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Dynamics and stability of a
within-host HIV-HBV
co-infection model with time
delays

Ahmed M. Elaiw'*, Abdulaziz S. Alhmadi*? and Aatef D. Hobiny*

!Department of Mathematics, Faculty of Science, King Abdulaziz University, Jeddah, Saudi Arabia,
2Department of General Studies, Technical College, Technical and Vocational Training Corporation,
Jeddah, Saudi Arabia

Human immunodeficiency virus (HIV) and hepatitis B virus (HBV) co-infection
is common due to their shared transmission routes. Understanding their
interaction within host cells is key to improving treatment strategies.
Mathematical models are crucial tools for analyzing within-host viral dynamics
and informing therapeutic interventions. This study presents a mathematical
framework designed to investigate the interactions and progression of HIV-
HBV co-infection within a host. The model captures the distinct biological
characteristics of the two viruses: HBV primarily infects liver cells (hepatocytes),
while HIV targets CD41 T cells and can also infect hepatocytes. A system of
seven non-linear delay differential equations (DDEs) is formulated to represent
the dynamic interactions among uninfected and virus-infected hepatocytes,
uninfected and HIV-infected CD4™T cells, as well as circulating HIV and HBV
particles. The model incorporates two biologically significant time delays: the
first represents the latency between the initial infection and the onset of
productive infection in host cells, while the second accounts for the maturation
duration of newly produced virions before they become infectious. The model’s
mathematical consistency is verified by showing that its solutions remain
bounded and non-negative throughout the system'’s dynamics. Equilibrium
points and their associated threshold parameters are identified, with conditions
for existence and stability rigorously derived. Global stability of the equilibria is
established through the application of carefully designed Lyapunov functionals
in conjunction with Lyapunov-LaSalle asymptotic stability theorem, ensuring a
rigorous and comprehensive analysis of the system'’s long-term behavior. The
theoretical findings are corroborated by numerical simulations. We conducted
a sensitivity analysis of the basic reproduction numbers, Ry for HIV and Ry for
HBV. The effects of antiviral treatment and time delays on the HIV-HBV co-
dynamics are discussed. Minimum efficacy thresholds for anti-HIV and anti-
HBV therapies are Determined, and when drug effectiveness surpasses these
levels, the model predicts the full elimination of both viruses from the host.
Additionally, the length of the time delay interval plays a role similar to that of
antiviral treatment, suggesting a potential strategy for developing drug therapies
aimed at extending the time delay period. The results of this study highlight
the importance of incorporating time delays in models of dual viral infection
and support the development of treatment strategies that enhance therapeutic
outcomes by extending these delays.
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1 Introduction

Two deadly viruses for the human body are the human
immunodeficiency virus (HIV) and hepatitis B virus (HBV).
In several patients, co-infection with these two viruses occurs
because they share common transmission routes, such as blood
transfusions, use of contaminated syringes, unprotected sexual
intercourse, and others [1]. It is estimated that 8% to 10% of
people diagnosed with HIV are also infected with HBV worldwide,
making it important to study the co-infection of these two viruses.
The co-infection with both viruses may increase the symptoms
of each disease. This is due to the weakening and deterioration
of the patient’s immune system and the difficulty of determining
effective treatments for both viruses [2, 3]. HIV is a single-
stranded RNA virus that primarily infects CD4" T cells, which
are key components of the adaptive immune system. Over time,
if left untreated, the number of CD4T T cells declines, eventually
leading to a disease called acquired immunodeficiency syndrome
(AIDS) [4]. AIDS infection exposes the patient to opportunistic
diseases and cancers. Besides infecting CD4™ T cells, HIV is also
capable of invading other immune cells like dendritic cells and
macrophages, resulting in their reduction and impaired function.
The HIV also has the ability to infect different liver cells, including
hepatocytes, Kupffer cells, and infiltrating T cells [5, 6]. HBV
is a double-stranded DNA virus that primarily targets liver cells
(hepatocytes) [7]. Over time, if left untreated, this infection can
lead to chronic hepatitis, which may progress to cirrhosis and
hepatocellular carcinoma.

Studying the interactions between viruses and target cells
within the host, as well as immune responses, through laboratory
experiments is not only difficult but also expensive. Therefore,
mathematical modeling and simulation have become essential
and important tools for understanding the dynamics of viruses
within the host, as well as the role of the immune system in
combating them. Furthermore, mathematical models may help
design appropriate therapeutic strategies. In [8, 9], the basic
models of HIV and hepatitis B virus (HBV) infection, respectively,
have been formulated. These models consist of three main
compartments: uninfected target cells (CD4™ T cells for HIV and
hepatocytes for HBV), infected cells, and free viral particles. To take
into account different biological phenomena not covered by these
basic models, various extensions and generalizations have been
made. One of the most important of these phenomena is the time
delay during biological reactions. Examples of time delays include
the time delay until a cell becomes infected, the time required for
activation of the virus released from the cells, and the delay in the
immune response. Time delays contribute to the development of
accurate models that help understand the evolution of the virus
within the host. Numerous studies have explored the incorporation
of time delays into HIV single-infection models (see, e.g., [10-16]).
On the other hand, HBV single-infection models with delay have
also been formulated in some studies (e.g., [17-20]).

Mathematical modeling of HIV and hepatitis B virus co-
infection at the population level has received considerable attention
from researchers. These models play an important role in
understanding patterns of infectious disease transmission within
populations. These models may also play a significant role
in formulating epidemic control strategies. Therefore, several
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mathematical models have been developed for the coinfection of
HBV and HIV (see, e.g., [3, 21-26]). In contrast, within-host
models that examine the biological interactions and co-dynamics
of HIV and HBV at the cellular level are relatively scarce. To our
knowledge, only a limited number of studies, notably [27, 28],
have addressed the within-host interplay between these two viruses.
This highlights a significant gap in the literature, underscoring the
need for more comprehensive investigations into their intracellular
co-infection dynamics.

The HIV-HBV co-infection model proposed by [28] is
formulated as follows:

x(t) = A — dx(t
(0 > (1)
production of uninfected hepatocytes  death
- Bix(t)vi (1) - Bax(va(t)
— ——
HIV-hepatocytes incidence ~ HBV-hepatocytes incidence
7)) = e MBIkt — vt — 1) —aiyi(t),
—— —
formation of HIV-infected hepatocytes death
p) = e PBx(t — vt — 1) —apn),
———
formation of HBV-infected hepatocytes death
n(t) = kyayy:(t)
——
generation of HIV from HIV-infected hepatocytes
+ m
——
generation of HIV from infected other infected cells
— av(t),
——
death
n(t) = kaazys(t)
———
generation of HBV from HBV-infected hepatocytes
—ava(f).
——
death

At time t, the variables x(t), y; (t), y2(t), v1(t), and v, (¢) denotes
the concentrations of uninfected hepatocytes, hepatocytes infected
with HIV, hepatocytes infected with HBV, free HIV virions, and
free HBV virions, respectively. 71 and 7, denote the respective time
delays associated with the development of HIV-infected and HBV-
infected hepatocytes. The factor e™"%, i = 1,2 represents the
probability of survival of infected hepatocytes throughout the delay
time [t — t;,t], and n; > 0.

Notably, the model presented in [28] has certain limitations:

(i) it overlooks the dynamic evolution of both uninfected and
HIV-infected CD4™" T cell populations, opting instead to assume a
fixed rate of HIV production from infected CD4™" T cells, thereby
ignoring their temporal variation;

(ii) it does not account for the maturation delay of newly
produced virions;

(iii) Global stability was established exclusively for the
infection-free equilibrium.

Limitation (i) was partially resolved in the model proposed by
[27], which incorporated the dynamics of CD4" T lymphocyte
populations. However, the mathematical analysis in that study
was largely confined to establishing the boundedness and
positivity of the solutions. In addition, only the infection-free
equilibrium was identified and analyzed for local stability, while
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FIGURE 1
Schematic diagram for HIV/HBV co-infection dynamics within the host.

kya,e 5%y, (t-15)

a comprehensive investigation of other possible equilibria was
not pursued.

This study builds upon and extends the models presented
in [27, 28] by addressing key limitations. We explicitly model
the dynamics of both uninfected and HIV-infected CD4™"
T lymphocytes, replace the assumption of a constant HIV
production rate with a more realistic approach, and include
a biologically relevant time delay to reflect delays in viral
production and virion maturation. A rigorous mathematical
analysis, including equilibrium identification and global stability
examination, provides deeper insights into the system’s long-
term dynamics. These findings are supported by numerical
simulations and sensitivity analyses that highlight the influence of
critical parameters.

The main contributions of this study are:

Model enhancement: Addressing limitations of previous
models to better capture HIV-HBV co-infection dynamics.
Explicit immune cell dynamics: Including both uninfected
and infected CD4T T cells, with state-dependent HIV
production.

Intracellular delay: Introducing a time delay to represent the
lag in viral production and the maturation process.
Mathematical Identifying
establishing stability

analysis: equilibria  and

global for a  comprehensive
understanding.

Numerical simulations: Illustrating biologically relevant
scenarios that validate theoretical results.

Sensitivity analysis: Exploring parameter impacts to inform

potential control strategies.

Frontiersin Applied Mathematics and Statistics

03

2 Model formulation

In this section formulate our proposed model on based on the
next Hypotheses:

(H1): Seven populations are depicted in the model:
Uninfected hepatocytes, x;(t), HIV-infected hepatocytes,
y1(t), HBV-infected hepatocytes,  y,(f), uninfected
CD4t T cells, x,(t), HIV-infected CD4T T cells, z(t),
free HIV, v((t), free HBV, v,(t), where t is the time.
Compartments (x1, y1, ¥2, X2, 21, V1, v2) die (or clear) at rates
(dix1, ary1, a2y, daxz, azzy, c1v1, ©2V2), The
co-dynamics of HIV and HBV are illustrated in the schematic

respectively.

diagram shown in Figure 1.

(H2): HBV targets uninfected hepatocytes of the liver [9],
whereas HIV targets two cell types: uninfected hepatocytes
[5, 6] and uninfected CD4™" T cells [8]. When HIV enters the
liver, it has a probability (p) of infecting a hepatocyte, and a
probability of 1 — p of infecting a CD4™" T cell [27] .

(H3): Uninfected hepatocytes are generated at rate A, and are
infected via two competing viruses, HIV and HBV, with rates
pBix1vi and Baxy vy, respectively [27] (see Equation 1).

(H4): HIV-infected and HBV-infected hepatocytes
generated at rates of pBix;v; and Brx)vz, respectively (see

are

Equations 2, 3).

(H5): Uninfected CD4™" T cells are generated at rate A, and
can be infected by HIV at rate of (1 — p)Bixivi [8, 27] (see
Equation 4).

(H6): HIV-infected CD41 T cells are formed at rate of (1 —
p)Bixivi [27] (see Equation 5).

frontiersin.org


https://doi.org/10.3389/fams.2025.1633039
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Elaiw et al.

(H7): HIV particles are produced from two sources, HIV-
infected hepatocytes and HIV-infected CD4™" T cells at rates
of kyayy) and kzasz;, respectively [8, 27] (see Equation 6).

(H8): HBV-infected hepatocytes produce HBV particles at a rate
kaasyz [9, 27] (see Equation 7).

Based on Hypotheses (H1)-(HS8), we formulate an HIV-HBV
co-dynamics model with delays as follows:

x1(t) = A — dixi (1) — pPra()vi(t) — Baxa ()va(t), (1)
1) = pe M Brxi (t — r)vi(t — 1) — a1 (), (2)
72(t) = €72 Box1 (t — 1)na(t — 1) — agya(t), (3)
x2(t) = Ay — daxa(t) — (1 — p)Bsxa()v1(2), (4)
21(t) = (1 = ple B Bsxa(t — w3)vi(t — 13) — azz1 (), (5)
vi(t) = e "™ [karyi (t — ) + ksaszi (t — @) — cvi (1), (6)
() = kaaze™ "By (t — 15) — cava(t). (7)

The model incorporates five distinct time delays:

e The parameters 7y, 72, and 73 correspond to the delays
associated with the development of HIV-infected hepatocytes,
HBV-infected hepatocytes and HIV-infected CD4™ T cells,
respectively [28, 29]. The expression e™ "% for i = 1,2,3,
denotes the likelihood that hepatocytes or CD4™ T cells
survive during the interval [t — 7;, t], where n; > 0.

e The delays 74, and 5 represent the time required for newly
released HIV and HBV to become mature, respectively.
Similarly, the term e "%ifor i = 4,5 reflects the survival
probability of viral particles throughout the corresponding
maturation period [t — T;, t], assuming n; > 0.

The initial conditions for model (Equations 1-7) are given as
follows:

(%15 ¥15 Y25 X2, 21, V1, v2)(0) = (@1, P2, $3, Pa> Ps, P, P7)(0)
¢i(0) >0,i=1,2,---,7, 0¢€[-1™0]

where " = max{t, 2, - ,75},¢; € C([—1",0],R>0), and
C:[—1™,0] — Rx is the Banach space of continuous functions.
The norm is defined as [|¢ill = sup_,m_y—q|pi(0)| for ¢; €
C,and i = 1,2,---,7. The standard _th_eory of functional
differential equations shows that, model (Equations1-7) with
initial conditions (Equation 2) has a unique solution [30, 31].

The model’s variables and parameters are defined in Table 1.

3 Biological feasible domain

Let F; = e "% fori = 1,2,---,5, 01 = min{dl,al,az} and
0) = min {dz,a3}.

Lemma 1. The dynamics (Equations 1-7) with the initial
states (Equation 2) admits nonnegative and ultimately bounded
solutions.

Proof. Clearly, Equations 1, 4 of model (Equations 1-7) give
Xi |x=0= A; > 0, which implies that x;(t) > 0 for i = 1,2 and
all t > 0. Moreover, for t € [0, 7] we have
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TABLE 1 Variables and parameters description.

Variable Description

X1 Uninfected hepatocytes

» HIV-infected hepatocytes

” HBV-infected hepatocytes

X Uninfected CD4™ T cells

2 HIV-infected CD4™ T cells

vy Free HIV

V) Free HBV

Parameter Description

A Production rate of uninfected hepatocytes, x;

A2 Production rate of uninfected CD4™ T cells, x,

B Rate at which HIV targets uninfected hepatocytes (v; and x;)
B2 Rate at which HBV targets uninfected hepatocytes (v, and x;)
B Rate at which HIV targets uninfected CD4" T cells (v; and x,)
d Mortality rate of uninfected hepatocytes

dy Mortality rate of uninfected CD4™ T cells

a Mortality rate of HIV-infected hepatocytes

a, Mortality rate of HBV-infected hepatocytes

as Mortality rate of HIV-infected CD4" T cells

) Destruction rate of free HIV

o Destruction rate of free HBV

P Probability that HIV particles infect hepatocytes
ki,i=1,2,3 Average virion output from one infected cell
7,i=1,2,3,4,5 | Time delay parameters

nii=1,2,3,4,5 Average lifetime of a compartment i during a delay period

t
0

() = gy (0) + pBiFy [ U000 — 1) (0 — 1)do,

¢
ya(t) = e ¢3(0) + /32F2/ e 2005160 — ©)12(6 — ©2)d6,
0

t
21t) = e 'g5(0) + (1 — p)sFs fo 00300 — 73) (0 — 13)do),

t
vi(t) = eV ps(0) + Fy / e 1D (kyayy1 (0 — ) + ksazys(0 — 1a)]db,
0

t
va(t) = e 7 (0) + kZaZFS/ e 20y, (9 — 15)]d00,
0

which gives (x1,y1,y2,%2,21,v1,v2)(f) > 0. Hence, by recursive
argumentation, we obtain that (x1, y1, y2, X2, 21, v1, v2)(t) > 0 for
any t > 0.

Next we prove the ultimately boundedness of the model’s
solution  (x1, y1,¥2,%2,21,v1,v2). From Equation 1, we have

A
limsup,_, o x1(t) < TI'y, where I'y = d—l Concerning, y;(t) and
1

y2(t), we define

1 1
Y(t) = x1(8) + F}’l(t +1)+ F—yz(t—l— ).
1 2
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Then, we get

. 1 1
Yy () = X1 (1) + Eyl(t+ )+ Ei’z(¢+ )
=2 —dix(t) — pPrxa()vi(t) — Baxi () va(t)

1
+ pPrxi(B)vi(t) — Fl“lyl(t + 1) + Baxr (2 (t) — Fizﬂz)/z(f + 1)

1 1
=r —dix(t) — —ay(t+ 1) — —aya(t+ 1)
Fy F

<A — oy (t).

Thus lim sup,_, ., ¥1(t) < T', and hence limsup,_, ,, y1(¢) <

' and lim sup,_, . y2(t) < I'y, where I'; = 2 From Equation 4,
op]

A
we have lim sup,_, . x2(t) < I's, where I's = d—z Define
2

1
Ya(t) = x2(t) + —z1(t + 13).
F3
Then, we get

In(t) = ia(t) + Fi3zl<t +13)
= Ay — dyxa(t) — (1 = p)Baxa(t)vi(t) + (1 — p)Baxa(t)v1 ()

as
— —zi(t+ T
Fs 1( 3)

a3
= Ay —dpxa(t) — —z1(t + 13)
F;

< Ay — o2 (t).

This gives limsup,_,  ¥2(t) < I'y, and hence

A
limsup,_, ., z1(t) < Ty where 'y = =y
02

Note that

V() = Fy [kiawyi (t — 14) + ksazzi (t — )] — civi(8)
< FylkraiT"s + kzasT'4] — cyvi(t)
< kiail'y + kzazsTy — cyvi (D).

Consequently, limsup, ,  vi(t) < T5, where I's =
1
C*[kmlfz + ksasTa].

1
Similarly, we have
V2(t) = Fskaarya(t — t5) — cava(t) < FskpaaTy — cava(t) < kaaa Ty — v (1),

kya,*
This yields lim sup,_, ,, v2(t) < I's, where I's = 20272
(%]

Based on Lemma 1, one can show

A = {(x1, 712 %2,21,v1,v2) € CLy: x1]l < Tws iyl < Do, llyall

< T llxll =Tzl < Ty Ivill < s, [lvall < Te}s

is positively invariant w.r.t. system (Equation 1-7).
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3.1 Equilibria and thresholds

This section analyzes the existence of equilibria for the
proposed model. To compute the basic reproduction number, R,
associated with the HIV-HBV co-infection dynamics, we utilize the
next-generation matrix approach as described by [32] (refer to the
Appendix for details). The expression obtained for R¢:

Rc = max{Ro, R1},
where Ry = Ro1 + Roz, and
_ kipBiaiFiFy
a Cldl

_ k2BaM FoFs
C2d1 ’

= k3(1 — p)B3r2F3Fy

d
ods an

Ro1

Ri1

Here, R represents the basic reproduction number for an
HIV infection in isolation, while R; corresponds to that of HBV
infection alone (see Appendix for derivation). Let us define x(l’ =
Al
dy

A
and x) = d—z and let the following two indices be denoted by
2
Ri > 0,i= 2,3 and given by

R, - UDRARIIERE: g, GO—ph (Ri=1)
kipBicadaFy (—1 _ 1) pBirdz N
Ro1

Therefore, we obtain the following main result regarding the
existence of the equilibria of the system (Equations 1-7).
Lemma 2.

e The system (Equation1-7) admits an infection-free
equilibrium denoted by & = (x(l), 0,0, x(z), 0,0, 0).

e If Ry > 1, then the system admits an HIV-only infection
equilibrium denoted by

€ = (#1,71,0,%,21,71,0) .

e When R; > 1, the system admits an HBV-only infection
equilibrium denoted by

= xO Czd] d1
&= (—1,0,7(731 —1),x3,0,0, — (R — 1)>-
R arky B2 Fs 2 Ba
e If Ry > Ro1, R2 > 1,and R3 > 1, the system possesses an
HIV and HBV co-infection equilibrium denoted by

* * k% ok ¥k _k k¥
& = (x1>}’1’)’2>x2’z1>"1"’2)-

Proof. The equilibrium points are normally given when the
time-derivatives are all set to zero, so that here we have the
following:

0=x — d1X1 —p,81x1v1 — ﬂzxﬂ/z,
0 = pp1Fix1v1 — a1,

0 = BrFox1va — axyn,

0=x, — dzxz — (l —p)ﬁ3x2v1,
0=(1—p)BsF3x2v1 — a3z1,

0 = kia1Fay1 + ksazFyz) — cyvi,

0= kz&lesyz — V).
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We have the following cases:

1. If i = v, = 0, the model has infection-free equilibrium
& = (x9,0,0,x9,0,0,0).
2. Ifv; # 0 and v, = 0, we obtain

0 Al A2
=0LX =, X =" >
2 T +pBin T h+a —p)Bvi
pB1rF1vi (1 = p)BsraFsv
J’l = Zl =

ai(dy + pBiv1)’ az(dz + (1 = p)Bsv1)’

and v, satisfies the following equation

kippiiiFrFy  ks(1 = p)BsraFsFy =0
di +ppivi dy + (1 —p)Bsvi ‘
Define a function f by

kipBiaiFiFy  k3(1 — p)BsraF3Fy
= =+ — s
fn) di +pBivi dy + (1 —p)Bsv1 “

Then we have

_ kipBiriFrFy n k3(1 — p)BsraFsFy

0
f(0) a 5 c
kipBiaiF1Fy  k3(1 — p)B3iaF3Fy
=aqa + -1
Cldl Cldz
=caRo+Rn—1)=cRo—1).
Thus, f(0) > 0 when Ry > 1. In fact, Ro; and R

denote, respectively, the total number of newly HIV-infected
hepatocytes and HIV-infected CD4" T cells generated from
a single HIV-infected hepatocyte and CD4" T cell at the
onset of HIV infection. The parameter R represents the basic
reproductive number for a single HIV infection. We have
f(v1) = —c1 < 0 whenever v; — c0. Moreover,

kip?BirFiFy  ks(1 —p)2ﬂ32A2F3F4)
(di +ppiv1)?  (d2+ (1 —p)Bsv1)?

Thus, f is strictly decreasing, and hence, if R > 1, there exists
aunique ¥; € (0, 00) satisfying f(¥1) = 0. Hence,

) =- (

_ 1 _ PB1AVIE _
= —— >0y = —F"0— > 0x =
di + ppivi ai(dy + pBiv1)
A 1— I F
2 - 0 and3 — (1 —p)B3raviFs -0,

dy + (1 = p)Bsv1 a3(dz + (1 — p)Bsv1)
where ¥, satisfies the following quadratic equation:

— kipBiri1F1Fy(dy + (1 — p)B3v1) — ks(1 — p)B3raF3Fy(dy)
+ pp1vi + ci(dr + pPivi)(da + (1 — p)B3v1) =0,

which takes the form
avi +bvy +c =0, (8)
where

a = cpp(1-p)ps >0,

b = c1(pprdy + (1 — p)Bsdi) — pP1(1 — p)B3Fa(ki A Fy
k32 F3),

¢ = cididy — kipprirdaFr1Fy — ks(1 — p)BsradiF5Fy
cidid, (1 _kippabiFy ks _P)ISSX2F3F4>

Cldl - C1d2
= Cldldz (1 - R()) .

+
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Clearly, ¢ < 0if Ryp > 1. Equation 8 has a positive solution
_ b+ Vb —4dac 0
= >

Vi
2a

We obtain an HIV-only infection equilibrium

& = (%1,51,0,%,71,71,0)..

This implies that € exists when Ry > 1.
3. If VT =
equilibrium

0 and v, # 0, we obtain an HBV-only infection

0
- X cd
E = (%1,0,72,%,0,0,7;) = (71 0, —2L (R, — 1),x3,0,

R1™ " azkyBaFs

d
0,

LRy — )
ﬁz(l 1)

Clearly, £ exists when Ri>1.
4. If vi # 0 and v, # 0, we obtain an HIV and HBV co-infection
equilibrium

* * .k .k ok _x ok ok
& = (501505, %5, 21, V15 13)

where
x) cadapBrF1
= 2Lyt = Ry—1),
TR N k2 B2(1 — p)Bsar FoFs (Ra=1)
N cdapp
= " (R,—1D(R3—-1),
2 (1 = p)B2B3azky Fs (o = D (Rs = 1)
&= kipBrcaFy (& B 1)
27 (1 — pkafaksp3F2FsFs \ Roy '
kipBicadaFy ( Ry >
Zf = — —1)(Ry—1),
U7 a3(1 - pkafaksB3FaFs \ Rou (Ra= 1)
dy pPidz
Vi=———Ra—D,Vj=———
LS s T T a0 g
(R2—=1D(R3—1).
It is evident that £* exists if Ry > Roi, R2 > 1, and

R3 > L. This equilibrium represents the coexistence of HIV and
HBYV infections.

4 Global stability

The global asymptotic stability of all equilibrium points in
the system (Equations 1-7) is investigated using Lyapunov’s direct
method in this section. The development of Lyapunov functions
is based on the approach outlined in [33]. Let F represent
the candidate Lyapunov function, and let Q' denote the largest

dF
invariant subset of Q@ = {(xl,yl,yz,xz,zl,vl,vz):— :0},

dt
Consider the function ®(X) = X — InX — 1. Let us denote
by (x1,y1,y2,%2,21,v1,v2) = (x1,¥1,¥2, %2, 21, V1, v2)(f), and
(T ¥15y2, X5, 20, V] v3) = (X1, 1, Y2, X2, 215 V1, V2)(E — T).
Theorem 1. The infection-free equilibrium & is globally

asymptotically stable (GAS) when R¢ < 1.
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root. Consider J/o(x1, Y1, V2, X2,21, V1, V2 ubstituting A1 = djx; and Ay = dyX,5, we obtain
Proof. Consider Fy(x1, y1, ) Substituting A1 = d1x) and A, = dpx) btai
x1 1 1 F3 k3 X 1 ks dF d Fiksd
f=x°®<—)+— + = +——x°<l><—>+—— L0 A 0 - BB 0
0 ! x(l) Flyl Fzyz F, k1 2 F k1 a dt X1 (X1 xl) Flklxz (Xz x2)
1 1 f o pBiki 40 (I =p)Bsks )
0)v1(6)do + F,F. |+ FBFy——m—x;, — 1
+ F1F4k1 FFeks va+phi /—n x1(0)v1(0) Filakn ( F— o X5 V1
" n@m@)de + =2 (prfRo 1),
) _nOme) o (22 1)
k3F3 z_é _ 02_F3k3d2 _ 02
+ U-php /t _, #2One) o (o =) = ¢ Y (2 = x2)
1t + (Ro— D + —=— (R—l)v
+— [ hai®) + ksazzr (6))do R (R0~ DMt gy, Rim
Frky Ji—e,
dF
. Fiazft J2(6)d6. Therefore, for all xl,yl,y;;cz,zl,vl,w > 0 we have d—to <0
iF when R¢ < 1. Moreover, 220 _ 0 when x| = x(l) LX) = x(z),
Calculating d—to along the solution of system (Equations 1-7)  (Ro—1)v; = 0,and (R;—1)v, = 0. According to [30], solutions of
as system (Equation 1-7) asymptotically approach the set €2;, which
dF X0 1 1 k X0 consists of elements satisfying x; (t) = x?, x(t) = x(z) and
7;2(1—*1)561+F*)"1+F*)"2+Ff3k3< —*2)562
1 2 1 ki X2 (Ro — 1)v; =0, ©)
1 k3, 1 . 1.
+ o Sh (Ri =1y, =0. (10)

F k k1F1Fy koF,Fs
+ ppi (x1v1 - xllv?) + B (x1v2 — x1*v3?)
Let us consider four cases:
+ (1- ),33 (X2V1 —xv7)
e If Re < 1then Ry < 1and R; < 1 and from Equations 9,

1
+ — (ki + ksaszi — kiawyy* — ksasz)* . . L .
( 4 N 1 ) 10, we obtain v; = v, = 0. Since 96 is invariant, we obtain

ki Fy
iaz (),2 _ 1:5)' v1(t) = v2(t) = 0. From Equations 6, 7, we have

0 =1 = Fykiary}* +Faksaszi* = y1(1) = z1(t) = 0, Vt > 0,
From Equations 1-7 we obtain ! AR it n() 10 -

(11)
dFy X0 and
— = (1 — x—1> (M — dix1 — pPrxivi — Baxiva) + pPix;' vy
1 . . 0 =V, = Fskaazyy® = yo(t) = 0, Vt > 0. (12)
1 1 F; k3 X,
N N 1—22
alyl + ,Ble V2 2 axys + — £ kl ( X2> Hence, 96 = {80} . . . '
()»2 — s — (1 —P),33x21/1) ° I.f Ro = R1 = 1, we have x; = xj, xo = x; then x;(t) =
X,(t) = 0. From Equations 1, 4, we have
1 k3 73, T3 1
+ Pk (1 = p)Fspaxy’vy’ — asz1) + P
1511 )Lz_dzxg—(l—p)ﬂﬂgvl =0= 1((t)=0,Vt>0.
[F4 (k1a1yi'4 + k3a3zf‘*) - C1V1] (13)
1
+ (k2axFsyy — cav2) A = dix) = pprxivi — Baxivy = 0 = ny(t) =0, ¥t > 0,
koF>Fs5

(14)
+ ph1 (X1V1 - x? vi') + B2 (x1v2 — x293?)

Equations 11, 12 imply y1(t) = z1(t) = y2(t) = 0, Vt > 0.
+ @ —p)ﬂ3 (x2V1 - Xz Vl ) Hence, Q) = {£).

e If Ry < land Ry = 1 then v; = 0 and thus Equation 14

e — T4 T4
+ ki1 Fq (klal)’l + ksaszzy — kiary, k3aszz; ) gives va(f) = 0, ¥t = 0 and from Equations 11, 12, we obtain
+ —a (2 —y5) y1 =21 = y2 = 0. Hence, Q" = {&}.

F e e Similarly, if Rg = 1and Ry < 1 then v, = 0 and thus

. Equation 13 provides v; () = 0, V¢t > 0. From Equations 11,
Collecting terms as ) ,
12, we obtain y; = z; = y, = 0. Hence, Q; = {&}.

drfo _ 1 x) A —d 0 0
A U x (A1 = dix1) + prxivi + foxivz Lyapunov-LaSalle  asymptotic  stability ~ theorem
F3ks x(z) Fsks . [34-36] reveals that & = (x(l),O, O,xg,0,0,0) is GAS
22 1-2) (-4 22a-
+ Fik ( x2> (A2 — daxz) + Flkl( P)B3xavi when R¢ < 1. )
) o Theorem 2. If the HIV-only infection equilibrium & exists
- ki FiFy Y1 — kyF,Fs V2. (Ro > 1) then it is GAS under the condition Ry <1 + [%111/1
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Proof. Define a function .7-_'(x1,y1,y2, X2,21,V1,V2)
_ _ X1 1 _ N 1 F5 ks _ X3
F=ud(2)+—no(2)+— o2
X1 (h) + F1y1 (}.}1> + F2y2+ F klxz %
1 k3 _ 21 1 _ V1 1 S /t x1(0)v1(0)
Pz d o — O ———)do
+ B Z1 ( )-i— ki FiFs V1 (1_/1) + Ko FoFs v2 + pBixivi - B
¢ ks F t 0 0
+ ,32/ x1(6)v2(6)d6 + (1 —p)ﬁgk—3—35c2171 f @ <M> do
-1 1 B t—13 X2V1

1 10 )) . <z1(9)>) 1 /‘
+ — ka1 @ + k3azz1 @ | — do + —a 0)do.
TF, /t—r4< 1a1)1 ( " 30321 2 5% t_rsyz( )

i
We calculate d—]t: as follows:

dF % 1
= (1 - xf) (M — dixy — pBrxivy — Baxiva) + i ( " > (pB1F1x v — aryn)

i Fs k X
+ — (F2Box®vy? — agy2) + 22 (1 2) (A2 — daxy — (1 — p)B3xav1)

F k1 X2

1k z
+2 (1 - ﬂ) ((1 = p)B3Fsxy’vi* — aszy) +

Fi ky z1 k1F1F,
1 x1v1 x? V;l X' v?
+ (Fskzazyz — )+ ppixivi +In| ——
kaF, v X x1vi
©,0 B__ (xan  x'v 5V
+ Ba(x1vy — x°vy?) + (1 — P)ﬂ3**xz 1 - +In
Xov1 XV X2V1

1 nooy it 2zt z™ 1
k " In k = (2 — — ).
k1F1 [ 1a1y1 (}/1 0 + (}’1 )) + k3aszi (Zl % + n<21 + anz(h ¥)
Collecting terms, we get

71,71

- ap _
= (1 — —) ( dlxl) + pPixivi + Baxiva _P,Bl —xl vt + Flyl

1
Fsks X2 . Fsks 7o .
— (1= —=)(r—d (1 — _ o “l 1373
+ ( Xz) ( 2 2x2) + F1k1( P)Bsxav F1k1( );‘33 x2 v

asks . ay vy ., asksvy o a c1 )

z Vi — v — 1%
F1k1 ! F1 Vlyl Flk V1 1 +k1F1F4 ! k1F1F4 ! k2F2F5 z

xTyh F3k; x5 L@ n ksas 7
w1 171 1— x> v | 271 yp 1 L z11In .
+ pPixivi n( X ) Fik; ( P)Bsxavy n( XV )’1 n * ki Fy “ Zl

By using the equilibrium conditions

M = dixy + pBrxivi, Ay = doXo + (1 — p)B3xav1, Fakiaryr + Fiksaszy = c1vy,
pF1B1x1v1 = a1, (1 — p)F3B3xav1 = aszi,
we obtain
aF X _ . X -
o (1 - ;1) (dix) — dix1) + pBrxiv (1 - *) + Bax1va — Pﬁl*xl vi' + pBrxivy
1

F3ks X2 _ F3ks X2
352 - 1-
+ Fiky ( xz) (daxy — dyxa) + —— Fiks (1 = p)B3xa ( xz)

— T4

F3k3 X3yT F; k _ _ N )/1 F3k3 V1 2y
— BB 0B 22— - 1- 11

Fik ( )133 + Pk (1 = p)Bsiaty — phrxiv — W Fk —( p)ﬁ3x2v1 [z
+ﬂ“+F”(1 Bz { pprmin (O

X1V _ — XV X1V In

pbhi1xivi Fikr p)psxavi — kFF pB1x1v1 Xivi

F3k3 _ x;v” yT4 F3k3 _ Z11:4

—(1— 1 | —(1 - In{ — ).
+ F1k1( P)Bsxavy n( o +pPix1vIn " + ik, (1 —=p)Bsxav1In -
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Then
dF (G —x1)?  dFsks (i — x2)? 1 _
- —_4 — + ——— | F2F58%1 — — | v
dt ' X1 Fik; X2 F,F5 2fsprn k> 2
X xTI Vrl}_/l yT4 1—/1 y1'4 xrl VTI
+ pBixivi (3 S S e ) (—1> +In (71 1 ))
X1 X1V1)1 yivi Y1 X1V1
Fsk X2 xX2vizZ zZW X2y z
+£(1—P)ﬂ3562171 sz _BhAa an (20 (A )
Fik X2 Xz Z1v1 X1 Z1

Using the following equalities:

T4 T, T1 - 71,71 o T4 -
m(h )H(i) zln(xl) +1n(x1 4 yl) Hn(ul)
1 X1V x| X1viy1 y1ivi
In L?V? +1In i =In i +In X;V?zl +1In 2;41_}1
X2V1 21 X2 9221_/121 211/1 ’

we obtain
dF G —x1)?  daFsks (%2 — x2)? 1 o
= —d — — | B F _ =z
dt ! X1 Fiky X + F,Fs 2F5p20 ks V2
x xfl Vfl— ml—/
— pBixin |:d> < 1) + ® <_1_71J’1> +d (}11 1>j|
X1 X1V1i)1 yivi
Fsk X 73,035 T4 -
_ ﬁ(l — p)Bsxam |:q> (iz) + @ ("_21_’7121> Lo (Z_l Vl)] .
Fiky X2 X2V121 Zn
We have
F,FsBoxi — e _ BEpM o _ FyFsBakohy — cadi — copBrivi _ adi(Ri—1)  appfin
LT T +ppiv1 ks ka(dy + pBiv1) ka(dy +pBiv1)  ka(dy + pBiv1)’
Therefore,
E = —d, (X1 — xl)2 . dyF3ks (% — x2)2 od; < e pﬁ“_’1>1/2
dt X1 Fik; X FyFsky(dy + pBi¥1) d

X ity ¥t
— phixin [‘D < 1) + @ <7_1 1 ) + @ (4_1 )]
X1 X1v1i)1 yivi
Fsk o X 0Pz z4y
— 2B —ppsmi o2 )+ (22 )+ (1),
Fik X2 X2V121 211

dF 7 dF
It follows that e <OwhenRy; <1+ 1%11‘”. Moreover, e 0 if (x1, y1, %2, 21, v1) = (X1, ¥1, X2, 21, ¥1) and

<R1 —1- pﬂlVI) vy = 0.
dy

We have two cases:

e Ry <1+ p‘%l. Then v, = 0, and hence v, = 0 and from Equation 7 we have 0 = v, = F5k2a2y§5 = 0 and thus y,(t) = 0, Vt > 0.

Hence, Q' = {5}
e Ri=1+ 1%11” From Equation 1 we have 0 = X1 = A} — di1X1 — pB1X1V1 — B2X1v2, hence v, (¢) = 0, and from Equation 7 we obtain
y2(t) = 0 for any t. Hence, Q' = {E_}
Lyapunov-LaSalle asymptotic stability theorem indicates that € is GAS when Ry > 1and R; < 1.

- R
Theorem 3. If the HBV-only infection equilibrium & exists (if R > 1) then it is GAS under the condition Sl + Rp < 1.
1

Proof. Consider F(x1, y1, y2, X2, 21, V1, V2)

~. - X1 1 1 - 2 F3 k3 - X2 1 k3 1 1 - %)
Feto () 4=t =50 (2)+ 22500 (2)+ B0 r — vt — o (2
i (561> * Flyl * Fzy2 <}~/2> * Fy ky = X2 * Fy ky at kiF1Fy n ko FyFs "2 2

t t t
+ By / 1O () + o / ® (M) o+ 380 g, / 3201 (0)do
t t

—1] t—1 X1V2 F kl —13

1 t 1 .t [4
+— / (k1ary1(0) + ksazz1(0)) dO + fazyz‘/- P <y2~( )> do.
kiF1 J; )

—T4 t—15 Y2
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aF
We calculate — as:

dF X 1
e ( - *1> (A1 — dix1 — pBrxivi — Baxiva) + — (pPF1ix v — aiyn)
t X1 F

1 Fs k X
+ B (1 - i%) (F2Baxi?vyt — azy2) + F3 kj (1 B i) (A2 — daxa — (1 — p)Baxavi)

X2
+ iﬁ((1 — P)F3Bsxy’ v — aszz) + [F4 (krayy* + ksazzi*) — cyvi ]
F k ki1 F,F.
1 V)
+ PN (1 - Vz> (kaa2Fsyy’ — cav2) + pBi (x1vi — x7'v7)
5
X1V X123 X123 k
+/32x1vz( SLE P e A ( 12 )) ii(l —P)B3 (x2v1 — x3°v7)
xll/z X1V2 X1V2
b [~y +aaster — 0]+ Lo (2 - 2 n (2
— — z1—2 — 22 ).
ki Fy TN st A F, @ 2o o»n 2

Collecting terms as:

dF X - - a . Fsk X
o (1 - ;1) (M — dix1) + pBrxivi + BaXiva — Paxy Tziz + 2}’2 + 22 (1 - l) (A2 — dox2)
1

F k1 X2
F3k3 ~ (5] (%) a ¢ V2 [ -~ x?v?
=21 - XoV] — ———V] — ——— v s v X1, In
+F1k1( P)B3xav1 R bR Fzy v VR 2 + Bax1v2 v,

By using the conditions of £,

A = diX) + BaX1Va, FafoXiVa = ax)a, Ay = doXa, Fskaasys = FaFsky faX1vy = 2y,

we obtain

d}— 4 (G —x1)? _ daFsks (o — x2)?
1

+
dr X1 Fik X2

k C1
FiF4pBi1x; +F3F4k (1 —p)Bsxs — P AL
1

Fi1Fy
~ 75~ T2, T2 72,702
-~ ~ X1 1%} X7V 2 X{°V.
+ﬁ2xlv2<3_7_y27_ 1 zy ( ) (1 2))
X1 Yav2 lez}’z X1V2

Applying the following equality:

yfs X202 % yfs 7 X202 )72
() ()= () (32) (552
»2 X112 X1 2v2 X1v2)2

we obtain

ar G —x1)* daFsks (B2 — x2)? 1 ks
S - — (mF F3Fy-2(1 — _a
o — ik, o + A 4pPr1x1 + F3 T 21— p)Bsia k1 v
-~ X }’2 V2 x?V?}’Z
— Baxiva | @ + o + o ——= .
x1 Yava X1V2)2
Furthermore, we have
- k3 . ¢ FiFppic ks(1—=p)Bs 22«
FF. F3F4—(1 — - — = F3F. —_ - —
1Fappix1 + F3 4k1( P)Bsxa = FaEskf + F3F4 T Lk
_a <F1F4k1Pﬁ1C2 F3Fyk3(1 —p)Bsha 1)
ki \ F2Fscikz B2 cads

a1 (Rot
=2 (22 f Ry -1
k1<721+ 02 )
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Then, we obtain the following:

dF %1 —x1)2  dFsks (3 — x2)? R
az _ 4 (1 —x)”  daFsks (X2 —x2) a (Ro,po 1)y
dt X1 F1k1 X2 k1F1F4 Rl

. 1 y5 2 XV
—Bxin (P — )+ D= + o 2= )
X1 2 v2 X1v2)2

R aF dF
If ?01 + Ro2 < 1, then we obtain — < 0, where —= = 0 occurs at (x1, x2, y2,v2) = (X1, X2, 2, V2), and
1
Ro1
— +Rpp— 1 =0. 15
( R, + Roz ) Vi (15)

We have two cases:

R
° % + Ro2 = 1, From Equation 4 we have

1
0=1 =Xy —dpXo — (1 = p)Bsxavy = —(1 — p)Bsxavy = v1(t) =0, V£ > 0,
and from Equation 6 we have then
0=v = F4k1a1yf4 + F4k3a3zf4 — yl(i’) =2z(t) =0, Vt > 0. (16)

Hence, Q' = [(‘:‘] .

R - -
« U + Ro2 < 1, then v; = 0 and from Equation 16 we obtain y; = z; = 0. Hence, Q' = {8} .

R

= R
Lyapunov-LaSalle asymptotic stability theorem indicates that £ is GAS when R—Ol + R < L.

1
Theorem 4. If the HIV and HBV co-infection equilibrium £* exists (if R; > Ro1, R2 > 1 and R3 > 1) then it is GAS.
Proof. Define F*(x1, y1, 2, X2, 21, V1, v2) be defined as:

X1 1 »n 1 Y2 F; k3 X2
Fr=xd (=S )+ —yio (S )+ =y (Z )+ 22k =
b (ﬁ) TR ()’T) R <J’§ TRk x

1 k3 * Z1 1 Vi 1 1)

— =27 = o — o[ —=

+ Fl k1 4 (ZT * k1F1F4 ¢! VT + k2F2F5 "2 V;

t t
+Pﬁ1XTVT/ <I><x1(9,zvi(9)>d6+,32x’fv;‘/ q)(xl(ezvi(e))de
t—1 x|V t—1, X[V,

"
F3 k3 N */t x2(0)v1(0)
EERACNS S| ——F ) do
+ F; kl( Pfaani t—13 x;"T
1 ! »1(0) z1(0) 1 ! »2(0)
+ — kia *@( )—{—kaz* ( ))d@—}——a */ <I>< dé.
lel /tfn;( ! 1y1 )’T . ! ZT FZ zyz t—1s5 y;
*
Calculating el
dF* X} 1 i
Fraie (1 - ;1) (M —dixi — pBrxivi — Baxiva) + i (1 - }71) (pF1B1x]' v} — aiy1)
1 x Fs k x5
+ 5 (1 - %) (F2Bax?vy: — azys) + ij% (1 - é) (A2 = daxy — (1 = p)Baxav1)
1 k3 ZT noT 1 VT
LR (1A (1 = p)Fspoa o — 1= YUY 1B, (™ + ksasz™) —
Fik ( p (1 = p)FsBsxy’vi® — aszy) + WEiFs " [Fs (kraryt* + ksasz)*) — e

1 VA xv; Ky
+ (1 - 72) (k2azFsyy® — cav2) + pPixivi ( — -1 L 4 <#)>
2

* K
koF,Fs x[vi x[vi xX1V1

v w [(X1V2 XPVP X2y F3 k3 w w21 XV X'V
+hx | o — e T — )| |+ A =-pBsxov | o — 5 +In[ —
x5 X3 o F k v 5]

1 noon " a7 z'
+ —— | kja *<———+ln(—))+kaz*(——f—kln(—))]
kiFy [ T ” g g 21

1 vy s
Aon(- )
"2 ;% »
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Collecting terms we obtain the following:

dF* X
=(1—-——
dt X1

(kl — d1x1) + pB1xivi + Baxiva + ﬂy* + ﬂy* + F37k3 11— ﬁ ()\.2 — dzxz)
! ' YR Rk x
aszks " C] C1 0

J— * —
Fik; a kiF1F, n k\F\F, " koF>F;5 "2

e XTI VTI y* xTI Vfl xTZ VT2y* xTz VTZ
* 17171 S 171 17272 k% 172

+ 1) _P:BI +Pﬁ1x1 141 In < ) - B + ,Ble V) In ( )
koF,Fs 1 X111 Y2

Fsks "
1—
+ F1k1( P)Bsxyvi +

X1V2
Fsks vzt Faks X vy
- —=—01- + =21 - X5viIn 1
F1k1( B3 - F1k1( P)B3x5vy o
_myr LI (g‘) _askszf'vi asks (g) _myv @2 <y55>.
Fi n F 1 Fiki v Fiky z1 F, v F 2

By using the equilibrium conditions

r o= dixy + pBixivi + Baxivs, FipBixivi = aryy, Fafoxivis = azys, Ay = doxy + (1 — p)Baxsvy,

kK k >k K >k k >k
F3(1 — p)B3x3vi = aszy, c1v] = Fakia1y] + Fikzazz], cav; = Fskaayys,

we obtain
2
drr (% —x7)? _ daF3ks (x2 — x3)
dt ! X1 Fiky X2
P T4 V* xfl Vn * T4 xfl VTI
+ pPr1xivi <3 -1 }% - 1*71*)/1 +In <y—1> +In (¥>>
vt v N X1
x* TSV* xfzvfz * 75 xfzvl'z
+ Baxivy (3— L }% - l*iiyz +ln<yi) +ln(¥>)
ooonh2 ) Y2 X1v2
Fsks 5 gvi o v z4 x>
+ =20 —p)psxivi(3 -2 - L1 _ +In( ) 4+m(=2"1)).
Flkl( P)'B3 271 X2 z’fvl xﬁv’le 21 X2V1

Applying the following equalities:

we obtain

dF (1 = 5P daFsks (w2 —x3)”
= —dl —
dt X1 Fl k1 X2

* T4, % T T %
X1 v Vi
* 5, % 272, %
— Boxvi (@ X Lo Y2V Lo X1 V2 )s
b x1 Y3v2 X[V3y2
F3k; x5 z vk PPz
_ 38 0= s (o (22 o(A2N o (X2 1A )
F1k1 ( p)ﬁ3xzvl ( (xz * ZTVl * xiv’l‘zl

dF*
< 0 for all x1,y1,y2,%2,21,v1,v2 > 0. Moreover, o = 0 when (x1,x2,y1,52,21,v1,v2) =

*

Therefore, we obtain

(5,55, ¥5,v3> 255 vi, v3). Therefore, Q* = {£*}. Applying Lyapunov-LaSalle asymptotic stability theorem we obtain that £* is GAS.
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TABLE 2 Derivation of conditions for existence and global stability of the

four equilibria.

Equilibium Existence  Global stability
conditions conditions
& = (x,0,0,x3,0,0,0) None max(Ro, Ry) < 1
& = (%1,71,0,%2,21,71,0) Ry > 1 Ry <1+ 858 and
Ro>1
E = (%1,0,52,%2,0,0,7) Ri>1 Ri>1,
ROI
— +Rp <1
R, +Rox =
&= (x?yT’J'Z‘)x?ZT,VT)Vi) Ri1 > R, Ri1>Ro, Rz > 1,
Ry, > 1, Rs;>1
Rs>1

TABLE 3 Model parameters.

10.3389/fams.2025.1633039

Table 2 provides a concise overview of the conditions for
existence and global stability of the four equilibria.

Remark 1. An important and promising direction for future
investigation involves incorporating memory effects into our
model by employing fractional differential equations (FDEs) [37,
38]. Unlike classical differential equations, FDEs are particularly
effective in modeling systems where the current state depends
not only on present conditions but also on the history of the
system-an attribute often observed in complex biological processes,
including viral infections and immune responses. The intrinsic
non-locality and memory-retaining nature of FDEs make them
especially suitable for capturing the nuanced dynamics of HIV-
HBYV co-infection. In recent studies, there has been growing interest
in using the Lyapunov stability theory to establish the global
behavior of fractional-order systems, as highlighted in the works of
[39, 40]. The Lyapunov functions introduced in this section are not
only essential for the integer-order formulation of our model but
also form a foundational framework that can be extended to analyze
the global stability of its fractional counterpart. Such an extension
would offer deeper insights into the long-term progression and
control of co-infection under memory-influenced dynamics.

5 Numerical simulations
5.1 Stability of equilibria

We conduct numerical simulations for the system defined by
Equations 1-7, using parameter values listed in Table 3. Some of
the parameter values, as presented in Table 3, were sourced from
existing literature. The rest were estimated based on plausible
assumptions intended purely for illustrative and computational
exploration. This was necessitated by the lack of precise clinical
data, especially concerning individuals co-infected with HIV and
HBYV. Challenges such as ethical considerations, logistical hurdles,
and small patient cohorts contribute to this data gap, making
accurate parameter estimation difficult. Nevertheless, the chosen
values offer a meaningful foundation for analyzing the model’s
qualitative dynamics and serve as a stepping stone for future
research as more empirical data become available.

The system of delay differential equations is solved using
the MATLAB solver dde23. To validate the theoretical findings
discussed in earlier sections, we vary selected parameters that have a
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Parameter Value Source
A 10 cells mm ™~ day~! [49-51]
A2 10 cells mm ™~ day~! [44, 52]

d, 0.01 day™! [17,53]

d, 0.01 day™! [44, 52]

a; 0.0693 day ! [54, 55]

P 03 7]
T,i=1,2,--+,5 0.1 day Assumed
npi=12,---,5 1 day™! Assumed
c 2.4 day™! [11, 56, 57]
o 0.67 day™! [9, 58, 59]
ky 12.5541 viruses cells™! [60]

ks 6 viruses cells™! [61]

a 0.5 day~! Assumed
ky 6 viruses cells~! Assumed
as 0.5 day™! [62, 63]
Bin1,2,3 (Varied) virus~'mm? day~! Assumed

notable impact on the threshold values and, in turn, on the system’s
stability behavior.

To validate the results of our global stability analysis, we
demonstrate that the trajectories of the system, regardless of their
starting points within the biologically feasible domain, consistently
evolve toward the equilibrium point that satisfies the established
stability criteria. This behavior confirms that the equilibrium state
dictates the system’s long-term dynamics for all permissible initial
conditions. Drawing methodological inspiration from the study
of [41], we proceed by examining the system’s response to the
following representative set of initial values:

x1(6) = 700 + 10sin @ — 40k, y1(8) = 0.05 4 0.01 sin 6 + 0.01k,
2(0) =20 4 2sin 6 + 8k,
x(0) = 700 + 10sin 6 — 40k, z;(f) = 1 + 0.1sin6 + 0.3k, v1(0)

1+0.2sin8 + 1.2k,
v2(0) = 50 +3sinf + 6k, k=1,2,---,12, 6 € [—0.1,0].

To investigate the dynamical behavior of the system
under varying infection pressures, we select different values
for the transmission rates B, B2, and B3. These values are
chosen to illustrate distinct virological scenarios, ranging
from disease eradication to full co-infection. The remaining
parameters are fixed as presented in Table 3. Additionally,
0.1 for i =
representative cases:

we set T; = 1,2,---,5. We analyze four

Case 1: Complete clearance of both infections

When the infection rates are set to By = 0.0001,
B> = 0.00002 and B3 = 0.00003, the calculated basic
reproduction numbers are Ryg = 0.10439 < 1 and

R = 0.30682 < 1. Under these conditions, the
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FIGURE 2
Simulation results for Case 1 demonstrating the global asymptotic stability of the infection-free equilibrium point £ = (1,000, 0, 0, 1,000, 0, 0, 0).
When the basic reproduction number satisfies Rc < 1, all trajectories of system Equations 1-7 converge to £ over time, regardless of the initial
conditions. This indicates that the infection cannot persist below this threshold. (a) Uninfected hepatocytes. (b) HIV-infected hepatocytes. (c)
HBV-infected hepatocytes. (d) Uninfected CD4™ T cells. (e) HIV-infected CD4™ T cells. (f) HIV. (g) HBV.

system stabilizes at the infection-free equilibrium point
& = (1000,0,0,1000,0,0,0), which is GAS. As illustrated in
Figure 2, all trajectories converge to &, indicating that both
HIV and HBV are eradicated and the uninfected hepatocytes
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and CD4" T cells return to their normal physiological
levels. This outcome confirms the theoretical results stated
in Theorem 1.

Case 2: HIV persistence with HBV elimination
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FIGURE 3
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Simulation results for case 2 illustrating the persistence of HIV single-infection. When Rgp > 1and R; < 1+ ‘% the solutions of system
Equations 1-7, starting from different initial conditions, converge to the equilibrium point £ = (203.17, 14.42, 0, 884.38, 2.0923, 18.676, 0). This
indicates that HIV persists in the body, while HBV is cleared over time. (a) Uninfected hepatocytes. (b) HIV-infected hepatocytes. (c) HBV-infected
hepatocytes. (d) Uninfected CD4™ T cells. (e) HIV-infected CD4™" T cells. (f) HIV. (g) HBV.

100 150

For the parameter set f; = 0.003, g = 0.00002
and B3 = 0.001, we obtain Ry = 32749 >
and Ry = 030682 < 3.5470 1+ K

In this scenario, only the HIV

Frontiersin Applied Mathematics and Statistics

infection

remains

active while HBV is cleared. The solution of the
system  converges to the equilibrium point & =
(281.931,12.995,0,335.461,12.026,28.3,0), where HBV-related
compartments approach zero. Figure 3 supports this outcome,

frontiersin.org


https://doi.org/10.3389/fams.2025.1633039
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

10.3389/fams.2025.1633039

Elaiw et al.
700 . ! ! ! ! ! !
300 400 500 600 30 40 50
t
(b)
1000
800
=
= 600¢
8
0 , , , , 200 , , , , ,
0 100 200 300 400 500 100 200 300 400 500 600
t t
(c) (d)
5 . . . 20 ! ! ! ! !
1 15
10 15 20 25 30
t t
(e) (f)
200 F
150 F
=
™
)
100
50 i i \ .
0 100 200 300 400 500
t
(8)
FIGURE 4 .
Simulation results for Case 3 illustrating the persistence of HBV single-infection. When R1 > 1 and R—Ol + Roz2 < 1, the solutions of system
1
Equations 1-7, starting from different initial conditions, converge to the equilibrium point £ = (325.93,0,88.013, 1000, 0,0, 103.41). This indicates
that HBV persists in the body, while HIV is cleared over time. (a) Uninfected hepatocytes. (b) HIV-infected hepatocytes. (c) HBV-infected hepatocytes.
(d) Uninfected CD4" T cells. (e) HIV-infected CD4* T cells. (f) HIV. (g) HBV.

which aligns with the theoretical conclusions presented in
Theorem 2.

Case 3: HBV persistence with HIV clearance
Choosing 1 = 0.0017, B, = 0.0002, and B3 0.00001
leads to Rgp = 1.0582 > 1, Ry = 3.0682 > 1 and
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Ro1

Roz2 + == 0.35455 < 1. The system evolves toward the

1

equilibrium £ = (325.93,0, 88.013, 1000, 0,0,103.41), indicating
persistence of HBV infection and clearance of HIV. The simulation
results depicted in Figure4 validate the analytical findings

of Theorem 3.
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FIGURE 5

HIV. (g) HBV.
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Simulation results for Case 4 illustrating the persistence of both HIV and HBV co-infection. When R1 > Ro1, R2 > 1, and Rz > 1, the solutions of
system Equations 1-7, starting from three distinct initial conditions, converge to the endemic equilibrium point

£" =(325.93,0.18091, 86.707,676.99, 5.8454, 6.816, 101.88). This indicates that both HIV and HBV persist in the body under this scenario. (a)
Uninfected hepatocytes. (b) HIV-infected hepatocytes. (c) HBV-infected hepatocytes. (d) Uninfected CD4™ T cells. (e) HIV-infected CD4* T cells. (f)

Case 4: Coexistence of HIV and HBV

Finally, for f; 0.00015, B, 0.0002 and f3
0.001, the system exhibits a more complex dynamic with R; =
3.0682 >  Ro 0.092107, R 14771 > 1,
R3 67.429 In this case, both HIV and HBV
persist, and the system converges to a co-infected equilibrium

> 1.
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E* =(325.93,0.18091, 86.707, 676.99, 5.8454, 6.816, 101.88), which
is GAS. The long-term dynamics illustrated in Figure 5 confirm
the results of Theorem 4, demonstrating stable co-infection of
both viruses.

The outcomes of these four scenarios clearly illustrate the
significant impact of infection rate parameters on the progression
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TABLE 4 Sensitivity of Ro.

10.3389/fams.2025.1633039

Parameter | A k1 B1 A2 k3 B3 p
SIRD 0.42149 0.42149 0.42149 0.57851 0.57851 0.57851 0.17355
Parameter [ d, dy a T n T3 n3
SIRD —0.42149 —0.57851 -1 —0.042149 —0.042149 —0.057851 —0.057851
Parameter [ T4 ny

s —0.1 —0.1

and stability of the system. Varying these rates leads to distinct
biological outcomes, including total clearance of both viruses,
dominance of one infection, or stable coexistence of HIV and HBV.
The close agreement between simulation results and analytical
predictions reinforces the model’s reliability in representing the
intricate dynamics of HIV-HBV co-infection.

5.2 Sensitivity analysis

Sensitivity analysis aims to assess how variations in model
parameters influence the system’s output dynamics [42]. A
common method involves calculating sensitivity indices, which
quantify the proportional change in a model outcome resulting
from a small change in a specific parameter. This technique is
particularly useful for identifying parameters that most significantly
affect the basic reproduction numbers R, where i = 0, 1. Given
that Ro and R, are differentiable functions of key parameters,
their sensitivity indices can be derived using partial derivatives
[43]. In this study, we focus on computing the sensitivity indices
for both Ry and R, with the goal of understanding how
different parameters contribute to the stability of the infection-free
equilibrium &. The normalized sensitivity index of R; w.r.t. a given
parameter 7 is given as follows [42]:

5.2.1 Sensitivity analysis of Rgo

To investigate how variations in model parameters affect
the basic reproduction number HIV-only infection Ry, we
compute normalized sensitivity indices. These indices reflect the
proportional change in R resulting from a small perturbation in
a given parameter. The general formula used for this computation
is based on partial derivatives of R with respect to each parameter.

Ro _ Ro_ Ro_  Ro_ MkipBiFiFs Ry Ry Ro
S = S =S = s = T S = 50 = 5
_ _gRo _ Raks(L— p)BsFsFy
& adr Ry ’
SR — 1 R0 _ plkiprirdrF1Fy — k3 P3hodiF3Fy) Ro
“ r pk1BirdaFiFy + (1 — p)ksPsradi FsFy” ™M
Mk FiF.
R 1AL FLEy
! ClleO
haks(1 — p)B3F3Fy
R R 2ks sF3Fy g R
Sn30 = SrSO = —n3‘L'3W, Sn40 — Sr40 = —ny7y.
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TABLE 5 Sensitivity of R ;.

Parameter! k, B2 A1 o

sE ‘1‘1‘1‘—1‘—1‘—0.1‘—0.1‘—0.1‘—0.1

Using parameter values 8; = 0.0017, > = 0.0002, 83 = 0.001,
and ; = 0.1 for i = 1,2,---,5 along with the values listed
in Table 3, we calculate the sensitivity indices of R as shown in
Table 4.

From the computed indices, we observe that parameters A1, ki,
B1> A2, k3, B3, and p positively influence Ro; increases in any of
these raise the value of Ry. On the other hand, parameters such
as dy, dy, c1, T1, N1, T3, 13, T4, and ny have a negative effect on
Ro, meaning that increasing them leads to a reduction in viral
transmission potential.

The impact of selected parameters can be summarized as
follows:

e A 10% increase in A1, ki, or B leads to a 4.2149% increase in
Ro, while the same percentage increase in A, k3, or B3 yields
a 5.7851% rise in Ry.

e Conversely, increasing d; or dy by 10% results in 4.2149% and
5.7851% reductions in R, respectively.

e A 10% rise (or drop) in the parameter ¢; results in a
corresponding 10% reduction (or increase) in the value of Ry.

e Parameter p has a more modest yet significant influence; a 10%
increase in p increases R by approximately 1.7355%.

e Time-delay-related parameters such as 7; or n; impact Ry by
about 4.215%, while 73, n3 contribute about 5.785% each, and
T4, n4 account for a 10% effect.

These results indicate that Ry is especially sensitive to Ay, k3,
B3, p> d2 and c¢1, in agreement with biological expectations, since
HIV predominantly targets CD4™ T cells.

5.2.2 Sensitivity analysis of R4
We now turn our attention to the basic reproduction number of
HBV-only infection R;. The corresponding sensitivity indices are

derived as follows: Ssl = SZI = SZE‘ = _52221 = —Sﬁl =1,
SZSI = SEI = —m71; and Szl = SZSI = —ns7s. Using the

same parameter values as before, the calculated indices for R are
summarized in Table 5.

The analysis reveals that R is positively affected by increases
in kz, B2, and A1, while it decreases with higher values of ¢, and dj.
Specifically:
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e A 10% increase in ky, 82, or A results in a 10% increase in R ;.

o A 10% increase in ¢, or d; leads to a 10% decrease in R 1.

e Likewise, increasing 1, or 1, by 100% reduces R1 by 10%, and
the same applies to 75 and n5

The reproduction number R; shows no sensitivity to the
remaining parameters in system (Equation 1-7), indicating that the
progression of HBV infection in this model is primarily governed
by a smaller subset of variables.

5.3 Co-infection dynamics of HIV and HBV
under antiviral therapies

To address the impact of antiviral therapies on the progression
of HIV and HBV co-infection, we modify the original system
of Equations 1-7 by incorporating two pharmacological
interventions:

(i) an antiretroviral drug with efficacy parameter ¢; € [0,1]
targeting HIV [44], and

(ii) an anti-HBV agent with efficacy €, € [0,1] aimed at
suppressing hepatitis B viral replication [45].

The resulting treatment-augmented model is expressed as

follows:

17
18
32 = (1 — &)F2foxi?vy — azy, 19

x1 =M —dix; — (L —e)pprxivi — (1 —e)foxiva,  (17)
(18)
(19)
X2 =2y — daxa — (1 — e1)(1 — p)Bsxavy, (20)
(21)
(22)
(23)

1 =pF1p1(1 — e)x'vi' — aiyn,

21 =1 —e)(1 — p)F3B3xy’ v}’ — asz, 21
1 = Falkiayy;" + ksaszy'] — civi, 22
{/2 = k2a2F5y§5 — V2. 23

The therapeutic impact can be understood by analyzing the
basic reproduction numbers for HIV and HBV in the presence of
treatment. Referring to the basic reproduction numbers Ry (for
HIV) and R; (for HBV) as previously defined in Section 3.1, the
modified reproduction numbers under drug action are computed
as folllows:

k3 (1 —€1)(1 — p)BsraF3Fy

ki(1 — er)pprirF1Fy
Rtreated —
0 (€1) ad + ady
= (1—€1)Ro < Ry, and
ko (1 — M EF:
Rtlreated(ez) — w =(1—-€)R1 <R,

cody

10.3389/fams.2025.1633039

T T T
LNy T3 Ny Ty Ny

Mokt B doks B3 op odiody o

=
o ot

Forward sensitivity indices
S
[

-]. | I I
Parameters

FIGURE 6
Sensitivity analysis for Ro.
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FIGURE 7
Sensitivity analysis for R1.

To ensure long-term viral clearance, the aim is to suppress both
reproduction numbers below unity:

Rgeated (€;) < 1and R'ireated (2),

which would guarantee global asymptotic stability of the disease-
free equilibrium &.

Solving the above inequalities yields the minimum efficacies-
also termed critical drug efficacies-required for viral eradication:

TABLE 6 Impact of drug efficacies e; and e, on RY/ithanti-HIV (¢, ) and RY/ith anti-HBV (¢,

R\(;wth ant|-HIV(€1) R\lNlth antl-HBV(Ez)

Drug efficacy case 1 (DE-1) 0.1 0.4 1.3724 1.8409
Drug efficacy case 2 (DE-2) 0.2 0.5 1.2199 1.5341
Drug efficacy case 3 (DE-3) 0.3 0.6 1.0674 1.2273
Drug efficacy case 4 (DE-4) 0.34421 0.67407 1 1

Drug efficacy case 5 (DE-5) 0.4 0.85 0.91493 0.4602
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FIGURE 8
Solutions of system (Equations 16-22) for different antiviral effectiveness rates, €; and €. (a) Uninfected hepatocytes. (b) HIV-infected hepatocytes.
(c) HBV-infected hepatocytes. (d) Uninfected CD4™ T cells. (e) HIV-infected CD4™ T cells. (f) HIV. (g) HBV.

1

o =1-— 7 ensuring R d(e;) < 1 forall e > €
1

o ST=1-— R ensuring Rd(¢;) < 1 forall e; > €5
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Using model parameters including ; = 0.00015, 8, = 0.0002,
B3 = 0.001, 7; = 0.1 fori = 1,2,---,5, along with values from
Table 3, we compute the following thresholds:
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o €~ 034421
o &'~ 0.6741

The results provided in Figures 6, 7 can be interpreted as
follows.

(i) Ife; > 0.34421 << l and ¢; > 0.67407, both HIV and HBV
infections are effectively controlled, and the system stabilizes at the
disease-free state & (GAS).

(ii) If €, < 0.34421 and/or €3 < 0.67407, then at least
one reproduction number exceeds 1, causing the infection-free
equilibrium to lose stability. In such cases, a chronic infection
equilibrium may emerge and become globally attractive.

To further analyze therapeutic outcomes, we simulate the
model system (Equations 17-23) under varying drug efficacies,
employing the following set of initial functions for 6 € [—0.1,0]:

x1(0) =750 4+ 10sin0, y1(6) = 0.5+ 0.1sin6, y,(0) = 30 + 3sin6,
x2(0) = 800 4 10sin 6, z;(0) =2+ 0.1sin6, v1(0) = 3+ 0.1sin0,
V() = 50 + 3sin6.

We examine a range of €; and ¢, values as detailed in Table 6.

Simulation outcomes, summarized in Table 6 and illustrated in
Figure 8, reveal that increasing antiviral efficacies leads to a marked
decline in both R{3ed and R"e3*d, This pharmacodynamic effect
contributes to the restoration of healthy hepatocyte and CD4™ T
cell populations, while infected compartments (e.g., y1, 2, z1) and
viral loads (v1, v2) decrease accordingly.

These findings highlight the critical role of treatment efficacy
in shifting the system dynamics toward recovery, emphasizing the
need for optimal dosing strategies to achieve viral suppression
and potential eradication. The analysis demonstrates that when
antiviral drug efficacies exceed specific threshold values, the basic
reproduction numbers fall below one, leading the system toward
a globally stable, infection-free equilibrium. This underscores
the importance of well-calibrated therapeutic interventions in
effectively controlling and potentially eliminating HIV and HBV
co-infections.

The set of equations defined by Equations 17-23 can be viewed
through the framework of a nonlinear control system, in which the
parameters €] and €, represent controllable inputs corresponding
to the efficacies of anti-HIV and anti-HBV therapies, respectively.
By treating these drug efficacies as control variables, we can employ
tools from optimal control theory to determine treatment strategies
that minimize viral loads and optimize patient outcomes [46-
48]. This approach enables the systematic design of therapeutic
protocols for individuals co-infected with HIV and HBV, ensuring
both effectiveness and efficiency in long-term disease management.

5.3.1 Influence of time delays on the dynamics of
HIV-HBV co-infection

Among the various time delay parameters influencing the
system dynamics, it has been observed that the basic reproduction
number R is most sensitive to variations in the delay parameter
74 (maturation delay of newly released HIV), while R is similarly
influenced by the delay 75 (maturation delay of newly released
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TABLE 7 Effect of time delays 74 and 15 on Ro(z4) and R(zs).

Scenarios 7 5 Ro(t4) Ri(zs)
Time delay scenario 1 (TD-1) 0.3 0.8 1.366 1.6671
Time delay scenario 2 (TD-2) 0.5 1 1.236 1.3649
Time delay scenario 3 (TD-3) 0.5 1.2 1.1184 1.1175
Time delay scenario 4 (TD-4) 0.61192 1.3111 1 1
Time delay scenario 5 (TD-5) 0.7 1.5 0.91569 0.8279
Time delay scenario 6 (TD-6) 0.8 1.8 0.82855 0.6133

HBV). Given this sensitivity, our analysis will focus on assessing
how delays 74 and 75 affect the co-dynamics of HIV and HBV.

Using the transmission rate parameters f; = 0.00015, 8, =
0.0002 and B3 = 0.001, along with other parameter values specified
in Table 3, we fix 11 = 17, = 73 = 0.01 and vary 74 and 75 to explore
their impact on the stability of the disease-free equilibrium point
&o. Since the expressions for Ry and R explicitly incorporate 74
and s, respectively, any modification in these delays will directly
affect the stability characteristics of . Notably, increasing either
74 or 75 tends to reduce the corresponding reproduction number,
thus potentially promoting system stability.

The initial conditions for the delay differential system
(Equation 1-7) are defined over the interval 6 € [—4,0] as:

x1(0) =850+ 10sin0, y1(6) = 0.5+ 0.1sin6, y,() = 25+ 3sinb,
x2(0) = 800 4 10sin b, z;(0) = 25+ 2sin 6, v;(0) = 15+ 0.5sin6,
12(0) = 154 0.6sin 6.

To determine the threshold values of 74 and 75 that ensure
global asymptotic stability of the infection-free state, we express the
reproduction numbers as functions of these delays:

_ kipBiae~™mn
R — ,NaTa
o(t4) = e ( ord;

—NnyT;
Y L

cd;

k3(1 — p)B3hye™ ™™ )
+ s
Cld2

Ri(ts) =e

To guarantee that Ro(74) < 1and R(75) < 1, we compute the
critical values 74" and <" as:

—hn1T1 _ —n3T3
ti’ = max {0, i In <k1pﬂ1k1e + k(1 = p)arae )} R

n cdy cdy
o — max o, L 1n (P22 L
5 ns Czdl

Substituting the parameter values from Table 3, we obtain the
numerical approximations: 77" ~ 0.61192 and 77" ~ 1.3111.
Therefore:

e If7;" > 0.61192 and 75" > 1.3111, then both Ro(74) < 1 and

Ri(t5) < 1, ensuring that the infection-free equilibrium & is
GAS.
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FIGURE 9

Solutions of system (Equation 1-7) for different time delays, 4 and ts. (a) Uninfected hepatocytes. (b) HIV-infected hepatocytes. (c) HBV-infected
hepatocytes. (d) Uninfected CD4™ T cells. (e) HIV-infected CD4™" T cells. (f) HIV. (g) HBV.

e Conversely, if 7;7 < 0.61192 or 1:5" < 1.3111, the

As observed in Table 7, increasing the delays 74 and 75 leads
corresponding reproduction number(s) exceed 1, destabilizing  to a reduction in the reproductive numbers Ro(74) and R(7s).
& and possibly rendering another equilibrium globally — Figure 9 presents the simulation outcomes for the full system,
attractive.

demonstrating the profound influence of time delays on the system
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dynamics. Increasing the delay durations 74 and 75 enhances the
populations of uninfected hepatocytes and CD4" T cells, while
simultaneously decreasing the concentrations of infected cells and
viral loads. This dynamic underscores the biological relevance
of incorporating intracellular delays in modeling, as they exhibit
effects analogous to therapeutic interventions.

In summary, incorporating biologically realistic time delays
into the model not only changes the system’s qualitative behavior
but also offers insights into the development of novel therapies
aimed at extending these delays. Such treatments could help slow
down virus-cell interactions and prolong the maturation period of
viruses released from infected cells. This, in turn, could significantly
contribute to controlling the progression of viral activity
within the host and enhancing the elimination of viruses from
the body.

6 Conclusions

This study develops a mathematical model describing the
within-host co-infection dynamics of HIV and HBV. In this
framework, HBV primarily infects hepatocytes, while HIV targets
both CD4" T lymphocytes and hepatocytes. The system is
represented by seven nonlinear delay differential equations (DDEs),
which account for the interactions among uninfected hepatocytes,
hepatocytes infected with either HIV or HBV, uninfected CD4™"
T lymphocytes, HIV-infected CD4" T lymphocytes, and free
viral particles of both HIV and HBV. Two distinct delays are
incorporated into the model: one representing the latency in
cell infection and the other reflecting the maturation period of
newly produced virions. The model ensures that all solutions are
biologically feasible, remaining non-negative and bounded over
time. Four equilibrium states are identified, and corresponding
threshold quantities R; (for i = 0,1,2,3) are derived to
characterize their behavior. Conditions guaranteeing the global
asymptotic stability of each equilibrium point are established
using Lyapunov function techniques along with LaSalle’s invariance
principle. We performed numerical simulations and sensitivity
analysis to validate the theoretical findings and to determine the
most effective parameters on the basic reproduction numbers for
HIV-only (R¢) and HBV-only (R) infections. We also studied
the effects of two types of antiviral treatments: one for HIV and
the other for HBV. We calculated the minimum treatment efficacy
needed for clearing the virus from the body. Furthermore, we
studied the effect of time delays on the dynamics of viral co-
infection and found that these delays reduce the basic reproduction
numbers. This highlights the role and importance of considering
time delays in modeling viral co-infection, as neglecting these
delays leads to an overestimation of the drug’s efficacy required
to clear the virus. It is also noted that longer delays show effects
similar to antiviral therapy, which gives some insight into the
idea that finding a treatment that extends the time delay period
indicates a potential therapeutic benefit. These insights underscore
the importance of incorporating time delays into treatment models
and may contribute to the development of more effective strategies
for managing coinfection.

The proposed model is capable of capturing a range of clinically
observed scenarios such as
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Individuals who successfully avoid infection.
Cases involving HIV infection alone.

Cases involving HBV infection alone.

Chronic co-infection with both HIV and HBV.

This framework also highlights the significant role of antiviral
treatments in restoring immune competence and preserving liver
function. Mathematical modeling of HIV-HBV co-infection at the
within-host level has enhanced our understanding of how these
viruses interact and influence disease progression. It also supports
the optimization of therapeutic approaches tailored to individual
patient needs.

The findings of this study contribute meaningfully to the
clinical management of HIV-HBV co-infections. By identifying
thresholds for treatment effectiveness and outlining conditions that
lead to viral clearance or persistence, this study aids in refining
treatment strategies, guiding personalized care and improving
patient outcomes. Additionally, these insights can support broader
public health efforts aimed at mitigating the long-term burden of
co-infections.
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