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A Boolean sum interpolation for
multivariate functions of
bounded variation

Jurgen Prestin® and Yevgeniya V. Semenova?*

Institute of Mathematics, University of Lubeck , Lubeck, Germany, ?Institute of Mathematics, National
Academy of Sciences of Ukraine, Kyiv, Ukraine

This paper deals with the approximation error of trigonometric interpolation for
multivariate functions of bounded variation in the sense of Hardy-Krause. We
propose interpolation operators related to both the tensor product and sparse
grids on the multivariate torus. For these interpolation processes, we investigate
the corresponding error estimates in the L, norm for the class of functions under
consideration. In addition, we compare the accuracy with the cardinality of these
grids in both approaches.
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1 Introduction

The interpolation of periodic functions at equidistant nodes by trigonometric
polynomials is a basic task of approximation theory with far-reaching applications (see,
e.g., Chapter 3 in Plonka et al. [2]). The possibility of using FFT algorithms with huge
amounts of data has contributed greatly to the popularity of this approximation method.
Accordingly, error estimates for such interpolation methods have been intensively studied
in the literature. The decisive difference between approximation methods which are based
on integral evaluations of the given function f, for example, the Fourier coefficients, and an
interpolation method is that information about f must really be available pointwise. This
difference becomes particularly important in the case of interpolation of discontinuous
functions, where one will focus on the error in L, norms in particular. As is well-known,
the Riemann integrability of a periodic function f is a condition for the L, error to tend to 0
as the number of nodes n — oo (cf. [3]). For a little more smoothness, the approximation
order in L, can be bounded by the best one-sided approximation in L, using trigonometric
polynomials (cf. [4]).

A particularly important class of functions, generally discontinuous functions, for
which one would like to obtain error estimates are functions of bounded variation. A first
result in this area comes from Zacharias, who proved in [5] with Hilbert space methods
that the L, error behaves like 1/,/n. This result was generalized to 1 < p < o0 in Prestin
[6].

To generalize these error estimates to multivariate periodic functions, a suitable
concept for multivariate bounded variation is required. The Hardy-Krause definition is
appropriate here (see Clarkson and Adams [7] and for more information on these spaces
[8], [9] and others). For the dimension d = 2 and interpolation on the tensor product,
such results can be found in Prestin and Tasche [10], (see also Kolomoitsev etal. [11]). An
essential tool for the proof of the error estimates is the consideration of blending operators,
which have been extensively analyzed in the study of Delvos et al. (cf,, e.g., [12-15]).

In this study, the results for the approximation error of functions of bounded
variation are to be transferred to interpolation methods on sparse grids. Such grids were
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first introduced in Smolyak [16] and since then have been widely
used in interpolation problems, quadrature schemes, and other
fields. For more details, see Diing et al. [17]. These sparse grids
are very efficient, especially for large spatial dimensions d, that
is, the approximation order is only reduced by a logarithmic
factor compared to the tensor product interpolation, although the
number of interpolation nodes is only by a log factor bigger than
in the univariate case. At this point, it should be noted that error
estimates for such interpolation methods of continuous functions
are known (see Diing et al. [17, Chap. 5.3]). Such statements are
proved for functions belonging to the spaces Hj, where r > 1/p
is assumed, which implies the continuity of the function to be
interpolated. Our larger class of functions of bounded variation
1/p.

Our approach requires a notation for the definition of bounded

then provides an order of convergence as in the case r =

variation that is well-suited for large dimensions d. Here, we follow
the approach in Aistleitner et al. [1].

Finally, we note that these approximation results for functions
of bounded variation are also valid for Fourier sums and the
corresponding multivariate hyperbolic cross-variants, where the
results can also be obtained using other methods.

2 Function of bounded variation

Let p € [1,00), d € N. For 2m-periodic functions f of d
variables on the torus T¢, we consider the space Lp(’]I‘d), 1<p<
00, supplied by the following norm:

1 ’
Ifllp: = ((27'[7)‘1 /’er [f(Z)Isz) < 0.

We denote by D = ({1,...,d} the set of coordinates with
cardinality [D|] = d and split it into two domains B C D and
B = D\B, |B|+|B| = d. Following Aistleitner et al. [1] byz = y? : x,
where y,x € T, we describe the vector z € T¢ consisting of the
components 2 = 3/ if j € Band 2/ = ¥/ otherwise. Such a partition
will also be used to represent the vector z € T¢ as a combination of
arguments from B and fixed values along coordinates from B.

For each coordinate j = 1,...,d we introduce some arbitrary
decomposition Z;j, namely

Zj:0:${<...<§ij:2n.

Let & = (gkll,g}fz, . ,éfd) € T¢ be a vector with components

5 € Zpk = Loowand & = ()0 ER)n. E1)2) €
T4, where

j o
Err ki <,

(&))+ =
ki 27, otherwise.
Using this notation for a function f: T¢ — C, we introduce a
d-dimensional difference operator in the following way:

Ap(f)= D | > =DYFEY:g)).

Een ZJ WCUCD
jeb
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Furthermore, we consider the difference operator and
corresponding variation for f : T¢ — C with respect to coordinates
j € Band fixed values #/ for j € B:

Asf)y = Y | Y DUV
ggnzj #CUCB
JjEB

Then, we define for all B C D:

VBf(ZE): sup AB(f,ZE).
Z;jeB

In particular, Vﬁf (z) = f(2).
For a function VBf(zB) € LP(Td*‘BU, we have

1

”VBf”P:(Wld—lB\ / |VBf(z§)|sz§)P

Td~|B|

sup VBf(zﬁ) for p = oo.
ZBeTd— 1Bl
Let us mention that for B = D, the variation VPf(z%) is a

constant, which we simply denote as VPf.

for1 < p < ocoand IIVBf||oo =

Then, the total variation of a function f : T4 — Cis determined
by the quantity

HV() = Y 1Vl

#CBCD

A function f:T¢ — C for which HV(f) is finite we call
function of bounded variation on T4 in the sense of Hardy-Krause
and write f € HV(TY).

Remark 2.1. An alternative definition of this kind of bounded
variation is discussed in Bakhvalov [18, Lemma 4]. So, f € H V(T)
if VPf < oo and for any j € D there are 2} such that f(z):z) €
HV/(T41), that is, f has bounded variation up to coordinates i €

DA\ {j}-

Remark 2.2. Let d > 1. By definition f € HV(TY) iff | VEf|loo
is finite for all B € D. All these 2 conditions are pairwise
independent of each other as can be seen by the following examples
[for the case d = 2 cf. ([7], p. 827)].

Let By # B, be arbitrary subsets of D. W.lLo.g. we assume
1 € By,1 ¢ B, and we distinguish the 4 possible cases:

a)2€ B NB,, b)2€By,2¢ B, ¢)2¢ By,2€ By,

d)2 ¢ B; UB,.
Now, we consider functions F: T¢ — C of the form
d
F(x) = f(e, B) [ | (")
k=3

with g, € HV(T!) and 0 < Vé”(gk) <ooforallk=3,...,d,
where Vé” denotes the one-dimensional total variation on [0, 27].
IfDD>A=BUCwithBC {1,2}and C C {3,...,d}, then

IVAFloo = IVflloo [ [ Ve &0) [T suplgi(a)l.

keC k>2,k¢C 2€T
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Hence, || VAF||« is finite, if || VEf]| is finite.
As examplesﬁ (T2 — C,j = 1,2, 3,4 we choose

Lif 0<a<pB <2m,

fl(a>ﬂ) =

0, otherwise in [0, 277)?,

L if 0<pB<2m
fle,B) =1 8 '

0, otherwise in [0, 277)?,

1
flnp)=fiBa) = { & if 0 <a <27,

0, otherwise in [0, 27)2.

On the one hand, we conclude for

IVE filloo = 00 VP filloo = 00

a), b) , forc)

IV filloo =1 VB flle =0
for ay 1Vfloo = 00
VZfilloo =1
On the other hand, we conclude for
IVE falloc = 0 VP falloo = 0

a),b), d) for ¢)

VB Al = 00’ IV fylloo = 00’

The main aim of our investigation is to study the approximation
order of trigonometric interpolation processes on tensor product
and sparse grids for multivariable functions f € H V(T9).

3 Interpolation on the tensor product
grid

In this section, we study an interpolation operator for
multivariable functions on tensor product grids. Our approach
continues the investigations in Prestin [6] and Prestin and Tasche
[10], where the trigonometric interpolation for univariate and
bivariate functions and the corresponding approximation bounds
were established.

Let T¢ be the space of trigonometric polynomials such that

T,‘f: = span{ el kloo < 2"}.

We define a set of an odd number of equidistant nodes in
direction ' by

xj 2km

i _ —
Xﬂ'_{k_2n+l+1)

k=o0,..,2"1}. 1)
Then, the tensor product ®]‘»i:1XJ,; is called a full interpolation
grid on T4,
For an univariate bounded function f:T — C, the
interpolation operator L, is of the form

on+l

L) = St 3 f0Kx = ),
k=0
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where

2" 2"
1 ' 1 .
K, (x) = 5 + E cosjx = 5 E eV 2)
=1 =2

is the 2”-th Dirichlet kernel. For a multivariate function
f:T% — C, the corresponding interpolation operator with respect
to the coordinate j takes the form

Lfx):=19...0L, ®...0 If(x)

2rj+1

2 ' o
Tt ;f(xf.x)K,j(xJ _ ),

where I is the identity operator and A ® B is the algebraic tensor
product of A and B. 4

It is obvious that the operator L],j satisfies the interpolation
conditions

Lfeix) =f(d:x), i=0,...,20" 3)
foreachj=1,...,d.

Let us consider the tensor product of interpolation operators
with respect to arguments belonging to the set B C D, that is,
we define the corresponding interpolation operator for the grid
®j€BXJ,j as

1P =1,

JjEB
Moreover, the interpolation property
LBf(xg:x) =f(xg:x)

holds for any x5 € ®j€BX{j.

Furthermore, we give the representation for the operator L5
by its Fourier series. Let k = {kj}ng and |kjleo < 27. So, using
Equation 2 we immediately get that

2
LBf(x) = Z Z cfeik"s

Jj€B k=-2"
with
1 .
W =Ty L Sk,
JjeB x§€®jeBX)rIj

We also introduce the intermediate interpolation operator
often called blending operator, namely

B _ i
W=D,
JjeB
where A @ C = A + C — AC is the boolean sum operation. As

is known (cf. [14], p. 141), the sum representation for MBis

B

B _ k—1 Jk
M =Y o
k=1

12
Z erl L'jz

U={j1,j2>.-jx},USB,|U|=k
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and for the remainder operator, we have the product
representation

I—MP=

[T -1

JjEB

In the next theorem, we establish the approximation property of
the blending interpolation operator on a |B|-variate tensor product
grid.

Theorem 3.1. Letf € ™ - C,1 < p < ooand B C D be some
index set. If | VUF || pforall U C Bexists and is a finite number, then
it holds true that

cAVEfI [ [ + )7, (4)
jeB

IIf — MPfll, <

where ¢ is some constant depending only on p and |B.

Proof. For a univariate function f: T — C in Prestin [6], it was
proved that for 1 < p < oo the inequality

If = Liflp < e+ + 1)7VPVE () (5)

holds with some constant ¢ depending only on p.
Let B = {j],jz,.. .
Tasche [10] and Equation 5 by |B| times, we immediately get that

jq}- Thus, using Lemma 2 in Prestin and

[Tu-1)f| <c@n*t+11

jeB »
Vi 1_[ (I— LJ;}_)f(xD\{jl})
j€B\{j1} p
<[]+ n7VevERER (6)

j€B
what has to be proved.

Corollary 3.2. In the case of B = D, Theorem 3.1 states that

“f MDf”p < CVD 1_[(27]+1 —1/p
jeb

and for rj = n for all j € D we immediately have
If = MPfllp < e+ 1) PVPS.
Theorem 3.3. Letf € HV(T¢)and 1 < p < oc. Then,

> T + v, @)

$CUCBjeU

I — LB, <

Proof. According to Delvos |14, Proposition 4.1], we can express
the remainder as a combination of the remainders of blending
operators with lower dimensions:

|B|

=2 >«

k=1 UCB,|U|=k

) (I L]k

k- 11—L’,]11)(1—Lf2 %),

Ti2

Then, the proof follows the same estimate as Equation 6.
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Corollary 3.4. In the case of B = D for a function f € HV(T?), the
inequality (Equation 7) takes the form

1=l <c Y []e™+

¢CBCD jeB

D~VPVEE .

Furthermore, if rj=n for all j € D, then Theorem 3.3 implies
that

IA

I =Lyl < ¢ Y @+ 1 Begvee,

#CBCD
2 "PHV(f).

IA

Remark 3.5. In the case p = 1, the inequality Equation 5 has the

form
If = LLflh < er@7T + 1)7'VE ()
and Equations 4, 7 read as follows:

If = MBflly < [ [ri@7 ™" + D IvEfIL

jeB
and
IfF =251 < > []ne ™ + vV,
(¢CUCBjeU
respectively.

Remark 3.6. For f € L1(T%), we consider the m-th Fourier
coeflicients

em(f) = . my) € Z°.

/ f(z)e"mzdz = (my, ma, ..

u>d

With B(m) C D, we denote the set of indices j such that m; # 0.
Then, according to Fiilop and Mdricz [19] for all m € 74, the
trigonometric Fourier coefficients cm(f) of f € HV(T¥) can be
estimated by

VA4

JIB@L T )
j€B(m)

|Cm(f | < r

This estimate is best possible, as demonstrated by the example

@ = [ ] xt0.0/m1()s )

jeB

where we have equality in Equation 8.

For p = 2, we want to compare the tensor product interpolation
with the best approximation. The best approximation in the Hilbert
space Ly(T)4 is given by the Fourier partial sum

Z cm (f) eimX.

meTd

Suf(x) =

frontiersin.org
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By Parseval equation, we estimate

If =Safl3 = D lem(NP
|m|oo>n
IIVB(“‘)J‘II2
< A
- Z Z (271 |m |2
r=1 |mloo>2" J
|B(m)|=r JGB(m)
d
IVEAIF (1
ZZ 27-[)2r on—1 :
r=1 |B|=r
Hence,
IVEf Iy HV(f)

If = Sufl2 <Y

= (v 2m)1BI2nIBI/2 = o /on+T’

Based on the examples provided in Equation 9, it is evident that
the order of this estimate cannot be improved.

4 Interpolation on the sparse grid

In the following section, we study an interpolation operator
on a sparse grid related to a corresponding Boolean sum operator
for the d-dimensional case. Our error estimates for functions of
bounded variation complement the results proved in Baszenski and
Delvos [12, 13].

To construct a chain of interpolation operators, we consider
for each coordinate j € D the following set of an even number of
equidistant nodes:

g L2k
xﬁ::{x’kzy—z, k=o0,..,2"1 _1). (10)

It is known that for a univariate bounded function f: T — C,
the interpolation operator L, on the grid (Equation 1) has the form

2n+1 1
Luf(x) = Z FORK (x = x3),
k=0
where
=
K(x) = = + Z cos kx+ — cos nx
k=1

is the 2”-th modified Dirichlet kernel. In the same way as it was
done in Section 3, we will introduce the operators LB and M5, Then,
the same error estimates are obtained for these approximation
methods as in Section 3. The only change is the error estimate for
the one-dimensional interpolation. Here, one can refer to Corollary
3.6 in Prestin and Xu [4], where the exact error bound is derived
although no explicit constants are given.

Remark 4.1. It is well-known that KJ; is a Lagrange basis function
for system of nodes (Equation 1). It is easy to check that for any
m > 1 the relation ImL, C Iminer as well as X,, C 5(,,+m are
satisfied. Then taking into account Remark 2.2 [13] we have that for
operators L,and i,H_m the ordering L, < i,H_m and the relation

Ln+an = inirH»m

=L, (11)

hold for all n such that0 < n < n + m.
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Now, we introduce a d-dimensional Boolean sum interpolation
operator of n-th order in the following way

D

ritrn+t...trg=n

Gd

n

In an analogous manner as in Section 3, a partial variant G5
with B C D can be introduced here and error estimates can be
proven. The approach remains the same. To simplify the notation,
we therefore restrict ourselves to the case B = D.

To determine the set of interpolation points of the operator

GY, we note (cf. [15]) that the grid for the operator L ifz .. .i’fd
isX) x X x ... x XL andfor [ 17 . I} @ L) I} .. I is
5(,11 xf(fz X .x)?fduX,‘] x)?lzz X .xf(fi.

Thus, for the operator Gﬂ , we have the sparse grid of n-th order
in the following form

n Pp—
Xsparse -

u o X,

rtnt.Arg=n j=1

,,,,,

Due to Equation 3, it follows that G¢ interpolates f on each
Xxn that is,

point such that xo € Xg,,rees

G (x0) = f(x0)

for all xo € Xsparse

Taking into account (Equation11), we have the sum

representation (cf. [13])

d—1

7172 '“d
Yeo(Y) x nmem
j=0 ] ri+r+..Frg=n—j

Remark 4.2. If we put d = 2, then the operator G2 has the form
(see for details [13]):

72
Gf= > Liif- > LI
ri+ry=n r+r=n—1
For d = 3, we immediately get the following Boolean sum
operator:
3 172 717273
Gf= > LILf- > LRI
ri+r+r3=n ri+r+r3=n—1
172
+ Y LLf

ri+r+r3=n—2
Theorem 4.3. Iff € HV(T?) and 1 < p < 00, then for all n
I = Gfllp < en® 12" P HV(f), (12)

where ¢ is some constant depending on 4 and p.

Proof. Following Baszenski and Delvos [12], we have

d d
1-6l =Y 1y ( j) »
j=1 q=j B,|Bl=q
Yoo a-Iyx.x -1

riy +o.Frig=n—d+j
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Then using Theorem 3.1, we get

I — Gl
d d q 1
- Fi
SCZZ i1 > > =)
=1 q=j B,|Bl=q ‘r,‘1+...+r,-q:n—d+]
~i
X o x (L= L fllp
d d q 1
- ri+1 —1/p
=2 i1 [Te*t+
j=1 q=j jeB
d d q 1
- B n—d+j+q\—=1/p d—1
=3 M L D DN 16 i
j=1 q=j B,|B|=q
d d q 1
“hpd-l - 2j-dy-1/p
< ™ HV ()Y Y i (2%=)~lp,

j=1 q=j

Now, the result follows from

d _
17 1) @v-dyp < 2f

)IDI) N ‘

j=1q=j \J j

(24 —1).

di q_l
=1q=j .]_1

d
=20

Remark 4.4. Let us compare the cardinality of the tensor product
The grid X;ro J
has 29" nodes which is essentially more than n%~12" nodes of grid

Xgparse. Nevertheless, the approximation order for f € HV(T) is
d—1

grid X;‘m 4= ®j€DX{1 and the sparse grid X"

sparse*

only worse by a logarithmic factor
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