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Low Mach dynamics of interface
and flow fields in thermally
conducting fluids
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WA, Australia

Unstable interfaces govern many processes in fluids, plasmas, materials, in
nature and technology. In distinct physical environments, the interface dynamics
exhibit similar characteristics and couple micro to macro scales. Our work
establishes the rigorous theory examining the classical problem of the dynamics
of an interface with mass and energy fluxes under destabilizing accelerations.
We consider thermally conducting fluids in the low Mach regime with weak
compressibility prevailing over thermal transport. We find the attributes of
perturbation waves, solve the boundary value problem, and identify the flow
field structure, the interface perturbations growth, and the interface velocity.
The interface dynamics is stabilized primarily by the inertial mechanism and
is unstable when the acceleration exceeds a threshold. The thermal heat flux
provides extra stabilizations, seeds energy perturbations, creates the vortical field
in the bulk, and rescales the interface velocity. Our results agree with experiments
in plasmas and complex fluids and with contained turbulence experiments. We
outline extensive benchmarks for experiments and simulations and chart future
research directions.

KEYWORDS

interface dynamics, multiphase dynamics, boundary value problem, fluid instabilities,
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1 Introduction

Interfaces and interfacial mixing are omnipresent in nature and technology in fluids,
plasmas, and materials [1, 2]. Examples of relevant processes include the supernova blasts,
the convection in planetary interiors, the confluence of rivers, the materials processing
in nanofabrication, the detonation of energetic materials, the purification of water, and
the inertial confinement fusion [3-13]. In these realistic environments, the relaxations are
weak, the energy releases are high, the accelerations are strong, the matter (fluid, plasma,
and material) has well separated phases, and its fields change sharply and rapidly [3-13].
The matters are discerned by a phase boundary—an interface that can be microscopically
thin and can have the macroscopically observable fluxes of mass and energy [7-11]. The
interface dynamics couple micro to macro scales. It is challenging to study in theory,
experiments, and simulations [3-16]. Our work examines and finds characteristics of the
interface dynamics in thermally conducting fluids in the low Mach regime [16].

Dynamics of a phase boundary is a classical problem in science, mathematics, and
engineering [1-16]. A phase boundary is defined broadly as an interface separating
different matters [15, 16]. These can be the distinct kinds of matter; it can be the same kind
of matter having distinct thermodynamic characteristics, or undergoing a phase transition
or changing a chemical composition [15, 16]. A conventional wisdom is that for immiscible
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matters the interface is thin and it is a front with zero mass
flux, whereas for miscible matters the interface is thick and it
has diffusive transports of mass and energy across it [12-14].
In realistic matters (e.g., complex fluids, high energy density
plasmas, and energetic materials), a thin interface can have
observable fluxes of mass and energy, well beyond diffusion
scenarios [3, 5, 7-11]. The matter’s properties change dramatically
at miniscule scales [1-5, 7-11, 14-19]. This causes the occurrence
of the microscopic transports at the interface and the formation
of the macroscopic fields in the bulk [15, 16]. The rigorous
theory is required to capture the multiphase dynamics in realistic
conditions [15, 16].

The theory of interface dynamics is an intellectual challenge
[1-3, 6, 14-16, 20]. It demands one to solve a singular boundary
value problem at a freely evolving discontinuity and an ill-posed
initial value problem, in addition to solving the governing—
non-linear partial differential—equations in the bulk [14-16].
For fronts in Rayleigh-Taylor/Richtmyer-Meshkov instabilities,
the linear theories were developed [21-26]; the group theory
captured the unstable dynamics in the scale-dependent and self-
similar regimes [3, 27, 28]. For interfaces with mass and energy
fluxes, the rigorous theory of multiphase dynamics was recently
developed [15, 16, 29, 30]. It discovered the inertial mechanism
of the interface stabilization and the instabilities of the accelerated
interface in ideal fluids and in realistic fluids in the regimes
of advection, diffusion, and low Mach [15, 16]. It resolved the
prospect of Landau [20] and found that the classical Landau’s
solution for Landau-Darrieus instability is a perfect mathematical
match [6, 14-16, 29, 30].

Our present work examines the interface dynamics in
thermally conducting fluids in the low Mach regime [16]. In
this regime, the flow fields are subsonic, the length scale set
by the thermal conductivity is substantially greater than that set
by the initial perturbation, and the compressibility prevails over
the thermal transport [16]. The low Mach regime is important
to study: because it focuses on the effect of the thermal heat
flux on the interface dynamics, and because the dominance of
compressibility enables one to capture a direct link between the
thermal heat flux at the interface and the vortical structures
in the bulk [16, 29, 30]. Potential applications of our present
work range across research areas from astrophysical to atomic
scales [1-13].

Particularly, in a type-Ia supernova, the interfacial mixing
of matters of a progenitor star enables synthesis of iron peak
chemical elements [3, 4, 31, 32].

matter in solar and planetary interiors is affected by finger

The process of mixing of

type interfacial structures bearing mass and momentum inside
the convection zone [33, 34]. At geophysical scales, the global
stability of the interface in the confluence of rivers is a
long-standing puzzle [35, 36, 69]. The far from equilibrium
dynamics of interfaces is critical for capturing realistic turbulent
processes, such as turbulent combustion, turbulent mixing, and
compressible turbulence [37, 38]. An in-depth understanding of
the interface dynamics is needed for effectiveness of purification
of water [10, 39] and the transportation security of liquefied
natural gas [40]. The comprehension of the coupling of
microscopic interfacial transports and macroscopic volumetric
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fields is essential for the detonation of energetic materials,
the materials processing in nanofabrication, and the micro-
fluidics [7-9, 41-44]. The control upon the interfacial mixing
of hot and cold neutral plasmas and the ablative stabilization
of plasmas are critically important in the inertial confinement
fusion [5, 45, 46].

In these realistic vastly distinct physical environments,
the interface dynamics exhibits similar characteristics [1-3,
15, 16]. It can be viewed as a theoretical problem of the
dynamics of the interface with mass and energy fluxes [14-
16]. To solve this problem, we employ the rigorous analytical
framework [15, 16, 29]. We self-consistently derive the boundary
conditions at the interfaces from the governing equations in
the bulk, including the conditions balancing the fluxes of
mass, momentum, and energy and the conditions for the
thermal heat flux. We obtain the structure of the perturbation
waves: the mechanical and energetic waves in the bulk of
the heavy and the light fluids and the interface perturbation.
We rigorously solve the boundary value problem in the low
Mach regime and identify the structure of the flow fields
in the bulk, the interface stability, the growth rate of the
interface perturbations, and the interface velocity. The inertial
and accelerated dynamics are considered in a broad range
of parameters.

We find that in the low Mach regime, the interface is
stabilized primarily by the macroscopic inertial mechanism.
The microscopic thermodynamics and the thermal heat provide
additional stabilizations. The inertial dynamics is stable at
global scales. The accelerated dynamics is stable only when the
acceleration magnitude exceeds a threshold. The seeds of the
thermal heat flux create the energy perturbations and the vortical
field in the bulk and rescale the effective interface velocity.
When the seeds are absent, the low Mach dynamics in thermally
conducting fluids coincides with the conservative dynamics in ideal
fluids [15, 16, 29].

Our theory defines the interface as the place where balances
are achieved. We elaborate qualitative and quantitative attributes
of the low Mach dynamics not measured and diagnosed before.
This calls for further developments of theoretical approaches,
numerical methods, and experimental metrologies of the interface
dynamics [6-11, 20, 47-53, 56-59]. Our theoretical results are
consistent with and explain the geophysical observations, the
experiments in high energy density plasmas, the experiments in
complex fluids, and the experiment on contained turbulence [39,
54, 55].

The study is structured as follows: After the Introduction
in Section 1, we present Theoretical foundations in Section 2:
governing equations (2.1), theoretical approximation (2.2), and
methodology (2.3). Results are given in Section 3: solutions
structure (3.1), boundary value problem (3.2), fundamental
solutions (3.3), thermal heat flux (3.3), inertial dynamics (3.4), and
accelerated dynamics (3.5). Theory Outcomes are given in Section
4: comparison with models (4.1), comparison with observations
(4.2), and benchmarks and diagnostics (4.3). Summary is in Section
5. Acknowledgments, Data availability, Author contributions,
Conflict of interest, Generative Al statement, Publisher’s note and
References are provided.
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Schematics of the dynamics (in a far field, not to scale). Blue color
marks the planar interface (dashed line) and the perturbed interface
(solid curve).

2 Theoretical foundations

2.1 Governing equations

The governing equations are the partial differential equations
including the conservation laws in the bulk, the boundary
conditions at the interface, the boundary conditions far away from
the interface, and the initial conditions [14-16]. Figure 1 presents
the schematics of the problem.

We consider the dynamics of thermally conducting fluids in
an inertial frame of reference. In the bulk, the equations for the
conservation of mass, momentum, and energy are

e dpvi  Ipvivj

dpvi oP

8 =0,
Jat 0X; Jat ij 0x;
E 0 (E+P)v; 0Q
R AT ) 1.1
at + 0x; * 0x; (1D
and the heat flux equation is:
d(xe
Q+ 29 _y (1.2)
axi
In Equations 1.1, 1.2, the spatial coordinates are x = x; =

(x1,X2,%3) = (x, ¥, z), time is £, and thermal conductivity is x . The
scalar and vector fields include the density p , the velocity v = v;,
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the pressure P, the energy density E = (e+ v;/2 ), the specific
internal energy e, and the thermal heat flux Q = Q;. For the system
of Equations 1.1, 1.2, the closure equation is the equation of state.
For purposes of this work, the equation of state is presumed to be
P = s pe with a constant s [14-16]. Our theoretical framework is
unconstrained to an “ideal gas” equation of state. Other equations
of state can also be considered. For constant thermal conductivity
X > the heat flux (Equation 1.2) is reduced to the Fourier equation
for heat conduction. The inertial frame of reference has a constant
velocity Vy. For definiteness and free from loss of generality, the
velocity of the inertial frame of reference is set as Vo = (0,0, Vo)
[15, 16, 29, 30].

The governing equations in the bulk (Equations 1.1, 1.2)
describe non-ideal thermally conducting inviscid fluids [14-16].
When the thermal heat flux and the thermal conductivity are
negligible, Q = 0 and x = 0 in Equations 1.1, 1.2, the equations
become the Euler equations in ideal fluids. A detailed study of the
interface dynamics in ideal fluids is given in the works [15, 29,
30]. In the presence of the kinematic viscosity, the momentum
and energy equations in the system (Equations 1.1) are further
modified, to be considered in the future. The governing equation
(Equation 1.1) are applicable for both inertial dynamics and the
dynamics being a subject to a body force and an acceleration; in
the latter case, the pressure field is modified.

We focus on the multiphase dynamics of two distinct fluids
separated by a freely evolving interface. To track the interface, we
define a continuous scalar function 6 (x, ¥z, t), such that & > 01in
one fluid, & < 0 in the other fluids, and & = 0 at the interface. We
represent the fields and quantities in the bulk by using the Heaviside
step function H (0) as:

(p,v,P,E,e,Q, x,5) = (p,V, P,E, e,Q, x,5),H (8)

+(p,V,P,E,€, Q) X’S)IH(_G) (13)

We presume that the fluids differ by their densities and mark
the heavy (light) fluid with subscript h (1).

The generalized functions—the Heaviside step function H ()
and the Dirac delta function 8 (9) with § (9) = dH ()/96 —were
first used in multiphase dynamics (Equation 1) in the works [3,
11,15, 16, 27-30]. This rigorous approach enables a self-consistent
derivation of the boundary conditions at a freely evolving interface
directly from the governing equations in the bulk; it can be used in
other multiphase physical systems [3, 11, 15, 16, 27-30].

At the interface, the fluxes of mass, momentum, and energy are
balanced [15, 16]. This leads to:

[j-n]=0, [(P—I— (’;)2) n:| =0,

[G'H)G'T) t} o
P
[G'n) <W+2}:Z>+Q~n}=0 @.1)
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We also require the thermal heat flux to be normal to the
interface at each side of the interface:

Q- Dlp=o+ =0, (Q-Dlp=o- =0 (2.2)

In the Equations 2.1, 2.2, a quantity jump at the interface is

denoted with [...]. The normal and tangential unit vectors of the

VO/|IVO| , (n-t) = 0. The

mass flux across the moving interface is j = p (v+n6/|Vo]| ).

interface are n, 7, with n =

The specific enthalpy is W = e + P/p , including the enthalpy
of formation [14-16, 29, 30]. Per the third of the Equation 2.1,
the tangential component of the velocity v is continuous at the
interface, and the velocity field is free from shear at the interface
[15, 16, 29, 30].

Per the equations in the bulk and at the interface (Equations 1.2,
2.2), in each fluid, the thermal heat flux Q; is parallel to the gradient
d (xe)/dx; . For the internal energy function (xe), the interface
is a level surface (level curve). The value (xe) is constant at each
side of the interface 6 (x,#) — 0%. This self-consistent boundary
condition for the thermal heat flux was first formulated in the
works [16].

For the velocity field, the boundary conditions at the outside
boundaries are:

Vilzs—00 = Ve =(0,0, V), Vil,oo 4o =V =1(0,0,V) (3)

The interface velocity is V. For a steady planar interface, it is
constant V. = Vj. This constant velocity Vo can be equal to the
velocity of the inertial frame of reference Vo = V. For an unsteady
non-planar interface, the interface velocity is not constant \% #* \70.
We have:

V.n:—v~n|9=0:_:i"n/p !0:0 (4)

The importance of non-constancy of the interface velocity in
an inertial frame of reference was first identified in the works
[15, 16, 29, 30].

The initial conditions are the initial perturbations of the
interface and the flow fields. They define the dimensionality, the
symmetry, the length scale, and the time scale of the dynamics
3, 15, 16].

Theoretical problem (Equations 1-4) is at least as challenging
as the Clay Institute Millennium problem of the Navier-Stokes
equation [14-16, 60]. In addition to the partial differential
equations in the bulk, it involves a singular boundary value problem
at a freely evolving discontinuity and an ill-posed initial value
problem [3, 11, 14-16, 27-30].

2.2 Theoretical approximation

2.2.1 Fields and the interface

To solve the problem (Equations1-4), we consider the
dynamics for constant thermal conductivity x . We presume that
to the leading order, the flow fields are uniform (p,v,P,e) =
(p,V, P, €)y, the thermal heat flux Qg is constant, and the interface
is planar n = ng, 7 = 79. We perturb the fields of the density
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p = po + p, the velocity v = vy + u, the pressure P = Py + p,
the inertial energy e = ey + e, and the enthalpy W = Wy + w.
We perturb the mass flux j = J + j and the thermal heat flux
Q = Qo + q. We perturb the interface with the normal n =
ny + n; and tangential t = 79 + 1, vectors. For each of these
quantities, the magnitude of the perturbation is small compared to
its leading order value. We presume that to the leading order the
mass flux J is normal to the interface, J - 79 = 0 with J - n; =
0[16].

2.2.2 Leading order dynamics

To the leading order, the scalar and vector fields are uniform,
and the equations in the bulk (Equations 1.1, 1.2) are obeyed by
default. From the boundary conditions far away from the interface
(Equation 4), the fields are:

(0¥, P&, W,, Q) .1y = (00, V> Po, €0, Wo, J, Qo)) (5)

At the interface, they satisfy the boundary conditions for the
fluxes of mass, momentum, and energy:

. 2
[] : nO] =0, |:(P0 + (I nO) ) no] =0,
Lo

]2
[(I - 1) <W0 + 72) +(Qo - 110)] =0 (6.1)
20
and the boundary condition for the thermal heat flux:
(Qo - )lg=o+ =0, (Qo - 70)lg=0- =0 (6.2)

In the incompressible limit and in the absence of the thermal
heat flux [14-16], these boundary conditions (Equations 6.1,
6.2) become:

poV? V2 (Qo - ng)
-0, — —=0, |——mm—

Py Wo (J-ng) Wo

= [J-no] =0, [Pomp] =0, [Wp] =0

(6.3)

For the subsonic dynamics, we must retain the thermal heat flux
in the boundary condition for the energy in the Equation 6.1 as:

2
[(Qo -ng) + (J - o) Lz ] = —[(J -ng) Wo] (6.4)
2p;

This is because the thermal heat flux (Qg - ng) # 0 seeds the
perturbations of the internal energy [16].

2.2.3 First order dynamics
To first order, in the bulk, the conservation laws are:

a a
(&+V-V>,5+pov-u:0, po<&+V~V>u+Vp:0,

ad
(7.1)
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and the heat equation and the equation of state are:
. p
q+V(xe) =0, = (7.2)

Py

The boundary conditions at the interface are, respectively, for
the fluxes of mass, normal and tangential momentum, and energy:

[G+7)-no] =0, [(p L 20 Gm) (I-no/))gj.no)) no] o,

Lo
(000 (- 71+ ) 2] =0

Jj
[0-00) (w+ 22) + (@-m0) | =0
and for the thermal heat flux:

(Q-n+q- r0)‘9:0+ =0, (Q-71+q- f0)‘9:0* =0(82)

Here, the perturbations of the mass flux are j =j+ij
including the ‘mechanical’ j = po (u+ noé) and the density j =
(p/po )Y perturbations.

The perturbations of the flow fields decay far away from
the interface:

{15)“>P> é’j’j’q’ W} h|zi>,oo =0, {ﬁ’u’p’é’j’j’q’ W} l|z~>+oo =

The perturbed velocity of the interface is V=Vo+¥ ¥ <<
|\70|. Up to the first order, it is:

V=Vo+¥, ¥.mg=—(u-ng+06)|,_,
(10)

This illustrates the non-constancy of the interface velocity in
the multiphase dynamics [15, 16, 29, 30].

We solve the multi-parameter problem (Equations 1-10)
within the general framework [15, 16, 29].

We consider a sample case of a two-dimensional flow periodic
in the x direction, free from the motion in the y direction and
spatially extended in the z direction. We use the interfacial function
0 = —z + z"(x,t), where the perturbed interface is z* =
Z* exp (ikx + Qt), the wave vector is k = 27 /A , and the
wavelength A is set by the initial conditions:

0 =—z+2"(x1), 2 =Z"exp (ikx + Qt), k=27/r (1L1)
The perturbed velocity vector field can have the potential and
the vortical components u = V& + V x W. In a two-dimensional
flow, the vortical field is ¥ = (0, ¥, 0), and the vorticity field is
V x u = (0, AW, 0). This summarizes to:

U=VO+Vx W, ¥=(0,0,0), Vxu=(0,A¥,0) (11.2)

The formal representations (Equation 11) enable one to link the
interface dynamics and the structure of the flow fields. It was first
done in the works [15, 16, 29, 30].
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TABLE 1 Matrix Ms defining the structure of the perturbation waves in the
bulk.

MS =

(K —K?) po 0 0 —KV +Q 0

(=KV + ) po 1 0 0 0

0 0 (—KV + Q) po 0 0
7(,(271(2) V(kz—Kz)

P0 0 0 0 KinPo

(—KV+Q)

Py

1 -1 -1

0 B 0 D0 e

2.3 Methodology

2.3.1 Perturbation waves
To find the structure of the perturbation wave(s) in the
expressions (Equations 7,9, 11), we represent the flow fields as [16]:

(®,p, W, 5,2) = (é,ﬁ, @, 5, é) exp (ikx — Kz + Qt)  (12.1)

Here, K is the wave vector in the direction of motion that must
be found [16]. In the domain of the heavy (light) fluid, the values of
this wave vector are K < 0 (K > 0), as required by the boundary
conditions (Equation 9) far away from the interface.

The representation (Equation 12.1) reduces the perturbed
equations in the bulk (Equations 7.1, 7.2) to the linear system
Msz = 0 (see Tablel). In this system, the vector z =
(@,p, v, p, E)T is defined by the variables (Equation 12.1), and the
5 x 5 matrix Mg corresponds to the Equations 7.1, 7.2 for these
variables; subscript S stands for structure; the fifth row in the matrix
M corresponds to the equation of state [14, 16]. In each fluid, the
components of the matrix Mg depend on the values 2, k, K, the
quantities V, po, P, €9, and the parameters yx,s. Particularly, the
mass flux poV and the thermal conductivity x define the natural
poV/x
of this characteristic scale was first recognized in the work [16].
Traditional approaches appear to overlook it [6, 14, 20, 47-53].

To find the wave vector(s) K and the associated structure(s)

scale with the wave vector K,, = . The importance

of the perturbation wave(s), we need to solve the linear system
Msz = 0. In each fluid, the condition det Mg = 0 yields a fifth
order polynomial equation for the wave vector(s) K:

detM; =0, detM; = (KV — ) (K* + K>c3 + K¢y + Kci + ¢o)

(12.2)

The coefficient co(1)(2)3) in the polynomial (Equation 12.2)
depends on the values 2, k, K;,;, the quantities V, pg, Py, and the
constant s (see Table 2).

2.3.2 Boundary value problem

The Equation 12.2 has five solutions for the wave vector
K. The five solutions (Equation 12), with (®,p,¥,p,e) =
(&,ﬁ, U, 0, é) exp (ikx — Kz + Qt), and the interface perturbation
Z* exp (ikx + Qt), define the six
independent waves—the degrees of freedom of the dynamics. We

(Equation 11), with z* =
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TABLE 2 Polynomial equation det Mg = 0 and its coefficients.

VPy, s, po, Vs K, k, 2

det Mg = :: V(K= ) (K'+ Kc; + K2c, + Kei + ¢)

Kin (Po(14+5)—po V2 ) +2p0 2
Py—poV?
 RV(2Po—po V) +Km (Po(14+9)=3p0 V2) Q+po V2
V(Po—poV?)
_ KK Po(1+5)+2k po V43K, po 22
Po—po V?

G =:

o =:

o =:

K4 Py VK2 Ky Po (145) Q+k2 po VQ2 4 Ky po V3
V(Po—poV?)

o =":

employ these waves to solve the boundary value problem at the
interface (Equation 8).

With the six boundary conditions (Equation 8) (the interfacial
conditions for the conservation of mass, normal and tangential
components of momentum and energy, and for the thermal heat
flux) and the six variables (the five waves in the bulk and the
interface perturbation), the boundary value problem at the interface
is reduced to the linear system:

_ T
Mr=0, r= (cbh,eb,, Vizt Wy, G ) (13.1)

kv, kv,

In this system, the vector r is given by the independent waves
(Equations 11, 12), and the 6 x 6 matrix M is derived from the
interfacial boundary conditions (Equation 8).

The solution for the system pr = 0 (Equation 13.1) is:

r = Cir; (13.2)

with the fundamental solutions r; and the integration constants

C;. To find the fundamental solutions r;, we apply the condition

det M = 0 and reduce the corresponding matrix M to row-echelon
form [15, 16].

The number of the fundamental solutions is equal to (smaller
than) the number of the degrees of freedom for a non-degenerate
(degenerate) dynamics. The system Mr = 0 results from a system
Pr = Sr with matrices (BS), presuming that vector r varies with
time asr ~ &%, leading to M = (S — QP), as

Pi=Sr, t=P!Sr, r~e®, Mr=0 M= (S— QP)(13.3)

In a non-degenerate case, the inverse matrix P! exists, and
the system is transformed to a standard form ¥ = P!Sr. In a
degenerate case, the transformation is unattainable, resulting in a
smaller number of the fundamental solutions than the number of
the degrees of freedom, similarly to [15, 16, 29, 61].

3 Results

3.1 Solutions’ structure

To find the structure of the perturbation waves in the bulk, we
solve the Equation 12. By taking into account that for the vortical
field the wave vector is K = Q/V , we reduce the Equation 12 to
a fourth order polynomial equation that can be resolved for any
values ¢o (1) 2) 3)- In a broad range of quantities (V, po, Po, €, X5 $),
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the solutions exist; they are cumbersome; they can be investigated
by using, e.g., artificial intelligence tools.

To capture the physics of the process, we analyze weakly
compressible dynamics, with pgV?/Py << 1. For these subsonic
perturbations, there are three regimes, dominated by the process
of, respectively, advection, diffusion, and weak compressibility
[16]. These regimes are defined by relating two dimensionless
parameters. One of them is the ratio K, /k . It describes the
poV/x set by the
thermal conductivity with the wave vector k set by the initial

interplay of the wave vector K,, =

conditions. The other is the ratio pgV?/Py , representing the effect
of compressibility.

In the regime of advection, the thermal conductivity wave
vector is large (Kn/k )h(l) — 00, and the pressure is high
(PO /Po V2 ) n(l) — 00 . In the regime of diffusion, the thermal
conductivity wave vector is small (Km /k ) n(l) << 1, and the
dynamics is nearly incompressible ((po V2/P, ) / (Km /k ) ) 0y ~
0. In the low Mach regime, the dynamics is weakly compressible
(00 V?/Py )h(l) << 1, and the thermal transport is vanishing
compared to the compressibility ((Kin/k )/(poV?/Po ) )h(l) —
0 [16].

Our work investigates the weakly compressible low Mach
regime. This regime is important to study because it concentrates
on the effect of the thermal heat flux on the interface dynamics.
In the dynamics, the length scale of the thermal conductivity
K,', K,,' = x/poV , is substantially greater than the length
scale of the initial perturbation k™!, k=! = A/27 . The vanishing
thermal transport ((Ku/k )/(poV?/Py ) )h(l) — 0 permits one
to elucidate the direct link between the thermal heat flux at the
interface and the formation of vortical structures in the bulk [15,
16, 29, 30].

To find the wave vector(s) K and the associated structure(s) of
the perturbation wave(s), in the low Mach regime, we present the
equation det Ms = 0 (Equation 12.2) in the form:

detMg = V(K — Q/V) (K — K1) (K — K3)

(K—=K3)(K—Ky) =0 (14.1)

Its solutions Kj (2)(3)(4) are associated with the coefficients
€0 (1) (2) (3)> and solution Ks is precise:

=—(K+K+Ks+Ky),

0 = (KIKZ + K1K3 + K1K4 + K2K3 + K2K4 + K3K4) 5
= — (K1K2K3 + K1K2K4 + K2K3K4) 5
Ks =Q/V

(14.2)
co = K1KaK3Ky,

See Table2. We coefficient(s) co(1)(2) (3)
and the wave vector(s) Ki@)@3) @ for (Km/k )h(l) << 1
(,oon/PO )h(l) << 1, taking the
((Km/k)/(,o()Vz/P() ) )h(l) — 0 (see Tables2, 3). Up to the

first order, the wave vector(s) Ki (2) (3) (4) (5) are:

expand the

and for limit

K=—k (14.3.1)
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TABLE 3 Expansion of the coefficients of the polynomial equation
detMs = 0.

nV? K K /k

B <<1, P <<, WHO
G — Zk(p“V )(k%)
il -2 (1+(55) (1+(8)7))
q — —2k3(”"}l’2)(%)
o — k4(1+(/’£PVDZ) 1+(%)2))

7 7 Q\2 V2
Ky~ k

K=k (14.3.3)

_ _ T T (1_ 2\ (;mV?
K=K, K=ktk h=0-1), (2kPo)z’ (14.3.4)
K~k
Q
K=— (14.3.5)
Vi

The wave vectors correspond to the perturbation waves
in the bulk in the heavy fluid (Equations14.3.1, 14.3.2) and
in the light fluids (Equations 14.3.3, 14.3.4) and the vortical
field in the bulk of the light fluid (Equation 14.3.5). They
are independent of (Km /k )h(l)’ due to the vanishing thermal

transport ((Km/k )/(poVZ/PO ) )h(l) — 0.

For each wave vector K (Equation 14.3), by reducing the
matrix Mg in Table 1 to row-echelon form, we find the associated
perturbation waves. By further augmenting the five perturbation
waves in the bulk with the perturbation of the interface
(Equation 11.1) with the wave vector K = 0, we obtain
the six perturbation waves—four mechanical waves and two
energetic waves.

The perturbed fields are (the subscript stands for energetic):

@y = (D + De)ypys ()yry = (B + )y 75
V=W, 0y = Pn@y> @n() (15)

The four mechanical perturbation waves are:

(®,5),, = Dn (1, —kpoV (1 + £2)), ek, K = —k(16.1.1)
= s Q
(®.p), = (1, kpoV (1 T ket g — K (16.1.2)
=z K= (16.1.3)
Wy = Gk @Dz g N (16.0.4)
kV;

These waves describe the perturbations of the associated fields
of the velocity potential and the pressure in the heavy fluid
(Equation 16.1.1) and in the light fluid (Equation 16.1.2), the
interface (Equation 16.1.3), and the vortical field of the light fluid
(Equation 16.1.4). The mechanical waves are the same as in the
conservative dynamics in ideal fluids with the constant inertial
energy in the absence of the thermal heat flux [15, 16]. We highlight
that the vortical field (Equation 16.1.4) is dissociated from and
does not contribute to the pressure field. The vortical field is
energetic—rather than dynamic—in nature [14-16, 29, 30].
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The two energetic perturbation waves are:

-z - = _ posV. 2s
& P, fesPe);, = ¢ <1’ 2P~ (kVAQ)° B

K =—-K;,

2/003) th+Khz+Qt)
(17.2.1)

_ posV/ 2 ikx—Kjz+Qut
(e, o, Pe»Pe) = (1’ _22P0 + (kVSQ) Po Z'OOS) ¢ o

K=K (17.2.2)

These waves are due to the perturbations of the internal energy
in the heavy and light fluids. They describe the fields of the
velocity potential, the density, and the pressure associated with the
inertial energy.

3.2 Boundary value problem

To find the interface stability and the structure of the flow fields,
we solve the boundary value problem at the interface (Equation 8)
by using the six perturbation waves—the six degrees of freedom—
four mechanical and two energetic. The dynamics can be subject
to a body force and an acceleration. We consider the destabilizing
acceleration g. It is directed from the heavy to the light fluid in the z
direction of motion, g = (0, 0, g) and has the constant magnitude g.
The boundary value problem at the interface (Equation 8) is hence
reduced to the linear system M r = 0 (Equation 13) [15, 16].

Table 4 represents in the dimensionless form the matrix p
in the low Mach dynamics. We use the following scales for the
as the length scale; 1/kV),  as
the time scale; (V/ k, pos po Vz) p as the scales for the velocity

dimensionless dynamics: 1/k

potentials, the density, and the pressure, respectively. We employ
the dimensionless values of the growth rate w = Q/kV), , the
gravity G = g/kV}
(k'”)h(l) = (Km/k )h(l)' The density ratio is R = pop/po1 >R >
1. The modified Mach number is (Maz)h(l) = (poVZ/Po )h(l)'
We scale the thermal heat flux with the internal energy (eo)
as (Qo)h(z) =
(Qo -J/JPeo ) n(l) of the internal energy perturbations. The spatial

,G > 0, and the thermal wave vector(s)

(]eoso)h(l). This defines the seeds (SO)h(l) =

coordinates, the time, the wave vectors, and the amplitudes of the
perturbation waves are rescaled as

kxi — xi, t/(th) — t, (Kh(l)/k> — kh(l)»

(Ko /K )1y = (k)

uy/(Valk) = By 2k — 2, Wi/(Va/k) — Ty
(&/e0 )1y = @

(18.1)

In the system Mr = 0 (Equation 13), the vector r of the

perturbation waves has the form:

— ($hezx+z+wt, $161x72+wt, Eezx’
. . . T
1plezx—(a)/R )z+wt’ Eh ezx+khz+fut) Eh ezx—k,z+wt (18.2)

In Table 4, the elements of the matrix y depend on w and the
dimensionless quantities (R, G, (km,eo,Ma, s) h(l))' In the matrix
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TABLE 4 Matrix M for the interfacial boundary value problem in the low Mach dynamics.

w=
-R -1 ~o+Ro i — 3Ky Ma2Rs, 3 e} Ry

1 -1 1-R i 3 ki Maysy, km*kulzq

R—Rw R+w —G+ GR —2iR 2kpsiR (1 + Ma?) —2kyusy (1 + Ma?)

w - w — Rw iR 1—kmh(1+sh)—w 1+km,(1+51)+k'”#ulzsl
0 0 igon 0 —i 0

0 0 igo 0 0 —i

M=M (a), R, G, (km, &0, Ma, S)h(l))’ the terms (km)h(l) are given
for completeness. They can be omitted, since the thermal transport
is vanishing as (km)h(l) — 0 with (km/Ma2 )h(l) — 0, and the low
Mach dynamics is weakly compressible (Ma?) way << L.

In the dimensionless form, the fundamental solutions are r; =
r; (wj,e;). Each has the eigenvalue w;, the eigenvector e;, and the
associated amplitude vector &; of the perturbation waves:

. 2 2 oa A ANT
r=Cri, ri=ri(w,e&), &= (bpdr2V,ee); (18.3)

Table 5 presents in the dimensionless form the matrixes (PS),
with M = (S — wP), in the low Mach dynamics. In the matrix
P, the fifth and six rows (columns) have null elements. Hence,
detP = 0, the inverse matrix P! is undefined. This suggests a
degeneracy of the low Mach dynamics and a smaller number of
fundamental solutions than the number 6 of the degrees of freedom
(Equation 13.3) [15, 16, 29, 61].

3.3 Fundamental solutions

In the low Mach dynamics, the fundamental solutions have the
following attributes:

(1) The low Mach dynamics is degenerate. It has only four
fundamental solutions ry(2)3)@4) for the six equations with
the six degrees of freedom. Mathematically, the degeneracy
is associated with the matrix P, for which the inverse
matrix P! is undefined. Physically, the degeneracy is due to
the thermodynamic (rather than mechanical) nature of the
internal energy perturbations (e);,(;); these perturbations are
due to the seeds of the thermal heat flux with (E)h(l) (So)h(z)
(see also the works [15, 16, 29, 61]).

(2) For the fundamental solutions r;(z), the potential and vortical
fields of the velocity are coupled with the interface perturbation
and with the thermal heat flux. In case of the null thermal
heat flux, the velocity fields are potential in both fluids. The
fundamental solutions ri() depend on the density ration,
the acceleration strength, and the seeds of the thermal heat
flux (R, G, (30)11(1))- These solutions are independent of the
parameters (km, Ma, 5) () in the low Mach dynamics (see also
the work [16]).

(3) The fundamental solutions r3() depend only on the density
ratio R. These solutions are the same as the corresponding
solutions for the conservative dynamics in ideal fluids in the
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absence of the thermal heat flux. They do not contribute to the
dynamics (see also the works [15, 16, 29, 30]).

The fundamental solutions ri(;) depend on the parameters
(R, G, (g9) h(l))- The solution r; can be stable or unstable. The
solution r, is stable. We define the solution rcpgy, where the
subscript stands for the conservative dynamics (CD) under the
gravity (G) in the low Mach (M) dynamics. For a real eigenvalue w,
the solution rcpgy is the fundamental solution ry, as rcpgy = 1,
with the eigenvalue wcpgy = w1, the eigenvector ecpgy = e;, and
the amplitude vector écpgy = €. For an imaginary eigenvalue wy,
the solution rcpgy is given by the fundamental solutions ry and r;
(withr; = 1}, w1 = 0} and e; = €}), as rcpem = (r1 +rf)/2 ;
the asterisk marks the complex conjugate.

For the solution rcpgy, the heavy fluid velocity is represented
by the potential field, u, = V&, with ¢, = (<i> + 536) ,» whereas
the light fluid velocity is given by the potential and vortical fields,
wy = VP 4+ V x ¥ with &, = (& + d,), and ¥; = (0, ¥},0).
In the solution rcpgum, the growth rate wcpgm and the amplitude
vector écpem = ((ﬁh, 12,0, e EZ)EDGM are:

(€on + €o1)
(R-1)?%"

wCcDGM = ii«/ﬁ\/l - GR(fR—i_—li) -2

cpap = (%, % 1, %, %, %)© (19.1)

The symbol * stands for functions on (R, G, (80)h(1)). These
functions are explicitly given in Table 6.

We introduce the
R(R—1)/(R+1) , the same as in the conservative dynamics
in ideal fluids [15, 16]. We introduce the parameter
F = —(gop+eo)/(R—1)> of the thermal heat flux [16].
The growth rate is transformed to:

| G
WCDGM = ﬂ:i«/ﬁ (14 2F) — ?
cr

The dynamics rcpgy is stable Re [wepgm] < 0 for the

critical acceleration G =

(19.2)

accelerations G < G, and is unstable Re [wcpgm] > 0
for G > G The ‘thermal critical acceleration G is Gor =
Ger (14 2 F) [16].

The fundamental solution r, is stable in the stable regime,
where the eigenvalue is imaginary, with r, = 1], 0, = 0}, e; = e],
and with rcpgy = (r1 + rT) /2 . The solution r; is stable, even
when the growth rate wcpgy = i is real and the dynamics

rcpgmM = I is unstable. In this case, the integration constant
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TABLE 5 Matrices (P,S), with M = (S — @ P), in the low Mach dynamics.

10.3389/fams.2024.1517619

P=(-1)x S =
0 —1+R 0 -R —1 0 i 0 0
0 0 0 i/R 1 -1 1-R 0 0 0
-R 1 0 0 R R GR—1) | —2iR 0 0
1 —1 1-R 0 0 0 0 iR 1 1
0 0 0 0 0 0 icon 0 —i 0
0 0 0 0 0 0 ey 0 0 —i

The matrix S elements are given in the limit (k) Wy = O

T

TABLE 6 Amplitude vector écpam = (Gp. 1. 2, U1, €n. 81) cpem

VR-1

for the solution rcpgm-

—GU+RT(R—DRAT2FTR) <

[ (-G(VR=1+JGR+D)—(1+2HRER-D) + R-D(FYGR+D) - T+ 2HRR—-D+

R(VR=1+FJR—1+/GR+1)—(A+2HRR-1))))

S = S
—G(1+R)+(R—DR(1+2F+R)

¢, = FR-DRVR—1-/GR+1) —(1+2FHRER-1) +

(G+R-R) (-RVR=1+GR+1)— 1+ 2 R(R-1D))

1

w
]

b= G bR
ey = Eoh
& = —gon — F(R—1)?
C, = 0 must be zero, for the waves of the solution r; to satisfy 3.4 Thermal heat flux

the boundary conditions far away from the interface (Equation 9).
For the fundamental solution r3, the eigenvalue w3 and the
amplitude vector e; are:
w3=R, &=1(0,40,1,0 07 (20.1)
While this solution is unstable, its perturbation fields for the
velocity and the pressure are null for any integration constant.
The solution r3 does not contribute to the dynamics of thermally
conducting fluids, similarly to the conservative dynamics in ideal
fluids [15, 16, 29, 30]. We believe that the solution r3 is due to the
arbitrariness of choice of the inertial frame of reference.
For the fundamental solution r4, the eigenvalue w, and the
amplitude vector &, are:
R—-1

. T

2

w3 =R, &= (—') —i=—"0,0,0,0 (20.2)
R+1 'R+1

While this solution is stable, its integration constant must be
zero, C4 = 0, for the perturbation waves to satisfy the boundary
conditions far away from the interface (Equation 9) (see also the
works [15, 16, 29, 30]).

Figures 2-5 represent the perturbed fields of the velocity u,
the velocity streamlines s, the pressure p, the vorticity V x u, the
internal energy e, and the interface perturbation z* in the stable
and unstable low Mach dynamics rcpgu, free from and under the
destabilizing acceleration, and for vanishing and finite values of the
parameter of the thermal heat flux.
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We briefly outline a few effects of the thermal heat flux on the
low Mach dynamics rcpGu.

When the seeds of the thermal heat flux are null
(eoh(l) =0, F=0), the vortical field is null, the energy
perturbations are null, and the solution rcpgy in thermally
conducting fluids is:

. G
wcpemlp=o = EivVR |1 — —,

cr

%M%WFWﬂ:@WJﬂﬁﬂﬂ (20.1)

It is the same as the solution rcpg for the conservative dynamics
in ideal fluids [15]. For the null seeds of the thermal heat flux,
the thermal conductivity effectively plays no role in the low Mach
dynamicsrcpgar (see Equations 14-17, 19 and Table 6).

The energy perturbations are identified through the leading
order interfacial boundary condition for the energy (Equation 6.4).
With seeds of the thermal heat flux (QO)h(l) = (]eoao)h(l), it is
transformed to:

V2
[8060 + 5+ Wo] =0

V2 2 _
s _ eon _ Vi A Wop—Wap)
follg=0 = <€0h e 2eq (( Pl) 1) + eol )

0=0
(20.2)

In the incompressible limit [Wy] = 0, by presuming that the
heavy fluid is cold and is free from the thermal heat flux, o, = 0,
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and that the light fluid is hot and has the thermal heat flux, g¢; # 0,
the seed value is gg; < 0; hence, the thermal heat flux parameter
F ~ —(gon + €01) is F > 0. Here, we study the case F > 0. These
situations may occur in the processes of combustion and plasma
fusion [5, 6, 12-16, 45-54]. Our theory can be extended to the cases
F < 0 that may occur in, e.g., chemically reacting fluids, as well as
to the compressible case [Wy] # 0 to be studied elsewhere.

Per the properties of the amplitude vector in Table 6, in the low
Mach dynamics, the vortical field exists only in the presence of the
thermal heat flux parameter v/; ~ iF. The vortical potential W; is
shifted by 77/2 relative to the fields of the velocity potentials @}, (;),
the internal energy perturbations ey, (;), the pressure py, (;), and the
interface perturbation z* for any values (F > 0, R > 1, G > 0).

3.5 Inertial dynamics

Consider the inertial low Mach dynamics, with null
acceleration, G = 0, with rcpgy — repm:

wepemlg_o = wcpy = iRy (1 + 2F),

A A T
€cpGD| gy = €cpGp| = (% % 1, %, %, %) 21

The dynamics rcpys is stable for F > 0 (formally, for F >
~1/2).

Figures 2, 3 illustrate the flow fields in the inertial low Mach
dynamics in thermally conducting fluids for the vanishing and
finite values of the thermal heat flux parameter, in consistency with
Table 6. At F = 0 in both fluids, the velocity field is potential and the
fields of the pressure and the energy perturbations are symmetric.
For a finite value F, the energy perturbations become asymmetric
in the heavy and the light fluids, and the velocity has the vortical
field in the light fluid bulk.

Since the growth rate is purely imaginary, wcpy =
+iv/R/(1 + 2F), the wave vector of the vortical field Ky, =
ocpm/R  is imaginary. This creates a stable vortical pattern,
periodic in time and in space, in the bulk of the light fluid. The
vortical structures can be realized when the boundary conditions
away from the interface are somewhat noisy. Otherwise, the
integration constant for the stable solution rcpgy must be
zero, leading to zero perturbation fields and constant interface
velocity V = V.

Consider the vortical field with the amplitude ; and wave
vector Ky,, and the energy field ¢ in the light fluid:

- _ F(R—1)’R

_[1+2F
V= —im————, Ky, =i ,
R(R+1+2F) R

& = —eop — F(R—1)?

(22.1)

The amplitude of the vortical field }1/"/,| increases with the
thermal heat flux F and the density ratio R. The wave vector of
the vortical field |K¢l’ increases with F and decreases with R. The
energy field |¢)] increases with the thermal heat flux F and the
density ratio R. For a small thermal heat flux parameter F 0T, for
fluids with similar, 17, and different, R — oo , densities, these
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quantities are:

F—>0HL,R—>1T =
Ky ~i (1+F+55), &~ —ea
F—- 0", R—>o00 = {;~—iFR,
Ky, ~i(1+F)~R &~ —ey — FR?

2 >

PO .F(R—1)*
}/’l ! (22.2)

(22.3)
For a large thermal heat flux parameter, F — oo , these
quantities are:

7 i (R=1)?
= lzl’l’\’_l(z)’

F— o0, R— 1T

224

lemiﬁp<1+@), &~ —g,, — F(R—1)2 (22.4)
. R

F—>o00,R—>00 = Y;~-—i7, (22.5)

Ky, ~ i~/FVR, &~ —FR?
In the inertial low Mach dynamics, the vortical field has
no characteristic length scale, in contrast to the inertial Landau
dynamics in Landau-Darrieus instability [20, 29].
Consider the interface velocity V = Vg 4 ¥. It stably oscillates:
= V-ng~ gilocoult

v-ng=—(u-ng+6) (23)

|9=0
The expressions (Equations 21, 23) exhibit that in the inertial
low Mach dynamics in thermally conducting fluids, the primary
stabilization mechanism is the inertial mechanism. See the works
[15] explored the inertial stabilization of the conservative dynamics
of ideal fluids. This macroscopic mechanism is due to the
conservation of mass, momentum, and energy; it is associated
with the motion of the interface as a whole. The thermal mass
flux—microscopic in nature—influences the frequency of the stable
oscillations and, for the thermal heat flux parameter F # 0, it
creates the vortical field in the bulk (Equations 21-23) (Table 6).
We now represent the frequency wcpy (Equation 21) in the

Qcpem = i k\_/h /@>
Lol
Vi ((Qo-]) (Qo-l)) Pa
o 142 +

Vi \/ J2eo h J2eo 1) (pon — Pol)2

Since the energy seeds (80)h(l) = (Qo -J/Teq )h(l) are
identified by the leading order energy balance in the expressions

dimensional form as:

(24)

(Equation 6.4), the thermal heat flux keeps intact the linear
dependence of the frequency on the wave vector Qcpyr ~ k. The
thermal heat flux changes the magnitude of the frequency Qcpy.
The change may be interpreted as an effective rescaling of the
interface velocity V.

3.6 Accelerated dynamics

Examine the low Mach dynamics under the
destabilizing acceleration.

Per the expressions (Equation 19), the dynamics rcpgm is
stable for small acceleration, G € (0, GC,), and it is unstable
for the acceleration magnitudes exceeding a threshold G > G.

In the stable dynamics rcpga, the frequency of the oscillations
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FIGURE 2
Flow fields for the inertial low Mach dynamics in thermally conducting fluids, when the thermal heat flux parameter is zero. Plots of real parts of
perturbed fields of the interface, the velocity, the velocity streamlines, the pressure, and the internal energy, with red (blue) for positive (negative) in
the contour plots. The perturbed vortical and vorticity fields are null.

is wepem ii\/ﬁm , and the flow fields are
qualitatively similar to those in the inertial low Mach dynamics.
Figures 4, 5 present the flow fields in the unstable accelerated
low Mach dynamics, G > Gy, in thermally conducting fluids, with
the vanishing and finite values of the thermal heat flux parameter,
in consistency with Table 6. At F = 0 in both fluids, the velocity
field is potential and the fields of the energy perturbations are
symmetric. For a finite F value, the energy perturbation fields
become asymmetric in the heavy and the light fluids, and the
velocity has the vortical field in the bulk of the light fluid. The
vortical field is shifted relative to the fields of the pressure and
energy by /2 (see Table 6). For given values of the density ratio
R and the thermal heat flux F, the strength of the vortical field ¥,
overall decreases with an increase of the gravity G, with W | ’ “G!
for G — oo . The strength of the energy perturbation field(s) &,
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is independent of the acceleration, and it is the same as that in the
inertial dynamics, in consistency with Figures 2, 3, and Table 6.

The expression (Equation 19) exhibits that in the low Mach
dynamics in thermally conducting fluids in the presence of the
thermal heat flux, the interface stability is defined primarily by
the interplay of the two macroscopic mechanisms—the stabilizing
inertial mechanism and the destabilizing acceleration. The inertia
dominates the buoyancy, and the dynamics is stable for G <
Gcr. The buoyancy dominates the inertia, and the dynamics is
unstable for G > G, [16]. This is similar to the interface
stability in the conservative dynamics in ideal fluids [15]. The
thermal heat flux—along with creating the vortical field—provides
additional stabilizations [16]. Particularly, it enlarges the value of
the acceleration threshold to G., = G (1 4 2F), with G — Ger
for F — 07 and with G, ~ 2FG,, for F — o0 .
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FIGURE 3
Flow fields for the inertial low Mach dynamics in thermally conducting fluids, when the thermal heat flux parameter is finite. Plots of real parts of

perturbed fields of the interface, the velocity, the velocity streamlines, the pressure, the vorticity, and the internal energy, with red (blue) for positive
(negative) in the contour plots.

Consider the interface velocity V = Vi + v. It is time-  acceleration is:

dependent:
Ph 8er (ph )
. — —> Q0 —_— > ~ —_ — 00
V- ng = — (ll “ng + 9)|9=0 = ¥ ng ~ e+|wCDGM|t (25) Pl th Pl
&—>1+: %%u—)OJF (26.2)

The unstable low Mach dynamics in thermally conducting P kv 20n
fluids superposes the growth of the interface velocity as whole
and the growth of the interface perturbation. These growths are For given values of the acceleration g > g, the energy seeds

exponential in time in the linear regime and are expected to be (60)h(l) = (Qo -J/JPey )h(l)’ and the fluid densities p;, (1> We find

a power law in time in the non-linear regime, Similar].y to the the critical wave vector kcr Stabﬂizing the dynamics:
conservative dynamics in ideal fluids [15].

We now represent the frequency wepy (Equation 19) in the

+
dimensional form as: Qepemli=k, =0 ker = % <ﬂ> (u) (27.1)
Vi, \Pn/) \on—pi
>0, Q =kV; Ph £ _ 1;
8= &er: CDGM = K Vh 01 % ’ We further find the maximum wave vector kmax at which the
) _(on\ (Pn—pi unstable dynamics has the largest growth:
Sr=kVi| — )| ——— (26.1)
i Pn+ p1
9Q2cpGm —0 3*Qcpem <0:
where the rescaled velocity magnitude Vh is provided by ok k=kmax ak? k=kmax

the expression (Equation 24). For given Values(k, \_/h) for fluids P l s (M Pn+ 01 272)
with different densities and with similar densities, the critical T ‘7#2: On Pn— P1 '
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FIGURE 4

Flow fields for the unstable low Mach dynamics in thermally conducting fluids, under the destabilizing acceleration, when the thermal heat flux
parameter is zero. Plots of real parts of perturbed fields of the interface, the velocity, the velocity streamlines, the pressure, and the internal energy,
with red (blue) for positive (negative) in the contour plots. The perturbed vortical and vorticity fields are null.

From the expressions (Equations 26, 27), we obtain for any
density ratio and for any thermal heat flux:

kmax_l &_i kmax_lé
ke 2’ k gcr) k zgcr,
Q _ -
CDGM —> 8er (g . gcf) (27.3)
Qep6M | kekma g

Remarkably, in the low Mach dynamics in thermally
conducting fluids, the ratio is 1/2 of the maximum and critical
wave vectors; it is the same as that in the conservative dynamics
in ideal fluids [15]. This is because the seeds of the energy
perturbations are defined by the leading order balance for the
thermal heat flux (Equation 6.4). It keeps intact the dependences
of the critical k;, and maximum kn.x wave vectors and their
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ratio ke /kmax on the acceleration g and the velocity Vj,. At the
same time, through the velocity rescaling, V}, — V}, the thermal
heat flux changes the values of the k. and kmax magnitudes. The
critical wavelength A, = 27 /k, and the maximum wavelength
Amax = 27 /kmax increase with the thermal heat flux.

Consider the effect of the density ratio on the dispersion curve
and the maximum growth rate for given values of the thermal
heat flux and the acceleration. For fluids with different densities in
Equations 27.1-27.3, the critical and maximum wave vector and the

growth rate are:
Ph g Pl g P
— — ke = —, ==,
i ¢ V2 pn e 2V} pn
g Pl
QepeMlkmkmay ~ =54 — (27.4)
2V N pn
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For fluids with similar densities in Equations 27.1-27.3, these
quantities are:

Pn 2g  pn Ph
2t ke~ __g2 ~ -iz ,
pi Vi Pn = pi Vi Pn = pi
Ph
QepeM | k=t ~ £ P (g75)
Vi on — p1

Hence, the dispersion curve is located at small wave vectors
and small growth rates for fluids with different densities
(Equation 27.4), and at large wave vectors and large growth rates for
fluids with similar densities (Equation 27.5). This is consistent with
quasi-homogeneity of the dynamics at small density ratios [15, 16].

4 Qutcomes

Our theory investigates in detail the low Mach dynamics in
thermally conducting fluids and finds the attributes not earlier
discussed. This includes, e.g., the new fluid instability, the interplay
of the destabilizing acceleration with the macroscopic inertial
stabilization and the microscopic thermodynamics, and the link
of the structure of the flow fields to the thermal heat flux. We
compare our results with other theories and models, connect to
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existing experiments, outline the extensive theoretical benchmarks
for experiments and simulations, and chart perspectives for
future studies.

4.1 Comparison with models

The interface dynamics with interfacial fluxes of mass and
heat is a long-standing problem in science, mathematics, and
engineering [6, 11-14, 20, 47, 48]. Its traditional applications
include the processes of premixed combustion (in the context of
flame stability) and inertial confinement fusion (in the context of
stability of laser ablated plasma) [2-14, 16, 20, 47-54].

4.1.1 Interface stability in fluids

Figure 6 presents the dependence of the growth rates on
the acceleration magnitude for the low Mach dynamics in
thermally conducting fluids with and without the thermal heat
flux (Equation 24, 26) and for the classical Landau-Darrieus and
Rayleigh-Taylor instabilities in ideal fluids. In Landau-Darrieus
instability under gravity (LDG) and in Rayleigh-Taylor instability
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Dependence of the growth rate on the destabilizing acceleration of
the low Mach dynamics and the classical Landau—Darrieus and
Rayleigh—Taylor dynamics at some values of the density ratio and
the thermal heat flux parameter.

(RT), the growth rates are [14, 20, 21]:
o
ur = B

For a given density ratio pp/p

_kVip
Prtp1 +

Ph—PI
Phtp1

QrpG =

>

2 py (Pht+Pno1—07)
+ (th) o1 (pptp)?

(28)

and strong accelerations,
g >> g, the unstable low Mach dynamics Qcpgm grows faster
compared to Qrpg, and Qgy, achieving the largest growth for the
zero heat flux.

The low Mach dynamics conserves mass, momentum, and
energy in the bulk and, at the interface, and obeys the boundary
conditions for the thermal heat flux at the interface. It is
stabilized primarily by the inertial mechanism. In Landau-Darrieus
instability, the Landau’s dynamics conserves mass and momentum
in the bulk and, at the interface, and is incompatible with the
energy conservation at the interface. It postulates the constancy of
the interface velocity and thus preempts the inertial stabilization
mechanism to occur. In Rayleigh-Taylor dynamics, the inertial
mechanism is absent due to the zero mass flux across the interface
(see Equations 19, 21, 24, 26, Figure 6, and the works [3, 6, 11-14,
20, 21, 47, 48]).

In the low Mach dynamics, the velocity fields have potential
and vortical components under the thermal heat flux and have
only potential components at the zero thermal heat flux. In
Landau-Darrieus dynamics, the velocity fields have potential and
vortical components, whereas in Rayleigh-Taylor dynamics the
velocity fields have only the potential component. In the low Mach
dynamics, the velocity vortical field in the bulk is induced by the
thermal heat flux, and the velocity is shear-free at the interface.
In Landau-Darrieus dynamics, the velocity is shear-free at the
interface, whereas Rayleigh-Taylor dynamics has the velocity shear
at the interface. In the inertial frame of reference, the interface
velocity is variable in the low Mach dynamics in both stable and
unstable regimes, and it is constant in Landau-Darrieus dynamics
and is zero in Rayleigh-Taylor dynamics. One can distinct between
the low Mach dynamics and Landau-Darrieus/Rayleigh-Taylor
dynamics by diagnosing the growth of the interface perturbations,
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the structure of flow fields in the bulk, and the interface velocity
(see Equations 19, 24, 26, 28, Table 6 and Figure 6, and the works
[3,6, 11-14, 16, 20, 21, 28-30, 47, 48]).

4.1.2 Interface stability in plasmas

To directly compare our theoretical results with experiments
in inertial confinement fusion, a scrupulous analysis of raw data is
required. Since the data are a challenge to access, we compare the
growth rates and dispersion relations in the low Mach dynamics
and in the models of ablative Rayleigh-Taylor/Richtmyer-Meshkov
instability in plasmas.

The pioneering models [49, 62] of ablative Rayleigh-Taylor
instability suggest that in a single fluid, the growth rate is Qpax
(subscript is for Bodner, Anisimov, Kull). For strong accelerations,
this growth rate Qpag is in conformity with our results in
Equations 24, 26:

QB’AK = —kVa+ Jng QB’AK‘(g/ng )—o0 - \/g>k’

SQepeml(g/kv2 y>o00 = Vek,

Vo=V, (29.1)

Here, the ablation velocity is V,, and we set V, = \_/h. The

pioneering works [50, 62] advise that ablative Richtmyer-Meshkov

instability has a purely imaginary growth rate Qy (subscript is for

Nishihara) for any density ratio. This is consistent with our results
for the inertial dynamics in Equations 21, 24, 26:

R Ph =
Re [Qn] =0, Qcpoml(g/rvz )=0 = ilkVa,/E, Va=V,(29.2)

The model [51] suggests the other growth rate in ablative
Rayleigh-Taylor instability; the same expression is given in the
model [52]; its growth rate is Qgprp (subscript is for Sanz, Piriz,
Ibanez, Betti). The model [53] proposes for ablative Rayleigh—
Taylor/Richtmyer-Meshkov instability the growth rate Qgav

).

(30.1)

on— P

(subscript is for Goncharov, Aglitsky, Velikovich). They are:
2pp Ph— P (k
Pr+ 01

+\/gk (
P+ o1 Pr+ 01

Qv = —2kVa + gk — (kVa)z%
1

For given values (k, Va) in the models [51-53], the critical
accelerations stabilizing the dynamics are:

on + Pl) ) ( ph)
), =kV:4+ — ) (30.2)
<Ph - P gorlg.av ? ol

2 Ph
) 4]

Qsprp = —kV,

2 Ph
gcr|P51,B Va o1

In plasma fusion, the models [5, 46] are usually applied in a
single fluid limit. For (pp/p;) — oo , the growth rates Qgprp
Qgav are consistent with Qpax (at g/kVi >> 1) and Qy (at
g/kVi << 1) (Equation 29) [49, 50, 62, 63]. In the models [51-53]
in Equation 30.1, for fluids with very different densities, the critical
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acceleration, the critical and maximum wave vectors, the maximum
growth rate, and the frequency of the inertial dynamics are:

Ph . &
o0

~ Ph kcr’ ~ & P
CDGM(PSLB)(GAY) P! SPLB(GAV) "~ V§ p

k } ~ K
max | spy B(G,AV) " 2

~ & P
QSPI,B(G,AV)}kzkmaX ~ 5vi o

QsP1LB(G,AV) }(g/ng y=o ¥ £ikVa,/ o

This is consistent with our theory in the low Mach dynamics,

(30.3)

upon the rescaling V, = Vj,, (Equations 24, 26, 27).

For purposes of completeness, we consider the models [51-53]
for fluids with very similar densities (o,/p0;) — 17. Then, the
critical acceleration, the maximum and critical wave vectors, the
maximum growth rate, and the frequency of the inertial dynamics
are in the models [51, 52]:

Ph=PI

~ 2k ! ~ &
crlspre ~ 2v2 o

PSI,B ~ ph—p1’
k | ~ & Pn=pi
max SPI,B SV‘% POh >

~ & Ph=pI
Qspr,| kka BV,

Ph +. L
pl—>1 C v

(30.4)

and they are in the model [53]:

-t i
a -

~ _&
kmaX|G,AV NG (\/§ - 2) >

o (5-25) (\/9 +4v/5 - 2) .

QG,AVy(g/kvg )=~ —kVa 2 £ 1)

~ 5,

~ S
kC"G,AV = svE

9]
B
<

(30.5)

These expressions depart from our theory of the low Mach
dynamics (Equations 24, 26) and the works [15, 16].

Figure 7 presents the dependence of the critical acceleration
ger/kV? , scaled with V,, = V,, on the density ratio pj,/p; in the
low Mach dynamics (Equations 24, 26) and in the models [51-53].
As expected (Equation 30), the models [51-53] are consistent with
(depart from) our theory (Equations 26, 27) for fluids with very
different (similar) densities.

Figure 8 presents the dependence of the growth rate Q on the
wave vector k in the low Mach dynamics (Equations 26, 27) and
in the models [51-53]. The values are scaled with Qcpom|i=k,,,.>
kcr| CDGM and V, = V, in the low Mach dynamics (Equations 26,
27). The dispersion curve in the models [51-53] is similar to that
in our rigorous theory for very large density ratios (e.g., pp/p1 =
4 x 10%). For reasonably large density ratios (e.g., p,/p; = 40), the
models [51-53] depart from our theory (Equations 26, 27) [16].

It is reported that the models [51-53] tend to agree with
experiments at very large density ratios. By reproducing the results
of the prior models for fluids with very different densities, our
theory effectively agrees with the experimental data in fusion
plasmas to the same (and, possibly, greater) extent [5, 46]. Our
results illustrate the need for data availability and the importance
of specific technical details, including the density ratio, the thermal
heat flux, and the acceleration in the experiments (see Equations 24,
26 and Figure 6) [16, 46].

Our theory accurately finds the perturbation waves in the bulk,
precisely formulates the boundary conditions for the thermal heat

Frontiersin Applied Mathematics and Statistics 16

10.3389/fams.2024.1517619

35

30

25

—2 20

15

5 10 15 20 25 30 35 40
Pu /Py
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Dependence of the critical acceleration on the density ratio in the
low Mach dynamics and the models of ablative Rayleigh—Taylor
instabilities. The models are consistent with (depart from) the low
Mach dynamics for fluids with very different (similar) densities.
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Dependence of the growth rate on the wave vector in the low Mach
dynamics and the models of ablative Rayleigh—Taylor instabilities in
the unstable regime. The dispersion curves in the models of ablative
Rayleigh—Taylor instabilities coincide with that in the low Mach
dynamics for very large density ratios. For large finite density ratios,
the models of ablative Rayleigh—Taylor instabilities depart from the
low Mach dynamics.

flux, and rigorously solves the boundary value problem at the
interface. It finds the characteristics of the low Mach dynamics—as
well as the advection and the diffusion dynamics—in a broad range
of conditions, with (os/p;) € (1,00) and (Kyn/k )h(l) e [0,00),
well beyond the scope of the models [51-53]. This opens venues,
unexplored before, for modeling interface dynamics in fusion
plasmas. In particular, the growth of the unstable interface velocity
additionally to the growth of the interface perturbations can explain
a quick extinction of the hot spot in the inertial confinement fusion,
which is observed in experiments [5, 46].

4.2 Comparison with observations

4.2.1 Prospect of Landau

Dynamics of an interface, having fluxes of heat and mass
across it, is a long-standing challenge in mathematics, science,
and engineering [6, 11-14, 20, 47, 48]. The classical theory
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of Landau [20] predicted that the interface with mass flux is
unconditionally unstable, leading to Landau-Darrieus instability
[14, 20]. For incompressible ideal fluids, the instability was a
challenge to directly observe in the experiments [12-14]. The
consensus addressing this paradox suggested the following: at small
length scales, the interface dynamics is stabilized by microscopic
thermodynamic mechanisms (e.g., viscosity, thermal conductivity,
and surface tension). Large scale processes are difficult to realize in
controlled laboratory environments [6, 12-14, 47].

Our theory resolves the paradox [20]. It finds [15, 16] that
in both ideal and thermally conducting fluids, the interface is
stabilized primarily by the macroscopic inertial mechanism and is
destabilized by the acceleration. The microscopic thermodynamics
and the thermal heat flux provide extra stabilizations and create
vortical fields in the bulk. The unstable Landau’s solution—
by postulating constancy of the interface velocity—is a perfect
mathematical match preempting the inertial mechanism to occur.
Mathematical and physical properties of the multiphase dynamics
found by our theory enable an unambiguous differentiation
between the low Mach, Landau-Darrieus dynamics, and Rayleigh-
Taylor dynamics in experiments and simulations, to be done in the
future [3, 6, 14-16, 20, 21, 25-30].

4.2.2 Geophysics and astrophysics

Our theory finds that in the inertial low Mach dynamics, the
interface is stable at global scales. This is consistent with and
qualitatively explains the observations in geophysical multiphase
flows [16, 35, 69]. The latter include the confluence of Green
and Colorado Rivers and the stable border between the Pacific
and Atlantic oceans. In these cases, distinct waters meet and do
not mix, and the interface between the waters is globally stable
[35, 69]. Our theory further finds that in the unstable accelerated
low Mach dynamics, the interface velocity increases with time
and the interface is free from the shear-driven vortical structures.
These characteristics can aid better understanding of dynamics and
morphology of filamentary structures in supernova remnants [3, 4].

4.2.3 Experiments in plasmas

The scaled laboratory experiments in high energy density
plasmas examine the interfacial mixing of matters in supernova
relevant conditions [46, 54]. The experiments [54] investigated
the effect of the thermal heat flux on the interface stability and
observed qualitative differences between the dynamics with high
and low thermal heat flux values. Our theory is consistent with
these observations [16, 54].

We find that in the experiments [54], the low flux case
corresponds to the classical Rayleigh-Taylor instability, whereas
the high flux case is related to the accelerated interfacial dynamics
with mass and heat fluxes. Per our theory, these dynamics
have distinct qualitative and quantitative properties (Equations 24,
26, 28, Figure 6); these distinctions explain the experimental
observations [16].

Particularly, (i) in the low flux case in Rayleigh-Taylor
dynamics, the interface perturbations grow quicker than in the
unstable interfacial dynamics in the high flux case because the
accelerations in the experiments are relatively low. (ii) In the
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unstable interfacial dynamics in the high flux case, the interfacial
structure propagates quicker than in Rayleigh-Taylor dynamics
in the low flux case because the inertial mechanism enlarges the
velocity of the interface as a whole. (iii) The interface dynamics
with fluxes of mass and heat is free from the interfacial shear and
from shear-driven vortical structures at the interface. In Rayleigh—
Taylor dynamics with the null mass flux, the shear and the vortical
structures are present at the interface. This explains the distinctions
in the interface morphology observed in the experiments in the
high flux case and the low flux case (see Equations 24, 26, 28,
Figure 6) [16, 54, 64].

4.2.4 Experiments in complex fluids

In our theory, the mass flux and the heat flux are separate
physical quantities allowing one to independently analyze their
contributions to the dynamics. This consideration is applicable in
a broad range of conditions, including the microscopically thin
interfaces with macroscopically observable mass and heat fluxes
found in the experiments and molecular dynamics simulations [7-
10, 18, 39, 44]. Our theory highlights the need in experimental
systems that can autonomously control the flux of mass and the
flux heat, or—in other words—the flux of mass and the flux of
energy (Equations 24, 26, 28) [15, 16]. While such conditions may
be a challenge to reach in regular fluids or plasmas, they may be
achievable in complex matters involving chemical processes and
transports of species and charges.

The experiments [39] investigated the chemical process of
liquid-liquid extraction with the metastable precipitation and the
transports of ions. This process is accompanied by the formation
of interfaces separating the phases of matter (i.e., the liquids). The
chemistry of the process controls the flux of mass and the flux
of energy at and across the interfaces. The experimental system
exhibits rich dynamics. This includes the formation of quasi-
convective vortical structures associated with the energy imbalance
at the interface, and quasi Rayleigh-Taylor fingering structures
occurring when the fluxes of mass and energy across the interface
are reduced [39]. The observations are in qualitative agreement
with our theoretical results. In addition, the experiments and
theory are consistent with the molecular dynamics simulations
revealing complexity of energy transport in energetic materials and
in reactive systems [18, 39].

4.2.5 Experiments on contained turbulence

Our theory identifies opportunities, not discussed before, for
realizing turbulence in a laboratory.

It is traditionally believed that turbulence develops from a
laminar flow via a tangential discontinuity mechanism, or a velocity
shear. In this mechanism, the velocity shear at the discontinuity—
the thin interface with zero mass flux across it—makes the interface
unstable due to the Kelvin-Helmholtz instability and creates
vortical structures at the interface [14]. The vortical structures are
then presumed to propagate to the bulk, causing turbulence to
develop [14, 65, 66].

Our theory suggests another mechanism of generating vortical
fields and vortical structures in the bulk. We find that for an
interface with fluxes of mass and energy, the velocity field is free
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from the interfacial shear. The vortical field in the bulk is created
by the energy flux across the interface. For the stable interface, the
vortical field is represented by periodic vortical structures. They
may cause turbulence to develop (see Equations 24, 26, 28 and the
works [15, 16, 29]).

The experiments [55] examined how to create turbulence in a
contained geometry, free from using extended tunnels and applying
a velocity shear as it is done in turbulent boundary layers or a
jet turbulence [65, 66]. The experiments employ a ring of jets to
blow loops—vortex rings—into a tank of water until an isolated
ball of turbulence forms and lasts, thus observing a contained
turbulence in the tank. These observations are in a qualitative
consistency with our theoretical results (Equations 24, 26, 28) and
with the works [15, 16, 29]. Particularly, the turbulence ball is
isolated; it is effectively separated from the ambient by a self-
formed interface; the mass and energy are transported through
the interface; hence, turbulence can develop. By using our theory
[15, 16, 29] and the experiments [55], one can directly examine
Kolmogorov turbulence—a process driven by an external energy
source causing strong stochastic fluctuations [14, 37, 38, 67, 68].

4.3 Benchmarks and diagnostics

By finding benchmarks of interface dynamics not earlier
diagnosed, our theory opens opportunities for experiments and
simulations (see Equations 12-27, Tables 1-6, Figures 2-8) [16].

For validating the low Mach dynamics in experiments and
simulations, it is required, in addition to the velocity vector field, to
precisely measure the scalar fields of the inertial energy, the density,
and the pressure. These fields are correlated (Equations 14-17). In
the heavy (light) fluid, they have the initial perturbation length scale
k! and are modulated with waves with the length scale l;,:l(icl_l).
In the low Mach dynamics, the length scale I;]: ! (11;1) is independent
of the thermal conductivity and is greater than the length scale
of the initial perturbation kl;];(ll) << 1 (see Equations 14-17,
Tables 1-3, Figures 2-5) [16].

Our theory directly links macroscopic attributes of the low
Mach dynamics (the vortical structures in the bulk and the interface
stability) to the microscopic thermodynamic properties (the
thermal heat flux and the thermal conductivity). To qualitatively
detect the presence of the thermal heat flux at the interface, one has
to measure the velocity vortical and vorticity fields in the bulk; these
fields are produced by the energy excess (i.e., the thermal heat flux)
at the interface. To quantify the thermal heat flux at the interface,
one has to accurately balance the values of the specific enthalpy
Wo and the specific kinetic energy (J2/2p7 ), where the physical
enthalpy is Wy = Wy + Cp©® , the enthalpy of formation is Wy, the
specific heat at constant pressure is Cp, and the temperature is ©®
(see Equations 19-27, Tables 4-6, Figures 2-6) [16].

In the low Mach dynamics, the interface stability is defined
primarily by the macroscopic inertial mechanism balancing the
destabilizing acceleration, and the thermal heat flux creates vortical
fields in the bulk. The instability of the low Mach dynamics in
thermally conducting fluids differs qualitatively and quantitatively
from the instability of the conservative dynamics in ideal fluids.
The low Mach dynamics has the potential and vortical velocity
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fields, whereas the conservative dynamics has only the potential
velocity fields. Remarkably, in the unstable low Mach dynamics for
the maximum and critical wave vectors, the ratio is the same as that
in the conservative dynamics; the growth rates of these dynamics
can be linked with one another upon appropriate velocity scaling
(see Equations 25-27, Table 6, Figure 6) [16].

Our rigorous theory inspires the experiments and simulations
to further advance diagnostics and the data’ accuracy, precision,
and statistics, for better understanding multiphase dynamics. In
realistic fluids, in addition to the interface growth and growth
rate, experimental diagnostics have to include the structure of
the macroscopic fields in the bulk, the properties of microscopic
transports at the interface, and the unsteadiness of the interface
velocity. In high energy density plasmas, the experiments have
to employ the capabilities of high power laser facilities in pulse
shaping and in target fabrication for precise controlling the thermal
heat flux and the thermal transport. In materials, for better
understanding the interplay of mass and energy transports at
the interface, one can employ the highly accurate experiments
in complex fluids, and the Eulerian and Lagrangian methods of
numerical modeling (see Equations 19-27, Table 6, Figures 2-8)
[5-10, 18, 19, 32-34, 39, 42-46, 54-59, 64-66].

The advancements in experimental and numerical approaches
enable one to quantify with high fidelity and ample statistics the
microscopic transport at the interface and the macroscopic fields in
the bulk. In synergy with our theory, they can provide new insights
in far from equilibrium dynamics of interfaces and interfacial
mixing in nature, technology, and industry (see the works [1, 2]).

5 Summary

We examine analytically the classical problem of the interface
dynamics with the interfacial fluxes of mass and heat in thermally
conducting inviscid fluids. The low Mach regime is thoroughly
investigated, in which the flow fields are subsonic (including
the uniform fields and the perturbation waves), the thermal
conductivity length scale is large compared to that of the initial
perturbation, and the weak compressibility dominates over the
thermal transport (see Equations 1-4) [16].

We employ the rigorous theoretical framework to solve this
long-standing problem [15, 16]. By using the generalized functions,
the boundary conditions at the interface are self-consistently
derived from the governing equations in the bulk, including
the conditions for the fluxes of mass, momentum, and energy
and for the thermal heat flux. The thermal heat flux at the
interface and the seeds of perturbations of the internal energy are
accurately evaluated. We precisely identify the degrees of freedom
of the dynamics, including the four mechanical perturbation
waves and the two energetic waves seeded by the internal energy
perturbations. We solve the boundary value problem in a broad
range of parameters and find the growth of the interface and the
structure of the flow fields in the bulk, thus linking the processes at
micro and macro scales (see Equations 5-17, Tables 1-5).

The low Mach dynamics possess the following characteristics.
The interface is stabilized primarily by the macroscopic inertial
mechanism that balances the destabilizing acceleration. The
microscopic thermodynamics and the thermal heat flux provide
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additional stabilizations. The interface is unstable, when the
dynamics is accelerated, and the acceleration magnitude exceeds
a threshold. The interface is globally stable, if the dynamics is
inertial. The thermal heat flux at the interface forms the vortical
and vorticity velocity fields in the bulk. The vortical field is
energetic—rather than dynamic—in nature. For the zero thermal
heat flux, the internal energy perturbations vanish, and the velocity
has only potential fields in the bulk. The velocity field is free
from the shear at the interface (see Equations 18-27, Table 6,
Figures 2-5).

In the inertial frame of reference, the low Mach dynamics is a
superposition of the two motions—the dynamics of the interface
as a whole and the dynamics of the interface perturbations.
The velocity of the interface is variable. In the stable regime, it
oscillates along with oscillations of the interface perturbations.
In the unstable regime, its magnitude increases in time, along
with the amplitude growth of perturbations of the interface
and the flow fields. The low Mach dynamics is degenerate; it
has the smaller number of the fundamental solutions than the
number of the degrees of freedom. The degeneracy is due to the
thermodynamic nature of the internal energy perturbations. For
the zero thermal heat flux parameter, the low Mach dynamics
in thermally conducting fluids coincides with the conservative
dynamics in ideal fluids (see Equations19-27, Tables5, 6,
Figures 2-6) [16].

Qualitative and quantitative properties reveal that the
low Mach dynamics differ substantially from the dynamics
of the instabilities.
One can clearly distinguish in experiments and simulations

Landau-Darrieus and Rayleigh-Taylor
between the low Mach, Landau-Darrieus, and Rayleigh-Taylor
dynamics, to be done in the future. Our theory accurately
reproduces in certain limiting cases the results of the models
of ablative Rayleigh-Taylor instability. Our approach is
applicable in a broad range of the acceleration magnitudes,
the thermal heat flux values, and the density ratios, thus
providing experiments and simulations in fluids and plasmas with
benchmarks not diagnosed before (see Equations 28-30, Figures 7,
8) [16].

Our theory is consistent with and explains the existing
observations [39, 54, 55]. This includes the scaled laboratory
experiments in high energy density plasmas examining the
interfacial mixing in supernova relevant conditions [54]; the
experiments on the ablative stabilization of plasmas in the inertial
confinement fusion [5, 46]; the experiments in complex fluids
investigating the process of liquid-liquid extraction with the
metastable precipitation and the transports of ions [39]; and
the experiments [55] examining the creation of turbulence in a
contained geometry, beyond the use of the tangential discontinuity
mechanism and the velocity shear in extended tunnels. This further
includes the numerical simulations of the energetic materials and
the reactive systems [18]. Our results on the interface stability in the
inertial dynamics are harmonious with observations in geophysical
and astrophysical flows at global scale [31-35, 69].

By directly linking far from equilibrium dynamics and
kinetics—i.e., the dynamics of the interface and the flow fields
at macroscopic scales and the microscopic thermodynamic
properties associated with the interactions and motions of multiple
particles interface—our theory identifies qualitative attributes
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and quantitative benchmarks not measured and not studied
before. In the low Mach dynamics, these include the dependence
of the interface stability, the structure of the flow fields and
the characteristic scales on the density ratio, the thermal heat
flux, and the acceleration magnitude; the interplay of the weak
compressibility with the thermal heat flux, the mass flux and
the initial conditions; and the unsteadiness of the interface
velocity and the rescaling of the interface velocity magnitude with
the thermal heat. Our theory points out a necessity in further
advancing numerical methods and experimental metrologies in
fluids, plasmas, and materials (see Equations 14-27, Table 6,
Figures 2-6) [16].

We find that the interface is a place where balances are
achieved, by coupling microscopic transport and thermodynamics
to macroscopic flow fields in the bulk. By varying the thermal
heat flux, the thermal conductivity, the initial conditions, and
the acceleration, one can impact the stability of the interface and
the structure of the flow fields in the low Mach dynamics. Our
analytical framework can be employed to investigate the far from
equilibrium dynamics and kinetics of interfaces and interfacial
mixing in a wide range of processes in nature and technology. They
include the type-Ia supernova blasts, the filamentary structures
in supernova remnants, the convection in planetary interiors,
the multiphase geophysical flows, the ablative stabilization of
plasma in inertial confinement fusion, the nanofabrication, the
transportation security of liquefied natural gas, the purification of
water, the electro-catalysis, and the energetic materials. We urge
our theoretical results be considered in investigations of these
processes and interpretations of the observational data [1-13, 18,
19, 32-35, 39, 42-46, 54-59, 64-66, 69].
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