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Improving immunization
Initiatives in the dynamics of a
typhoid fever transmission model
with environmental bacteria
concentration
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Typhoid fever is a potentially fatal disease and endemic to most parts of the world.
It is a serious worldwide health issue, especially in developing countries, and is
typically spread via contaminated food, water, or drink. This work introduced
an SIVR-B model to explore and predict the dynamics of typhoid disease in a
community. The effective reproduction number (Rg¢) of the model is calculated
by manipulating the next-generation method. Then, after we computed the
Typhoid fever-free equilibrium and the typhoid fever persistence equilibrium
points, we demonstrated the global asymptotic stability of the equilibria. The
bifurcation analysis demonstrated that the formulated typhoid model exhibits
a forward bifurcation at Rgg = 1. Further, the sensitivity of parameters is
performed using normalized forward sensitivity analysis and demonstrated using
numerical simulation. The work demonstrated that higher typhoid vaccination
rates have a pronounced effect on lowering disease transmission. From the
results, we recommended policymakers and government stakeholders should
enhance immunization efforts to effectively address the dynamics of typhoid
fever transmission. In addition to improving vaccination efficacy, the research
work recommends reducing poor drainage systems and improving water quality
to reduce the infection number.

KEYWORDS

typhoid fever, compartmental model, effective reproduction number, equilibrium
points, stability analysis, numerical simulation

1 Introduction

The bacteria Salmonella (S. typhi) is the main cause of typhoid fever, a potentially
devastating infection that is endemic to most parts of the world and only transmitted
in humans [1]. Approximately 10-20 million new cases of typhoid fever are reported
worldwide each year, with over a quarter of a million fatalities, primarily in Africa [2, 3],
and this shows that the disease is still a serious challenge to global public health [4].

In areas with inadequate sanitation, typhoid fever can spread rapidly and result in a
mass infection when individuals drink or eat food contaminated by an infected person’s
excrement [5, 6]. Inadequate sanitation systems and poor water quality, which facilitate
the spread of infectious agents, are major contributors to the significant rise in illness rates,
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especially in developing nations [3, 7, 8]. The hallmarks of
Salmonella gastroenteritis include cramping in the abdomen,
diarrhea (often with blood tinges), and occasionally nausea and
vomiting. Salmonella bacteria are numerous and hardy, and
they can survive for months in water and weeks in a dry
environment [4, 9].

Despite being curable, typhoid fever is becoming increasingly
difficult to eradicate due to growing resistance to various
medications [4]. The lack of globally supported typhoid
immunization campaigns has also been attributed to the
effectiveness of drugs and the prior lack of a long-acting

infant vaccine [10]. Although there are typhoid fever
vaccines, their effectiveness is only partially guaranteed
[4, 10].

Infectious disease mathematical modeling can be used as a tool
to help public health policymakers understand the transmission
dynamics of communicable diseases. The transmission of typhoid
disease was studied by several researchers using various models.
Among these researchers, Chamuchi et al. [11] aimed to simulate
the transmission of typhoid disease by developing and examining
the effects of carrier effects, diagnostics, and health education
on the control of typhoid carriers in Kenya considering the
SIIcR Model. From their numerical result, they concluded
that reducing typhoid carriers by 9.5% could assist the Kisii
county government in Kenya achieve a typhoid-free status
by 2030.

Protection, Susceptible, Infected, and Treated (PSIT) is the
type of mathematical model proposed and examined by Akinyi
et al. [12]. The researchers Edward and Nyerere [13] developed
a mathematical model for typhoid fever to assess the effects of
education campaigns, vaccination, and treatment on controlling
the transmission dynamics of typhoid fever in a Tanzanian
community. They investigated the impact of screening and
treatment on the dynamics of each subpopulation through
numerical simulations. The research undertaken by Peter et al.
[5], presented an SI.JR type model with perfect vaccination
to study the transmission dynamics of typhoid fever diseases
in a population. The results revealed that the transmission
of typhoid fever largely depends on the contact rate with
infected individuals within a population. They recommended
that timely detection and early treatment could reduce the
infection rate.

A deterministic mathematical model of typhoid fever
incorporating unprotected humans was formulated by Karunditu
et al. [14]. They concluded that the disease’s spread depends
on the number of unprotected individuals and other factors.
Wameko et al. [15] investigated the dynamics of typhoid disease
in a community using a deterministic model. Their numerical
simulation results revealed that applying preventive measures
has a significant impact on minimizing the incidence of the
disease. If all intervention strategies are implemented, the disease
will be eradicated in a short period of time. Nyaber et al. [16]
proposed a mathematical model for typhoid transmission that
analyzes the impact of treating infected individuals on the
dynamics of the disease. They considered a model that consists
of a human population and pathogen population. The findings
of their work indicated that effective treatment is sufficient to
eradicate typhoid fever. The research work done by Jan, Rashid
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et al. [17], formulated an epidemic mathematical model for
typhoid fever that incorporateed vaccination and carriers using
the Caputo-Fabrizio operator. They demonstrated the impact
of fractional order and other parameters on the dynamics of
typhoid fever.

Although the studies mentioned above have provided
significant insights into the dynamics of typhoid fever, none
have specifically examined its transmission dynamics while
incorporating the impact of vaccination interventions alongside
bacterial concentrations in the environment. Therefore, this study
aims to fill this gap by investigating an issue that has received
limited attention in previous research. Hence, the objective of
this research is to analyze the interactions among vaccination
efforts, environmental bacterial presence, and the transmission of
typhoid fever, with the aim of providing a more comprehensive
understanding of how these factors influence the spread of
the disease.

2 Baseline model assumptions and
formulation

In this section, the human and bacteria population are
considered in the model construction. At time t the human
population is grouped into four disjoint subclasses: Susceptible (S),
Infected (I), Vaccinated (V), and Recovered (R).

2.1 Model assumptions

I  The population is uniform and mixes homogeneously,

II Recruited newborns who received the vaccine join the
Vaccinated class, but recruited newborns who have not
received vaccine join the Susceptible class,

III Susceptible individuals decrease due to consuming food or
water contaminated with S. typhi that is able to transmit
the disease,

IV The vaccination given is not a perfect vaccine.

Individuals are recruited into the population at a rate
7, with a fraction p vaccinated and the remaining (1 — p)
remaining susceptible. These susceptible individuals are vaccinated
atarate 8.

When susceptible people consume food or water contaminated
with Salmonella bacterium, they contract the bacteria that causes
typhoid fever 1 = Kﬁ—fB, where B(t) is the bacteria in the
environment, K is the Salmonella bacteria concentration in food
or water, and B is the ingestion rate of Salmonella. The infected
subclass increases S.typhi bacteria in the environment by human
waste contamination rate 7. After receiving treatment, members
of the infected subclass can join the recovered subclass at a rate
of ¢. Individuals from the vaccinated class also contribute to
the recovered subclass at a rate of ¢. The human population
assumed | as the natural death rate, and the infective class
die at an induced death rate w, and p, is the decay rate
of S.typhi bacteria from the environment. We consider that
vaccinated individuals can become infected at a rate of O\
due to vaccine ineflicacy, providing only partial protection. The
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TABLE 1 Description of parameters in the Model (1) and their values.

10.3389/fams.2025.1521177

Parameter  Description Values  Units Source

B Ingestion rate of Salmonella 0.36 Month™! Tillahun G. T. et al,, 2017

0 Probability of vaccinated joining infected 0.12 Month™! Assumed

€ Recovery rate of infectious individuals 0.032 Month™! Assumed

n Rate of infected population increasing the 0.32 Cells MI~' Human™" Month™" Assumed

concentration bacteria environment

s Decay rate of Salmonella bacteria 0.138 Month™! Assumed

5} Typhoid-induced death rate 0.0264 Month™! Assumed

n Natural mortality rate of human population 0.0098 Month™! Tillahun G. T. et al., 2017

o The rate at which vaccinated become susceptible 0.132 Month™! Choe, K., Whittington, D., and Lauria, D. T.
(2019).

) The rate at which susceptible become vaccinated 0.3 Month™! Nyerere, N., Mpeshe, S. C., and Edward, S.
(2018).

1% Recovery rate of vaccinated by natural immunity 0.08 Month™! Nyerere, N., Mpeshe, S. C., and Edward, S.
(2018).

P Proportion of births with successful vaccination 0.2 Humans Month™! Mushayabasa, S. (2013).

T Recruitment rate of susceptible individuals 40 Human Month™! Tillahun G. T et al.,2017

K Concentration of bacteria in food or water 200 Cells MI~! Month™! Gordon, M. A,, et al. (2008).

broken line drawn from B to S indicates the contact between
susceptible people and food or water contaminated with Salmonella
bacterium. The descriptions of the model parameters are listed
in Table 1.

The model comprises the following system of differential
equations based on the presumptions and the compartmental
diagram in Figure 1 with initial conditions S(0) > 0,V (0) >
0,1(0) > 0,R(0) > 0,B(0) > 0.

B —(1-p)m+0oV—218—(6+pS$
O =pr +85— 0LV — (0 +9+1)V

I JS+OLV — (e +w+w] (1)
%:(pV-’rSI—/LR
@ =nl— B

3 Model analysis

3.1 Invariant region and positivity of the
solutions

Theorem 3.1: The model’s possible solutions are all uniformly
bounded within the proper subset 2 = Qpy x Qp where
Qy = { (S, V,LRy e R*; :N(t) < - } is a subset for human
population and Qp = {B €R;:B< n% } is a subset associated
with environmental bacterial infections.

Proof: N = S+ V+I+Ryields the entire human population N
(t) under the initial conditions N(0) = Ny = So + Vo + Iy + Rg and
B (0) = By for S.typhi bacteria in the environment. Establishing a
differentiation of N and with respect to time (), we obtain

dv.dl  dR

dN _ dS v dr dR
dt dt dt

prialir (2)
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FIGURE 1
Schematic representation of typhoid fever transmission dynamics
through compartments.

Substituting Equation 1 in place of Equation 2 and assuming no
disease-induced death rate (i.e making = w = 0 ), we have

N 3)
a-r

Rearranging and integrating both sides of Equation 3, we get
bid b4
No< T+ (No _r ) et (4)
u u
When time moves to oo in Equation 4, N () converges to
7 /u; this indicates that there are feasible model solutions for the

local population.

Qi [ (S,V,LR) € R*, :N(1) < %] (5)
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For bacteria environment since N(t) < m/u, it means that
I < 7/u. We have from the last Equation 1 that

dB b4
2 = M- B = N =B < - — ppB (6)
t 2
Evaluating Equation 6 with B(0) = By as a stating
condition yields
Bl
B(t) < T + <Bo _ ) e Mot (7)
ity Wity

As t tends to infinity, Equation 7 becomes B(f) < % .

Therefore, the feasible solution of the bacteria population enters
the region

QB={BeR+:BS”i} )
m

Therefore, from Equations 5, 8 the feasible region of the model
is given by

Q = Qy x Qp ={(S,V,I,R)e RY, N <X, BeR,

Tn
:Bf—}
n

=

Theorem 3.2: Let 2 = { (S, V,ILR,B) € R°, S (0) >0,V (0) >0,
I1(0)>0,R(0)>0,B(0)> 0O} then the solution {S,V,I,R, B}
are positive forall t > 0.

Proof: From the fifth equation of model (1)

dB
— > —Buy %)
dt

By using comparison theorem, Equation 9 is solved as, we get
()= et

B(t) > B(0).e "' > 0, whereB (0) = eCatt = 0

From the first equation of model (1), we have

ds BB
I > —(m + (6 + w)S (10)

By comparison theorem, integrating Equation 10 with initial
conditions S (0) = S yields

_ (88
S(f) > Spe (K+B +(5+M))t >0

After substituting the solution of B(t), we get

BB(0). ¢ Mb? )
— == G+ )t
S(t) = Soe (M(O)»e e >0

Similarly, we can prove the positivity of the other variables as

6BB(0). ¢ Hb!
—( 222 2 t
V) = Voe <K+B(0>. TR

> I(O)e_ (e+n+w+p) >0

> 0,I(t)

and (£) > R(0) e ' > 0. Thus S(t), V (), I(t), R(t,) and B (¢)
are positive for all t >0
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3.2 Typhoid fever-free equilibrium

We denote the typhoid fever-free equilibrium by E°. By setting
the right-hand side of the equations in system (1) to zero and
simultaneously solving for the uninfected compartments S, V, and
R, we obtain the typhoid fever-free equilibrium as:

_ (ke s o drks
ki "ke T ke

E® =% v 1R B 00 (11)

wherek; = §+puky =0c+o+u,ks=—k; (1 —p)—pa,k4 =
0’5—k2k1;

k5 = —k4 (1 —p) — k1k3andk6 = G’k4

3.3 Effective reproduction number

When an infected person enters a vaccinated community, the
average number of secondary cases produced is known as the
effective reproduction number Rgg. It is computed using the next-
generation matrix approach, J [18, 19]. Using the principle

} (12)

Then, from Equation 12, the Jacobian matrices evaluated at the
FFEP are obtained as:

o 0 BV Tetwotu 0
0 0 ' -n

Computing the inverse of v, we get

1 1
vl = — Adjoint (v) = ———— | P*? 0
det (v) upe+o+p) | n eto+pu

1
_ |: (etw+p) 0 i|
= ; N
wp(etot+u)  wp
Then using the principle, the next-generation matrix is given by

($°+0Vv9) 1
G=fr!= [0 ﬂK:||: ot O }
0 0 1

wpEtoFm)
|: Bn(°+6v°) ﬂ(S°+9V°)i|

BBS | OBV
F=1] KB " K+B | spdv = (e + o+l
0 —nl + upB

Ky (e+w+p) Kup
0 0

The eigenvalue of a matrix G determined by det (G- AI) = 0
and the dominant eigenvalue becomes the effective reproduction
number of the model. Hence,

Bnm (860 + 0 + ¢ +u) (1 —p)+pO S +u) +0)
kip (e + o+ w) [ (u+ 8+ ¢ +u) + 8¢ ]

REﬁ =

3.4 Local stability typhoid fever-free
equilibrium point

Theorem 3.3: The typhoid fever-free equilibrium E° of the
model (1) is locally asymptotically stable (LAS) if Rgg < 1,

otherwise it is unstable.
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Proof: The Jacobian matrix of the model in Equation 1 is

given by
K+B -+ w o
o
B — @+ o+
= BB 9BB
K+B K+B
0 ¢
0 0

If we evaluated at the typhoid fever-free equilibrium point E® ,

we get
— G+ - 0 0 =5
s —Ote+w 0 0 "ﬁ‘”
J= 0 0 —G+o+p 0 +‘*‘”°
0 € —n 0
0 0 n 0 —Hb

(13)

To make the proof more clarified, the Jacobian is block-
triangular; this allows us to partition it and compute eigenvalues
separately. Let us use submatrix, as infected and healthy:

Healthy states (S,V,R):

—(6+w o 0
h=| 8  —@te+w 0
0 0 —U

Infected states (I,B):

0 0
I = |:—(e+u)—|—M) '31§+6612/i|
n

—Hb

Since J; is alower triangular, the eigenvalues are its diagonal entries:

— S+ —r o

(Zu—=4) 8 (J—l—(p—i—,u)—kz

The first eigenvalue is —u = A and the other eigenvalues are
obtained from the characteristic equation given by

(=@ +wn) =)= +¢+nu)—1) —0é=0.

M4+AL+B=0
where

A=d8+pu+o+¢+ n>0
B=2080+8p+8u+po+up+u*—o8==5p+du
+ o +pp+ pu* >0

Hence the eigenvalues of the matrix Jjare negative from the
Hurwitz criterion.

The eigenvalues of J, determine the stability of the infected
states. The characteristic equation is:

0 0
—to+m—r B+ B
n —Hp — A
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The corresponding characteristic equation is given by

=BS BB
0 0 K+B ' (K+B)
0 0 BBV, 6BV
KT élé ol 0BBY
_ BS_ BBS BV
etotn) 0 55— (K+B)* = K+B  (K+B)
€ —u 0
n 0 —Hp

§*+0v0
MtEt+pntot+u)r+E+pn+o)m — %

=0 (14)

where
ag =¢e+pu+o+pu, >0,

Bn(s® +6 vO

@ =(tptoymy————

Bn(S° + 6 V) )

=(c+uto -
(e+np )Mb( Ky e+ 10+ )

= (e+pn+o) (1 - Reg) >0

Therefore, the disease-free equilibrium point is LAS whenever
REﬁ < L

3.5 Global stability of typhoid fever-free
equilibrium

We utilized the Castillo-Chavez et al. [20] technique to show
the globally stability of typhoid fever-free equilibrium as it used by
Alemneh and Alemu [21]. The Castillo-Chavez et al. [20] method
divides the population into two as

dx Fy (6.2)
— =F (x,2),
ar T HeF

d
£ - Fa(x,2), F2(x,0) = 0

dt (1)

x€R> shows the number of uninfected individuals (susceptible,
vaccinated, and recovered) while zeR? is the number of infected
human individuals and bacteria in the environment. Let the
typhoid fever-free equilibrium be denoted by (x° , 0). The two
basic axioms that guarantee the global stability of typhoid fever-free
equilibrium are:

Hy :For % = F(x, O)i,xo, is globally asymptotically stable.
H, : F)(x,z) = Az — F, (x,z) where F; (x,z) > 0for (x,z) e
£2 and the

matrix A = D, F>(x°,0) denotes an M-matrix.

Theorem 3.4: The typhoid fever-free equilibrium point of the
model (1) is globally asymptotically stable (GAS) if the system
in Equation 15 satisfies the axioms (H; ) and (H;) for REﬁr <1
otherwise unstable.

Proof: Let x = (S(¢),V(t), R(t)) and z = (I(t), B(t)) represent the
number of uninfected and infected individuals, respectively. Define
B0 =, 0),x0 = (5, 2, Lhs k).

(1—p)7r+aV K+B —G+wmS
Fic2)=| pr+8S—ZLEV—(o+o+mV (16)
oV +el — uR
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The reduced system according to the condition H; . becomes

ds
av

— = ¢V —-nuR
dt 2 n
Solving Equation 17 one by one, we have
[0-p)r+av’]
6+ et

S(t) = (18)

H C
From Equation 18, as ¢ approaches 0o, 475 approaches to zero.

Substitute V0 = m we get S() =
(=)o (s )
(0+p)
7 (0 +pP)
(1 —p) T+o (5(¢+M)+M(G+¢+M )) _
6+
m(o+@+p)(1-p) _o
S(p+m)+u(o+o+u)
Similarly, we show for R and V/
(o + (¢ + 1-— C
lim [pr 4+ (0+@+u)(1-p)
t=00 Se+m+ulote+p)) eotermt
P
= V%nd lim vr(0 + 1P) LR
oo (B +w) +ulo+e+p) e
ks wks Omks

Therefore, as — 00 x(t) — x°. Thus, x° = ( o R ke ) is
globally asymptotically stable. Now to prove the second condition,

we have

_BB_ OBB v,
F(x,z) = (K+BS + K+BV (e+ow+n) I) (19)

nl —pup B

Using condition H; the matrix A = D, F»(x, 0) of Equation 19,
evaluated at typhoid fever-free equilibrium point given by

0 0
A= | etot+n) ﬁ%—keﬁlg
n —Mb

Hence from F; (x,z) = AZ — F, (x,z), we have

0 0
s [ﬁB(i - 25) + BB - >}
0

Since ® > S,V > Vand £ >
(x,2)€L2. Thus, H;
free equilibrium point E° is GAS. This result is also supported by
the theorem 3.6 in Section 3.6.

Kl—JrB ,thus F (x,2) >0
.and H, . are satisfied, so, the typhoid fever-

3.6 Endemic equilibrium point

The endemic equilibrium point exists when Rgg > 1. Let E!
= (8% V* I*, R*, B*) # 0 denote the endemic equilibrium of
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model (1) and it is obtained by setting all the derivatives in model
(1) to zero, i.e.,

ds _dv _dl _dR _ dB

T a s a o a
We obtained
— (8+w+ﬂ)(kﬂb+771*)—137777)
Bn (o — (¢ + ) + pnd)
& — (e + o+ w) (kup +nI*) [0 — (9 + W] — B

Bn (o — (¢ + ) + nod)

gt ot (kv +rl*) —gBnm 4+ By (0 — (9 + W) +puo) I g Mg
W (0 — (¢ + p) + po) ’ o

Where I'* is the positive root of the following quadratic function

n? MTT** + QI* + L =0 (20)
with
M=(+w+u),T =—08+8¢+u+up+ n?
Q=17 [(1 —p) wr+onpr —rp — Skppo Mk M
+ + SkppuM — 2pkpyo M + 2k, M + 2 kM
— SMkuyo + oMk, + SoMkuy, + §6nmw — uMkuyo
+ puoMkpy + > My + (1Mn]
L = (1 —p) surkpy + 8K > M
— Skuppmn + onMkpuy, — 8k > Mo + 8k > Mo
+ 8Ky Mu — Skup0pnm — 2uk? > Mo
+ 2uk® Mo + 202K M + 2B im0

Theorem 3.5: For Rgg > 1, there is a unique endemic equilibrium

point and no endemic equilibrium elsewhere.

Proof: For the disease to be endemic % >0, % > 0. Hence,

P By ot ml > Etotm]
——t —V > 1o 0]
K+B K+B " "
BS 0B
_ BB BB
K+B K+B
BBS + 68BV
= [ < andnl > uB = B (21
(K+B)(e+w+p) 1= e b (2D)
nl
<n =B < —,
Hb
SO
—1< np (22)
wp(K+B%) (e + w0+ )
nepvo

up(K 4+ B%) (¢ + w + 1)
Since B® > 0, then Equation 22 is reduced to

npS® + nop Vo

—————————— = 1 < RggimpliesRpy > 1
k(e + o+ p) B PHES Ry
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3.7 Local stability of EEP and bifurcation
analysis

The local stability of the endemic equilibrium is established
by demonstrating the existence of a forward bifurcation of the
system using the center manifold technique, which is employed
due to the mathematical difficulty of endemic equilibrium stability.
A forward bifurcation indicates that the endemic equilibrium is
locally asymptotically stable if Rgg > 1 but near unity.

Using the approach of the center manifold theory [20, 22], we
demonstrated the bifurcation analysis of the typhoid fever model
in Equation 1. Let 8 = B* be a bifurcation parameter at Rgy = 1,
so that

s_ ke totwn@G+et+otp+ip]
N1 (80 + 40 +¢) (1—p) +pO G+ p) +0))

B

and we assume thatS=1z; , V=12, =23, R =24, B =25 and the

model (1) is given by
(1—- pw+oz — gﬁg —@@+wz =0
prt + 8z —GI?%Z: —(c+p+tpnz =0
TR A S )

@zy +ez3 —puzg =0
nzy —pupzs =0

The Jacobian matrix of the system [9] around the typhoid-free
equilibrium point evaluated at Rgg = 1 is

~@+u a 0 o
) — (o +o+un 0 0 79":20
I=| o 0 ~Etot+p) 0 L o
0 % e —I 0
0 o U 0 — b

The right eigenvector W="(wy, w2, w3 w4, W5,)t associated with
this simple zero eigenvalue can be obtained from JW = 0.

e Jon
o Jon

e
Zﬂwsﬂm +ﬂj|w
n n

where x 8Bz1° + 6B82° 6+ ) and y
6+ ) ((0 + ¢+ ). The left eigenvector

382" + 082" (8 4+ w)
k(do — (54w (0 +¢+wn)
008z’ + Bz1° (0 + ¢ + 1)
k@o — (8 + ) (0 + ¢+ W)

1 [ ¢x
s

w3

= k(o —

(Vl,Vz,Vs,V4,V5,)t,

TABLE 2 Sensitivity indices of parameter values.

Parameter Indices value Parameter indices value
T 1 " —0.2890018160
B 1 o 0.5053949394

0 0.1509327077 ® 0.5847016899

" 1 P —0.07383019987
¢ —0.4692082111 w —0.3870967742
8 —0.7753864479 K -1

b —1
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associated with this simple zero eigenvalue, can be obtained from
VJ = 0 and given by
(e4+n+w+mn)
TrATETR .

n

v1 = 0,v, = 0vg = Ov3 = v3 > Oandvs =

We do not require the derivative of f; , f> , and f; since the first,
second, and fourth components of V are all zero. Additionally, since
the expression for f5 is linear, all its second-order partial derivatives
are zero. From the derivatives the only ones that are non-zero are
derivatives from f3 and are listed below.

PHE)  PHE) 0B IARED)  9h(E)

322825 825322 k 821325 825321
82 0 0 0
= éand AE) = (= + 7922
k 0z50zp k k

The signs of the derived bifurcation coefficients a and b reflect
the direction of the bifurcation at Rgg = 1.

[Seﬁzﬁ’ +60%82,° (8 4+ ) + 00B2,° + Bz1° (0 + ¢ + 1)
(@ + @) 6+ p) + pno)

] <o

> 2 2
d 0“f3(E
b= Z"kwi Ji = Vv3Ws S>(Eo)
P 0x;0xp 0z50P
210 9220
= V3Ws 7 + T > 0,

Consequently, a supercritical bifurcation takes place in the
model since the bifurcation coefficient, b, is inherently positive and
a is negative. Thus, the theorem is inferred from the outcome.

Theorem 3.6. Whenever Rgg > 1 but near unity, the following
are true:

i The endemic equilibrium is locally asymptotically stable.
The model illustrates forward bifurcation.
The DFE point is globally asymptotically stable.

ii
il

1 P T S R ST M M
Bpeéwunubcq)Ken

FIGURE 2

The local elasticity indices of Rgg with respect to parameters of the

model (1).

frontiersin.org


https://doi.org/10.3389/fams.2025.1521177
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Tessema et al.

10.3389/fams.2025.1521177

10000 10000
8000 - 8000 |
5 5
= 6000 = 6000
= =
= 9 (=%
o o
Qo [=%
= 4000 T 4000+
= 2
2000 / 20004
ik : _/ ) ' ' I '
0 2 4 6 8 10 0 2 4 6 10
Time (Months) Time (Months)
— (1) =— (1) 1(t) R(9) B [—s®—vo—10 R(t) B
(a) (b)
FIGURE 3
Graphical representation of the model (1) (a) left Res < 1 and (b) right Res > 1.
3500
35004 3000
30004 P
= k5 2500
1B 2500 i
§_ 52000
& 2000 =
B = 1500
S 1500 =
w— O
= M 39000 ]
1000 ]
500 ] 500 ]
0 1 2 3 ‘ 5 0 1 2 3 4 5
Time (Months) Time (Months)
— 5 = 0.09, @ = 0.38 5=03,9=0.58 m— 5=0.09, $=0.38 5=03,6=0.8
—5=0.5.¢ =0.78 = 5=0.7.¢ = 0.98 5=0.5.6=0.78 5=0.7.6=0098
(a) (b)
- 6000
2500
5000
= 2000+ —
2 k=]
s B 4000
=3 =
21500 o
Q.
o .g'sooo-
2 2
£ 1000+ 2
‘g é 2000 4
> o
3004 1000
07 T T T T ? 0- T T T T ?
0 1 2 3 5 0 2 3 5
Time (Months) Time (Months)
e 5=0.09.$=0.38 5=03,6=058 m—5=0.09,$=0.38 5=03.6=058
—5=0.5,0=0.78 = 5=0.7,6=0.98 —5=0.5,0=0.78 = 5=0.7.6=0.98
(c) (d)
FIGURE 4
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Frontiersin Applied Mathematics and Statistics 08

frontiersin.org


https://doi.org/10.3389/fams.2025.1521177
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Tessema et al.

3.8 Endemic equilibrium point global
stability

Theorem 3.7: The point E* is globally asymptotically stable if
REﬁr > 1, otherwise unstable.
Proof: We construct the Lyapunov function given by

S 1%
_ * k K *
L= (=8 =8)+ V-V = Vi)
I BB*S* B
I-*—Fln—) + ———>_(B— B* — B*In —{24
+ ( R ] n—124)

Taking the derivative of L in Equation 24 alongside the
solutions of equation of model (1) yields

aL 1 S* dS+ 1 v* dV+ 1 I\ dI
da S ) at V) dt 1) at
B*S* B*\ dB
Ay R
nI*(K + B¥ B /) dt
At endemic equilibrium steady state, we have
(1-p)m=—oV'+ L s+ 5+ ws*
=88+ BV trernV*
BB e 08B (26)
=t o+p)
nl*

Substituting Equation 25 in Equation 26 and simplify

10.3389/fams.2025.1521177

Therefore, the equation is receded as follows

dL  BB*S* [ B B\ I I
d = K+B [§_ln(§)_?+l"(?)}
OBB*V* [ B B
2 _m(2)L = -
YT [B* n(B*) I*+ n( )]
BB*S* [ B B\ I I
2 S ()| <0 @7
Yk BB )t @] =0 @)

This implies that % < 0 by arithmetic and geometric means.
In addition, L = 0if V = V* S= S 1 = I*,; R = R*, and
B= B* . According to LaSalle’s [23] variance principle, the endemic
equilibrium is globally asymptotically attained whenever Rgg > 1.

3.9 Sensitivity analysis

We used the normalized forward sensitivity index definition
from Blower and Dowlatabadi [24]; Nyerere et al. [25]; Engida et al.
[26] to do sensitivity analysis. The sensitivity index of

B (80 +o +¢+u) (1—p)+pO G +u+o0)
kip (e +t o+ ) [n(n+8+¢+u) +38¢]

REﬁr =

to some of the parameters, for instance

sheg _ R B _Ro B _ 1
B B Ry B R
sher @ _
&) (e+w+p

k k 7
(1_%)§=(1_%>|:_GV*+KIB_|_BB*S*+(6+M)S*+UV_KL+BS (8+/L)s_

_ BBS (1_5:) [(1_ BS(K + B*) ]

~ K+ B* S S*B* (K + B)" |

* 3k T
(1——)Z‘:_(1—V7>[—88*4—;iBB*V*+(a+<p+M)V*+8S—%V (a+(p+u)V_
_ OBBV* (1 v*)[( _ BV(K+B*) ]

~ K+ B* B*V*(K + B)" |

(=) () [ fsr B (s ) L]

1) dt IJ{K+B " K+B K+ B* K+ B* I* |

=<1_§)[ BB*S* (BS(K+B*) _i>+953*"* (BV(K—!—B*) B i)_

I )| K+B* \B*$*(K+B) I* K+ B* \B*V*(K+B) I*)]

BB*S* B*\ dB BB*S* B nI* BB*S* I B B
nI*(K + BY (1_E>E=n1*(1<+3*> (1 B*)[nl_?B}z(K+B*>(1+F_§_ﬁ)

For the function £(x)

1 — x + Inx,weknowthatx > 0Oleadsto £(x) < 0.Andifx = 1, then £(x) = 0. Note that

BB*S* s* BS (K + B*) BB*S* I BS(K+B*) I BB*S* $* I  B(K+B*) BS(K+B) I* BB*S* [ B B I i
1- — 1-— - — - —)|== 2— — — — - — = — —In|{ — |- — +In(=)
K +B* ( s)[( S*B* (K+B))] K+ B* < 1)[(3*s*(1<+3) I*)] K+ B* [ s B*(K+B) B*S*(K+B) 1} K+ B* [B* (B*) I* I ]
_ OpBTV* ( B 7) [( 6BBV (K + B*) )]+ 6BB*V* ( BV(K+B") L) — 0BB*V* [5 7ln<£) L ( )] _ BBV [£ 71n<£)7 I +In(i>]
K+ B* B*V* (K + B) K+B* \B*V*(K+B) I* K+B* | B B I I K+B* | B* B I I
Since0 < 0 < 1.
Moreover,
BE'S (| _B\[1 B BB'S" (| N I B BT\ _ pB'S [B B N I i I )
R — = | = - = — _Inl = i _
(K + B* B I*  B* (K + B* I* B* BI*) ~ (K4 B* | B* B* I* I*
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FIGURE 5
Graphs showing the effect of varying 8 on the population; (a) Infected population; (b) Bacteria population; (c) Vaccinated population; (d) Susceptible
population.
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Similarly, the other parameters are computed and their
sensitivity indices are in Table 2.

According to Table 2, the parameters with positive indices
B, 6, o, ¢, M, and 7) show that, as their values rise, so does
the effective reproduction number. If their values are raised, it
suggests that they influence the spread of the disease within
the population. Furthermore, as their values rise, the factors
with negative sensitivity indices (&, w, u, 8, up, K, and p) have an
impact on the effective reproduction number, which will lower
the endemicity of the bacteria in the population. Figure 2 shows

Frontiersin Applied Mathematics and Statistics

To show the analytical findings for the proposed model, we
conducted a numerical computation [19, 27]. This is carried out
using a set of parameter values that are listed in the table below and
that in particular come from the literature, together with certain
parameter considerations. The Runge-Kutta method of order four
was used to execute numerical simulations of the model using the
built-in MAPLE function ode45. We considered different initial
conditions for the human and bacteria population. The following
initial conditions, S (0) = 10,000 I (0) = 100 V(0) =0R(0) =0
B (0) = 10, with parameters in Table 1 are used for simulation.
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FIGURE 6
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4.1 Representation of the model when
REf-f< 1and REf-f> 1

Figure 3a demonstrates the dynamical behavior of bacteria
in the environment and susceptible, vaccinated, infected, and
recovered subpopulations. Additionally, the period is assumed to
be between 0 and 10 months, and the initial population size for
the compartmental population susceptible, vaccinated, infected,
recovered, and bacteria in the environment is assumed to be
respectively 10,000, 100, 0, 0, and 100. The numerical solution is
convergent to the DFE point E°. It indicates that there are no
bacteria in the environment or infected individuals for a long time
and shows that there is a disease-free state that is Rgy < 1.

The susceptible and vaccinated populations decline while
the number of infected grows, as can be seen in Figure 3b
above. Furthermore, the infected population is entirely above the

Frontiersin Applied Mathematics and Statistics

vaccinated compartment graph and, as time passes, the vaccinated
compartment graph approaches the time axis graph. This suggests
that the vaccinated population is close to zero and demonstrates
the inefficiency of the vaccination. We observed that the disease is
endemic when Ry is greater than one.

4.2 The effect of varying § and ¢ on the
population

Figures 4a—d above illustrates the impact of a combined effect
of vaccination rate and vaccine efficiency. One can observe
from Figure 4a that these combined effects allow reducing the
size of infected individuals, and Figure 4b shows the S. typhi
bacteria population as the number of vaccinations increases and
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Graphs showing the effect of varying ¢ on populations; (a) Infected population; (b) Bacteria population; (c) Recovered population.

its effectiveness become perfect. On the other side, the Figure 4c
vaccine population and Figure 4d recovered population grow
in number as the number of vaccinations increases and its
effectiveness become perfect. Thus, a simultaneous increase of the
effective vaccination rate and vaccine efficiency greatly reduced
the proportion of the infected population. Therefore, boosting and
improving the immunization rate as well as increasing the vaccine
efficacy is an effective control measure against typhoid.

4.3 The effect of varying g infected
population

The ingestion rate of S. typhi bacterium population is
directly correlated with the disease transmission rate, as shown
in Figures 5a-d below. Figures 5a, b demonstrate that, as the
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ingestion rate mechanisms increases, both the bacterial and
infected populations increase.

Although the rate of disease transmission is inversely
proportional to the number of susceptible, recovered, and
vaccinated individuals, Figures5c, d demonstrate that when
the rate of ingestion increases, the number of susceptible and
vaccinated individuals decreases. Therefore, ingestion rates are thus
reduced when efforts are made to expand access to clean water and
proper sanitation and hygiene for food handlers.

4.5 The effect of varying n on bacteria
population

In this section, we illustrated the effect of varying the parameter
value of 17 while the other parameters are fixed. From Figure 6a, the
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number of bacteria increases as the infectious individuals increase,
contaminating the environment with S. typhi. This again leads
to an increase in the number of infected people, as is shown
in Figure 6b. Conversely, from Figure 6¢, increasing the value of
n brings a decrease in the number of susceptible people due to
the increment infectious individuals and S. typhi population. The
vaccine population also moves down, as is seen in the Figure 6d.
Therefore, we recommend working on strategies to reduce the
number of infections contaminating the environment with S. typhi.
such as avoiding raw fruit and vegetables, peeling fruit yourself, and
not eating the peel.

4.6 The effect of varying £ on bacteria
population

As illustrated in Figures 7a—c, we demonstrated how the
recovery of infected individuals affects the populations of bacteria,
infected people, and recovered people. When we treat individuals
with infections at higher rates with antibiotics and fluids, the
number of infectious individuals decreases, as shown in Figure 7a.
This leads to an increased number of recovered individuals, as
depicted in Figure 7b. As Figure 7c also demonstrates, an increase
of treatment to infectious individuals produces a reduction in
the number of S. typhi bacteria population in the environment.
Therefore, treatment of infected individuals is a good strategy
that significantly affects bacteria concentration reduction in
the environment.

4.7 The effect of immunization on human
and bacteria population

Figures 8a, b illustrates the significance of immunization in the
population. As illustrated in Figure 8a, the deficiency of vaccination
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in the population increases the number of infected people and
puts the susceptible population at risk of infection; the number of
infected individuals drastically drops after the vaccination is made
available to the public. We can also observe from Figure 8b that
the presence of immunization in the human population reduces
the bacteria in the environment. Therefore, people should get
vaccinated against typhoid fever before visiting a high-risk area.
However, one should still use caution when eating, drinking, and
interacting with others because the typhoid vaccine is only 50-
80% effective.

The correlation between the Ry and B, &, 8, ¢,and 1 is
depicted in Figures 9a—d. Figure 9a illustrates how the vaccination
approaches can affect the likelihood of disease transmission within
a community. Working on decreasing transmission rate below
0.2 and increasing the immunity label of susceptible individuals
above 0.2 decreases the Ryy below 20%. Therefore, boosting the
vaccination susceptible individuals at a higher rate dramatically
lowers Ry, which in turn lowers the probability of an outbreak.

Figure 9b illustrates how variations in the shedding rate
of environmental bacteria by infected individuals affects the
likelihood of disease transmission within a community. If the
disease transmission rate decreased below 0.4 and the shading rate
increased above 0.5, Reﬁr can be reduced below 10%. Therefore,
implementing interventions targeting sanitary deficiencies and
promoting hygienic practices in the community can lower Ry ,
which in turn reduces the probability of disease persistence.

Figure 9c also illustrates how the immunity rate of susceptible
individuals, and consequently the recovery rate of vaccinated
individuals, affects the probability of disease transmission within
a community.

Boosting disease vaccination rates above 0.15 and increasing
the recovery rate of vaccinated individuals above 0.15 decreases
the Ryy below 50%. Finally, Figure 9d shows that increasing the
recovery rate of vaccinated individuals above 0.15 and reducing
the disease transmission rate below 0.2 reduces the R,y below 20%.
Therefore, we should work on interventions in the community to
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lesser Ry , which in turn lowers the probability of an outbreak of
the disease.

5 Results and conclusion

In this work, we studied the dynamics of typhoid fever
transmission by taking into consideration S. typhi bacteria
population in the environment and dividing the people into
four subpopulations. After exploring a few mathematical
ideas, including boundedness and equilibrium investigation,
we estimated the effective reproduction number using the
next-generation matrix. Moreover, we evaluated stability and

confirmed that the proposed model is asymptotically stable both
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locally and globally for both typhoid fever-free equilibrium and
endemic equilibrium points. The sensitivity analysis and numerical
simulation were presented to show the practical significance of
the parameters in the proposed typhoid model. By modifying
the model’s parameter values, a simulation study and evaluation
are carried out. The pictorial representation shows that when
the rates of B and n increase, the diseases propagate in the
community. On the other side, as the values of the parameters &
and 8 increase, the disease’s ability to replicate diminishes. Typhoid
vaccination rates have a substantial effect on the rate of disease
transmission. Therefore, improving immunization initiatives
is vital for controlling the transmission dynamics of typhoid
fever. Additionally, proper disposal of feces and urine should be
encouraged, and drinking water from domestic sources should
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be boiled or disinfected to eliminate bacteria. Additionally, it is
strongly suggested that fruits should be washed with fresh water
before consumption. Sanitation food and periodic medical exams
should be required.
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