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Mellin convolutions of products
and ratios

Arak M. Mathai! and Hans J. Haubold?*

!Department of Mathematics and Statistics, McGill University, Montreal, QC, Canada, ?Office for Outer
Space Affairs, United Nations, Vienna International Centre, Vienna, Austria

Usually, convolution refers to Laplace convolution in the literature, but Mellin
convolutions can yield very ueful results. This aspect is illustrated in the coming
sections. This study deals with Mellin convolutions of products and ratios.
Functions belonging to the pathway family of functions are considered. Several
types of integral representations, their equivalent representations in terms of
G and H-functions, and their equivalent computable series representations are
examined in this study.

Mathematics Subject Classification 2010: 26A33, 44A10, 33C60, 35J10.
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1 Introduction

Laplace convolutions involving products of two functions are widely known in the
literature (see [1, 2]), but Mellin convolutions of products and ratios are not widely used
in the literature. Here, we examine Mellin convolutions of products and ratios involving
some functions belonging to the pathway family of functions. The pathway family of
functions was introduced by Mathai [3] for real-valued scalar functions with the arguments
being rectangular matrices in the real domain. These results were extended to the complex
domain in Mathai and Provost [4]. Here, we consider the real scalar variable case first, and
then, some generalizations are also considered. Let x; > 0 and x, > 0 be real positive
scalar variables associated with the functions f; (x1) and fa(x3), respectively, and with the
joint function f; (x1)f2(x2) the product. Then, the Mellin transforms of f; and f>, with Mellin
parameter s, and denoted by Mj, (s) and M, (s), are the following:

My () = /0 X7 (er )y and My (5) = /0 5 (), (L)

whenever the integrals are convergent. Let u = x;x,. Let g1 (1) be the function associated
with u. Then, the Mellin transform of g; (1) is the following:

o0 oo (e e)
My, (s) = / uw g1 (u)du Z/ / (r1x2)* fi(x)fa(x2)dxy A dxa = My, ()M, (s)
0 o Jo
(1.2)
since the joint function of x; and x; is assumed to be the product f; (x1)f2(x2). Consider the

transformation

1
U=x1x%,v=x0rv=2x] = dx; Adx; = —du A dv
v

and the joint function of u and v is %fl(%)fz(v) or %fl(v)fz(%). Then, gi(u) is
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the following:

qw) = / A0 = / WA (3)

But, from Equation 1.2, g1(u) is available as the inverse Mellin
transform of My, (s)My, (s). That is,

1 c+ioco
g =5 [ MOMOdi= VD 0
Tl Je—ico
whenever the inverse Mellin transform exists. From
Equations 1.3, 1.4, we have
W= [ acnmi= [ Limad
u) = | -A()LWdv= | —fiW)fr(—)dv
81 g Vl " 2 : vl 2 "
1 c+ioco
—S
== - Mfl(s)Mfz(s)u ds (1.5)

This Equation 1.5 is the Mellin convolution of a product
property.

When x; > 0and x; > 0 are real scalar random variables with
the densities fi (x1) and f2(x2), respectively, and when x; and x; are
statistically independently distributed, then

My, (s) = Elxy U1, Mgy (s) = Elx5 71,

E[(aix2)* '] = Elxj ELS ] = Mj (9OM(s) - (1.6)

due to statistical independence of x; and x,, where E[-] denotes
the expected value of [-]. The density of u = xjx, denoted
by g1(u), is available as the first part of Equation 1.5 if we use
transformation of variables and as the second part of Equation 1.5
if we use the result of arbitrary moments uniquely determining the
corresponding density. Whenever f(x;) and f,(x) are statistical
densities, we can also give a statistical interpretation of the Mellin
convolution of a product as the unique density of the product
of independently distributed real scalar positive random variables
x1 and x;. Thus, the results in Equations 1.1-1.5 can be given
statistical interpretations also whenever the functions f; and f, are
statistical densities.

For the real scalar positive variables case, the pathway family
consists of the generalized type-1 beta family given by

8a5T(% +B)
L(5)T(B)

oz>0,,3>0,1—ax5>0

pilx) = 21 —aYlo<x<la>0,
(1.7)

and zero elsewhere, with the standard form given by

I + B)
I'(@)'(B)

and zero elsewhere; the generalized type-2 beta model is given by

711 —x)ﬂfl,O <x<lLa>0,8>0

p1(x) =

_ 8aiT(% +B)

P = S Xt ad) 025 <00 (19

fora > 0,0 > 0,8 > 0,8 > 0 and zero elsewhere, with the
standard form given by

_ (o + B) a—1

pux) = mx (1+x)"@P 0 <x<o0,a>0,8>0
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and zero elsewhere; and the generalized gamma model is given by

>R

Sa

= e 0 <x <00,a>0,8>0,a>0 (19)

p3lx) = )

>R

and zero elsewhere with the standard form given by

p3(x) = ﬁxaﬂ

e ™ 0<x<oo,a>0,a>0

and zero elsewhere. In statistical densities, the parameters
are usually real, and hence, the conditions are stated for
the real parameters but the functions are available when the
parameters are in the complex domain also. In that case, the
same conditions hold on the real parts of the parameters.
We  will
ratios involving fi(x;) and f;(x2) belonging to the models

examine Mellin convolutions of products and

(Equations 1.7-1.9) so that the results obtained will be
readily applicable.

The concept of Mellin convolution of a ratio is
coming from the following considerations. As before,

let x; > 0 and x, > 0 be real scalar positive
variables with their associated functions fi(x;) and f2(x2),
respectively, and with the joint function f(x1)f2(x2) the
ﬁ—f the ratio and let g(u) be the

function corresponding to u. Then, proceeding as before

product. Let u =

we have

Elw ™) = B[] = Bl JEL ) = M (9M; 2 = ).

X1
(1.10)
Letu = %,v =x; = dx Adxy = —u—"zdu/\dv,xz =vx =
In addition, u = %,v = x; = dx; Adx; = vdu A dv,x; =
v,x2 = uv. Then, the Mellin conovlution of a ratio property is the

following:

() = f LA RWay = / Vi o)y

1 c+ioco
= My, (2 — s)Mp, (s)u""ds.

= — 1.11
271 Je—ioo ( )

Again, we will examine Mellin convolution of a ratio involving
functions belonging to the pathway family (Equations 1.7-1.9) for
the real scalar variable case first.

This study is organized as follows: Section 2 deals with
Mellin convolution of a product involving functions in the
standard form in Equations1.7-1.9. One general form is
illustrated at the end. Section 3 gives Mellin convolutions
of a ratio involving the standard forms in Equations1.7-
1.9. Then, one illustration is given at the end for a general
case. Section 4 examines some generalizations to the real
matrix-variate case.

2 Mellin convolution of a product

Here, we consider only Mellin convolutions of products of
two real-valued scalar functions of real scalar positive variables.
The results can be extended to Mellin convolution of a product
involving three or more real-valued scalar functions.
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Problem 2.1. Type-2 beta vs. gamma
To start with, we consider

e+ 1+ pB)

— " TP en —(a+14p)
Sfi(xr) l"(oz—{—l)l"(ﬂ)xl( + x1)
o
> 0, e T2 x>0,
x1 >0, f2(x2) F(,o+1)x2€ X2 =

fore > —1,p > —1,8 > 0,a > 0 and let f; and f, be zero

elsewhere. Let the joint function be f; (x1)f2(x2) and u = x1x;, with
Ca+1+B) aPt!
C(a+DI'(B) T'(p+1)

the corresponding function g; (#). Then, for ¢ =

1
i) = /0 R0y

— C/OO l(ﬁ)a(l + E)f(u+1+ﬁ)v,oe7uvdv
0o VvV v

o0
c uo‘/ By 4 )~ @ ey 0 < u < 00 (2.1)
0

= 1(v>f2<§)dv

u) =
g1(u) ”
o0 au
= cu"/ VWP )@= 4y 0 < u < oo

0

(2.2)
Also, the Mellin transforms are the following:

Fa+14+p8) [
(o + DI(B) Jo

_Tl+y) F(ﬂ—5+l),m(a+5) >0,RNB—s+1)>0

My, (s) = KT 4 x) TRy

Fl@+1) TP
(2.3)
_ a,o+1 00 sl —axy
MfZ(S) = m‘/‘o Xy € dxz
_Tet9a
= F(p—l—l)us"h(p +5) >0 (2.4)

where N(-) denotes the real part of (-). Then,

1 a
qiw) = T+ 1DI(B) T(o+1)
c+ioco
i ‘ F@+s)T(p+s9)T(B+1—s)(au)ds (2.5)

_ a 217, 1—B
= F@ T P+ 1)G1,2 [au|a_,p] ,0 <u < o0 (2.6)

where the G(-) is the G-function. For the theory and applications
of the G-function, see for example, Mathai [5]. The inverse Mellin
transform in Equation 2.5 can be evaluated by using residue
calculus. For o — p # v, v = 0, 1, ... the poles of the integrand are
simple. Then, the function is available as the sum of the residues at
the poles of I'( + s) and I'(p + s). These produce two confluent
hypergeometric series, and the sum of these residues is the explicit
value of the G-function for 0 < u < o0. g(u) above gives various
representations of the density of u. Since the density is unique, we
can compare the different representations of the unique density
and obtain several results on the unique density or we can obtain
several results on the G-function. Different types of results on the
G-function are given as Theorem 2.1 below. Since the procedure is
the same, we will not give the derivations in detail for the remaining
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theorems in Section 2; only the results will be listed as theorems.
The proofs are parallel to the steps given above.

Theorem 2.1. Fora > 0,u>0,a > —1,p> 0,8 >0

GPy [aulB] = T+ 1+ Bla’u”
/oo VB (y g )@t iR emavy,,
0
=T(a+1+B)a’u’
/00 VP 4+ V)—(a+1+ﬂ)e—a%dv
0

= (aw)*T(p —a)['(1 +a + B)
FiB+1+a;1+a—prau)
+ (a)’T(1+ B+ p)T(a — p)
1Fi(B+14p; 14 p —a;au),

for0 <au < oo, —p # xv,n=0,1,...

Note that the integral can be evaluated at specific values of 2 and
usuchasu = 1;a = 1;a = 1,u = 1, giving rise to simpler integrals.
The condition o — p # v is needed only to write the G-function
in terms of a confluent hypergeometric series. Each integral above
multiplied by m ﬁ produces a statistical density g;(u)
for u also since our starting f; and f, are statistical densities. We
have taken non-negative integrable functions with total integral
unity for convenience. The results hold for other types of functions
provided the Mellin transforms exist and the product of the Mellin
transforms is invertible. A direct generalization of Problem 2.1 can
be achieved by replacing 1+x; in f by 1+a1x‘f‘ ,a; > 0,81 > 0and
replacing the exponent ax; in f, by axgz, 8, > 0. Then, instead of
the G-function, one will end up with a H-function and then one will
obtain results on this H-function. For the theory and applications
of the H-function, see for example, Mathai et al. [6]. Since x; > 0 in
Problem 2.1, we can obtain parallel results for §; < 0 also.

Problem 2.2. Type-2 beta vs. type-2 beta

Let

Fej+1+8) o

_ X, (1 +X')_(aj+1+'3j);
[(ej + DI(B) !

fi%)

for 0 < X < oo, > —1,B > 0,j = 1,2 and letﬁ be zero
elsewhere for j = 1,2. Let the joint function of x; and x, be
fi(x1)f2(x2) and u = x1x, with the corresponding function g; (u).
Then, proceeding as in Problem 2.1, we have the following results:

Theorem 2.2. For a > —1Lp > 0,j = 1,2 and for ¢ =

l—[2 I'(oj+1+p))
j=1 T(ey+1)T(By) |
o0
gi(uw) = cut / vty 4 V)*(w1+1+/31)(1 + V)*(Ot2+1+/32)dv,
0
0<u<oo
o0
— cu‘“/ vth (g +V)—(a1+l+f31)(v+ u)_(“2+1+ﬂ2)dv,
0

0<u<oo

2

1 22T 1—Bi—
= ||7 G2 [ulzP=P2] 0 <u < 00
i1 D@+ 1r() 22 [tale: )
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Gy [ulefe ]
=T(aa —a)T(B1 + 1+ a)T(B2 + 1 4 a)u™
xoFi(Br+1+an,fa+ 1+ 1+o1 — o u)
+ (o — )T (B + 1+ a2)T(By + 1+ ap)u™
xoFi(Br+1+axfa+ 1+ 1+ax—o1;u)
for0 <u<lya; —oy #£v,v=0,1,..

D(o1 + 14 B0 + B+ DBy — pu P!
X oF (a1 + B1+ Laa + B1 + 1; 14 B1 — Ba; %)
+ (a1 + B2+ D2 + B2 + DI (B1 — Bo)u 727!
X 2Fi(er + B2+ Laa+ B+ 11+ B2 — Bi; %)

forpr —pa#+v,v=0,1,.,1 <u<oo

A direct generalization of Problem 2.2 is to replace 1 + x; in f;
by 1 + ajxjj,aj > 0,8 > 0,j = 1,2. Then, we will end up with
a H-function, instead of the G-function above, and then parallel
results will be available on this H-function. Since x; > 0 in f; here,
one can allow §; to be negative also. Parallel results will be available
forj=1,2.

Problem 2.3. Type-1 beta vs. type-1 beta

Let

N F(aj+1+}3j) o \Bi—1
ﬁ(xj)_l"(aﬂrl)l"(ﬂj)xj (=207

Oij‘fl,aj>—l,/3j>0

and zero elsewhere for j = 1, 2. Let the joint function be f; (x1)f2(x2)

and let u = x;x; with the corresponding function denoted as g; (u).

Then, proceeding as in Problem 2.1, one has the following results,
. 2 Tlo+1+8) |

forej > -1, > 0,j=1,2,c =[], m

Theorem 2.3. Foraj > —1,8; > 0,j = 1,2andfor0 <u <1

2,0 S
G2,2 W'g},zfl 0t2+ﬂ2]

1 1
_ - cr—a1—PBi(y, _ A\Bi—l¢1 _ \Ba—1
N r(ﬁl)r(ﬁz)” /V=u v (v—u) (1 —v)P21dy,

0<u<l
1 " /1 e _ _
=y | byl oyl
(BT (B2) v=u
0<u<li
C(oy —ay)

(3]

T T(B)MNe2 + B2 — )
X 2F1(1 = B, 1+ —oax — Bos 1+ a1 —ap; 1)
N Cop — ) 4
C(B2)T oy + B1 — @2)
X 2F1(1 = o, 14+ay —ay — Br; L+ —a;u),0 <u<1

foray —ay #+v,v=0,1,..,0<u<1

2 Dlaj+1+8)
j=1"T(aj+1)
statistical density g; (1) for u also. A direct generalization is available

This G-function multiplied by { } gives a

by replacing 1 — x; in f; by 1 — ajxfj for aj > 0,8; > 0, with the
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condition 1 — ajx;j > 0,j = 1,2. Then, one will end up with a H-

function, instead of the G-function above, and parallel results will

be available for this H-function. It may be observed that a constant

multiple of this H-function is a statistical density for u also.
Problem 2.4. Type-1 beta vs. gamma

Let
Ma+1+p) _
filer) = mxﬁ[(l _xl)ﬂ Lo<x <1,
ay+1
falxr) = o) l)x;'e_“"z,xz >0

fore > -1, > 0,y > —l,a > 0 and let f; and f, be
zero elsewhere and let the joint function be fi(x;)f>(x2) and let
u = x1x; with the corresponding function denoted as g; (1). Then,
proceeding as in Problem 2.1, we have the following results:
Theorem 2.4. Fora > —1,y > —1,a> 0,8 >0

av
Gz,o[ a+,3] _ o
12 au|a)y F(ﬂ)u
oo
WPy — )P lemdy, 0 < u < 0
Vv=u
ay 1 u
= uyf VT — )P lem 4 dy, 0 < uw < 00
ry  Jo
C(y —
= %(au)“lﬂ(l —Bil+a—y:—au)
o —y)
—————(a)" 1 Fi(l+y —a—B;
Cla+B—y)

14y —a;—au),0 <u < oo

fora —y #£v,v=0,1,..,0 <u < o0

Note that this G-function multiplied by %r(;ﬂ)

produces a statistical density g; (u) for u also. A direct generalization
31
1

is available by replacing 1 — x; in f; by 1 — alxil with 1 —a;x
0,a; > 0,6; > 0 and replacing the exponent ax, in f, by
axg2 with 8, > 0. Then, one can obtain parallel results on a H-

>

function. Here, §, can be negative also so that the integrals and the
corresponding H-function will exist. If §; is allowed to be negative,
then it will create problems with the support there and the problem
will be complicated.

Problem 2.5. Type-1 beta vs. type-2 beta

Let
Ma+1+p8) , A1
= —x¥(1 — >
filxr) Tt 1)r(ﬂ)x1( x1)
Ty +1+438) , Caies
) = — 23V (1 + xp) "I
fr(x2) NOESINO) 5 ( 2)
for0 < x; < Lx, > 0, > -1,y > —1,8 > 0,8 >
0 and let f; and f, be zero elsewhere. Let the joint function be
filx1)fa(x2) and let u = x1x, with the corresponding function

denoted as g; (). Then, proceeding as in Problem 2.1, we will have
the following results:

frontiersin.org
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Theorem 2.5. Fora > —1,y > —1,8> 0,6 >0
Ggé [ | 8a+ﬁ:| F(V +149) a
i S ')

o0
/ vy—w—ﬂ(v
v=u

0<u<oo
Ty +1+96)
TR

/ Va+8 (l
v=0

0<u<oo

u)ﬂ_l(l + v)_(”+1+8)dv,

14

—_

v)ﬁ_l(v + u)_(y+1+5)dv,

P bt o B (146 + o, 1 — B

l+a—y;—u)

e e

+y,l+y—a—Bil+y —a;—u)
forO0<u<l,a—y #+v,v=01,..

Cla+1+8)T(y+1+6) y1-8
Trarprirn 4 2fil@ 14,

yH1+8&a+p+1+8-1)

forl <u < oo.

This G-function multiplied by Matith) 5 produces a

FatD) TG
statistical density g; (1) for u also. A direct generalization is available
by replacing 1 —x in f; by l—alx‘fl witha; > 0,87 > 0, l—alel >
0 and replacing 1 + x, in f, by 1 + azxgz with ay > 0,6, > 0.
Then, one will obtain parallel results on a H-function. Also, note
that in this Problem 2.5, if the type-2 beta density is replaced
by a general density, then the first integral representation gives
Erdélyi-Kober fractional integral of the second kind of order g and
parameter «, see also Mathai and Haubold [7] and Fortin et al.
(8,9].

Problem 2.6. Gamma vs. gamma

Let

aj+1
a)

filxp) = x; e_“fxf,xj >0,0j > —1,a; > 0,j=1,2

Na+n
and let the joint function be f(x1)f2(x2) and u = x;x, with the
corresponding function denoted as g; (). Then, proceeding as in
Problem 2.1, we will have the following results:

Theorem 2.6. Fora; > 0,0 > —1,j=1,2

2,0 o]«
Gy [a1a2u|a1,a2] =a}'ay u™

o0
—a1—1 —a; ¥ —
/ yeraTlemary mavgy 0 <y < 0o
V=

0
a0 oy
= al 612 u

o0
/ yme—lemav-aig, 0 <y < 0o
0

= (a1a2u)"' (a2 — 1)

oF1( ;14 a1 —az; araxu)
+ (a1a, )T (o) — o2)
oFi( ;14 —ar;a1a2u),0 <u < 00

foray —ay # +v,v=0,1,...
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A direct generalization is available by replacing the exponent
ajx; by ajx; 81 > 0,j = 1,2. Then, we will obtain parallel results
on a H- functlon Here, one can allow §; < 0,j = 1,2 also,
which will then produce parallel results on a H-function. Since
we have started with statistical densities for f; and f,, we may
observe that a constant multiple of this G-function in Theorem
2.6 is a statistical density g; (1) for u also. When §; = 1 we have
Kritzel integral and associated with it is the Kritzel transform,
see Mathai and Haubold [10]. When §; = 6§, = 1, that is
the case considered in Theorem 2.6, the integrand in the integral
representations, normalized, gives inverse Gaussian density. The
unconditional density in the Bayesian analysis when the prior
density is gamma and when the scale parameter has a prior gamma
distribution then the unconditional density has the structure in the
general as well as in the particular case where §; = §, = 1. In this
particular case, one has the Bessel integral given by the G-function
representation in the simple poles cases also.

For the sake of illustration, one direct generalization of a Mellin
convolution of a product will be derived here in detail. This will be
listed as Problem 2.7.

Problem 2.7. Generalized type-2 beta vs. generalized type-2
beta

Let
]+1
1
dja; i F(%Jr +,31) aH
filx) = J — aJ(H_ ]J) (5~ 5 +/3])’
P(&5-)r )

for x> 0,a; > 0,8; > 0,ctj > —1,j = 1,2 andﬁ is zero otherwise
for j = 1,2. Let the joint function be fi (x1)f2(x2) and let u = x1x;
and let the function corresponding to u be denoted as g; (u). Then,

E[u '] = E[xi_l]E[x;_1
aj+1
Sja] KN l_,(ot]+1 +ﬂ])
E[x]Sil] = aj+1
(-~ )F(,B])

00 @) +1
011+s 1 —(5—+8) .
/0 x; (1+ajx : ) i dx;

a]+s

F(

) LB = 50
r(8)

5 (2.7)
a‘T F(uj+l)
]
For convenience, let us consider the case §; = 8, = 6. Then, for
1
M ot
a=|licy g7 ——
=)

Mellin transform, we have g; (1) as the following:

cico 2 a—|—s s—1
gi(w) —qff [l_[F ] -

=12
=12

and from Equation 2.7 by taking the inverse

MN[(araz)? u]~ds

= clHi’g |:(a1a2)5 u| ] ,0<u < oo. (2.8)
The inverse Mellin transform in Equation 2.8 will be evaluated

by using residue calculus. Note that for a1 — ay # %, v =0,1,.

the poles of F(O“SH) (°‘Z+S) are simple. The poles of F( ) are at

aj;—S =—,v=01..=s=—g —dv,v= 0,1,....Theresidue
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ats = —aj — 8v coming from F(D”T“) is limg— _¢,—su(s + a1 +
BOT(e) = 51
the derivations in Problem 2.1. For 0 < aja,u® < 1, we will end up

. The rest of the steps are parallel to those in

with two Gauss™ hypergeometric series, and the continuation part
for 1 < aya;u® < oo will give another two Gauss’ hypergeometric

series. If we consider the transformation of variables, then g (u) has

sa TF AR
the following forms where ¢ = szzl #
r

1 u u ay+1
g = [ S a P
TR v
(14 ay)~ (5 )y
- foo yee—oa—lry ¢ ] (5 4p1)
0

o 1
(1 + azv)" 5By, 2.9)

The second form is available by interchanging (a1, ;) and
(a2, B2) in Equation 2.9. Note that

Olj+1

2 o
2
g1(u) = 82 Haf I(

j=1

+ Bj) ¢ x (the H-function)

where the H-function has the following explicit forms:

H= sz[(a1a2)8u| ~him “)j 1’2]

(L.hj=
ST (%25%0)T (B + “2;* 1)F(ﬁz + ) [(a1a,) 5 )
xaF1(B1 + 45, By + St 1 4 4595 g1a100)
FST(U592)T (B + E)T(By + 95 [(aran) ¥ ul™
X Fi(B1 + %5, By + 95 1 4 a5
for 0 < ajaru® < 1and for oy —ay # +v,v =0,1,...

— 18T (B1 + LI (B) + E)I (B, — ﬁn[(alaz)%urwl“”

araxu®),

Py (B + U5 B+ B 1+ By — Bos )
+80 (B, + “LEDT(B + 22T (B — B2)
[(a1a)7 u] ~(B25+D)

<aFi(By + 5, Ba + 5 L+ B — B )

for ajaru® > 1and for /31 — B2 #+v,v=0,1,..

This completes the calculations and the representations of
g1(u) in two different integral representations and in terms of a
H-function with explicit computable series form representations.

3 Mellin convolution of a ratio

Here, we examine a ratio. Let x; > 0 and x, > 0 be real scalar
positive variables associated with the functions fi(x;) and f>(x2),
respectively. Let the joint function be f(x1)f>(x2). Let u = % the
ratio. Let the Mellin transforms of f and f, be My, (s) and My, (s),
respectively with the Mellin parameter s. Let the function associated
with the ratio u be denoted by g(u). Then, the Mellin transform
of g(u) is available from the joint function as My, (s)My (2 — s)
which can easily be seen if x) and x, are statistically independently
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distributed random variables with the densities fi(x;) and f2(x2),
respectively. Then,
)5 "=

Elw'] = E[( Elxy " ED '] = My, ()M, (2 — 5)

(3.1)
whenever the Mellin transforms exist. Then, from the inverse
Mellin transform, g, (u) is available as the following:

c+ioo
o) = L/ Mg (s)M7 (2 —s)u*ds,i =+/(=1)  (3.2)

271 Je—ioo

whenever the integral is convergent. We can also reach g(u)
through transformation of variables. Let x, = vand u = %, then
x = ¢ and dx Ade = —u%du A dv. If one takes x; = v, then
x; = uvand dx; A dx; = vdu A dv. Then, we have two different
integral representations for g»(u), namely,

) = / LR (3.3)

= /vfl(v)fz(uv)dv. (3.4)

Then, Equations 3.2-3.4 give three different representations
for the same function g;(u). We will consider various functions
belonging to the pathway family of functions for convenience.

Problem 3.1.

Let

Gamma vs. gamma

aj+1
al

filx) = x;'e T, x> 0,05 > —1,4) > 0,j = 1,2

I +1)/

aj+1
a-j

and let the joint function be f; (x1)f2(x2) and let ¢ = ]_[]-2:1 m

Then, from Equation 3.3

o) = c/ V( )0‘1 e MiyM2e RV dy

= (o) + ay + 2)u®2(a; + apu)~@rte2t2) (3.5)
and from Equation 3.4
o) = c/vv"” e MY (yy)*R2e”R2M y
v
= cu®T () 4 @z + 2)(ay + agu) @t (3.6)
for 0 < u < 0o, which is the same as the one in Equation 3.5. Also,
“gZH a1
Mg (s) = ——— TS e 2 i
(9 Tz +1) Jy 7 ?
a ez +5)
= —— "Ny +5s) >0 3.7
5 o1y e +9 (3.7)
and
(X1+l
My (2 — Oll —s+1 —alxldx
29 = 10 1) /
aS
=— T2+« $), N2+ a; —s) > 0. 3.8
F(ot1+1)1( 1 —5)N( 1—59) (3.8)
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Then,

1 1
a1 F(Ol] + l)l"(az + 1) 27‘[1

/c-Hoo
c—ioco

a L1 ®R2U o
= Gy 11,0<u< o0
arl(a + Dl (ap + 1) 1! [ o ]

&) =

Ww+ﬂﬁ@+arﬂﬂ%ﬁrﬂs

(3.9)

This G-function can be evaluated as the sum of the residues at
the poles of I' (a2 +s) for 0 < %1“ < 1and as the sum of the residues
at the poles of '(2 + o1 — ) for 1 < % < 00. Thus, we have

Moy +ay +2)
I + DMz + 1)

o) =

o1 (Z° R +ar a3 —F9),0< 24 <1
u (;Tl)a1+11Fo(2+a1 +ax s - h) 1< 2 < oo
(3.10)

Then, from Equations 3.5, 3.6, 3.10, we have the following

theorem:

A]‘Fl
Theorem 3.1. Fora; > 0,0 > —1,c = {sz_l F(aflerI)}

o) = cT(a) 4 a2 4 2)u®(ay + ayu) "7+ 0 < 4 < 0o
Tl +ar+2)
Moy + DI (o + 1)

aru 1 .. _du au
o L (ZeTFQ2+ar +az; 5 —29),0< 2 <1
u a1 yo1+1 .. _ a1 au
()T 1Fo2+ o +aa; 1 —7h), 1 < 28 < 00,

where g»(u) is a statistical density for u also.

SGeneralization is available by replacing ajx; in fi(xj) by
a]xjj, 8]- > 0,j = 1, 2. In this case, one will end up with a H-function
instead of the G-function above. Then, various integral and series
representations of that H-function will be available. Here, we will
be able to consider §; < 0,j = 1,2 also giving rise to parallel
results. Since the derivations of the results in Problem 3.1 are given
in detail, the remaining results will be stated without the detailed
derivations. The derivations will be parallel to those provided in
Problem 3.1.

Problem 3.2. Gamma vs. type-2 beta

Let
@+
fila) = m @ gmain,
flx) = %x‘?(l 4 xp) (1R
forej > —1,0 < xj < 00,j = 1,2,a; > 0,8, > 0 and let the

joint function be fi(x1)f2(x2). Let u = ﬁ—f with the corresponding
function denoted as g>(u). Then, following through the derivations
parallel to those in Problem 3.1, we have the following results:
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Theorem 3.2. Foraj > —1,j=1,2, B> 0,a; >0

sl

= a(flJrzF(Otz + B2 + l)uializ

yoteatlog 4 V)_(1+a2+52)e_a15dv,0 Su<®

S~
2

= a‘flJrzF((xz + B2 + Du™
00
Va1+012+1(1 + uv)—(1+052+/32)e—ul"dv’0 <y <00

S~

=+ B+ DA +ar — ,32)( )H'ﬁZ
1F1(1 + oy + Ba; Bo — a1 ﬂ)
+ T2+ a1 +a)l(By — o1 — 1)( )2+a1

a
1F1(2 + o1 +a2; 24+ a1 — B i),0§u<oo

forBy —ay —1# £v,v=0,1,..

Generalizations are possible by replacing the exponent a;x; in
fi by alx(fl,él > 0 and replacing 1 + x5 in f, by 1 + azxgz,az >
0,82 > 0. Then, one will end up with a H-function, and results will
be available for this H-function. In this case, §; < 0,j = 1,2 will
also work and parallel results will be available.

Problem 3.3. Type-2 beta vs. gamma

Let
_Tr+1+9) , (y+1+8)
fila) = e —|—1)F(8) 1@ +x)™Y ,
a+1
RO = R ™

fory > —l,a > —1,a > 0,8 > 0,0 <X <00,j= 1,2 and let the

joint function be fi (x1)f2(x2). Let u = i—f Then, proceeding as in

the derivations in Problem 3.1, we will have the following results:
Theorem 3.3. Fora > —1,y > —1,8 > 0,a > 0

62 [aul s 7] = T+ 14+ e
00
/ vot+y+1(u+v)—(y+l+6)e—avdv)0 <u<oo
0
=Ty +1+8a“u”
fw Voz+y+l(1 +v)7(y+1+5)efuuvdv,o <u<oo
0

=T —-1—-a)Q2+y + a)(an)”
1FiIQ+y +a;24+a —6; au)
+T(1+y 4+ )1 +a —8)(au)’ !
1Fi(l+y +8;4
foré§ —1—a #+v,v=0,1,..

—a;au),0 <u < o0

Generalizations are possible by replacing 1 + x; in f; by 1 +
blel,bl > 0,8; > 0 and by replacing the exponent in f, by
axgz,(?z > 0. This will produce a H-function and several results
on this H-function. In this case, 8 < 0,j =12 will also work,
resulting in parallel results.
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Problem 3.4. Gamma vs. type-1 beta
Let

artl _ Tla+1+8)

- —axi a1
N +1) fa(x2) x5 (1 —x)

i) = “Ta+)re)

fora > 0,8 >0,y > —L,a > —1,x1 > 0,0 <x < l,and f; and
f2 are zero otherwise. Let the joint function be fj (x1)f2(x2) and let
u= % Then, proceeding as in the derivations for Problem 3.1, we
have the following results:

Theorem 3.4. Fora > 0,8 > 0,0 > —1,y > —1

ay+2

N0

ur?

L1 1-y.a+pB
G2,1 I:a |oz

1
/ VYL — )P e dy, 0 < u < o0
0
_ art? u*
')
1
/ VYL )P lem ¥y 0 < u < 00
0

_ TQ+a+y) Uy-y-2
T TQ4+a+y+B)a

a
1F1(2+Ol+)/;2+a+]/+/3;_;)a

for 0 < u < oo. Generalization can be achieved by replacing the

exponent ax; in f; by axfl,Sl > 0 and replacing 1 — x; in f, by
1— azxgz, a, > 0,6, >0,1— azxgz > 0. Then, one will end up with
a H-function and several results on this H-function.

Problem 3.5. Type-1 beta vs. gamma

Let

_T+1+8) , ar
= mxl(l —Xl) fz(xz)

Y —ax

he) DCEaV

fora > -1,y > —1,a> 0,8 > 0,x2 > 0,0 < x; < 1,and f; and
f> are zero otherwise. Let the joint function be f1(x;)f2(x2) and let
u= 1—2 Then, proceeding as in the derivations in Problem 3.1, we
have the following results:

Theorem 3.5. Fora > —1,y > —1,a>0,6>0

14
a —ﬂ—a—l

rg"

u
/ WYL — ) lemdy 0 < u < 00
v=0

11 -
Glz[“”| —l—a ﬂ]

a”’ 1
— u / Va+]/+1(1 _ V)ﬂ—le—auvdv,
L Jo

10.3389/fams.2025.1526541

It may be observed that if in fj, « is replaced by « — 1, and if > is a
general function, then the first integral representation in Theorem
3.5 is also Erdélyi-Kober fractional integral of the first kind of order
B and parameter «, see also Mathai and Haubold [7].

Problem 3.6. Type-1 beta vs. type-1 beta

Let

1—‘(OlJ +1+ ﬁJ) X
[(ej + DI'(B)) K
LB >0,j=12.

Silx) = (1 —x)h,

0§xj§1,aj>

Let the joint function be fi(x1)f2(x2) and let u = % Then,
proceeding as in the derivation of Problem 3.1, we have the
following results:

Theorem 3.6. For oj > —1,8; > 0,j=1,2

G = Gy} [ul, et

az,—1—a1—p1

1 i — _
a4 Jor vatetl(n — p)fiml(1 — up)fe-ldy,

0<u<l

1 —a1—p1—1 [l ar4ar+1 —1 —1
FE TR [y ety — Pt — v ldy,
1<u<oo

I+ai+az)

TaratarporE 20— B2+ o+
24artor+pu),0<u<l

I(2+ai+os) —2— .
W{Fﬁ;)m (1= Br1,2 + o + az;

24 a1+ B2 1)

forl <u < oo.

A direct generalization will be available by replacing 1 — x; by

5 5
1— ajxj’, aj > 0,6; > 0,1 — ajx-] > 0,j = 1,2. Then, we will end
up with a H-function, and several results will be available on this H-
function. One general case of the ratio u = % will be discussed here

for the sake of illustration. This will be listed here as Problem 3.7.

Problem 3.7. Generalized type-2 beta vs. generalized
gamma
Let
il
a’s r(et + B) atl
fiba) = —‘Sx“(l +ax)) ",
reshre) 1
plﬁ 4 e
falxr) = F(V“) E
P

fore > -1,y > -1,§ > 0,p > 0,a> 0,b > 0,8 > 0,and f; and

0<u<oo f» are zero elsewhere. Let u = % with the associated function g (11).
_ re+a+y) The Mellin transforms of f; and f; are the following:
FrC+a+y+8)
1
1FIQ+a+y;24+a+y+ B; —au),0 <u < oo. br y4s 1 y+s
M, (s) = = I( Y)br) 5 R(——) >0
=) p
o
A direct generalization is achieved by replacing 1 — x1 in f; by ;4
1— ale‘,al > 0,8 > 0,1 — alx‘fl > 0 and by replacing the
t ax, in f, by ax)?,8, > 0. Then, ill end up with 1 24a s 1 s o1
exponen. ax; in fo by ax?, 8, >. er? one wi e.:n up w1. a M2 —s) = — r — 5P ==+ )by
H-function, and several results will be available on this H-function. as [‘("‘T“)l"( B) ) ) s 8
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for R2+a —s) > 0,N(BS — 1 +5s) > 0. Then

br
as D(<E T (EE)r(p)

My, (2 — )My, (s) =

vy s 1 s 240 s (b7)
X+ ITE =5+ 90— =3 (aé) '
Let
_dpa"Tb Tretep b
INC INTINCE: ai D(SEHR(BT (1)

Then, from the inverse Mellin transform we have

1 c+ioo
=S
&(u) = i /c;ioo Mfl 2 - S)]\/If2 (s)u™*ds
1 c+ioo

y s 1 s
=c— rn—=+-)rgp--+-
“omi ) (p+p) B 6+8)
1 —s
2 be
r( +“—5)[ 1“} ds
) ) as
1
bﬁu(l_ul)
_ 2,1 53
= (] 1,2|:a§ |(Z’/l))’(ﬂ_(l‘;’§):|’0§u<oo

From the integral representations of g»(u), we have the
following forms and for § = p and for y + pv # B§ + A, v =
L.,A =0,1,..
we have the following series representations for the H-function for

the poles of the integrand are simple, and then,

8 = p. We will state this as a theorem.
Theorem 3.7. For the conditions, c, c; stated above, we have

o0
L) = Cu_a_Z/ PR 4 a(2) )T e gy
0 u

oo
=cu’ / VYL 4 av‘s]_(aTH+ﬁ)e_h(w)pdv
0
= ¢ H-function above

where for p = 6,

1‘*(/3 _ VTH)F(2+0§+]/)[(%)% ]y F (2+a+)/
1+ L - p; )

= s 4R - pret e p (O] e 1 p
1+ g — < by,

for0 <u<oo,y —88+1+#=+v,v=0,1,..

’

4 Generalization to matrix-variate
cases

Here, all the matrices appearing are p x p real symmetric
positive definite when in the real domain or p x p Hermitian
positive definite when in the complex domain. Let X; > O and
X5 > O be p x p real symmetric positive definite matrices with
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the associated functions fi(X;) and f,(X>), respectively, and with
the joint function f; (X1)f2(X>), capital letters representing matrices
and lower case letters denoting scalar variables where f;(X;) is a
real-valued scalar function of Xjj = 1,2 When ﬁ(X) > 0 for
all Xj, in the domain of Xj, with ijﬁ(Xj)de = 1, then f;(X))
is a statistical density also. Since we are dealing with symmetric
matrices, we will be defining symmetric product corresponding to
1 1

the scalar case x;x; as X2i X1X27 where X2i is the symmetric positive
definite square root of X, and symmetric ratio corresponding to %

1 1
as X7 X; 'X; where X; ! is the regular inverse of X;. We can also

define symmetric product corresponding to X1X2 as X X2 X ; and

symmetric ratio corresponding to xz as X, : XX, ? also.

4.1 Symmetric product in the real
matrix-variate case

1 1
Let U = X3 X, X7 with V = X, so that X; = V"2UV "2, We
can show that

aX, A dX, = V"5 dU A dV (4.1

see, for example, Mathai [11], where |(-)| denotes the determinant
of (-). Let X; = (xj) with the (i, k)-th element x for i =
L..pk =1,..p. Since X; = X]f, a prime denoting the transpose,
there are only p(p+1)/2 distinct elements in Xj and only p(p+1)/2
differentials dxjy,i < k ori > k. Then, dX; = A;<xdxj,. Note
that the wedge product in Equation 4.1 remains the same if we
take V. = X instead of X,. For illustrative purposes, we will
discuss one problem involving M-convolution of a product. For
M-convolutions and M-transforms, see Mathai [11].

Problem 4.1.
matrix-variate gamma

Let

Real p x p matrix-variate gamma vs. real p x p

|Bj|*i

(e )IXJI“J_% e "X X: > 0,B; > 0,j=1,2

fiX)) =

where X; = XJ’ > O is a real matrix of a p(p + 1)/2 distinct
(functionally independent) real scalar variables xj; as elements,
Bj = B]’- > Oisap X p constant positive definite matrix, tr(-) means
the trace of (-), and I'p(e;) is a real matrix-variate gamma defined
as

p—1
2 (@) > 2

(4.2)

plp—1)
pla) =7

p

1 —1
:/ 1Yo et My, Y > 0,%(«) > L= (4.3)
Y>0 2

and thus, the real matrix-variate gamma I'p(«) is associated with
the real matrix-variate gamma integral in Equation 4.3. Hence,
I'p(a) is called as the real matrix-variate gamma. Let g>(U) be
the real-valued scalar function associated with the matrix U =
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1 1

X5 X1 X5 . Then, from the joint function f;(X;)f2(X>), we have for
2 Bl

¢=TIlj=1 rey

+1 1 "
&) = C/ i~ vruv—i et vt
V>0

e trBIV” FUVTT)—te(ByV) dv

_1 _1
:clUl"”_}%l/ |V|a2—a1—‘#e—tr(31v 2UVT2)—u(B2V) gy
V>0
(4.4)
_1 _1
=C|U|a27¥/ |V|a17a2—¥eftr(BIV)ftr(Bzv 22UV Z)dv
V>0

(4.5)

Note that Equations4.4, 4.5 can be taken as real matrix-
variate generalization of Bessel integrals, Kritzel integral, Bayesian
structures, etc. The integrand, normalized can also be taken as a real
matrix-variate inverse Gaussian density when f;(Xj),j = 1,2 are
densities. In this case, g>(U) is the unique density of the symmetric
product U also. All the pairs of functions that we considered in
Section 2 can be generalized to the corresponding matrix-variate
cases except Problem 2.7. In Problem 2.7, generalization to the
matrix-variate case is possible for some specific values of §; and §,.

5 Concluding remarks

In Sections 2 and 3, elementary functions belonging to the
pathway family are considered so that the results in Sections 2
and 3 will be readily applicable to various practical problems.
Immediate generalizations of all pairs in Sections 2 and 3 are
also useful in situations in real scalar variable cases. All problems
in Sections 2 and 3, except Problems 2.7 and 3.7, can be
generalized to the corresponding matrix-variate cases in the real
and complex domains. In all those cases, when ﬁ-(Xj), j =12
are statistical densities, then g;(U) and g(U) will be unique
densities corresponding to symmetric product and symmetric,
ratios respectively. There are not many results in the literature
on Mellin convolutions of products and ratios involving more
than two real scalar variables. Let 4 = x1x3..x; with the joint
function fi (x1)...fy (xx). Then, the integral representations and series
representations of gj(u) can be obtained in many different ways
which will produce various results. When it comes to the ratio, then
ratios can be defined in many different ways when more than two
real scalar variables are involved. Then, the corresponding ¢»(u) can
take different forms and shapes.

“Convolution” in mathematical literature often means Laplace
convolution. Mellin convolutions of products and ratios used
to appear very rarely in mathematical literature. In the area of
special functions, when the functions are defined through Mellin-
Barnes representations, Mellin transforms and Mellin convolutions
appear automatically. The class of hypergeometric functions
appears in very many practical problems as models and as
series solutions of differential equations. Hypergeometric function
pFy4(-) has a Mellin-Barnes representation. Mittag-Leffler function
is considered as the queen function in the area of fractional
calculus. These functions also have Mellin-Barnes representations.
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Wright's function is another prominent function in the literature
having Mellin-Barnes representation. Generalized scalar variable
special functions such as G and H-functions have Mellin-Barnes
representations. In all these cases, Mellin convolutions of products
and ratios appear. Products and ratios of random variables appear
in many real-life situations. In industrial production processes,
the money value of the output has the structure of the product
of two real scalar positive random variables, namely, quantity of
output and price per unit. In a series of papers, starting from 2009,
Mathai has shown that all types fractional integrals introduced
by various authors from time to time are nothing but Mellin
convolutions of products and ratios of real scalar variables. In
the overview paper Mathai [12], it is shown that the whole area
of fractional calculus, including fractional integrals and fractional
derivatives etc., can be studied by using Mellin convolutions of
products and ratios. It is shown that the approach through Mellin
convolutions enable us to go to the Mellin transforms thereby to
the corresponding inverse Mellin transforms which provide explicit
evaluations of fractional integrals. It is also shown that when the
arbitrary functions in fractional integrals belong to some general
classes, then the inverse Mellin transform will end up in G and H-
functions. Then, one could make use of the G-function differential
equation to construct differential equations for fractional integrals.
It is also shown in Mathai [12] that the approach through statistical
distribution theory or Mellin convolutions enables us to extend
fractional integrals to functions of matrix arguments and to the
complex domains.

Explicit computable series representations for various
categories of G-functions, including the general G-function,
are given in Mathai [5] book. The same techniques work in
obtaining explicit computable series forms for the H-function
also. With the help of these computable representations,
computer packages are also produced. Programs are
available in MAPLE and MATHEMATICA for analytical
and numerical computations of G and H-functions Hence,
numerical computations and graphs are not attempted in the
present study.

In the case of Mellin convolutions of products involving two
functions, it is shown that when these two functions belong
to generalized gamma densities, then one can obtain Kritzel
integrals and Kritzel transforms, reaction-rate probability integrals
in nuclear reaction-rate theory, and inverse Gaussian density
in stochastic processes. The large contributions of Mathai and
Haubold in astrophysics area started with the evaluation of a
reaction-rate probability integral by using the density of product
of real scalar positive random variables, which is nothing but
the Mellin convolution of a product involving generalized gamma
densities. A summary of the study in this area of astrophysics
is available in the monograph Mathai and Haubold [13], and an
updated version of this book is scheduled to appear in early 2025
from Springer.

In the matrix-variate case, Mathai [11] defined M-convolutions
and M-transforms, corresponding to Mellin convolutions and
Mellin transforms in the real scalar case. Jacobians of matrix
transformations and functions of matrix arguments in the real
and complex domains are given there, along with the necessary
conditions for the existence of various items. Detailed existence
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These
M-convolutions are shown to be densities of symmetric product

conditions for G-functions are given in Mathai [5].

and symmetric ratios of matrices when the basic functions involved
are matrix-variate statistical densities in the real or complex
domain. Distributions of symmetric products and symmetric
ratios of real positive definite or Hermitian positive definite
matrix-variate random variables appear in a large number of
practical situations such as in neutrino problems [8], matrix-variate
fractional calculus [12], the analysis of multiple and multi-look
data in radar, and sonar [14]. Matrix-variate statistical distributions
including singular distributions in the real and complex domains
and their applications in various areas are given in Mathai et al.
[15]. In this book, detailed existence conditions of the various
results in the real and complex domains are also given.
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