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School bullying is a severe social problem that has an unfavorable impact on students development and behavior. Based on family education and students memory of having been bullied or witnessed bullying, this work established a mathematical model for analyzing school bullying dynamics. By employing the Caputo fractional derivative, the model incorporates students' memory in the interactional patterns of bullying, which provides for improved emulation of the impacts of previous episodes on future behaviors. An Adams-Bashforth method numerical scheme is presented, offering a robust approach for scenario simulations under the Caputo fractional operator. Scenario simulations shows the impact of family education on the prevalence and dynamics of school bullying. It is noticed that the behavior of students who lack and with family education and not involving bullying under different values of fractional order. The trajectory changes with the fractional order, suggesting that the system's sensitivity to initial conditions or recent changes decreases as fractional order reduce from the normal dynamics (integer order). Essentially, a lower fractional order makes the system less reactive to short-term fluctuations and more stable.
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1 Introduction

Bullying is a pervasive issue that affects individuals across ages, genders, and cultures. It includes the intentional and persistent use of physical force, emotional or psychological aggressiveness to injure, threaten, or dominate another individual. While bullying has always existed, its prevalence and severity have increased in recent years due to the widespread use of technology and social media. This has become a common problem in schools (institutions of learning at different levels) and communities that has negative effects on the victims and society as a whole. Bullying can take different forms such as physical, verbal, relational, and cyberbullying. This literature review aims to examine the current state of research on bullying, its prevalence, effects on victims, and interventions to prevent and address bullying.

Bullying can lead the victim to commit crime, start engaging in drugs and smoking, and has psychological effects. These social vices have been studied extensively in the literature. In Nwajeri et al. [1], the authors studied the co-dynamic of drug trafficking and money laundering using fractional derivatives and also in Ngungu et al. [2], authors considered smoking in different age groups using fractal fractional derivatives and how government can intervene to curb the menace. In Alaka et al. [3], authors considered the psychological effect of the Coronavirus disease outbreak in a given population.

Bullying is a complex phenomenon that can be difficult to define, as it involves a wide range of behaviors and motivations. Some definitions emphasize the repetitive nature of bullying, while others focus on the power imbalance between the bully and the victim (or bullied). According to the Centers for Disease Control and Prevention (CDC), bullying is characterized as persistent, unwelcome aggressive behavior from one young individual or a group of youths who are not related or in current dating relationships. This behavior entails a perceived or observable power imbalance and occurs repeatedly or is highly anticipated [4].


1.1 Effects on victims/impacts

Bullying has non-positive impacts on the mental-physical health, academic outcome, and social relationships of the victims. Bullying victims are more prone to suffer from sadness, anxiety, low self-esteem, and suicidal thoughts, and post-traumatic stress disorder (PTSD) and sometimes leading to mental health issues than non-victims [5]. Others include physical injuries. Bullying can also have a negative influence on academic performance, with victims reporting lower grades, decreased motivation, and decreased attendance. These effects can also have an impact on the victims' social interactions, resulting in social isolation and difficulty forming friends.



1.2 Interventions

A range of interventions are being created to avoid and combat bullying, with varying degrees of success. School-based interventions often involve a union of classroom-based curricula, school-wide policies and procedures, and parent education and involvement. One effective approach is the Olweus Bullying Prevention Program, which involves a whole-school approach to bullying prevention and includes teacher training, parent education, and student-centered interventions [6]. Another promising approach is restorative justice, which aims to address the harm caused by bullying through dialogue and community-building. Restorative justice involves bringing together the victim, the perpetrator, and other relevant parties to discuss the harm caused and develop a plan for making amends. This approach can be particularly effective in cases where the victim and perpetrator have an ongoing relationship, such as in school or community settings [7]. The following are some additional interventions: social-emotional learning (SEL) programs, which work to develop students' social and emotional competencies in order to deter bullying and encourage pro-social conduct. These programs impart abilities like self-awareness, empathy, and problem-solving [8, 9]. School-wide initiatives are designed to make all students feel protected and supported. The Positive Behavioral Interventions and Supports (PBIS) program is one example of a program that involves the entire school community, including teachers, students, and parents, in promoting positive behavior and combating bullying [10–13].



1.3 Prevalence

Bullying is a widespread problem that affects individuals across ages, genders, and cultures. This is a major issue in schools and communities all across the world. The incidence of bullying in schools ranges from 9 to 98%, with an average prevalence of 35%, according to a meta-analysis of 80 studies [14]. Prevalence rates vary depending on the population studied, the definition of bullying used, and the method of data collection. However, research indicates that bullying is a pervasive issue that impacts a significant portion of the population. In schools, estimates suggest that up to 30% of students have experienced bullying at some point [15, 16]. Bullying takes various kinds, both bodily harm and verbal, relational, and cyberbullying [17–20]. While all forms of bullying are harmful, cyberbullying has emerged as a particularly concerning issue, given its potential for anonymity and widespread dissemination of hurtful messages or images. The prevalence of bullying is not limited to schools, as it also occurs in the workplaces, among adults, and in online communities. In a study of American adults, 31% reported experiencing bullying in the workplace, with women and racial minorities being at higher risk [21–23]. In online communities, cyberbullying is a growing concern, with one study finding that 70% of young people aged 13–22 reported experiencing [24–26]. It is important to note that prevalence rates may underestimate the true extent of the problem, as many victims may not report bullying due to fear of retaliation, stigma, or a lack of trust in authorities. The prevalence of bullying is higher among middle and high school students than elementary school students, and boys are more likely to be involved in bullying than girls. Additionally, some populations may be at higher risk of experiencing bullying, including individuals with disabilities [27–29], members of the LGBTQ+ community [30–32], students of color and those from marginalized racial and ethnic groups or minority students.



1.4 Effect of bullying on persons with family background

In this paper, we consider the effect of bullying on students incorporating the influence of family education. Bullying can have significant impacts on individuals, including those who lack family education. Family factors such as parenting practices, family relationships, and family conflict can influence an individual's vulnerability to bullying and their ability to cope with its effects. Research has shown that children who experience high levels of family conflict, low levels of parental support, and harsh or inconsistent parenting are more likely to experience bullying [33, 34]. Additionally, family conflict and a lack of parental support can make it harder for children to cope with the effects of bullying, leading to increased psychological distress and lower self-esteem [35]. For children from immigrant families, bullying can be particularly challenging, as they may face additional stressors such as language barriers, cultural differences, and discrimination. It is imperative to note that immigrant children who experience bullying may be more likely to experience psychological distress, lower academic achievement, and social isolation. Furthermore, the effects of bullying can extend beyond the individual to their family members. For example, parents of children who have experienced bullying may experience heightened stress, anxiety, and feelings of helplessness and guilt [36, 37]. Siblings of children who have experienced bullying may also be affected, with some research indicating that they may experience increased psychological distress and lower self-esteem [38–40]. Having to understand the family background is not only a point of consideration but also a necessary step to investigate the effect or importance of a person coming from a family with an education. Hence the reason why we introduce the knowledge of mathematical modeling as a tool to analytically and numerically study this effect.



1.5 Mathematical modeling of bullying

Mathematical Modeling has been used to study the dynamics of various social phenomena, including the spread of infectious diseases [2, 41], the evolution of social networks [42], [Addai11] and the emergence of collective behaviors [43]. Recent research has looked at mathematical modeling to better understand the dynamics of bullying and to develop effective strategies for prevention and intervention. Mathematical modeling is a way of representing a real-world phenomenon, in this case bullying, through mathematical formulas and equations. This helps to create a more accurate prediction of how bullying dynamics will develop over time. It can also be used to identify potential weaknesses in anti-bullying strategies, as well as potential solutions. Mathematical modeling can also be used to determine the effectiveness of various anti-bullying policies. By predicting the impact of different policies and strategies in different scenarios, it is possible to develop a comprehensive and effective set of measures for preventing and intervening in bullying situations. Recently, a mathematical model was created to analyze the phenomenon of bullying, with the aim of understanding the mechanisms underlying its occurrence and developing effective interventions to prevent it [44]. Another approach to modeling bullying is to use game-theoretic models, which allow researchers to study the interactions between individuals in a social context. Game theory can be used to model situations in which individuals have to make strategic decisions, taking into account the decisions of others. In the context of bullying, game-theoretic models can be used to study how the decisions of bullies, victims, and bystanders influence the occurrence and persistence of bullying behaviors. Other approaches to modeling bullying are network models which will be considered later in the future.



1.6 Mathematical modeling of bullying and its effect on students with family education

To date, there is limited research on the mathematical modeling of bullying and its effects specifically on students with family education. However, the use of mathematical modeling to study bullying can be useful in understanding the complex dynamics of bullying, and how it affects a person with family backgrounds. To implement this, we will employ the Caputo fractional operator.

The Caputo fractional derivative operator is a generalization of the classical derivative operator to non-integer orders, and it has been used in various applications in physics, engineering, mathematics, and the modeling of complex phenomena such as social behavior. The versatility of fractional derivatives, particularly the Caputo form, lies in their ability to capture long-range dependencies and memory effects, which makes them well-suited for modeling systems with memory or hereditary properties. These characteristics are crucial when modeling real-world systems where the history of the process significantly influences the present and future states of the system.

The Caputo fractional derivative was selected over other fractional derivative such as Caputo-Fabrizio, Atangana-Baleanu, Hadamard because of its suitability for initial value problems where the conditions of the system at earlier times directly influence the evolution of the model. In the context of bullying dynamics, the Caputo derivative enables a representation of how historical exposure to bullying influences current behavior patterns, accounting for how these influences accumulate gradually. Unlike classical differential models, which assume that only the current state of an individual determines their behavior, the fractional-order model incorporates a more realistic aspect by accounting for the cumulative impact of past experiences, thus making it particularly useful in capturing the essence of complex social interactions such as bullying.

Moreover, the memory effect captured by the fractional order relates directly to the dynamics of bullying in that it emphasizes the enduring nature of the behavioral tendencies formed through prolonged exposure to family education. This means that a student's current predisposition toward either bullying or avoiding it is influenced by not just recent experiences but by the cumulative history of family upbringing. For example, the support or lack thereof provided by a family in educating a student about social skills, empathy, and conflict resolution creates a type of "memory" that continuously influences their responses to bullying situations. Through this model, it becomes possible to simulate scenarios where stronger family support (as represented by the fractional order parameters) leads to reduced vulnerability to bullying or diminished propensity for becoming a bully, capturing the nuanced and long-term nature of behavioral development.

Ashi et al. [44] investigated the theoretical analysis of bullying by considering the stability analysis of school bullying in adolescents being bullied by other students. The authors gave good insight but this insight is not enough to draw inference as it does not consider other factors in the model, hence our work improved the model by considering a root cause. Our work is the first to investigate the possible source of bullying attributed to family eduction. We hypothesize that bullying does not occur without a fault which means it has a root and we decided that the root could possibly be as a result of family background which is aligned to the education status in the family. After carefully introducing the effect of victims, interventions, prevalence, effects of bullying on persons with family background, we propose a mathematical model that investigates the effects of family education on student bullying.




2 Model formulation

For the purpose of the model under consideration, we divide the total student population into four compartments: namely the students with lack of family education X1, that is, students who lack family education and not involving bullying; students with family education X2, that is, student who have family education and not involving bullying; the bully students with lack of family education Y1; the bully students with family education Y2. The following nonlinear ordinary differential equations are generated by considering the interplay between the compartments:

[image: image]

where the total population at time is

[image: image]

The corresponding non-negative initial conditions to the Equation 1 are given below

[image: image]

The recruitment rates of school enrollment in the Equation 1 is denoted by [image: image]. m denote the rate of students who lack education from their families while ξ1 and ξ2 are progression to X2 from X1 and to X1 from X2, respectively. The rate of X1 and X2 graduate from schools are denoted as λ1 and λ2, respectively. The non-negative parameters μ1 and μ2 measure students who leave school due to the harassment of the bullies. The rates at which Y1 and Y2 bullies on other students are measured by β1 and β2, respectively. The rate of Y1 and Y2 who are expelled from school are denote by ν1 and ν2. Parameters ψ and ϕ measure the proportion of Y2 who become Y1 and proportion of Y1 who become Y2, respectively.

The key parameters associated with family education are:

1. m: The rate of students who lack education from their families. This parameter represents the proportion of students entering the school environment without sufficient family support or education.

2. ξ1 and ξ2: These represent the rates of progression between the compartments. Specifically, ξ1 is the rate at which students without family education (X1) gain sufficient family support and transition to students with family education (X2). Conversely, ξ2 represents the regression from X2 to X1, indicating instances where family support diminishes.

3. μ1 and μ2: These parameters measure the rates at which students leave school due to bullying. They are influenced by the level of family education, which is assumed to impact resilience against bullying behavior. For instance, students with family education (X2) may be better equipped to cope with bullying and less likely to drop out compared to those without such support (X1).

The inclusion of family education is built on several underlying assumptions:

1. Family education as a protective factor: we assume that family education plays a significant role in providing the necessary social and emotional tools for students to avoid involvement in bullying, either as victims or perpetrators. This is based on evidence suggesting that strong family support is associated with reduced vulnerability to bullying and a higher likelihood of coping effectively with bullying scenarios.

2. Dynamic interaction: the model assumes that family education is not static but can change over time. This is represented by the transition rates ξ1 and ξ2, which allow students to move between the compartments of having and not having family education. This reflects real-life scenarios where family circumstances may improve or worsen over time, influencing a student's vulnerability to bullying.

3. Impact on bullying behavior: we incorporate family education's influence directly into the interaction terms, such as β1X1Y1 and β2X2Y2, where β1 and β2 represent the bullying rate by students without and with family education, respectively. The presence of family education is assumed to decrease the likelihood of students becoming bullies or being bullied, thereby influencing these interaction terms.

Tilahun et al. [45] discuss the power law correlation function and its implications for a time-dependent kernel. This discussion allows us to integrate the Caputo fractional order derivative into our model. As a result, the ordinary differential Equation 1 is reformulated into a Caputo fractional-order system as shown below:

[image: image]

where t∈[0, η], [image: image], and [image: image] denotes the Caputo fractional derivative of order α, where the memory index is denoted as α, 0 < α ≤ 1. Note that when α = 1 the fractional-order model reduces to the ordinary differential model (Equation 1). It is commonly known that Caputo's derivative offers greater dependability and adaptability in analytical applications. Due to initial condition properties, which are more physically interpretable for most problems, many researchers consider the Caputo operator over other derivatives. Consequently, we represented the dynamics of the bullying using fractional theory. Table 1 describe and defines the system parameters.


TABLE 1 Meaning of parameters in the model.

[image: Table 1]



3 Preliminaries

The section details various key definitions, lemmas, and ideas that are required to comprehend our proposed model.

Definition 2.1 [46, 47] Given an integrable function u:ℝ+ → ℝ, and α∈(n−1, n), n∈N. The left Caputo fractional derivative of order α of the function u is defined as

[image: image]

Definition 2.2 [47] The appropriate Riemann-Liouville fractional integral for the power-law kernel is given as

[image: image]

Lemma 2.3 [47] Assuming there is a function u(t)∈C([c, d], ℝ) of order α∈(0, 1). The existence-uniqueness of the fractional differential equation

[image: image]

is continuous and bounded and satisfies a Lipschitz condition.



4 Existence and uniqueness

This section will present solutions for the existence and uniqueness of the Caputo model for the Equation 2. Suppose that there exists a set of real valued Banach space functions denoted [image: image] on the interval [image: image] and let denote [image: image] with norm ||(X1, X2, Y1, Y2)|| = ||X1||+||X2||+||Y1||+||Y2||, where [image: image] We reformulate the right-hand side of Equation 2 as follows:

[image: image]

From understanding in Equation 3, our proposed Caputo fractional Equation 2 can be expressed as

[image: image]

where

[image: image]

and

[image: image]

Using the ideas in Lemma 2.3, Equation 4 yields

[image: image]

From here, our aim is to find the existence and uniqueness solutions, we assume the function vector

[image: image]

as:

[image: image] ∃ [image: image] such that

[image: image]

[image: image] ∃ [image: image] such that if [image: image], then

[image: image]

 Theorem 4.1. Under the continuity of [image: image] together with [image: image], Equation 4 has at least one solution.

Proof . We shall arrive at the required conclusion using the Schauder fixed point theorem. Let us take a closed subset [image: image] of [image: image] as [image: image], where [image: image] is the operator defined as [image: image] such that

[image: image]

which means that

[image: image]

From Equation 12, it follows that [image: image] and also [image: image] such that [image: image] Also it reveals that the operator [image: image] is bounded. For completely continuity we proceed as follows. Let [image: image] such that

[image: image]

Basically, we can see from Equation 13 that [image: image] as ϑ2 → ϑ1. Hence, [image: image] is an equicontinuous operator. With the help of the Arzela Ascoli theorem, we know that function [image: image] is a completely continuous function and uniformly bounded. Again, by Schauder's fixed point theorem, we conclude that our proposed system has at least one solution.

 Theorem 4.2. Suppose that [image: image] holds. Then the considered Equation 1 has a unique solution if

[image: image]

Proof . If [image: image], then

[image: image]

Hence, [image: image], which completes the proof: from the contraction principle, the operator has a unique fixed point and, consequently, our proposed model has a unique solution.



5 Hyers-Ulam stability results

In this section we examine the stability results of our proposed system. Hyers-Ulam (HU) stability is a significant concept in the analysis fractional equations, which includes models like the one for bullying dynamics among students. It pertains to the stability of functional equations when subjected to small perturbations, indicating that if a function nearly satisfies a functional equation, there exists a precise solution near this approximate one. This principle can be utilized for ordinary differential equations (ODEs) to guarantee that small alterations in initial conditions. By proving that the model is Hyers-Ulam stable, the study underlines the suitability of fractional-order modeling for social behavior systems like bullying, where the past influences present behavior. This is crucial for justifying the choice of fractional calculus in the proposed model, ensuring that the memory aspect contributes to a robust representation of the system dynamics. The stability analysis also implies that interventions based on the model's predictions can be implemented with the understanding that minor variations in their execution will not drastically affect the overall outcomes. This is important for policymakers and educators who need to rely on the model for decision-making, as it implies a degree of resilience to unexpected variations in program implementation or conditions. For stability of our proposed model we consider the following Lemma 3 and Theorem 4:

Lemma 3. The function [image: image] is a solution of

[image: image]

satisfies the given relation

[image: image]

Proof. The proof is very common in literature so we omit it, see Ngungu et al. [2].

Theorem 4. The Caputo fractional model under consideration is HU stable, if there exists

[image: image]

Proof. Let [image: image] be any solution and [image: image] be a unique solution, then

[image: image]

Thus,

[image: image]

Hence, we conclude that the Caputo fractional model under consideration is HU stable.



6 Numerical schemes

Here, using Adams-Bashforth method, we provide the numerical algorithms for the Caputo fractional model under consideration. The formula for the Cauchy problem of the Caputo derivative is

[image: image]

From principle of the Caputo integral, Equation 19 is rewrite as

[image: image]

At the point ϑp+1 = (p+1)h and ϑp = ph, p = 0, 1, 2, 3, 4, ..., with h being the time step, Equation 20 will then be rewrite as:

[image: image]

which is the same as

[image: image]

For simplicity we take the right hand side of Equation 22 and using the Lagrange polynomial, Equation 22 can now be written as

[image: image]

where Equation 23 can be written as

[image: image]

For simplicity we evaluate the integrals in Equation 24, hence we have:

[image: image]

[image: image]

For simple substitution of Equations 25, 26 into Equation 24, we get the numerical algorithm for the Caputo derivative is as follows

[image: image]

Thus, in terms of our Caputo fractional social epidemiological model for the bullying, we get:

[image: image]



7 Numerical simulation and discussion

The diagram of our proposed model under the Caputo fractional operator is depicted in Figure 1, using the Adams-Bashforth method and taking into account the following initial conditions: X1(0) = 500, X2(0) = 110, Y1(0) = 35, Y2(0) = 20 with parameter values in Table 2. The goal of this section is to investigate the influence of changes in the values of these input parameters on system behavior. Our goal in studying many scenarios is to obtain a thorough grasp of how the system responds to changing conditions. By examining these numerical results, we hope to highlight the system's robustness and sensitivity to varied input variations. This section is critical in demonstrating the system's functioning under diverse situations, which deepens understanding of its responses and provides significant insights for scientific applications.


[image: Figure 1]
FIGURE 1
 Numerical trajectory for school bullying under Caputo fractional operator. (A) Dynamics of students with lack of family education. (B) Dynamics of students with family education. (C) Dynamics of bullying students with lack of family education. (D) Dynamics of bullying students with family education.



TABLE 2 Valuation of parameters in the model.

[image: Table 2]

In the first simulation presented in Figures 1A, B, we noticed that the behavior of students who lack and with family education and not involving bullying under different values of fractional order. The trajectory changes with the fractional order, suggesting that the system's sensitivity to initial conditions or recent changes decreases as fractional order reduce from 1. Essentially, a lower fractional order makes the system less reactive to short-term fluctuations and more stable.

In Figures 1C, D, we illustrated the solution pathways of students with/without parental control and bullying other students of the system. In this simulation, we observed from Figure 1C that a fractional order is associated with a increase in bullying, unlike Figure 1D where a lower fractional order is associated with a decrease in bullying, these trajectories imply that interventions that have a more prolonged effect or that contribute to the “memory” of the system such as consistent policy enforcement or cultural shifts against bullying could be more effective than short-term solutions.

In Figures 2, 3, the effects of varying different parameters associated with family education are analyzed, providing insights into how changes in family dynamics and educational background influence the prevalence of bullying over time. Figures 2A, B present the dynamics of students without and with family education respectively, showing how the parameter variations (ξ1 and ξ2)impact students' stability. These parameters represent the rates of transition between having and lacking family education. The pink trajectory represents higher transition rates, indicating quicker movement from lacking family education to gaining it and vice versa. In both cases, the pink curves stabilize at higher values compared to the blue curve, indicating quicker movement from lacking family education to gaining it and vice versa. In both cases, the pink curves stabilize at higher values compared to the blue curves. This suggests that policies that facilitate family engagement or provide external support to simulate family education (e.g., community programs or school counseling) can lead to better stability and outcomes in students' behaviors. Improving family education rates will potentially reduce students' vulnerability to adverse behaviors by enhancing resilience against bullying. Figures 2C, D demonstrate the dynamics of bullying among students lacking family education and those with family education, respectively. The dynamics show that a higher rate of transition into a supportive environment leads to reduced numbers of bullying incidents over time. These results highlight the importance of family involvement as a preventative factor against bullying. Schools could collaborate with parents to strengthen family education programs, provide workshops on parenting skills, and offer resources aimed at creating supportive home environments. Furthermore, the transition rates (ξ1 and ξ2) could be influenced by school-led initiatives that directly involve parents in students' lives.


[image: Figure 2]
FIGURE 2
 Effect of varying ξ1 and ξ1 when Caputo fractional operator is 0.95. (A) Dynamics of students with lack of family education. (B) Dynamics of students with family education. (C) Dynamics of bullying students with lack of family education. (D) Dynamics of bullying students with family education.



[image: Figure 3]
FIGURE 3
 Effect of varying m when Caputo fractional operator is 0.95. (A) Dynamics of students with lack of family education. (B) Dynamics of students with family education. (C) Dynamics of bullying students with lack of family education. (D) Dynamics of bullying students with family education.


In Figures 3A, B depict the dynamics of students with and without family education for varying values of m which represents the rate of students lacking family education. When m increases from 0.05 to 0.09, it can be observed that the number of students without family education increases, as seen in the red curves. Conversely, the number of students with family education decreases, implying a growing population of students who lack sufficient support from their families. These figures show that increasing the rate of students without family education negatively impacts the student population's dynamics, increasing vulnerability. In real-world settings, this points to the need for government and school authorities to intervene with targeted programs for families that struggle to provide sufficient education and support. Policies aimed at subsidizing educational resources or counseling services could reduce m and improve student outcomes. Figures 3C, D show the dynamics of bullying incidents among students with and without family education as the rate m changes. With increased m the number of bullying incidents among students without family education also rises. This relationship indicates that when more students lack family education, the likelihood of involvement in bullying, either as a perpetrator or as a victim, also increases. For this results, schools and educational policymakers should focus on interventions that provide additional support to students who lack family education, such as mentorship programs, peer support initiatives, and after-school activities. These can serve as compensatory measures for students who are at higher risk due to a lack of family support. Providing targeted emotional and social learning initiatives in schools can also help mitigate bullying behaviors among students who may be predisposed to such behavior due to their family background.

In our ever more interconnected world, the capacity to model and anticipate the spread of bullying is essential for global readiness. Utilizing mathematical models, early identification and containment strategies can be guided, playing a crucial role in averting the swift global dissemination of bullying. Understanding the dynamics of a bullying model can aid in communicating the importance of preventive measures to the public. When people grasp how a bullying spreads among students, they are more likely to adhere to recommended behaviors like parental education and other preventive polices.

The students with lack of family education X1, that is, students who lack family education and not involving bullying; students with family education X2, that is, student who have family education and not involving bullying; the bully students with lack of family education Y1; the bully students with family education Y2.



8 Conclusion

Bullying has non-positive impacts on the mental-physical health, academic outcome, and social relationships of the victims. Those who are bullied face higher rates of sadness, anxiety, low self-esteem, and thoughts of suicide and post-traumatic stress disorders (PTSD) sometimes leading to mental health pathologies in the victims, prompting the need for a comprehensive examination of its cause and dynamics. This research has investigated the dynamics of bullying by introducing a parental education and has employed the fractional Caputo operator to model the system. The fractional Caputo model has been derived, and key findings related to this fractional model have been presented. Notably, stability analysis has been conducted, and the uniqueness and existence of the solution for the bully system have been examined. A novel numerical approach has been introduced to explore the system of bullying. The use of different orders of derivatives has revealed that the hypothesized model with the Caputo derivative has yielded more accurate and efficient graphical results. From the outcome of our result numerically, we have been able to show interventions have effect on reducing the prevalence of bullying; such interventions could campaign or policy shifts which gives better result than [44]. The outcomes of this study are expected to have provided valuable insights for policymakers, parents, and school authorities in their efforts to combat the spread of bullying in their communities or schools. Additionally, future iterations of this model may incorporate time-dependent control strategies based on optimal control theory to enhance bullying management and also test the model with real data by using the non-spatial form of the model developed at small spatial scales to understand the effect of bullying at different district schools in places like the USA at the census tract level.
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