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Plug-and-play low-rank tensor
completion and reconstruction
algorithms with improved
applicability of tensor
decompositions

Manabu Mukai!, Hidekata Hontani! and Tatsuya Yokota'?*

!Department of Computer Science, Nagoya Institute of Technology, Aichi, Japan, ?RIKEN Center for
Advanced Intelligence Project, Tokyo, Japan

In this paper, we propose a new unified optimization algorithm for general
tensor completion and reconstruction problems, which is formulated as an
inverse problem for low-rank tensors in general linear observation models.
The proposed algorithm supports at least three basic loss functions (£, loss,
£1 loss, and generalized KL divergence) and various TD models (CP, Tucker,
TT, TR decompositions, non-negative matrix/tensor factorizations, and other
constrained TD models). We derive the optimization algorithm based on a
hierarchical combination of the alternating direction method of multipliers
(ADMM) and majorization-minimization (MM). We show that the proposed
algorithm can solve a wide range of applications and can be easily extended to
any established TD model in a plug-and-play manner.

KEYWORDS

tensor decompositions, tensor completion, tensor reconstruction, majorization-
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1 Introduction

Tensor decompositions (TDs) are beginning to be used in various fields of applications
such as image recovery [1], blind source separation [2], traffic data analysis [3], wireless
communications [4], and quantum state tomography [5-7]. Tensor decompositions are
mathematical models that are used directly to exploit the low-rank structure of tensors [8-
10]. In addition, other various optional structures such as non-negativity [11-13], sparsity
[14-17], smoothness [18-21], and manifold constraints [22-24] can be incorporated
into factor matrices or core tensors in tensor decompositions. Such flexible modeling in
tensor decompositions makes it popular for wide applications. In applications of tensor
decompositions, various data analysis tasks can be addressed by designing optimization
problems based on the assumptions of low-rank and other additional data structures and
optimizing parameters to maximize the consistency (likelihood) with the observed data.

The challenges of applying tensor decomposition to each data analysis task are 2-
fold. First, it is necessary to appropriately design TD models and optimization problems
with constraints according to the objective of each data analysis task and the observation
model of measurement data, which requires deep domain-specific insight and experience.
The second challenge is to derive and implement an efficient optimization algorithm for
the designed specific tensor decomposition problem, which requires high-level computer
science skills such as applied linear algebra, numerical computation, mathematical
optimization, and programming languages. Overcoming these two challenges is not easy,
as it is rare to find someone who is both an expert in a specific domain and well-versed in
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computer science. Constructing a project team that includes
experts in the specific domain and computer science for this
purpose can be useful, but costs remain high. The first challenge
is closely related to research in the target domain and will be
difficult to solve fundamentally. However, the second challenge can
be solved by technological advances. Here, we will move on to the
discussion of solving the second challenge.

In conventional research, a new tensor modeling method is
proposed to solve a specific task, the corresponding optimization
algorithm is derived, implemented, and experimented on, and
the whole is published as a single paper. This research approach
is common and robust, but it is very costly because a custom
optimization algorithm must be derived and implemented for
each subdivided problem. For example, the problem of recovering
tensor data that includes missing values is known as the tensor
completion problem [25-29]. Now, if we consider a model in which
the true tensor is low Tucker/CP rank, the core tensor or factor
matrices are non-negative, and the observations contain Gaussian
noise, the optimization problem can be formulated as a non-
negative Tucker/CP decomposition with missing values based on
£, loss minimization. It is possible to derive and implement specific
optimization algorithms with some expertise [30, 31]. However,
in some applications, one often wants to change the assumed
noise distribution, try different TD models, or add constraints to
the factor matrices [32-37]. It would be possible to derive and
implement a specific optimization algorithm each time such a
model change is made, but this would be very costly.

One approach to solving the above problems is to develop
a universal optimization algorithm that can solve a variety of
data analysis problems based on tensor decomposition. Having a
single universal solver frees most users from the requirements of
derivation and implementation of individual algorithms, allowing
them to focus on designing the models. This environment will
encourage users to iterate through trial-and-error modeling and
accelerate applications of tensor decomposition. The technical
challenge in developing a universal optimization algorithm is how
to formulate the problem and how to design the structure of the
algorithm. A universal optimization algorithm needs to efficiently
connect various TD models to various reconstruction problems,
but finding the method is not trivial.

In this paper, as a major step toward this goal, we propose a
unified algorithm for obtaining any tensor decomposition under
various noisy linear observation models. The proposed algorithm
supports three basic loss functions (€5 loss, ¢; loss, and generalized
KL divergence) and various low-rank TD models. Since our
formulation is considered as a general linear observation model,
the proposed algorithm can address a variety of problems such as
noise removal, tensor completion, deconvolution, super-resolution,
compressed sensing, and medical imaging [1].

We derive the optimization algorithm based on the hierarchical
combination of the alternating direction method of multipliers
(ADMM) [38], (MM) [39, 40]
algorithm and least-squares (LS) based tensor decomposition. The

majorization-minimization

most distinctive feature of our approach is that it uses LS-based
tensor decompositions as plug-and-play modules (denoisers). LS-
based algorithms have been well established for various types of TD
such as canonical polyadic decomposition (CPD) [41-43], Tucker
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decomposition (TKD) [44-48], tensor-train decomposition (TTD)
[49, 50], tensor-ring decomposition (TRD) [51], and non-negative
matrix/tensor factorizations (NMF/NTF) [11, 52, 53]. Next, we
derive an MM algorithm for solving the tensor decomposition
problem in a linear observation model based on £, loss (Gaussian
noise). Since various TD algorithms can be adopted as modules, we
can support various TD models at this point. Finally, we derive an
ADMM to minimize the ¢; loss and the generalized KL divergence
for observations under Laplace and Poisson noises. As a result, an
overall ADMM algorithm calls MM in the loop, and the MM calls
TD algorithms for the update rule.

It should be noted that the structure of the proposed algorithm
can incorporate different TD models in a plug-and-play (PnP)
manner. This is inspired by work that applies arbitrary denoisers
in a plug-and-play manner in image reconstruction such as PnP-
ADMM [54]. LS-based TD can be viewed as a denoising that the
low-rank tensor reconstruction from noisy tensor. In our study, we
only assume the existence of LS-based TD algorithms and therefore
also include undiscovered TD models that will be proposed in the
future. In addition, the proposed framework can be easily extended
for penalized matrix/tensor decompositions. Many sophisticated
TD models can be applied as prior to linear inverse problems.
For example, our method allows some sophisticated decomposition
models proposed for tensor completion to be easily extended to
other tasks such as robust tensor decomposition, deconvolution,
compressive sensing, and computed tomography.

1.1 Notations

A vector, a matrix, and a tensor are indicated by a bold
lowercase letter, a € RI, a bold uppercase letter, B € RI¥J | and
a bold calligraphic letter, C € R/1>J2X XN respectively. An Nth-
order tensor, X € RI1*12XxIN_ can be transformed into a vector,
which is denoted by using the same character, x = vec(X) €
RID= 5, An (i1, 12, ..., in)-element of X is denoted by x;, ;,, iy OF
[X]i1iy,...ix- The operators [ represent the Hadamard product.
T represents the Moore-Penrose pseudoinverse. sign(X) €
RI<RxxIN and  abs(X)
operations that return the sign and absolute value for each entry
of X € RIIX12><~~><IN.

€ RIxhxexIN gpe respectively,

2 Review of existing tensor
completion and reconstruction
methods from a perspective of
plug-and-play algorithms

2.1 LS-based tensor decomposition

Tensor decomposition (TD) is a mathematical model to
represent a tensor as a product of tensors/matrices. There are
many TD models such as canonical polyadic decomposition
(CPD) [41-43, 55], Tucker decomposition (TKD) [44-46], tensor-
train decomposition (TTD) [49, 50], tensor-ring decomposition
(TRD) [51], block-term decomposition [56-58], coupled tensor
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FIGURE 1
Tensor decomposition models in graphical notation.

decomposition [59-61], hierarchical Tucker decomposition [62],
tensor wheel decomposition [63], fully connected tensor network
[64], t-SVD [65], Hankel tensor decomposition [66-69], and
convolutional tensor decomposition [21].

Figure 1 shows typical models of tensor decompositions in
graphical notation [10]. In graphical notation, each node represents
a core tensor and the edges connecting the nodes represent tensor
products. As can be seen in the figure, all TD models are expressed
by tensor products of core tensors.

In this paper, we will write any TD model as

X = (G1,G,...,G1) € RIxlxxIy, ()

Note that Equation 1 is a somewhat abstract expression which only
represents that the entire tensor X’ is reconstructed by multiplying
the L core tensors G, G, ..., Gr—1 and Gy. The least squares
(LS) based tensor decomposition problem of a given tensor V €

RO xIN ig given by

(G}.G5,..G}) = argmin ||V — (G1,G2, .G} (2)
G1,.62,..G1

This squared error is a non-convex function with respect to
overall optimization parameters (G, G, ..., Gr), but it is a convex
quadratic function with respect to only one core tensor G; for any
I € {1,2,..,L}. If we focus on optimizing a certain core tensor G;
and temporarily consider all other core tensors as constant variables
and can be summarized as a single tensor, denoted as G_;, then
the sub-optimization problem is reduced to an LS-based matrix
optimization problem:

argénin Y — (G, G-I |%
I

= arggmin ||maty; (V) — maty(G)) mat;3(G_)| |3, (3)
1

where we used abstract notations (G, G_;) = (G1,G2,...GL)),
and maty,,, m € {1,2,3}, are the corresponding appropriate
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matricization operators for the certain /-th core tensor. Solving
sub-optimization shown in Equation 3 has a closed-form solution
and updating G, by

G« matfz1 (matll(V)matzs(gfl)T> (4)

always reduces (non-increases) the squared error. In other words,

putting 0 = (G1,G2, ... G1) and f(0) = ||V = (G1,G2, . GL) I
the following algorithm

O <« (G1,G2,...9L); (5)
G < mat;' (maty(Vymats(G-)") ©)
Okt1 < (G1,G2,..,G1); (7)

provides the result f(0x) > f(0ks1) for any I € {1,2,..,L}.
Therefore, the LS-based tensor decomposition problem in
Equation 2 can be solved by repeating the steps shown in
Equation 6 for every ! € {1,2,..., L}, and this is called the alternating
least squares (ALS) algorithm [42, 43, 47, 50, 51]. ALS is a
workhorse algorithm in TDs because it has no hyper-parameter
(e.g., step-size of gradient descent), and the objective function can
be stably reduced (monotonically non-increasing).

2.1.1 Perspective on optimizing X by ALS

Here, let us interpret that the ALS algorithm optimizes &
rather than (G, G, ..., G1). This does not make any difference in
the process. The LS-based low-rank tensor optimization problem
can be formulated by

X* = argmin ||V — X2 + is, (X), (8)
X

where S; ¢ RIxLxxIN jg 3 set of low-rank tensors which have
tensor decomposition (G1, G2, ... GL))>

St=1{(G1,92,..91) | G1 € D1,G; € D»,...G1 € D1}, (9)

D, is a domain of G; and is, (X) is an indicator function

0 XES{

is, (X) = .
5:(%) oo otherwise

(10)

Since the objective functions in Equations 2, 8 are the same when
X = (G1,G2,...GL), their minimizers also satisfy X* =
(Gg1,G5,...G1) if X" is unique. Note that the core tensors
are generally non-unique (e.g, we have (G1,G3,...GL) =

{cG1,c¢71Gs, .., G1) for any ¢ # 0).

Remark 1. If X* is unique, then the solutions to the problems
shown in Equations 2, 8 satisfy X* = (G7,G3, ... G} ).

In practice, X* may not be unique, but even then there will
always be a pair of solutions such that X* = (G7,G5,...GI).
Hence, the problem in Equation 8 can be solved by ALS. Updating
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the core tensors 6 by ALS simultaneously implies updating X.
Since the series 6y — 67 — -+ — 0O resultsin Xy — X —

- — X, We pay attention to the fact that the ALS produces
a series of {X} here. In this paper, we denote the operation of

updating X by ALS as

ALS
Xk+1 ZUV,S[(Xk)’ (11)
where Z/IQLSSt :St — St can be considered as an interior point
algorithm to a point closer to V:

IV = U3 (Ol <11V - X|IF (12)
forany X € S;. Although it is omitted in Equation 11, it is essential
for implementation that the input and output of L{{“;Lsst include not
only X but also 6. We suppose that an operation L{{%SSI outputs a
reconstructed tensor resulting from updating at least once for all
core tensors. The approximate solution to the problem shown in
Equation 8 can be found by repeating the ALS update sufficiently as

X"~ Proj S (W, Xo) = U's o+ o US (Xp),  (13)
where Xy € S; is some initialization of X. Here, the entire ALS
is represented as ProjSA[LS(V, X). This is because Equation 8 is a
problem in finding the closest point in S; from a point V, and it
is just a projection of V onto S;. Note that Xy cannot be ignored

since almost all TD algorithms depend on its initialization.

2.2 LS-based tensor completion and
EM-ALS

Tensor completion is a task to estimate missing values in an
observed incomplete tensor by using the low-rank structure of a
tensor. In case of low-rank matrix completion, theories, algorithms,
and applications are well studied [30, 35, 70-73]. Unlike matrices,
which have a unique rank definition, tensors have various ranks
(e.g., CP rank, Tucker rank, and TT rank), and the meaning of
low rank is different for decomposition models [26, 27, 64, 74-77].
Since the appropriate TD model depends on the application, it is
desirable to have an environment in which various TD models can
be freely selected and tested.

Here, we introduce a basic formulation of LS-based tensor
completion as follows:

minimize [[W & (T — X)ll} + s, (X), (14)

where 7~ € RE*E>XxIN js an observed incomplete tensor and W

is a mask tensor of the same size as 7. The entries of W are given
by

1 Tii,..iy is Observed
Witiyiy = [N (15)

0 Tiyiy...iy is missing
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To solve the problem in Equation 14, many algorithms have
been studied [21, 26, 28, 30, 78-80]. The gradient descent-based
optimization algorithm [26] is proposed for the CP model. For the
Tucker model, which imposes orthogonality on factor matrices,
algorithms based on optimization on a manifold are proposed
[28, 81]. However, these algorithms are designed specifically for
specific TD models and it is difficult to generalize them to various
TD models.

Expectation-maximization alternating least squares (EM-ALS)
[82] is a versatile tensor completion algorithm that is less dependent
on differences in TD models. In fact, EM-ALS is incorporated
into various tensor completion algorithms such as TMac [29],
TMac-TT [76], MTRD [77], MDT-Tucker [66, 67], and SPC [34].
The algorithm of EM-ALS can be derived from majorization-
minimization (MM) [40, 83] which iteratively minimizes an
auxiliary function g(X’, X’) that serves as an upper bound on the
objective function f(X). In more detail, an auxiliary function holds
the following conditions

g(X, X)) > f(X)and g(X, X) = f(X), (16)

and the update rule of MM is given by

Xjy1 = argmin g(X, Xy). 17)
X

This ensures that the objective function is monotonically
decreasing as follows:

F(Xp) = g( X, Xj) = g( X1, Xi) = f(Xiq). (18)

Specifically, the objective function and its auxiliary functions are

given by

f) =W E(T - X))+ is,(X),
X X) = f(X)+ IWE (X - X2

19)
(20)

where W = 1— W is a tensor that flips the 0 and 1 of WW. Looking
at the additional terms in Equation 20, we can see that they clearly
satisfy the condition shown in Equation 16. Furthermore, update
rule can be transformed as

Xy = argmin ||Vg — X[} + is, (X), 1)
X

where Vi, = WGET + W@ X}. Since the structure of Equation 21
is the same as Equation 8, it can be solved by ALS. Finally, EM-ALS
can be given by the following algorithm:

(22)
(23)

Vi=WBET+WQE X
X1 = PTOJQILS(Vk» Xy

where X € S; is required for the initialization. The steps shown in
Equations 22, 23 are called the E-step and the M-step, respectively.
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Since M-step is an iterative algorithm, EM-ALS becomes a double
iterative algorithm and is inefficient. Since the auxiliary function
can also be decreased by one step of ALS Xy = u{*,‘;)sst(x k)> the
M-step can often be replaced with this. In EM-ALS, the operation
that depends on the TD model is only the part in Equation 23. This
means that any update rule of various LS-based TDs that decreases
the objective function can be used as is.

Remark 2. Plug-and-play of TD algorithms is possible for tensor
completion in EM-ALS.

2.3 Robust tensor decomposition and
ADMM

Robust tensor decomposition (RTD) is a task to reconstruct a
low-rank tensor from an observed tensor with outliers. Typically,
the outlier components are assumed to be sparse (or follow a
Laplace distribution) and the problem is formulated as a tensor
decomposition based on ¢; loss as follows:

X* = argmin ||B — X||; + is, (X), (24)
X

where B € RI*EXxIN i5 an observed tensor that includes outlier
components. Various TD models and algorithms for RTD have
been proposed, such as CPD [84], TKD [85], TRD [86], t-SVD [87],
and more sophisticated models for specific domains [37].

Zhang and Ding [85] have proposed Tucker-based RTD using
the alternating direction method of multipliers (ADMM). Zhang
and Ding’s ADMM formulation is also versatile, like EM-ALS, and
we review it briefly here. First, we introduce a new variable £ €
RIxBxxIN and add a constraint £ = B — X to the RTD problem
shown in Equation 24. For the constrained optimization problem,
the augmented Lagrangian is given by

Lrrp(X,E,A) = ||€]1 +is,(X) + (A, B - X — &)

B

+7IB—X - EllF (25

where A € RIXBX=xIN js 3 Lagrange multiplier, and g > 0
is a hyperparameter. In each step of ADMM, X is updated as a
minimizer of Lrrp (X, E, A) with respect to X, £ is updated as a
minimizer of Lrrp(X, E, A) with respect to £, and A is updated
by the method of multipliers. ADMM algorithm is given by

ALll2
X1 = argmin igt(X)—i—éHB—X—Ek—l——k ; (26)
£y 2 B e
A 2
Eir = argmin ||Ell + 2 HB—Xk+1 —e+ 2 o)
£ 2 B llr
A1 = A+ BB = Xy — Eip1)s (28)

where initializations X, £y, and A, are required. The sub-
optimization problems shown in Equations 26, 27 can be solved
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by LS-based TD algorithm and soft-thresholding, respectively. In
practice, Equations 26, 27 can be replaced as

A

Vi :B—8k+?k; (29)

X 1= Projg" (W, X)); (30)
A

Er =SOfté [B_Xk+l+gki|; (31)

where soft, () with p > 0 is a soft-thresholding operator:

soft, [A] := sign(.A) [ max(abs(.A) — p, 0). (32)

In a similar way to EM-ALS, ProjgtLS(Vk, X}) often be replaced

with U\A;I;?St (Xk) in Equation 30, and the any update rule of various
LS-based TD can be used as is.

Remark 3. Plug-and-play of TD algorithms is possible for robust
tensor decomposition in ADMM.

2.4 Missing elements for versatile tensor
reconstruction

In this paper, we consider solving a more versatile tensor
reconstruction problem than tensor completion and RTD. First, we
assume the following linear observation model

b = (A, X) + 1y (33)

for j € {1,2,..,]}, where an observation b; is obtained from
innerproduct between a given tensor A; € RI*2X=xIv anqd
an unknown low-rank tensor X € RIXX*IN with noise
component 7;. This observation model can be transformed into
vector-matrix form as

b= Ax+n, (34)

where b = [by, by, ..., b]]—r e R/ is an observed signal, n =
[ny,n2, .0y n]]T
form of low-rank tensor, and

€ R/ is noise component, x = vec(X) is a vector

vec(A) T

vec(A,) T
i c R/x(ik--In) (35)

A=
vec(Ay)T

is a design matrix. Introducing a low-rank TD constraint x € S
instead of X € S; and loss function based on the noise assumption
of n, the optimization problem can be given as

minimize D(b, Ax) + ig(x), (36)
X
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FIGURE 2

General form of tensor reconstruction problem. Depending on
various constraints as low-rank tensors on x, various design
matrices A, and various statistical properties of the noise
component n, a wide variety of optimization problems can be
considered. Low-rank tensor completion and robust tensor
decomposition are just a few of them, and considering these
problems will enable a wider range of applications.

where S:= {vec ({G1,G2,...G1)) | G1 € D1,G2 € D3,..,G1 €
D.} is a space of vectorization of low-rank tensors, D(:, ) stands
for loss function such as £ loss, ¢; loss and generalized Kullback-
Leibler (KL) divergence. This study aims to solve the problem
shown in Equation 36. Note that x € R! is a I-dimensional vector
in the form, and we consider that x represents a tensor X €
RIxLXxIN by x = vec(X), where I = [N, L.

The problem in Equation 36 includes low-rank tensor
completion and RTD. When the loss function is ¢5,
b = vecW @ T), and A = diag(vec(W)), then the problem
in Equation 36 reduces to the tensor completion problem in
Equation 14, When the loss function is £1, b = vec(8),and A =1,
then the problem in Equation 36 reduces to the RTD problem in
Equation 24.

Figure 2 shows the concept of the tensor reconstruction
problem considered in this study. In our problem formulation
in Equation 36 includes various other patterns of tensor
reconstruction. Tensor completion and RTD are just a few of
them, and there are still many missing patterns. We aim to solve
the problem in Equation 36 for any design matrix A € R/,
and other loss functions such as the generalized Kullback-Leibler
(KL) divergence. This generalization is important for various
applications. For the design matrix A, the Toeplitz matrix is
used in image deblurring, the downsampling matrix is used in
the super-resolution task, the Radon transform matrix is used in
computed tomography and the random projection matrix is used
in compressed sensing [1]. For loss functions, £ loss is used in
Gaussian noise setting, £; loss is used in Laplace noise (or sparse
noise) setting, and generalized KL divergence is used in Poisson
noise setting.

Furthermore, we consider a penalized version as follow:

minimize D(b, Ax) + is(x) + ap(6), (37)

where « > 0 and p(0) is a penalty function for core
(G1,G2,...G1). This is a generalization of the

0 is

tensors 0 =
problem in Equation 36, since Equation 37 with o =
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equivalent to Equation 36. This plays an important role for the
introduction of Tikhonov regularization, sparse regularization,
low-rank regularization (e.g., nuclear norm), and smoothing. In
particular, Tikhonov regularization of the core tensors reduces the
problem of non-uniqueness of scale and improves the convergence
of the TD algorithm [88].

3 Proposed method

3.1 Sketch of optimization framework

The key idea to solve a diverse set of problems formulated
in Equation 36 is to employ the plug-and-play (PnP) approach of
TD algorithms such as EM-ALS and ADMM. In this study, we
first solve the case of ¢, loss using LS-based TD with the MM
framework, which is a generalization of EM-ALS. Furthermore,
we use it to solve the cases of £; loss and KL divergence with
the ADMM framework. Thus, we call the proposed algorithm
ADMM-MM. By replacing the LS-based TD module in a PnP
manner, various types of TD can be easily generalized and applied
to various applications.

3.2 Optimization

In this section, we explain one-by-one how to optimize the
problem in Equation 37 for three loss functions: ¢ loss, £; loss, and
generalized KL divergence. Then, we explain how to combine these
three cases as the ADMM-MM algorithm.

3.2.1 Preliminary of LS-based TD

Key module in ADMM-MM is LS-based TD. In vector
formulation x instead of X, the ALS algorithm of LS-based TD for
v = vec(V) is denoted as

argmin ||v — x| |% + is(x)
X

~ Projds (v, xo) == UL o -+ 0 UM (x0), (38)

where ProngS, Z/I‘%S

and xq correspond to ProjSAtLS, U{\)%Sst and X,
respectively.

Note that Proj&™® and Z/l“:és do not necessarily have to be
strictly based on ALS, and may be replaced by hierarchical ALS
(HALS) for CPD [89] or multiplicative update rule for non-negative
matrix factorization (NMF) [11, 53]. Furthermore, we aim to
solve the penalized version of LS-based TD. In this study, we
assume existence of iterative penalized LS-based TD algorithm that
minimizes the squared error with penalty, and we denote more
general LS-based TD as

argmin ||v — x||% + is(x) + ap(9)
X
~ Projsu (v,Xo) == uv,Su O -+ 0lUyS, (x0). (39)

It should be noted that the above LS-based TD algorithm is
expressed from the perspective of updating x(0), however, the

frontiersin.org


https://doi.org/10.3389/fams.2025.1594873
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Mukai et al.

core tensors =

(G1,G2; s

practical implementation. In other words, in this algorithm, x

G1) are also actually updated in
and 6 are always considered a pair. For simplicity, we will not

write it explicitly, but the input to U,s, requires not only xq but
also 6.

3.2.2 MM for &> loss

Here, we consider a case to minimize £, loss in

Equation 37 as

) =1Ib — Ax|[3 + is(x) + ap(®). (40)

To minimize f(x), we propose to employ MM approach:

Xk41 = argmin g(x|x), (41)

where auxiliary function g(x|xy) is given by

gxIx) :=f(0) + (x —x) T (LT — ATA)(x — xp) (42)
2
=\ |lx— (xk — %(ATAxk - ATb)> + ig(x)
2
+ ap(f) + const. (43)

From Equation 42, the auxiliary function satisfies the conditions
greater
eigenvalue of ATA. Then, the MM step in Equation 41 can be

of Equation 16 when A is than the maximum

reduced to

1
Vi =X — X(ATAxk —A"b); (44)

X1 = Projg,, (vi, X¢); (45)
A

Note that the penalty parameter for LS-based TD becomes
%, and we set A to be the maximum eigenvalue of ATA
in practice.

3.2.3 ADMM for other loss functions

Next, we consider the problem in Equation 37 for other loss
functions and propose to employ ADMM as Zhang and Ding’s
formulation [85]. First, we introduce a new variable y € R/ and
a linear constraint y = Ax, and its augmented Lagrangian is

given by

B
ﬁ(X>Y) Z) 5”)’— AX”%’

(46)

= D(b,y) + is(x) + ap(d) + (z,y — Ax) +

where z € R/ is a Lagrange multiplier and > 0 is a
hyperparameter. In each step of ADMM, x is updated as a
minimizer of £(x,y, z) with respect to x, y is updated as a minimizer
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of L(x,y,z) with respect to y, and z is updated by the method of
multipliers. ADMM algorithm is given by

2
Xpp1 = argmm is(x) + ap(0) + = p ‘ Vi + — — Ax|| ;  (47)
2
B 2
Vi1 = argmin D(b,y) + — H — Axpy1|] s (48)
y 2
Zir1 = 2k + (Vi1 — AXpt1): (49)

where initializations X, y, and z¢ are required.

3.2.3.1 Update rule for x

Here, we consider practical process in Equation 47. Since y;, +
% is constant and is(x) is invariant to scaler, the structure of
Equation 47 is the same as in Equation 40. By using MM approach,

update rule in Equation 47 can be replaced with

1
vi=xi—— (ATAx — AT (y,+ %)) (50)
A B
Xit1 = Projg, (Vio Xp): (51)
B

Note that the penalty parameter for LS-based TD becomes 2 5 ﬁ

3.2.3.2 Update rule fory

Update rule in Equation 48 is derived depending on the loss
function D(b,y). Many loss functions take the form of a sum
of entry-wise losses D(b,y) = Z]]-:l d(bj,y;), in which case the
subproblem for updating y is separable for each entry y; as

yi = argmin d(bj, y)) + g(dj —yj)z, (52)

il

where we put d = [dl,dz,...,d]]T = AXpy1 — %" The solution
in Equation 52 is unique if d(bj,y;) is convex. Our algorithm is
possible to support loss functions that the problems formulated
in Equation 52 have closed-form solutions. Combettes and Pesquet
[90] and Parikh and Boyd [91] can be useful for obtaining solutions
to several distance functions d(bj, yj). For example, when we
consider £1 loss d(bj,y;) = |bj — yjl, the solution can be given by
soft-thresholding as

When we consider generalized KL divergence for positive y; >

0as d(bj, y;) = bjlog % + yj — bj, the solution can be given by

,ij -1+ (ﬁdj — 12+ 4ﬂbj
yj’»k = 2% . (54)
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1: input: b, A, S, type of loss, o, B>0
2: Initialize xeS and z=0;
3: A < maximum eigenvalue of ATA;
e l
4: y « * ( 2)
2e (gy or KL)

Ba.
5: repeat
6 d <—Ax—%z
b; (€2)
7 Yj < bj+SOft%(dj—b]‘) (51)
Bd;—1+,/(Bdj—1)2+48b
J 2; J (KL)
0 L
8: Z <~ (&2)
z+B(y—Ax) (¢ or KL)

9: vexf%(ATAfoT(er%z));
10: X <« Projsy(v, x) or Uys, (x);
11: until convergence

12: output: x

Algorithm 1. ADMM-MM algorithm.

3.3 Proposed algorithm

Finally, the proposed ADMM-MM algorithm that supports
three typical loss functions can be summarized in Algorithm 1.
Our ADMM-MM allows for the immediate application of
sophisticated TD models to other tasks such as completion, robust
reconstruction, and compressive sensing. By simply selecting the
update rule in the 7th line, we can accommodate the three loss
functions. The majorization step on the 9th line is important to
allow for accommodating a variety of design matrices A. Many
LS-based TD with penalty can be applied into the ADMM-MM
algorithm in a plug-and-play manner at the 10th line. The basic
expectation of plug-and-play module, Proij (v,x) or Uyg, (x), is
that it has a monotonically decreasing property with respect to
the penalized squared error shown in Equation 39. Note that our
algorithm can also involve tensor nuclear norm regularization [65]
although not a direct tensor decomposition. That is, a proximal
mapping given in closed form of nuclear norm regularization can
be replaced directly with Projg (v, x).

The proposed algorithm can be regarded as a unified and
extended algorithm of EM-ALS and Zhang and Ding’s ADMM.
When A is the diagonal matrix of vectorization of the mask
tensor W (e.g., A = diag(vec(W))) and £, loss is assumed, the
ADMM-MM algorithm results in EM-ALS. When A = T and ¢;
loss is assumed, the ADMM-MM algorithm results in Zhang and
Ding’s ADMM.

From the perspective of an optimization algorithm that uses
ADMM with MM, the proposed algorithm can be regarded as a
special case of linearized ADMM [92, 93]. However, the linearized
ADMM work [92] considers only convex optimizations, while the
other work [93] considers only non-convex matrix norms which
have effective proximal mappings. The major difference in the
proposed method from the above methods is that the update rule
of the iterative algorithm is applied to penalized TD instead of
proximal mapping. Our proposal to plug-and-play various TDs
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is a new and meaningful attempt, which will greatly improve the
applicability of TDs.

The computational complexity of a single iteration in the
ADMM-MM algorithm is often dominated by the LS-based TD
at the 10th line. The complexity of lines 6 through 9 is O(),
where Q is the number of nonzero elements in the design matrix
A € R/*I. We often assume that the design matrix is sparse and
J < Q < IJ. On the other hand, the complexity of LS-based
TD for N-th order tensor V € RI*EXxIN depends on the
model and algorithm. CPD/NNCPD can be solved by ALS and
HALS [2, 8]. The complexity of CP-ALS is O(NIRcp) + O(NR3CP),
while the complexity of HALS is O(NIRcp), assuming that the CP
rank is denoted as Rcp and I = ]_[fil I;. ALS is computationally
more expensive than HALS because it requires matrix inversion.
TKD is usually solved by the higher-order orthogonal iteration
(HOOI) algorithm [48], which solves N eigenvalue problems
alternately. Since the symmetric matrix of size (I,,I,) by tensor-
matrix multiplication is usually more expensive than its eigenvalue
problem, then the complexity of HOOI is O(NIRtk), assuming
that the Tucker rank is (Rtk, R, ..., RTx). TTD is usually solved
by TT-ALS with QR orthogonalization [50]. The advantage of
this algorithm is that QR orthogonalization allows each least-
squares solution to be found without matrix inversion. The
complexity of TT-ALS is O(NIRyT), assuming that the TT-rank
is (RrT, RTT, ..oy RTT). TRD 18 usually solved by TR-ALS [51]. The
complexity of TR-ALS is O(NIR%R) + O(NR?PR), assuming that the
TR-rankis (RTR, RTR; ..., RTr). From a complexity perspective, TKD
and TTD are highly efficient. TRD has a higher complexity with
respect to TR rank. CPD often requires a larger CP rank, making it
more expensive than other models.

3.4 Discussions on the convergence

Unfortunately, this study does not include new theoretical
results on the convergence of the ADMM-MM algorithm using
Ls-based TD algorithms for sub-optimization. Instead, this section
introduces existing theoretical results on convergence related to
TD, EM/MM, and ADMM, and discusses their relevance to
this study.

3.4.1 Case of £, loss with MM

The theory of monotonicity and convergence of the EM and
MM algorithms has been discussed [83, 94], and global convergence
has been shown when the minimizer of the auxiliary function is
unique [95]. In this study, ALS and MM are combined for ¢, loss
minimization. From a point of view of only MM, the results of MM
[95] cannot be applied to our case since our auxiliary function is
non-convex and its minimizer is not unique in general. On the
other hand, the convergence of tensor completion via non-negative
tensor factorization [96] has been studied, which corresponds to a
special case of our algorithm.

In Section 3.2.2, we explain the proposed MM algorithm, which
first derives the auxiliary function and then minimizes it using ALS
(or BCD). However, the same auxiliary function and algorithm can
be derived by considering the opposite way which first considers
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to minimize the original function using ALS (or BCD) and then
derives the auxiliary function for each sub-optimization problem.
From this perspective, the proposed algorithm for ¢, loss is
included in a framework named block majorization minimization
or block successive upper bound minimization [97, 98]. In short,
from the results of convergence [97, 98], the proposed algorithm
has global convergence if the auxiliary function of each sub-
optimization has a unique minimizer. Although the solution to
the sub-optimization in ALS is generally not unique, this can
sometimes be resolved by adding regularization. For example,
in the case of the use of Tikhonov regularized ALS for sub-
optimization, global convergence is guaranteed in the proposed
MM algorithm.

3.4.2 Case of other loss with ADMM

When A = 1, the proposed algorithm is reduced to the
standard ADMM. Usually, the convergence of ADMM is based
on the non-expansive property of projection onto a convex set
or proximal mapping of a convex function [99], and it can not
be applicable to our case since low-rank tensor approximation
is characterized as a projection onto a non-convex set, Projg, or
non-convex sub-optimization, Proij. As a related work [100],
the ADMM algorithm and its convergence for the completion
of the matrix with NMF have been discussed, however, in their
formulation, each factor matrix of NMF is treated separately
as an optimization variable in ADMM, which differs from our
formulation. On the other hand, the non-convex ADMM [101]
includes many non-convex functions and indicator functions of
non-convex sets such as the Stiefel/Grassmannian manifold, and it
is close to our problem. According to this theory, the compactness
of the set S, the coercivity and smoothness of the objective function,
and the continuity of the sub-optimization paths are required
for convergence. It is not trivial whether these conditions apply
in our case because Projg, is a composite problem of tensor
decomposition and penalization of the core tensors.

When A # I, the proposed algorithm is characterized as
ADMM with MM for its sub-optimization. This combination of
ADMM and MM is often referred to as linearized ADMM [92].
Non-convex linearized ADMM [93] and its convergence have
been discussed, and it is applied to non-convex low-rank matrix
reconstruction problem. However, it is not trivial whether the
results of convergence [93] can be applied in our case. From the
perspective of PnP-ADMM, the results of the convergence analysis
based on the Lipschitz condition of the denoiser have been reported
[102]. Thus, although there are various relevant results, whether
they apply specifically to our case is an open problem. This open
problem may be solved by analyzing the properties of the penalized
TD algorithm.

4 Related works

There are several studies on algorithms for TD using ADMM.
AO-ADMM [73] is an algorithm for constrained matrix/tensor
factorization which solves the sub-problems for updating factor
matrices using ADMM. Although alternating optimization (AO)
is the main-routine and ADMM is subroutine in AO-ADMM, in
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TABLE 1 Comparison of objective functions and computational time [sec]
at convergence for PG, BCD, and the proposed algorithms.

PG ADMM-MM

(proposed)

Obj. Time Obj. Time

¢ | Noise 1,623 | 4103 1614 8.924
Missing 8,091 | 1,866 119.0 7.792
Blur - - 4,657 | 13,684 | 26.10 298.5
Down 80.68 | 1,165 2.365 11.36

¢ | Noise 4292 | 13.02 | 43.18 | 41.66 12.87 2.16
Missing 39.74 | 48.92 | 3865 | 89.79 35.09 84.9
Blur 39.14 | 103.9 | 3957 | 1717 38.93 133.8
Down 1.040 | 1089 | 1759 | 42.18 1.004 4.85
KL | Noise 5361 | 20.50 | 5.394 146 5.358 4.65
Missing 0526 | 5495 | 0363 | 220.8 0.247 8.532
Blur 5109 | 158.2 | 5155 | 576.4 4.905 669.3
Down 0.189 | 9859 | 0304 | 32.16 0.135 7.65

The best objective values and computational times are highlighted by bold.

contrast, the proposed ADMM-MM algorithm is ADMM is used
as main-routine. AO-ADMM supports several loss functions, but
it does not support various design matrices. In addition, AO-PDS
[103] has been proposed using primal-dual splitting (PDS) instead
of ADMM.

Robust Tucker decomposition (RTKD) with ¢; loss has
been proposed [85] and its algorithm has been developed
based on ADMM. RTKD employs ADMM as the main routine,
ALS is used as the subroutine, and it can be regarded as
a special case of our proposed algorithm. RTKD does not
support any other loss function, various design matrices, and
other constraints.

The penalized TD using ADMM has been actively studied and
many algorithms have been proposed [100, 104-107]. Each of these
algorithms is a detailed formulation of ADMM tailored to the
problem, and the optimization variables are separated into many
blocks and updated alternately. The algorithms are not structured,
making them difficult to generalize and extend.

In the context of generalized TD, generalized CPD [108]
has been proposed. The purpose of the study is to make
the CP decomposition compatible with various loss functions.
Basically, a BCD-based gradient algorithm has been proposed.
However, other TD models and perspectives on design matrices are
not discussed.

PnP-ADMM [54] is a framework for using some black-box
models (e.g., trained deep denoiser) instead of proximal mapping
in ADMM. It is highly extensible, in that any model can be applied
to various design matrices. The structure of using LS-based TD
in a plug-and-play manner in the proposed algorithm is basically
the same as that of PnP-ADMM. If we consider LS-based TD as a
denoiser, the proposed algorithm may be considered a type of PnP-
ADMM. In this sense, the proposed algorithm and PnP-ADMM are
very similar, but they are significantly different in that our objective
function is not a black box.
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FIGURE 3
Optimization behavior: comparison of PG, BCD, and the proposed algorithm for various loss functions in CP decomposition with various degraded
images.

5 Experiments

The purpose of the experiments is to evaluate the performance
of the proposed algorithm in terms of optimization and to
investigate its usefulness for versatile tensor reconstruction tasks.

5.1 Optimization behaviors for various
tensor reconstruction tasks

Tensor reconstruction tasks in this experiment include tensor
denoising, completion, de-blurring, and super-resolution. We used
an RGB image named “facade” represented as a third-order tensor
of size 256 x 256 x 3 for ground truth in denoising, completion,
de-blurring, and super-resolution tasks.

For tensor denoising task, we set A = I. Gaussian noise, salt-
and-pepper noise, and Poisson noise are added for individual tasks.
For tensor completion tasks, we set A = diag(vec(WV)) with a
randomly generated mask tensor W € {0, 1}256X256X3, where
90% of the entries are missing. For de-blurring tasks, we used a
motion blur window of size 21 x 21, and the constructed block
Toeplitz matrix is used as A. For super-resolution tasks, we used a
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Lanczos2 kernel for downsampling to 1/4 size, and the constructed
downsampling matrix is used as A.

5.1.1 Comparison with gradient methods

In this experiment, we compare the proposed algorithm
with two gradient-based algorithms: projected gradient (PG)
and block coordinate descent (BCD) with the low-rank CP
decomposition model:

x = vec([GY,G?,GY)]) € S ¢ RFO2563, (55)
S i={vec([GV,G?,G¥]) | GV e R¥O*R GO ¢ RZO*R

G® ¢ R3xRy, (56)

In PG, x is moved along the gradient descent direction and then
projected onto the set S.

Vi = x; — uVxD(b, Axy); (57)

Xpi1 = Projé™ (vi, xp) ; (58)

where 1 > 0 is a step-size. Note that it is the same as the proposed
method when D(b, Ax) = ||b — Ax||§ and u = % In BCD based
gradient algorithm is given by
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FIGURE 4
Comparison of the convergence behavior of the AO-ADMM and the proposed method. Non-negative CP decomposition is performed under three
loss functions. Observations are varied with two different noise levels.

TABLE 2 Comparison of the time required for the objective function to
converge in noise removal using AO-ADMM and ADMM-MM.

AO- ADMM- ADMM-
ADMM MM MM
((419)] (HALS)
€3 loss Weak noise 30.15 172.8 74.70
Strong noise 15.62 36.75 27.40
£, loss Weak noise 153.1 50.20 41.46
Strong noise 27.31 38.35 14.98
KL Weak noise 86.36 123.7 48.27
divergence
Strong noise 31.67 38.45 23.76
The best objective values and computational times are highlighted by bold.
1 1 1 2 3
G, =G’ — uVgu Db, Avec([G, G, G (59)
2 2 1 2 3
G, = G — uVgo Db, Avec([GY) |, G, G (60)
3 3 1 2 3
G =GP — Vg Db, Avec([GY) |, G, GO (61)

In both PG and BCD, step-size u was manually adjusted
for the best performance. The proposed algorithm has an
optimization parameter f and was also manually adjusted. We
experimented with four tasks of denoising, completion, de-
blurring and super-resolution under Gaussian, salt-and-pepper,
and Poisson noise measurement. £, loss, £; loss, and generalized
KL divergence are used for Gaussian, salt-and-pepper, and Poisson
noise measurements, respectively.
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Table 1 shows the achieved values of the objective function and
its computational time [sec] for the three optimization methods in
various settings. The best values are highlighted in bold. Figure 3
shows its optimization behaviors in the various tasks based on three
loss functions. The proposed method stably and efficiently reduces
the objective function in various settings in comparison to PG and
BCD. Note that since the proposed method for ¢, loss and PG are
equivalent, they are not compared.

5.1.2 Comparison with AO-ADMM

In this experiment, we compare the proposed method with AO-
ADMM in standard non-negative CP decomposition (NNCPD)
under three loss functions. The optimization problem is given by

minimize D(b, vec([GV,G?,GP))), s.t. GV e RZEF*R,
G, ,GO® B -

G(z) c RZZSOGXR) G(3) c R:’)XR

=0 >

(62)

where R_  is a set of non-negative real numbers. In AO-ADMM,
each GO’ is updated by sub-optimization using ADMM. We used
the original implementation of AO-ADMM by Huang® with some
modifications to adopt it for the TD problem. In the proposed
method, we plug-and-played the multiplicative update (MU) [11]
and the hierarchical alternating least squares (HALS) [89] for
LS-based NNCPD.

1 https://www.cise.ufl.edu/~kejun/code.html

11 frontiersin.org


https://doi.org/10.3389/fams.2025.1594873
https://www.cise.ufl.edu/~kejun/code.html
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Mukai et al.

10.3389/fams.2025.1594873

objective function

T =
c oot Tucker|
S S35; —T1T i
= LN i
2 230; TR
= =4 25+ J
o o I
3 2|
B 8207
5] o |
ey 2 | S8
° — 4 ©°15} =
10! ; 1 5 . ;0 EELL - .
10 10 10 10 10 10 10 10
iteration iteration
noise, KL missing, ¢1-loss
FIGURE 5
Comparison of cost function convergence in various TD models across different design matrices and loss functions

M —CP
107 Tucker s
—TT S
— TR S
=}
10° 2
=
o
o
2
o
102 _—
10° 10' 10 10°
iteration iteration
blur, ¢5-loss downsampling, ¢;-loss

x10°

—— 50001
—— =001
5=0.1
—p=1
—— =10

10? 10°
iterations

(a)

10’

FIGURE 6

Convergence behaviors with respect to hyperparameter g. (a) l1-loss. (b) KL divergence.

x10°

—— 5=0.0001
—— 5=0.001
=001

10 10

10
iterations

Figure 4 and Table 2 show the comparison of the convergence
behaviors between the proposed method and the AO-ADMM.
We experimented with weak and strong noise setting under
three types of noise. The value displayed below each plot
represents the signal-to-noise ratio (SNR) of noisy measurements.
Although the MU and HALS wused in plug-and-play are
not pure least squares minimizers, we can see that they
successively converged. In the early stages of optimization,
the objective function decreased faster with AO-ADMM,
but there were no significant differences in the convergence
speed. When comparing the time to convergence, AO-ADMM
was slightly faster to minimize ¢, loss, while the proposed
method was slightly faster to minimize ¢; loss and generalized
KL divergence.

It should be noted that it is difficult to make a fair comparison of
the convergence of the AO-ADMM and ADMM-MM algorithms.
AO-ADMM has an AO main-iteration and an ADMM sub-
iteration for sub-problems, making it a double-loop algorithm. In
this study, 10 sub-iterations were performed, but changing this
may change the convergence results. Also the convergence behavior
changes significantly depending on the parameter f in ADMM.
The appropriate beta value differs depending on the task, loss
function, and model.

5.1.3 Various tensor decomposition models
Here, we apply the proposed ADMM-MM  algorithm
types of TD models: CP  Tucker, TT,

to four and
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The
used for CP and TR decompositions

TR decompositions. standard ALS algorithm is
[42, 43, 51],
orthogonalized ALS is used for Tucker and TT decompositions
[48, 50].

Figure 5 shows the selected results, and various tensor

and

reconstruction settings for all TD models can be succinctly
optimized by the proposed ADMM-MM algorithm.

5.1.4 Sensitivity of a hyperparameter

Here, we show the differences in convergence behaviors
of ADMM-MM algorithm with respect to the values of
hyperparameter B. In this experiment, the tensor completion
task was solved using the ALS algorithm of CP decomposition with
Tikhonov regularization. f is a hyperparameter related to ADMM,
so there are two settings: minimizing ¢; loss and KL divergence.
Figure 6 shows the convergence behaviors of the loss function
obtained with various values of 8. Similar trends were obtained for
both loss functions. When S is large, it is stable but convergence is
slow. Making B smaller will speed up the convergence, but if it is
too small, the convergence becomes unstable.

5.2 Image processing applications
In this experiment, we demonstrate that the proposed
algorithm connects various TD models with various image

processing tasks.
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FIGURE 7

Reconstruction of various degraded images using the proposed method with different tensor decomposition approaches.
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TABLE 3 Comparison of TD models with PSNR, RSE, and SSIM metrics in
light field image recovery.

Method PSNR [dB] RSE SSIM
FTTNN [109] 42.05 0.0247 0.9923
TKD (by ADMM-MM) 42.74 0.0229 0.9946
TTD (by ADMM-MM) 39.99 0.0314 0.9925
TRD (by ADMM-MM) 45.66 0.0163 0.9968
CPD (by ADMM-MM) 45.76 0.0161 0.9948
NNCPD (by ADMM-MM) 47.14 0.0138 0.9978
SPC (by ADMM-MM) 48.98 0.0111 0.9973

5.2.1 Color image reconstruction and computed
tomography

Here, we show the results of color image reconstruction
and computed tomography using the proposed ADMM-MM
algorithm. An RGB image named “facade” is used for three image-
inpainting tasks under three different noises (tasks 1, 2, and 3)
and for an image deblurring task under sparse noise (task 4). An
artificial low-rank tensor of size 128 x 128 x 3 is used for computed
tomography under Poisson noise (task 5).

We apply various TD models for various image reconstruction
tasks to demonstrate the potential of the proposed method.
We used six TD models: CP decomposition (CPD), Tucker
decomposition (TKD), TR decomposition (TRD) [51], tensor
nuclear norm regularization (tSVD) [65], NNCP decomposition
(NNCPD) [12], and smooth PARAFAC (SPC) [34]. tSVD stands
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for tensor nuclear norm regularization using singular value
shresholding. NNCPD stands for CP decomposition with non-
negative constraints of factor matrices. Each factor matrices
are updated by multiplicative update rules. SPC stands for CP
decomposition with smoothness constraints of factor matrices.
Although the SPC has been originally proposed for LS-based
tensor completion, our framework can extend it to ¢; loss and
KL-divergence with arbitrary design matrix A.

Figure 7 shows the results obtained by six TD models in image
processing tasks: tensor completion under Gaussian noise (task 1),
tensor completion under sparse noise (task 2), tensor completion
under Poisson noise (task 3), de-blurring under sparse noise (task
4), and computed tomography under Poisson noise (task 5). We
can see that the proposed method allows to plug-and-play many
TD models for application to a variety of image processing tasks.

5.2.2 Application to light field image recovery
Here, we apply the proposed algorithm to the problem of
light field image restoration as one of the case studies. The light
field image used is a fourth-order tensor named “vinyl” with
size (128,128,3,81).2 An algorithm for light field image restoration
under the hybrid model of Tucker and TT decompositions, named
fast tensor train nuclear norm (FTTNN),® has been studied [109].
The task is to restore the original image from an image in which

2 Data is available online: https://lightfield-analysis.uni- konstanz.de/.

3 Code is available online: https://github.com/ynqiu/fast-TTRPCA.
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20% of the pixels are randomly selected and overwritten with
random values.

Our framework allows us to apply different kinds of TD model
to this task and compare them with the existing algorithm. Table 3
shows the results of the comparison with PSNR, RSE, and SSIM
metrics. We applied TKD, TTD, TRD, CPD, NNCPD, and SPC
to this task by using the proposed ADMM-MM algorithm. In
particular, we were able to demonstrate a high level of performance
with the constrained CPD models ( i.e., NNCPD and SPC) in light
field image recovery.

6 Conclusion

In this study, we proposed a versatile tensor reconstruction
framework to plug-and-play various LS-based TD algorithms and
apply them to various applications. This framework is very practical
because many TD models are often initially studied on the basis of
least squares. The newly proposed TD algorithm can be plug-and-
played and operated based on any design matrix and at least three
loss functions. In addition, any loss function having a proximal
mapping can be easily introduced.

In experiments, we demonstrated the effectiveness of
the proposed method compared to existing gradient-based
and AO-ADMM. Although the

convergence of the proposed algorithm is theoretically ambiguous,

optimization algorithms
experimentally we confirmed that it has been successfully
optimized for various problems, models, and hyperparameter
settings. It was also demonstrated that it is useful for a wide range
of image processing applications.

In this study, we plug-and-played various TD algorithms
and confirmed their effectiveness, but it would be meaningful to
investigate a class of tensor decomposition algorithms that can
be plug-and-played by theoretical analysis. Furthermore, there are
some properties, such as convergence, that remain unclear, so
continued investigation is necessary. In addition, it would also
be worthwhile to conduct a study on ways to accelerate the
convergence of the algorithm.
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