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New analytical wave solutions of
fractional order DMBBM and
Bateman-Burgers equations

Nathanon Sribua-lam and Settapat Chinviriyasit*

Department of Mathematic, Faculty of Science, King Mongkut's University of Technology Thonburi,
Bangkok, Thailand

The purpose of this article is to explore a new method for solving one of the
nonlinear partial differential equations (NPDE) which is difficult to solve. The
dispersive modified Benjamin-Bona-Mahony (DMBBM) equation and the solutions
of space-time fractional Bateman-Burgers equation is solved by a travelling wave
analysis method as the Riccati sub-equation. The solutions of space-time fractional
DMBBM equation and the solutions of space-time fractional Bateman-Burgers
equation can be expressed in the forms of exponential functions, trigonometric
functions, rational functions, and hyperbolic functions. The singular wave, singular
kink wave, and periodic wave are the representations of the solution graphs.

KEYWORDS
dispersive modified Benjamin-Bona-Mahony (DMBBM) equation, Bateman-Burgers
equation, nonlinear partial differential equation, travelling wave analysis method,
Riccati sub-equation

1 Introduction

The nonlinear partial differential equations (NPDE) are the partial differential equation
(PDE) which have nonlinear terms. The NPDEs are well known for their application of
mathematics and physics. Investigating the analytical solutions of NPDEs plays important role
in nonlinear science. In fact, NPDEs of physical problems are difficult to solve analytically.

At present, there are many alternative methods could obtain exact travelling wave solutions
of NPDE:s such as Riccati, sub-equation (1, 15-17, 19), Kudryashov method (2, 18, 20), F
-expansion method (3), % -expansion method (4-6) and hyperbolic tangent method.

One of interested NPDE:s is the nonlinear dispersive modified Benjamin-Bona-Mahony
(DMBBM) equation (7, 8) which was proposed by Benjamin, Bona and Mahony in 1972. It
describes the role of nonlinear dispersion. The DMBBM equation is presented as

ut+ux—au2ux+uxxx=0, (1)

where « is a nonzero positive constant and u =u (x,t) . However, this method has
complicated solutions and still difficult to solve even though the analytical solutions of DMBBM
equation are established by using the direct reduction methods and some transformations. The
article aims to investigate the travelling wave analysis methods to solve the analytical solutions
of the DMBBM (Equation 1) and the Bateman-Burgers (Equation 2) in other ways.

In 1915, Harry Bateman presented the Bateman-Burgers equation which is illustrious in
the field of applied mathematics such as fluid mechanics, traffic flow and gas dynamics.
Bateman-Burgers equation is presented as

Uy +Ully = Ol gy (2)

where u is a function of variables x and ¢, J is the viscosity of a fluid (1).
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1.1 Jumarie's Riemann-Liouville derivative

The Jumatie’s Riemann-Liouville derivative of order S respect to
t is defined as follows (9),

plr(t)=
7). B=0,
1 i -
r<1-ﬂ>Z{(“f) GO ©)

n<f<n+lLnx1.

" 4
ﬁDrﬁ "f(¢)
dt

The important properties of fractional Riemann-Liouville
derivatives are following (10),

D'Btk _ F(k+1)

= 2T kB
/ r(k_ﬂ+1)t k>0, (4)

Df(£(6)g(t)=f(1)DF g(6)+£(6)DF £ (1), )

ol fle(t)]=pf 1[e())(¢'(1)) = Fe[s(t)]DLs(r).  ©

By combining the fractional Jumatie’s Riemann-Liouville
derivative (Equations 3-6) with the algorithm of the Riccati
sub-equation method, we have found numerous new exact
travelling wave solutions of the fractional nonlinear space-time
DMBBM equation and the fractional nonlinear space-time
Bateman-Burgers equation. Wave behavior graphs in contour,
two-dimensional, and three-dimensional plots are demonstrated.
Additionally, compared to results from previous approaches, the
acquired results showed greater variability.

The researcher intends to use the Riccati sub-equation method
to determine the exact solutions and analyse the behavior of the
fractional nonlinear space-time DMBBM equation and the
fractional nonlinear space-time Bateman-Burger equation. This
method will provide the exact solution in three different forms:
rational functions, generalised hyperbolic functions, and
generalised triangular functions. There are a total of 15 distinct
solutions. The researcher analysed the behavior of the solution by
examining the graph of the solutions in three different formats:
contour, two-dimensional graph, and three-dimensional graph.
Using Jumarie’s Riemann-Liouville Derivative and its properties,
the above procedure must convert nonlinear fractional PDE to
nonlinear PDE. Then, it must use the wave transform to convert
nonlinear PDE to nonlinear ODE, and finally, the Riccati
sub-equation technique to solve the problem further.

2 Methodology

The simple equation method with the Riccati sub-equation for
solving the DMBBM equation and Bateman-Burgers equation are
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illustrated as the following procedures. To begin with, the general
form of (1 + 1) dimensional NPDEs.

‘//(u’”x:”t!”xx’”xt""):() (7)

where u is the functional of x and t. Considering two
independent variables x and ¢, the nonlinear conformable fractional
partial differential equation is as follows:

H(u,Dfu,Dfu,Dfﬁu,Dﬁﬂu,Dfou,...) =0,6>0,0< A<, (8)

where u =u (x,t) and H isa polynomial expression that contains
both greatest order and nonlinear factors in u, along with
fractional derivatives.

2.1 Step 1. Wave transformation

y v
Setting the wave variable &= L
F(1+(//) F(1+y/)

@ are nonzero with positive direction of travelling wave when @ >0

where k, and

and a negative direction of the travelling wave when @ <0, and
U(éf):u(x,t) (11). Nonlinear Equation 8 can be transformed

into an ODE
2 3
[0 U,dl,d U,dl,... =0 9)
dé ag? agl

where @ is a polynomial that contains its derivatives for both
largest order and nonlinear factors in U.

2.2 Step 2. Solution supposition
2.2.1 Riccati sub-equation method

Recall that the solution of the simple equation (SE) method may
be expressed in the form (11).

U(§)=Zaivi(§) (10)

where a; are the real constants with ay is nonzero. The Riccati
sub-equation method is used to find V (9’:) defined as (12, 13):

V(£)=p+V2(£), (11)

Where p is an arbitrary constant. There are general three cases
solutions of Equation 11 shown as follows:
Case I when p <0,
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Vi(£)=—=p tanh,, (V=pE), (12)
V(&) =—y=p cothyy (V=p), (13)
V3(£)=—y=p tanh,, (2H§)ii —p sechy, (2\/55), (14)

Va(£)=—=p cothyg (2=p& )t \=p cschp (24-p&),  (15)

V5(§)=—;|:\/;tanhpq (\/;75‘]-# -p cothpq (\/;75]} (16)

/ (Q?+R?)p~Qy=p coshpq (24=p¢) -

V, = ,
o(¢) Qsinh, (2H§)+R

/—(R2 —Qz)p ~QyJ=p sinh,, (2\/55)
V7(§): Q cosh (2@§)+R ’ (9

where Q,R are nonzero constants with R? —Q2 >0.
Case II: when p>0,

Vs(£)=lp tanyy (VpE), (19)
Vo(£) =P coty (V£), (20)
Vio («f):—\/; tanp, (2\/;§)J_r\/;secpq (2\/;.5), (21)

Vir (£)=—Vp cotyy (24/pE)\p escpg (24pE),  (22)
Via (£) =;{ﬁ tan g [\/225]—\5 cotyg [\Eéﬂ (23)

+ I(QZ _R2)p _Q\/;coqu (2\/;@‘)
Qsin g (2\/;95) +R

Vi3(&)= , (24)
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+ ,(Q2_R2)p_Q\/;sian (2&5)’ o5

Vi4(£)= Qcoqu(z\/;g‘)+R

2

where Q,R are nonzero constants with Q 2_R%>0.

Case III: when p>0,

1

_a) (26)

Vis(&)=

where b is a constant.
The generalised hyperbolic functions in Equations 12-18, with p
and ¢ are arbitrary constants and p,q >0, are defined as follow,

0 -0
. pe” —qe
sinh (9) == (27)
0, -0
pe” +qe
cosh (9) = (28)
o -0
pe” —qe
tanh, (6’)=76 5 (29)
pe” +qe
4 -0
pe” +qe
cothpq (9):76 e (30)
pe” —qe
2
sechy, (0)=———, (31)
Pq( ) peg+qe_9
2
cschy, () =——, (32)
P‘J( ) peg—q[g

where @ is an independent variable.
The generalised triangular functions in Equations 19-25, with p
and ¢ are arbitrary constants and p,q >0, are defined as follow,

eiH i6

sinpq(9)=p;7iqe, (33)
0, -io
pe'’ +qe
08y, (0)="——"T, 34
pa (0) 5 (349
0 i
_ ‘pel —qe
tan,yy (6)=—i el +qe 0 (35)
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i0 —i6
. pe +qe
COtpq (9)—1W> (36)
2
seCyy (0)=—7——, (37)
pq( ) p619+q6719
2i
CSCPq (9) :W, (38)

where 6 is an independent variable. Substituting the appropriate
solutions for case L, II, or I1I in Equations 12-38 leads to the general
three-case solutions of Equation 11. Step 3 Finding the integer.

2.3 Step 3. Finding the integer ~

The integer N (11) in Equation 10 of this method can be obtained
by balancing the highest order derivative and nonlinear terms, which
are appeared in Equation 9.

2.4 Step 4. Solution obtaining

Collect all the coefficient terms with the same order of V' R
(i :0,1,2,...). Set them to zero (11). The parameters al-,,(i = 0,1,2,...,N)
and @ are obtained. Thus, the analytical solutions of Equation 7
are composed.

3 Application

The travelling wave behaviors were investigated by the fractional
nonlinear space-time DMBBM equation and the fractional nonlinear
space-time Bateman-Burgers equation shown here.

3.1 The fractional nonlinear space—time
DMBBM equation

In this chapter, we apply some travelling wave analysis methods
in the previous chapter to solve the analytical solutions of the DMBBM
equation with the following methods using simple equation. The
nonlinear space-time fractional DMBBM equation,

D;//u+D;/C/u—au2Dx'//u+Diwu =0, (39)

where o is a nonzero positive constant. Equation 39 is

transformed into Equation 40 as the following (14):

—0—+k——akU +k>——=0. (40)

Integrating concerning & choosing of integration as zero,
we obtain the following ODE,
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3(k-w)U —akU> +3k°0" =0. (41)

Balance the highest order derivative and the nonlinear term. So,
we have N = 1. The solution is expressed as

U(§)=a0 +{11V(§). (42)

Differentiating Equation 42 yields,

U'(&)=av'(é), (43)
U"(&)=2a1pV (&)+2a1V (&), (44)
and
UZ:a(2)+2a0a1V(§)+a12V2(cf), (45)
U? =ag +3agay V (&) +3agaiV > (&) +aiv? (&). (46)

Substitute Equations 42, 44-46 into Equation 41,

(3kao —3way —aka8)+(3ka1 - 300 —Saka(z)al +6k3a1p)V (5)

_3aka0a12V2 (§)+(6k3a1 —akﬂf)vg, (5) =0

Setting the coefficients of Vito zero, we obtain

VO(&):3kag —3wag - akag =0, (47)
V(&) 3kay —3way —3akaga; +6k>ayp =0, (48)
V2(&): -3akagat =0, (49)

V3 (&):6k%a; — akai =0. (50)

Solving the system of Equations 47-50, we get

6k
a9 =0, “1:77\/; and o=k +2k>p (51)

where 7 =11. The exact solutions of the fractional DMBBM
equation are:
Type I: when p <0,
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casel:uy (x,t)=—n / ~6kp tanh p, (\/35),
a

case2: u (x,t)=—1 } —6kp coth (\/;é‘),
a

case3:uj3 (x,t)

=-7 —6kp tanhpq(z\/_f)ﬂﬂ/ sechpq(z\/;é‘)

a

cased :uy (x,t) =

—n\/Tpcothpq (2@§)+n\/7cschpq (2\/75)

case5: u5 xt

B )

case6: ug (x t) =

ok (Q +R )p Q\/_pcoshpq(Z\/_g’:)
" a Q51nhpq(2r§)+R

case7 :uy (x,t) =

ok | {~(R2=Q%) p—Qy=p sinh y (2=p)

a Q coshpq (ZH§)+R

where Q,R are nonzero constants with R? —Q2 >0.
Type II: when p>0,

case8:ug (x,t) =7 {61ij tan,, (\/55),

case9: ug(x,t) =-7, fGIij cot g (\/,55),

casel0:ujg (x,t) =

_,7\/? tan, (2\/55) + 77\/? S€Cpq (2\/55),
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(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)
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casell:up; (x,t) =

(7)o (o). e
a a

casel2:ujy xt)

el B ]

caselS:u13(x t)=

a0 o]

i @ Qsing, (2f§)+R )

casel4:ujy (x t) =

I O e e S [

a Qcoqu(2f§)+R

2

where Q,R are nonzero constants with Q 2_R%>0.

Type III: when p>0,

casel5:u;s (x,t):—\/a[gzbj, (66)
a

v (ko)
F(1+1//)7 I(1+y)

analytical solutions of the fractional DMBBM equation are shown in

where b is a constant, E=

Equations 51-66. Replacing Equations 59, 60, and 66 by setting the
parameters @ =0.5,b=Lk=1, 0<x<60 and 0< y <60, the wave
of the solutions of the space-time fractional DMBBM equation by
Riccati sub-equation can be demonstrated as the following Figures 1-3.

3.2 The fractional nonlinear space—time
Bateman-Burgers equation

Given,

)4 +uD,'/C’u—5D,26y’u =0, (67)

where ¢ is the viscosity of a fluid. Transform Equation 67
into the differential equation, setting the wave variable
kx¥ ptY  and U(&)=u(x,t) yields,
_F(1+t//) F(l-H//)
—ﬁ'—+ v 4 5k2dZ—U
dé dag d&?

=0. (68)
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FIGURE 1
Periodic wave solution profile of the space—time fractional DMBBM equation by Riccati sub-equation for Equation 59.

alpha =0.5 100 alpha = 0.5 alpha = 0.5
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FIGURE 2
Singular solution profile of the space—time fractional DMBBM equation by Riccati sub-equation for Equation 60.

3 2 2
Balance the highest order derivative and the nonlinear term. So, |4 (5) :kai —26k"a, =0. (73)
we have N = 1. The solution is expressed as
U (5) =ag+aq;V (§ ) (69) Solving the system of Equations 70-73, we get
B
ag="-—. - (74)
Substitute Equations 69, 43, and 44 into Equation 68, we get 0 k and a; =25k
The exact solutions of the fractional Bateman-Burgers
(kpaoal - Boay ) + (kpa12 —25pkay ) V+ (kaoa1 - pa; ) & equation are:
+(ka12 —2§k2a1)V3 =0. Type I: when p <0,
) casel:ul(x,t)=£—2§k —p tanh,, («/—pg’.‘), (75)
Setting coefficients of V! to zero, we obtain k
VO (£):kpagay - Bpa; =0, (70)
case2:u, (x,t)z%—de\/—p cothp, («/—pé), (76)
VI(&): kpa? —28pk%a; =0 71)
case3:us3 (x,t) =
B — - . -
V2(§) +kagay — fiay =0, 72) " 26ky—p tanh (2\/ pf)iZé‘kzw/ p sechyg (2\/ pg‘), (77)
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alpha=05

alpha =05

alpha=0.5

u, 5()(,()

Ut

FIGURE 3

35

30

25

Singular Kink wave solution profile of the space—time fractional DMBBM equation by Riccati sub-equation for Equation 66.

cased:uy (x,t) =

B

case5:us (x,t) =

%—6k|: -p tanhpq(@§]+ -p cothp,{@éﬂ,

caseb: ug (x t) =

£+25k , (Q +R )p Q\/_pcoshpq(z\/_g)
k Qsinh g (24=p)+R

case7 :uy (x t) =

2_25]( |- ( )p Q\/;smhpq(z\/;é‘)
k

Q coshpq (Zﬁcf) +R

where Q,R are nonzero constants with R? —Q2 >0.
Type II: when p>0,

case8:ug (x,t) =§+26k tanp, (\/Ef),

case9: ug (x,t) =§—25k P oty (J;f),

caselO:u;g (x,t) =

B
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I—Zﬁk p tanp, (2\//_35) 126k+/ p secpq (2\/25),

?—Zé'k —p cothp, (zﬁf)izﬁk —p cschyg (2@{), (78)

(79)

(80)

(81)

(82)

(83)

(84)

07

casell:uu(x,t)=

§—2§k p cotyg (2\/;§)i25k P €sCpq (2\/55), (85)
casel2:uj; (x,t) =
%-ﬁ-é‘k{\/; tan, (@5]—\/;cotpq [@fﬂ, (86)
casel3:u;3 (x t) =
B ( —R )p Q\/;coqu(fo)
Z 125k (87)
k Qsiny, (2\/_§)+R
caseld:ujy (x t) =
B sk i s Gy (zfg) (88)
k Qcoqu(2f§)+R
where Q,R are nonzero constants with Q2 —R*>0.
Type I1I: when p >0,
26k
casel5:uys (x,t) = ’f [§+b)’ (89)
y y
where b isa constant, &= N Bt . The analytical

l"(1+(//) 1"(1+y/)
solutions of the fractional Bateman-Burgers equation are shown
in Equations 74-89.

Replacing Equations 82, 83, and 89 by setting the parameters
5=05b=1k=1, 0<x<80 and 0<y<80,
solutions of the space-time fractional Bateman-Burgers equation

the wave of the

by Riccati sub-equation can be demonstrated as the following
Figures 4-6.
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FIGURE 4
Periodic wave solution profile of the space—time fractional Bateman-Burgers equation by Riccati sub-equation for Equation 82.
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FIGURE 5
Singular wave solution profile of the space—time fractional Bateman-Burgers equation by Riccati sub-equation for Equation 83.
alpha =0.5 5% alpha = 0.5 alpha = 0.5
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10 50
\ \ | -
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} -30 10 [
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x t X
FIGURE 6
Singular Kink wave solution profile of the space—time fractional Bateman-Burgers equation by Riccati sub-equation for Equation 89.
4 Discussion and results hyperbolic functions, seven generalised triangular functions, and one

rational function. The new solutions are more varied than the ones
The fifteen novel solutions found using the Riccati sub-equation  that were previously available: the space-time fractional modified
method for the two equations are as follows: seven generalised ~ Benjamin-Bona-Mahony (mBBM) equation, which was solved using
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the modified Kudryashov method, has four solutions (15), while the
(1 + 1)-dimensional nonlinear dispersive modified Benjamin-Bona-
Mahony (DMBBM) equation, which was solved using the Bernoulli
equations, has four solutions (8). In addition, the solution graphs of
the equation display periodic waves which are solutions to travelling
waves that are periodic, in Figures 1, 4. Singular waves, as seen in
Figures 2, 5, and kink waves, as depicted in Figures 3, 6.

5 Conclusion

In this article, the simple equation method has been successfully
implemented. The wave solutions for the space-time fractional
DMBBM equation and the space-time fractional Bateman-Burgers
equation are found using the Riccati sub-equation. This method
releases fifteen solutions with independent parameters in the form of
generalised triangular functions and generalised hyperbolic functions
which are considered to describe some intricate physical phenomena.
This research shows some physical wave behavior graphs in three-
dimensional plots. Both Figures 1, 4 are exhibit periodic wave
solutions which increase and decrease, Figures 2, 5 show singular
solutions and singular kink wave solutions were presented in
Figures 3, 6. Based on the results, the Riccati sub-equation
methodology is an effective, dependable, and efficient method that
provides new solutions to these equations and shows the wave impacts
of those solutions in different ways.

Data availability statement

The original contributions presented in the study are included in
the article/supplementary material, further inquiries can be directed
to the corresponding author.
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