchart of the malaria model.

can trigger a relapse [14]. This study focuses on individuals
who have been treated and cured but still harbor dormant
Plasmodium parasites in their blood, which can lead to relapse
and reinfection.

2 Methods

2.1 Model formulation

A mathematical modeling approach will be utilized to construct
the model using deterministic ordinary differential equations.

The model divides the total human population at time t,
denoted as N (#), into several sub-populations: susceptible humans
SH(t) (healthy individuals not infected with malaria), protected
humans Pg(t) (individuals employing mosquito prevention
measures to avoid contact with vectors), infected humans Iy(t)
(those infected with malaria who can transmit the disease), infected
ignorant humans Ly (¢) (individuals who still carry the Plasmodium
parasites in their blood after a certain period of treatment), and
recovered individuals with temporary immunity R (t) (those who
have recovered from the disease and possess temporary immunity
at time t).

Infected ignorant individuals may become infectious again if
their immune system weakens. A compromised immune response
can lead to the reactivation (relapse) of the Plasmodium parasites,
causing re-infection without requiring a mosquito bite. The total
human population is represented as follows:

Ny (1) =Sy () + Pu () +In () + Ly () + R (1) .

The mosquito (vector) population is categorized into
susceptible and infected populations at time t (see Figure 1). The

model consists of seven ordinary differential equations.
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2.2 Model equations

LA = (1 - T1) Qp + 6Py + anRy — fpSulv — (uu + v)SH
P = MQp + (1 — @) nRy + vSy — (1 + 0)Py
A = BySuly + oLy — (v + uu +8) In
Li =y (1 —1)Iy — (uut+o)ly
d—ﬁfi =vtly — (uH + 1) Ry

=Y —BvSvly — pnySv
Ay — BySyly — puvly
(1)
With initial conditions:
Sy (0) = Spo > Py (0) = Py, Ig (0) = Iyo, L (0) = Lpo,
Ry (0) = Ryo », Sv (0) = Syo, Iy (0) = Ivo (2)

The description of the state variables and parameters used in the
model (Equation 1) is provided in the table below (Table 1). This
table offers a comprehensive breakdown of each state variable and
parameter outlining their definitions, roles within the model and
the relationships they represent.

2.3 Feasible region

The following outlines a biologically plausible region where
model system (Equation 1) will be examined. Given that model
system (Equation 1) split into two components, A = Agx Ay.

Lemma 1. For model system (Equation 1), the feasible region
A contains the solution set {Sy;, Py, Iy, Ly, Ry, Sy, Iy} € RZ_.

Proof: that  for
{St, Py, Iy, Ly, Ry, Sy, Iy} € RZ_. To analyze the dynamics of

Assume any f > 0,

model system (Equation 1), we demonstrate that the region A is
positively invariant. This region is determined by considering the
entire human population.

Nu(t) = Su() + Py + Iy(t) + Ly (t) + Ru () and
differentiating both sides with respect to time. Adding the system’s
first four equations, we get the following:

%(SH+PH+IH+LH+RH)=QH_MHNH_SIH (3)
= 4 (Su+Pu+Iy+Lu+Ry) < — tuNy

D < Qp — puNy 4

Integrating and simplifying both sides of Equation 4, we get
the following:

Qy — uuNy > Ae M1, (5)

where A is a constant value. Using the initial conditions and
rearranging Equation 5, we get the following equation:

Qy  Npge H!

WH WH

Ny <

(6)
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TABLE 1 Description of the system's state variables and parameters.

State Description

variables and

parameters

Su Susceptible human populations

Py The size of the protected human compartment

Iy The number of infectious human compartments

Ly The size of infected ignorant human compartment

Ry Recovered human populations

Sy Susceptible mosquito populations

Iy The size of infectious mosquito populations

L Natural death rate of humans

% Natural death rate of mosquitoes

8 Disease-induced death rate of humans

Bu Transmission rate from infected humans to
mosquitoes

Bv Transmission rate from infected mosquitoes to
humans

Qn Recruitment rate of humans

I Proportion of recruited humans that move to

protected humans

1-1I Proportion of recruited humans that move to
susceptible humans

v Rate of movement from susceptible to protected
humans

0 Rate of movement from protected to susceptible
humans

n Rate at which humans lose immunity

o Proportion of people who lose immunity and join
susceptible humans

1—«a Proportion of people who lose immunity and join
protected humans

v Recruitment rate of mosquito

y Recovery rate of infected humans

T Proportion of infected individuals who recover

1-1 Proportion of people who still carry mosquito in
their bodies move to infected ignorant
compartment

o Relapse rate

In Equation 6, as t —> oo the total human population Ny —>
2—5, which indicates that 0 < Ny < 2—: Thus, for the human
population, the invariant region of system (Equation 1) is given by

Au={(Su»Pu, Iy » L »Ry) € R, :0 < Sy + Py + Iy + Ly

Q
+Ry < 2 }(7)
wH

is positively invariant.
Similarly, the total mosquito population of the system
(Equation 1) is as follows:

Ny (t) = Sy (t) + Iy (t). (8)
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Differentiating both sides of Equation 8 with respect to time, we
get the following equation:

d
T Sy +1y) =¥ — uyNy )
dNy
— =V — N 10
I v Ny (10)

By solving Equation 10, we obtain 0 < Ny < :’—V Hence, the
invariant region of system (Equation 1) for mosquito population is
given by

v
AVz{(SV:IV)GR%,JOSSV-FIV 57} (11)
v

Therefore, the invariant region of the whole system for human
and mosquito populations of system (Equation 1) is given by

A=Ay x Ay ={Sy,Py, Iy, Ly, Ry, Sy, Iy)

Q v
eR, Ny < M—H,st /T} (12)
H 14

is positively invariant. Thus, all the solution set of system
(Equation 1) is bounded in A.

2.4 Positivity of the solutions
It must be shown that for all + > 0, all solutions to system

(Equation 1) with positive initial conditions will remain positive.
Theorem 2.4.1. The solution of model system (Equation 1)

given by Sy(t), Pu(),Ig(®), Lu®, Ru(), Sv®)
and Iy (t) with non-negative initial conditions
Su (0), Pp(0), I (0), Ly (0), Ry (0), Sy (0) and Iy (0)

remains non-negative for all time t > 0.
Proof: We will demonstrate that all state variables in each
equation of system (Equation 1) are positive.
Starting with the first equation of system (Equation 1), where
we have
B = (1 — 1) Qp + 0Py + MRy — BuSuly — (un + v)SH

B > —(Byly + pu + v)Sy (13)

Integrating by applying the method of separation of variables
along with initial conditions, we obtain

Su(t) > Sp(0)e~ Pulvui+vlt > o (14)

From the second equation in system (Equation 1), we obtain

dPy
e My + (1 —a) nRy + vSy — (uy + 0)Py
dpP,
=zt 0Py (15)

Integrating by applying the method of separation of variables
along with initial conditions, we obtain:

Py () > Py (0) e~ Ht®t > (16)
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From the third equation of system (Equation 1), we obtain

dly
o BuSuly + oLy — (v + uu +8) In
dl
7f > —(ug+8 + )y = 0 (17)

Integrating both sides by applying separation of variables,
we obtain

Iy (t) > Iy (0) e TRt > o (18)

From the fourth equation of system (Equation 1), we obtain

dL
Ttsz(l—‘r)IH—(MH‘FU)LH (19)

dL
TtH > —(up+0)Ly > 0

Integrating by applying the method of separation of variables
along with initial conditions, we obtain

Ly (t) = Ly (0) e+ > 0 (20)
From the fifth equation of system (Equation 1), we have

dR
EH o ytly — (ua+ )Ry 1)

dt
dRy

_ > R
el (uH +n) Ry

Integrating by applying the method of separation of variables
along with initial conditions, we obtain

Ry (t) = Ry (0) e~ a1 > (22)

From the sixth equation of system (Equation 1), we have

daSy

s W — BySvlg — uvSv (23)
ds
7: > —(BvIg + uv)Sy

Integrating using separation of variables along with initial
conditions, we obtain

= Sy(t) > Sy(0)e Pvintrvit (24)

From the seventh equation of system (Equation 1), we have

dl
7dv = BySviyg — uvly (25)
t
dly
- > _ I
ar = nviy

Integrating using separation of variables along with initial
conditions, we obtain

Iy(t) = Iy(0)e ™" (26)
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3 Model analysis

3.1 Disease-free equilibrium point(s)
Disease-free equilibrium points (DFE) are steady-state
solutions where the disease (malaria) is absent, meaning
In = Ly = Iy = 0. The disease-free equilibrium in the
model is determined by identifying
dSy dPy dly dly dRy dSy dly 0. (27)
g dt  dt a4  at dt

From the fifth equation of system (Equation 1), we have

dRy
a =ytlg — (g +nM Ry =0
= ytly — (uu + 1) Ry =0
R, =0 (28)
From the first equation of system (Equation 1), we obtain
dSy
e (1 —TI) @y + 0Py + anRy — BuSuly
—(ug +v)Sy =0
(1 -1 Qy + 0Py — (ug +v)Sy =0
1-1I)Q op
L ogy = AT D8+ 0Py (29)
(g +v)
From the second equation of system (Equation 1), we have
dPy
el My + (1 —a)nRy + vSy — (ug +6) Py =0
ey + vs
MQu + vSy — (ui +0) Py =0 — Py = —2 = (30)
(H +0)
From Equations 29, 30, we obtain
Q 1-11 0
S?{ _ a(w ( )+6) (1)
na(pH +Uv+6)
Q Q 1—1T11 (%
N (0) = 8 + 0 = 2, S 1= TD +6)
nH uy (mg +v+0)
Q Q I
Pl = P p H( + pupTl)
nH pna(uy +v+0)
(32)

From the sixth equation of the model system (Equation 1),
we obtain

ds
Ttv =W — BySyly — pvSy =0
=V - (By0)+uy)Sy =0= V¥ — uySy =0
v
=Sy =— (33
122

From the seventh equation of the model system (Equation 1),
we obtain

Ay — BySyly —pyly =0 = 1% =0 (34)
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Therefore, the disease-free equilibrium point of system
(Equation 1) is given by

Eo = (8%, Py, I, LY, RY,, S, 1)
~Quua (1 =TH+6) Q@+ pyll 00010)
pe (g +v+0) ug(uag+v+60) 7wy’

(35)

3.2 Effective reproduction number

Given that Fj(x) represents the rate of appearance of new
infections in compartment (i), ViJr (x) represents the rate of
individual transfer into compartment (i), by all other ways, and
V.~ (x) represents the rate of individual transfer out of compartment
(i) [15]. Each function (F;, ViJr , and V;7) is considered to be
continuously differentiable at least twice for each variable, and
Vi=V; — Vi". To take the infected compartments and use the
next-generation technique to calculate the effective reproduction
number. p (FV~!) represents the dominant eigenvalue in
magnitude, or spectral radius of the matrix [p (]—' V*I)] where
F = %fc]&’) and V = ‘Wa’if‘” where i > 1, denotes the number of
compartments and 1 < j < » denotes the infected compartments
only. Considering the model’s infected compartments to be Iy, Ly
and Iy, we now obtain

BuSuly (ua+8+v)ly —oln
F = 0 and V = | (ug+o)lg —y 1 — 1) Iy
ﬂVSVIH lev

Finding the Jacobian of Matrices 7 and V with respect to
Iy, Ly and Iy, we have

0 0 BuSH (ug+6+y) —o 0
F = 0 0 O andV=| —y(1—1t) pug+o 0
BvSv 0 0 0 0 uy

Jacobian of F at disease-free equilibrium (&) is given by

0 0 B2y (ua(1-T)+0)

uH(ny+v+0)
J(ex) = 0 0 0 and
Bv¥
w0 0
(ug+dé+y) —o 0
V=| —y(1—-1) puag+o 0

0 0 py

where

V= nvipn (g +o+8+y)+0(8+y1)]

We need to find the inverse of Matrix V to find the effective
reproduction number (R,).
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Hence, From Equation 37, we have

BuBv¥ 2y (e (1=1)+60)(ta+0)

wv(pg+o) nyo 0 2
|¥\ ) ( |V\(S ) UMY (WEAVH0)(UH (RH+0 +8+Y)+0 (8+7T))
—1 _ | pvy(=1) pv(ug+éty
M it i (ur+o+ 0+ J+o(341d) r=0
e y+o)+o
0 0 e Vi A= Bupv¥ 2y (g (A-IH+6)(ur+0)
(us+0) o 0 wHMY (LHAVH0) (uH (uH+0 +8+Y)+0 (8+YT))
vl = @ W 0 |, Therefore, the effective reproduction number (R,) is the
0 0 ,%V maximum Eigen value or the spectral radius of FV~ L:
where C = ug (ug+o0 +8+y)+o(+ yr)
0 0 BH%uu(-1+0) Fwto) o R, :/ _ Pubv¥2ylun 0~ T +6) Gin +9)
Fy-lo 0 0 ”’H(MHOJFUJFQ) y(lc,r) (#h""%"r)/) 0 puapy (i +v +0)(up (kg +0 +38+y) +0(8+v7))
C C
Bv¥ 1 (39)
122% 0 0 0 0 123%
0 0 BrQp(pn(1-T)+6)
wHMY (LH+U+0)
Fv = 0 0 0
Bv¥(un+o) By o 0
v (pa+o+3+y)+o(8+v1))  pwv(pa(pato+i+y)+o(3+y7))
Finding the eigenvalues of FV~! at the disease-free Hence, the effective reproduction number is computed as
equilibrium point(s) is p (FV~1), where p represents the spectral radius of 7V, which
corresponds to its dominant eigenvalue.
0 — 0
e e e M o e - 3.3 Local stability of disease-free
i)+ oo equilibrium

(,\ By ¥ (uy+o) ) —0
v (pH(pH+0+8+y)+0 (8+y1)) . el e
Theorem 3.3.1. If R, < 1, the disease-free equilibrium

point(s) of the system (Equation 1) is locally asymptotically stable
The characteristic equation is as follows: in A.
Proof: To prove Theorem 3.3.1, we first calculate the Jacobian

-3 matrix of system (Equation 1):
<A Brbv¥un + o)y (un 1~ TD +6) ) =0 where: (Equation 39)
mapv(pE + v+ 0y (e (kg + 0 +8+y) +0(8 +v71))
)\( BuBv¥ (i + o)y (i (1 — ) +6) _)\2):0 Dy =(ug+38+y)Dr=0,D3=y(1—-1),
uapy(pg +v+ 0y (g (up +o +8+y) +0(+vyr1))
(36) Dy = (up + o) and let D5 = (uy + v),
D¢ = (ur +6), D7 = (1 —a)n, Dg = (uu + 1) (40)
v —(uy +0) 0 0 (I—a)np 0 0
0 0 — (v +un+9) o 0 0  LufnlunU-fhio)
J(ex) = 0 0 y(l—1) —(ug+o) 0 0 0 (37)
0 0 YT 0 —(ug+mn 0 0
0 0 —% 0 0 —ny 0
0 0 il 0 0 0 —py |

L wv

The eigenvalues of the Jacobian matrix are obtained by solving
From Equation 36, the Eigen values of the characteristic  the characteristic equation: |J (g+) — AI| = 0

equation can be obtained as follows: o .
—Ds—x 0 0 0 on _ By (pu(-T)+0)

0
i (pH+v+6)
—Dg—% 0 0 D 0
L =0 BuBvVD4Qpy (1, (1 —T1) 4 6) ; 60 Di—5% Dy 07 0 ﬁHQ"EMH(l*n;)«HN
—_ > Lp (PH v+
uad (e + v+ 0) (e (e +0 +8+y) +0(8 +y1)) 0 0 D -Di-x 0 0 " =0
3220 0 0 vt 0 -Dg—x 0 0
A= 0 0 - fijv‘” 0 0 —uy —A 0
(38) 0 0 &t 0 0 0 —py =2

(41)
where Dy = (ug + o)
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We focus on the first and second columns of the 7 x 7 matrix.
When considering the fifth and the sixth columns, we the result is
a zero matrix due to the presence of zero-column matrices in the
reduction process. Thus, we have two eigenvalues: A = —uy < 0
and Ay = —Dg = — (g + 1) < 0. The remaining eigenvalues can
be derived from the rest of the matrix.

_ BaQy(pp(1-TDH+0)

—Ds =2 0 0 0 i (e +o+0)
v —Dg—r 0 0 0
By (pn(1-1)+0)
0 0 —Di—-2 D MZ(MH+u+6) =0
0 0 Dy —Dy—A 0
Bv¥ — v —
0 0 i 0 Ly — A
_ PuQy(pa(1-TDH+6) — Bv¥
Let B = wH(pa+U+0) and A = wy
—Ds — A 0 0 0 —B
v —Dg — A 0 0 0
0 0 —D; — A D, B =0
0 0 D3 —Dy— A 0
0 0 A 0 —hy — A
—D; — A D, B
(=Ds — A)(—Dg — A) Ds —Dy — A 0
A 0 —y — A
—D; — A D, B
—6v D3 —D4 —A 0 =0
A 0 —Hy — A
—D; — A D, B
[(=Ds —A)(—D¢ —A) —0v]| D3  —Ds—2 0 =0
A 0 —Uhy — A
(42)
The characteristic equation of the first sub-matrix
(Equation 42) is
(=D5 —A)(=Dg — 1) —0v =0
224+ Wik + Wy =0, (43)

where

Wi =Ds+ Dg =2ug+6 +v, Wy = DsDg
—0v = uy(py + 6 +v)

(v + D1 + Dy) [ty (D1 + Dg) + Dy Dy — D;D3 — AB] — (D1 Dyjry — DyD3juy — ABDy) o

10.3389/fams.2024.1487291

criterion, the two eigenvalues A3 and A4 of the Jacobian matrix have
negative real parts.
From the second sub-matrix of the matrix (Equation 42),

we have
—Dy—» D B
Dy —Di—x 0 |=0
A 0 —Uhy — A
—D4y— A 0
(-Di=n)|
0 —ULyv — A
D 0 D3 —Dg— A
-D,|? 3T —0 (45)
A —py — A 0

—23 — (v + D1 + Dy) A% — (v (D1 + Dy) + D1Dy) &

—DDyjry + DyDsjuy + DyDsh + ABDy + ABAL =0 (46)

Rearranging the like terms in Equation 45 and multiplying both
sides by —1 results in:

2?4+ (v + D1+ Dg) A2 + (v (D1 + D4) + D1 Dy
—D;D3 — AB) A + (D1Dgpuy — DaD3juy — ABDy) =0 (47)

The characteristic polynomial is given by

23 4+ Np)24+NiA + Ny = 0, (48)
where
Ny = (uy + Dy + Dy),
Ny =y (D1 + Dy) + D;Dy — D,D3 — AB
and No = (D1D4jty — DaD3py — ABDy) (49)

Now, we use Routh-Hurwitz stability criteria to show that the
condition of the characteristic Equation 47 all have eigenvalues with
negative real parts:

A 1 iy (Dy + Dy) + D, Dy — D,D3 — AB

A2 (v + Dy + Dy) (D1Dypry — DaDspuy — ABDy)

Al (ttv+D1+Dy)[1ty (D1 +Dy)+D, D4—D;yD3—AB]—(Dy Dapty—D3 D3ty —ABDy)
(v +D;+Dy)

20 (D1Dapy — DyD3puy — ABDy)

From the above Routh Hurwitz all eigenvalues of the
characteristic Equation 47 have negative real parts if the first
column of the Routh array is non-negative, as shown below:

(uv + Dy + Dy) > 0,

>

(v + D1 + Dy)

(D1Dgpry — DyD3py — ABDy) > 0 (44)
We use the Routh Hurwitz matrix array to show that all From Equation 49
eigenvalues of Equation 43 have negative real parts.
2 (v + Dy + Dy) [Mu (Dy + Dy) + DDy — D, D5 — AB] — (D1Dypry — DyDspuy — ABDy)
A 1 Wo (v + Dy +Dy)
Al Wi (v + Dy +Dy) [ (D1 + D) + Dy D] + DaDspty + ABD, — [(sy + Dy + Dy) (D:Ds + AB)]
A0 Wo N (v + Dy + Dy)
According to Routh-Hurwitz stability criteria, all eigenvalues of >0 (50)
the characteristic Equation 43 have negative real parts if all terms of is true if
the first column of the Routh array are positive. Therefore, from
the Routh array above, W; = Qug+6 +v) > 0and Wy = [(1v + D1 + Da) [ty (D1 + Dy) + Dy Dy] + DaDsjry + ABD4]
wH( g +0+v) > 0. Therefore, using the Routh-Hurwitz stability > [(uv + D1 + Dy) (D;D3 + AB)] (51)
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and

(D1D4jpty — D2D3py — ABDy) > 0 (52)

divide Equation 52 both sides by D1 D4ty — D2D3puy yields.

ABD,
— —
v (D1Dg — D2 D3)

B Bupv¥ 2y(pnn 1 — 1) +0) (uu + o)
wviua(p + v +0)(un (pa +0o +8+y) + 08 +v1))
= 1—R, > 0. Thisistrueif R, < 1.

Therefore, if all the above conditions are satisfied, including
R, < 1, all the first columns of the Routh Hurwitz array are
positive. Consequently, the remaining eigenvalues A5, A and Ay of
the Jacobian at the disease-free equilibrium have a negative real
part. This indicates that the disease-free equilibrium point ¢ is
locally asymptotically stable if R, < 1 and unstable if R, > 1.

3.4 Global stability of disease-free
equilibrium point

Theorem 3.4.1 (Global stability of the disease-free
equilibrium point): For system (Equation 1), the disease-free
equilibrium is globally asymptotically stable in the feasible region
ifRe < 1.

Proof: To demonstrate the global asymptotic stability of the
equilibrium point ¢, we employ the Lyapunov function method.
We establish an appropriate Lyapunov function V(t) using the
approach outlined in [16].

V = EilIy + E;Ly + Esly, where E;, E; and Ej3 are positive
constants, and Iy, Ly and Iy are positive state variables.

av dly dLy dly

AR AR - R T - Rl

ar g TRy thy (53)
dly  dLy

nd dé—;’ from the
system (Equation 1) to Equation 53 and simplifying it by collecting

By substituting expressions for G G a

like terms of the equation we obtain the following:

av
i E1BuSuly + EroLy — E1 (Y + uy +6) Iy
+Ey (1 —1)Ig — Ex (ug +0) Ly + E3BySylg — Esuyly
v
T (E3BvSy + Exy (1 —1)

—E1 (y + g +8)) In
+ (E10 — E; (g +0)) Ly + (E1 BaSH — Espuv)Iy

Taking the coefficients of Iy and Ly equal with zero, we obtain

av

i (E1BuSH — Espy)ly (54)

From the coefficient of Ly, we have Eyo — E; (ug +0) =
0= E = Wt)E,
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From the coeflicient of If;, we have

EspySy + Eay 1 —1) —E1(y + un +68) =0

butE _M
o
EsfySy (MH+U)(V+MH+5)E CEy(1-1)
o
EyfuSy = [((ug +0) (y + MHU+ 3) —oy (1 —1)]E;
B = (g +0) (Y + g +8) —oy (1 — 7)]E; (55)
BvSvo

Substituting E; = “H+”)E and Equation 55 in Equation 54,

we obtain
4V _ (BeSu(nto)
at o :
_wvlua+o)(y +pa+8) —oy (1 — f)]Ez)IV
BvSvo
Multiplying the right-side terms by
BvSvo .
T Fan 9 —oyT—o]E; > We obtain
dv BuSHBVSY (L + 0)

av _ - DI,
dt (uv[(MH+a)(y+MH+5)—cv(l—r)] )

Qp (up (1 —1T1) +0)
mH (g +v+0)

v
where Sy = — and Sy =
wy

Hence,

dv
dr

_ ( BrBv Y (e 1=TD +6) (ki+0)

3 (pa+o+0) [ (pto+8+y)+o (S+yt

- 1) I = [R?—1]1y.

Therefore, if R, < 1, then [Rg — 1]Iy < 0. Accordingly,

we obtain % < 0. Furthermore, %’ = 0 if and only if

Iy = 0. This shows that the disease-free equilibrium point
— Qupar(1-I+0) Qp+pyll

& = CutGmrore ,MH(MH+U+9),O,OO ~,0) is globally

asymptotically stable.

Remarks on stability analysis based on the effective
reproduction number

i. IfR, < 1, the disease-free equilibrium is stable, and the endemic
equilibrium does not exist.

ii. If R, > 1, the disease-free equilibrium is unstable, and an
endemic equilibrium may exist and be stable.

4 Sensitivity analysis of model
parameters

The parameters within the model system (Equation 1) have
their own influence on the value of the effective reproduction
number. Sensitivity analysis is used to determine which parameters
have a significant impact on the effective reproduction number R,
applying the method outlined in references [17, 18] to conduct
the analysis.

Definition 4.1. The normalized forward sensitivity index of R,,
differentiable with respect to a given basic parameter k is defined as
R Rk - [17,18]:

KT 9k
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TABLE 2 Parameters and their sensitivity indices for model (1) (units:

day~1).
n Parameters Parameter Source Sensitivity
o value index
i Bu 0.001 [19] 0.5
%
g § Bv 0.0001645 Assumed 0.5
k5]
£ v 0.041 [18] 0.5
@ My
o Qn 220 Assumed 0.5
L o
[72]
o 0 0.00652 Assumed 0.43934123
0
H o 0.02 Assumed 0.00101024
13
By wy 0.042 [20] -1
I e 0.00004 [21] —0.49832608
2t 05 0 05 v 0.05 Assumed —0.44200849
Sensitivity indices of Re
s 0.068 [21] —0.42757054
FIGURE 2 0.071 [14] 0.07217794
Graph of sensitivity indices of the effective reproduction number. 4 . e
T 0.16 Assumed —0.07128686
) o ) ) n 0.0075 Assumed —0.00002287
We establish the sensitivity of every basic parameter in R,
as follows:
TABLE 3 Parameters and their corresponding values for model (1) (units:
_ BuBv¥ 2y (g (1 — 1) +0) (un + o) day™1).
e =
w4 v +0)(un (ue +0 +8+y) + 08+ y1))
‘ Parameters Parameter value Source
TRe — & X ﬁH +
TR’Z” _ gg’: ﬂv 2 « 0.00042 [22]
G TR BT JU—
e __ ORe n . ssume
YIEETH
e __ ORe h 1
To, =300 X & =+3
TR _ RS 6 _ Ol(uit v 40)— i 1-T1)40)]
0 a0 R, 2[(ua(1-ID+0) (uH+u+0)]
Re _ R o o _ olpm(putotdty)+o@tyt)—(uuto)(untd+yo)]
o do 7 R, 2[(uH(nH+o+6+y)+0 (6+yD)) (uH+0)] <10°
2 r r r r T T . - -
_ OR, Ky —Sy
T =0y X R = 1 18 —_—l
J—
— ORe IH 161 —ly
Sy = xR —F,
TR _ dRe o 5 _ (u1+0)8 "
3 98 R, 2 MH(MH+8+V+U)+a(yI+8) 14 1
TRe — IR x X = 1 y(to+uH)
Y by "R T T2 uH(uH+6+V+a)+a(yf+6) S 4ol |
R _ R . x _ _1 5
o =5 X R = T2 i e G ]
qRe _0Re v _ 1 v & 1t 1
v du R, ©— 2 pugt+v+o p=
TR _ 0R. o M _ _ 1 _ ppll g
n — 31 R. — 7 2 up(—ID+6 gﬂa* 1
Figure 2 presents a sensitivity analysis of the effective 08,
reproductive number R, with respect to 13 basic parameters, 04l ]
based on the values of the parameters provided in Table 2. From 7‘
. . e ——
this analysis, we conclude that the parameters By, Bv, V¥, 2, 02 1
and 60, which have positive sensitivity indices, contribute to an o - . . ‘
increase R, as their values rise, provided other parameters remain L ﬁme(sgays) S
constant. Conversely, the basic parameters wy , um, 8,v, y, and
7 have negative sensitivity indices, potentially mitigating malaria FIOURES
o ) > The human population when R, = 5.5381.
transmission while other parameters are held constant.

5 Numerical simulations
within the time interval t € [0, T] = [0,100], along with the
Presented here are the numerical simulations for the system  parameter values provided in Tables 2, 3. The initial conditions for
described in Equation 1. The solutions obtained using MATLAB,  each compartment are assumed as follows:
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FIGURE 4
The mosquito population when R = 5.5381.
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FIGURE 7
Human and mosquito population.
0 10 20 30 40 50 60 70 80 90 100

time(Days)

FIGURE 5
The human population when R, = 0.0586.

Sgr = 20,000, Py = 100, Iy = 50, Ly = 50, Ry = 100, Sy =
1,000, and Iy = 100.

Figures 3, 4 illustrate the malaria transmission model when
Re > 1. From Figure 3, we observe that although the number
of infected humans decreases over time, the number of infected
ignorant humans increases initially, indicating that malaria persists
in the population. Additionally, the number of susceptible humans
decreases as the protected human population grows. In Figure 4, we
observe that the number of susceptible mosquitoes decreases, while
the number of infected mosquitoes increases. However, after some
time, the infected mosquito population also declines as humans

Frontiersin Applied Mathematics and Statistics

become more aware and adopt mosquito-prevention measures,
reducing mosquitos’ access to essential resources for their survival.

Figure 5 shows a steady increase in the number of protected
humans. Initially, the susceptible human population drops sharply
as the number of protected and infected humans increases.
However, as the number of infected humans declines, the
susceptible population begins to rise again and eventually stabilizes.
The number of recovered humans also increases, while the infected
ignorant individuals show no significant growth. This trend
suggests that people adopt mosquito protective measures to avoid
contact with the vector, reducing the spread of malaria. In Figure 6,
we observe that the susceptible mosquito population decreases
from the beginning, alongside a decline in the overall mosquito
population, both susceptible and infected. This decrease occurs
because mosquitoes struggle to find human hosts for blood meals,
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FIGURE 8
Infected Humans at various t values.

0 L L L L L L
0 10 20 30 40 50 60 70 80 90 100

time(Days)

FIGURE 9
Infected ignorant humans at various t values.

which are essential for their survival, as the human population
increasingly adopts protective measures. Figure 7 reinforces the
observation that as the protected human population grows, the
number of both susceptible and infected mosquitoes decreases.
This supports the overall pattern shown in the previous figures,
highlighting the impact of human preventive behavior on reducing
the mosquito population and, consequently, malaria transmission.

The data in Figures 8, 9 clearly show that as the proportion
of infected individuals receiving treatment increases, the number
of both infected and infected ignorant individuals decreases. This
trend occurs because, as more infected individuals receive effective
treatment, the probability of recovery from the disease rises, leading
them to move into the recovered category. Consequently, increased
access to treatment not only reduces the total number of infected
individuals but also diminishes the pool of those who are infected
and ignorant of their infection status.

Figures 10, 11 indicate that, initially, the number of recovered
individuals increases as both the proportion and rate of infectious

Frontiersin Applied Mathematics and Statistics
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0 10 20 30 40 50 60 70 80 20 100

time(Days)

FIGURE 10
Recovered humans at various t values.

0 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100
time(Days)

FIGURE 11
Recovered humans at various y values.

humans receiving treatment rise. However, this upward trend
gradually reverses, leading to a decline in the number of recovered
individuals as more people adopt mosquito protective measures.
This shift suggests that while treatment initially supports recovery
rates, the increased use of preventive actions impacts the spread and
recovery dynamics, ultimately reducing the number of new cases
requiring recovery.

Figures 12, 13 reveal that as the rate of transition from
the susceptible class to the protected class increases, there is
a corresponding decrease in the number of both infected and
infected ignorant individuals. This trend occurs because a larger
portion of the population becomes aware of mosquito protection
measures and actively uses them, thereby reducing interactions
between humans and mosquitoes. As a result, the likelihood of
transmission decreases, leading to a lowered infection risk across
human populations. These findings underscore the effectiveness
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FIGURE 12
Infected humans at various v values.

time(Days)

FIGURE 13
Infected ignorant humans at various v values.

of protective behaviors in mitigating the spread of mosquito-
borne diseases.

6 Conclusion

In this article, we developed a mathematical model of malaria
transmission that incorporates infected individuals unaware of
their infection (ignorant infected humans) and accounts for relapse.
The positivity and well-posedness of the model equations were
analyzed. Numerical simulations, based on the data from the
literature and parameter assumptions, indicate that increasing
the treatment proportion among infected individuals reduces the
number of humans carrying the Plasmodium parasites without
displaying symptoms for a period of time. Additionally, raising
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awareness of mosquito protection measures not only reduces
the number of infected and infected ignorant humans but also
decreases the susceptible human population.

The sensitivity analysis of the model reveals that the
most positively sensitive factors are the human-to-mosquito
transmission rate (By), the mosquito-to-human transmission
rate (By), the mosquito recruitment rate (¥), and the rate of
transfer from protected to susceptible humans (6). Conversely,
the parameters sensitive to negative values include the natural
death rate of humans (utp), the natural death rate of mosquitoes
(ny), the disease-induced death rate of humans (§), the rate of
transfer from susceptible to protected humans (v), the recovered
rate (y), and the proportion of infected individuals who recover
(7). Therefore, these negatively sensitive parameters reduces the
number of infected and ignorant infected individuals, thereby
decreasing disease transmission.

The results of the model reveal that mosquito protection
measures are more effective than treatment alone in reducing
disease transmission. While providing treatment to infected
individuals helps reduce the number of infected humans and
prevent relapses, mosquito protection measures directly limit
human-mosquito interactions, addressing the root cause of
transmission. By reducing contact between mosquitoes and
humans, these preventive measures effectively lower the overall
spread of infection across the population. This finding highlights
the importance of prioritizing preventive strategies, such as the use
of insecticide-treated bed nets and repellents, alongside treatment
efforts, to achieve comprehensive malaria control.
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