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Introduction: Dropout is a major source of missing data in repeated measures
studies and can bias statistical inference if not handled properly. This study
compares the performance of two common methods for addressing dropout
under the missing at random (MAR) assumption: multiple imputation (M) and
inverse probability weighting (IPW).

Methods: A simulation study was conducted using repeated measures data
generated from a marginal regression model with continuous outcomes. Two
sample sizes (100 and 250) and three dropout rates (5%, 15%, and 30%) were
considered. The methods were evaluated based on bias, coverage, and mean
square error (MSE). In addition, the approaches were applied to serum cholesterol
data from the National Cooperative Gallstone Study to illustrate their practical
performance.

Results: Simulation results showed that Ml consistently produced lower bias and
MSE and higher coverage compared to IPW, particularly at moderate to high
dropout rates. The empirical analysis of serum cholesterol data indicated that
while both methods yielded similar inferential conclusions regarding treatment
effects, Ml estimates were more stable and precise than those obtained from
IPW.

Discussion: This analysis demonstrates that Ml outperforms IPW in handling MAR
dropout for continuous repeated measures data. The findings support the use
of Ml as a more reliable approach, especially in studies with moderate to high
dropout rates, although IPW may remain acceptable under low dropout rate.

KEYWORDS

missing data, multiple imputation (M), inverse probability weighting (IPW), repeated
measures, missing at random (MAR)

Introduction

In repeated measures studies, missing data due to dropout presents a significant
challenge. These studies involve collecting data from individuals at multiple time points
in a longitudinal framework. Problems arise when participants exit the study prematurely,
before the designated follow-up period ends. Such dropouts can complicate statistical
analysis by introducing substantial bias into the results. To better comprehend the impact
of dropout in repeated measures data, it is essential to examine the underlying assumptions
of incomplete measurements. According to Rubin [1], there are three missingness
assumptions one can consider, namely that data are missing completely at random
(MCAR), meaning that the likelihood of dropout is unrelated to either the observed data or
the values that are missing; missing at random (MAR), implying that dropout is unrelated
to the unobserved values, conditional on the observed data; and missing not at random
(MNAR), wherein dropout depends on both missing and observed measurements.
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Two methods are frequently utilized to handle incomplete
longitudinal data subject to dropout under the MAR assumption.
The first, known as multiple imputation (MI), involves imputing
incomplete measurements and then conducting statistical analysis
as if the imputed values were observed. Originally proposed by
Rubin [2], MI has been extensively detailed in previous studies
[2-6]. This method necessitates the MAR assumption [7]. The
second method, called inverse probability weighting (IPW), adjusts
for dropout by weighting the complete cases according to the
inverse of their observation probabilities. This method was put
forth by [8], who highlighted that IPW necessitates the dropout
assumption to adhere to MAR. As mentioned in [5], IPW does
not demand a comprehensive outline of the joint distribution of
repeated measures outcomes since it relies on the specification of
the initial two moments. More information on IPW can be found
in the references [9-12].

In prior research, the comparison between MI and IPW in a
cross-sectional context revealed comparable performance, with MI
being marginally more efficient than IPW [12]. When assessing
survey data, Seaman and White [9] evaluated the performance of
MI in comparison to IPW. Their study has demonstrated why
IPW might sometimes be favored, even though MI is generally
more efficient. A comparative analysis of these methods through
marginal structural models revealed that MI exhibited slightly
less bias and significantly reduced variability compared to IPW
[13]. Other studies [14-18] have compared the performance of MI
and IPW and concluded that MI is generally more efficient than
IPW. While both methods have been extensively compared for
repeated measures data with binary outcomes, their comparison
in continuous outcomes remains relatively unexplored. This study
primarily concentrates on comparing MI and IPW when analyzing
repeated measures data with dropouts, specifically focusing on the
continuous outcomes case.

This study aims to compare the utilization of MI and IPW
when faced with dropouts within repeated measures for continuous
outcomes. The dropout assumption is presumed to be MAR. A
comparison is carried out utilizing the estimations derived from
a marginal regression model. The performance of MI and IPW is
evaluated through simulated data with varying sample sizes and
dropout rates and assessed using three key statistical criteria: bias,
coverage, and mean squared error (MSE). The methods are also
compared using data from a serum cholesterol trial.

Methodology

Notation and concepts

Consider a study where there are » individuals and each
individual i is to be measured repeatedly on a set of t; times
G =1,...
have unequal measurements, which includes the case where some

,1n). The notation f; allows different individuals to

individuals may have missing values. Let Yj; be a #; x 1 response
vector for individual i at time j, where i = 1, 2,...,nandj =
1, 2,...t;, and let Xij be a corresponding vector of covariates
with length p. Assuming the response is continuous, the model

postulates that Yj; is a linear function of given covariates that can
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be expressed via a linear regression framework as follows:
Y = Bo + ﬂlXijl + ﬂinj2 + ...+ 'BPXijp + eij, (1)

where B1, Ba,..

parameters and e;; are random error terms that follow a normal
2

.,ﬂp isa p x 1 vector of unknown regression
distribution, with mean zero and variance o~ representing
discrepancies between the responses and their respective predicted
means based on the model:

E(Yy Xij) = Bo + BiXij + B Xip + ...+ ﬂPXijp. )

For repeated measures data, e;; are expected to be correlated
within individuals, i.e, Cov(ej;, ej) # 0 where j # k. In the case of
correlated data, marginal models serve as an extension of general
linear models. Thus, for marginal models, the marginal mean of Y;;
is given by:

E(Yj |Xy) = . 3)

This equation is conceptualized as a function of Xj; through a
predetermined link function as given below:

gluy) = ny = X;;B. (4)

Moreover, the variance of Yijis posited to be associated with its
respective marginal mean, u;; through

Var (Y| Xy) = v (125) 9, (5)

where v(ujj)@ represents a predetermined variance function and
¢ embodies a scale parameter that is either known a priori
or is subject to estimation. The correlation existing between
Yjj and Yj is mathematically determined by their respective
means /tjj and juj. In general, marginal models are best suited
for situations where the primary objective lies in determining
population averages, while also accounting for within-individual
correlations in responses. As stated in the study of Fitzmaurice et al.
[10], marginal models focus on the mean response’s dependence on
relevant covariates, but not on random effects or prior responses.
Essentially, they do not necessitate a thorough specification of
longitudinal response joint distribution; instead, they require only
a regression model for mean response. As a result, these models
offer a versatile approach to modeling various response variables,
including continuous responses.

To characterize the marginal models for a continuous response,
consider Y,-j as a continuous response variable, and our goal is
to determine how the changes in mean response over time rely
on specific covariates. The marginal model for Yj; is represented
through the mean of Yij, which shows a correlation with the
covariates via an identity link function, symbolized as j1;; = X;jﬂ .
By using an identity link, the expected value of Yj; is effectively a
linear amalgamation of the predictor variables and their associated
regression coefficients. The assumption of constant variance over
time may not always be realistic; therefore, to make it more flexible,
a distinct scale parameter ¢; can be estimated for the jth occasion
when dealing with balanced longitudinal designs in terms of time.
Accounting for the correlations between measurement occasions
leads to increased efficiency in estimating regression parameters.
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The correlation among repeated responses within individuals is
modeled by presuming an appropriate covariance structure, like a
first-order autoregressive AR(1) covariance structure:

Cor (Y, Yl X Xie) = o171, 0<p <1, (6)

where covariance can be described by the variances and
correlations modeled by a parameter p, since accounting for the
correlations between measurement occasions leads to increased
efficiency in estimating regression parameters. It is important to
note that marginal models allow for separate modeling of mean
responses and within-individual dependencies. This distinction
plays a crucial role in interpreting regression parameters in the
mean response model, primarily in how certain covariate effects on
average responses differ within sub-populations.

Missing at random (MAR)

Let Rjj be a binary indicator variable, with Rj =1 when Yij
is observed and Rj =0 when Yjj is missing. As a result, we
divide the data vector Y; into Y; = (Y7, Y/") denoting observed
and missing measurements, respectively. Generally, it is essential to
consider the density of the complete data f(R;, Y;|X;, 6, ), where X;
is the covariate matrix associated with individual i, containing their
predictor information, while 6 and y denote parameter vectors for
measurements and dropout processes correspondingly. Following
the definition from [1], the dropout assumption is classified as
MAR when

P(Ri|Y;, Xi,y) = P (Ri| Y{, Xi, ) . (7)

In the case of the i individual, the occurrence of a dropout is
signified by an ordinal variable:

n
Di=1+) Ry (®)
=1

Consequently, the dropout model can be reformulated as:
P(Ri|Y;, Xi,y) = P(Di = di|Yi, Xir ) » ©)]

where d; represents a specific value taken by the dropout variable
D;. Each subject is measured at the first time point implying that D;
takes on values from 2 to n 4 1. Through this formula, the MAR
model is expressed as follows:

P(Ri|Y;, X, y) = P(D; = 4| Y{, Xi ) , (10)

meaning that dependence on Y; occurs exclusively through its
observed components Y. This study assumes a monotone dropout
pattern, where if Yj; is missing, then all subsequent responses
Yi(i+1)> - - - Yi(n) are also missing. Here, n denotes the total number
of scheduled measurement occasions for individual i.

Multiple imputation (Ml)

This method relies on simulation and involves replacing
missing values multiple times to create several complete datasets
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[2]. MI essentially involves three separate tasks. First, the
imputation task entails replacing missing measurements M times
to create M complete datasets. During this process, the data
augmentation algorithm assumes a joint distribution of fully
observed measurements and prior distribution of parameters to
produce random numbers of values for the missing measurements.
When the MAR assumption is in place, M independent random
values can be derived from the conditional distribution pertaining
to unobserved measurements. Moreover, when MAR holds true,
plausible values for missing observations Y/ (m =1, 2, 3, ..., M)
can be produced based on observed data (Y7,X;,y) and by
implementing an appropriate imputation model P(Y"|Y?, X;, y).
The second task, known as the analysis task, involves analyzing
these M completed datasets using standard statistical techniques,
such as the marginal regression model, in order to derive required
statistical inferences. Finally, during the pooling task, estimates
derived from all M analyses are combined to create a single
inference accounting for both sampling variability and dropout-
related variability. As per the theoretical description provided by
[8], missing measurements can be substituted with values derived
from a MI model. Here, let j represent 8’s complete data estimator
and V signifies its estimated variance. For the m" imputed dataset
1, 2, 3, ...,M), we can denote their values as ,ém and
V. According to Rubin [19], B can be estimated using BM, while

(m =

var(B,) can be estimated through Vy; where

~ 1 ~
ﬂM=Mm§ﬁm, (11
and

. 1 Y
Vi = MZVm+(1+M_1)(M—1)_1

m=1

Mo . R NT
x> (Bu = But) (B — Bur) - (12)

Inverse probability weighting (IPW)

As noted by Robins et al. [8], [IPW is suited for handling
MAR dropouts in repeated measures but necessitates the definition
of a dropout model concerning observed measurements. While
prevalent in marginal models featuring discrete outcomes, IPW has
not been as frequently employed with continuous measurements.
Nevertheless, this article focuses on employing IPW for continuous
measurements, thereby mitigating biases stemming from MAR
dropouts. Following the explanation put forth by Carpenter et al.
[12], we first demonstrate the concept of weights in IPW. Assuming
individual i’s probability of being observed at time j is represented
by 7jj, wjj should be assigned as a weight to minimize any biases
arising from dropout occurrences during analysis. This particular
weight, wjj, is determined as the reciprocal of the product of
cumulative probabilities for ith individual at time j.

636) = (in (@) x 72 @) oy @) )

where & represents a g-dimensional vector comprising the
parameters to be estimated. To restate, the likelihood of an
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individual i remaining in the study at time j should be considered
as 1/7;; individuals rather than one for subsequent analyses. This
corresponds to one time for themselves and niu — 1 times for others
who drop out with the same past responses and covariates. It is
important to mention that an observation with a low chance of
being observed will have a higher weight. Let us designate

Aj (@) = P[Rjj = O|Ryj_1) = 1, X;, Yyj_1), ] (14)

as the dropout probability for the ith individual at occasion j, while
considering the history of all previously observed response values
up to j — 1. Commonly, it is presumed that all individuals are
present at the initial occasion, which in turn makes A;; () = 0.
The unknown quantity A;; (@) must be assessed from existing data
by employing a logistic model: logit(%;; (o)) = a/Z,j, where Z;;
is a vector of covariates, possibly including previously observed
responses and other variables believed to predict the probability
of dropout. To illustrate the application of IPW for continuous
responses in repeated measures, we initiate our discussion with a
basic understanding of the generalized estimating equations (GEE)
method as proposed by [20]. The core concept involves extending
the standard univariate likelihood equations through the inclusion
of a covariance matrix for the response vector, Y;. GEE has
gained significant popularity, particularly in analyzing categorical
and count outcomes, while also being applicable to continuous
variables. Within the context of linear statistical models, inclusive
of marginal models that employ an identity link function, one
can consider a generalized least squares (GLS) method as a
particular case of generalized estimating equations (GEE) [10]. As a
result, parameter estimates within marginal models for continuous
responses accompanied by identity links are as follows:

n —1 n
p= [inzi—lx,} [ngzi‘ly,},
i=1 i=1

where 3; is the restricted maximum likelihood estimate of > ;and
n -1 n
Cov(B) = [inzi—lxl} X E S
i=1 i=1
. -1
X; [Z Xl’.i.lx,} ,
i=1

where the expression V; = (Yi —X,-/ﬂ) (Yi —X,-/ﬂ) serves as

(15)

(16)

an estimate of Var(Y;) to achieve a robust estimator for Cov (B)
Obtaining consistent estimates for parameters f in the weighted
method requires two additional assumptions besides the MAR
assumption: (1) For each time point j, the probability that
subject i continues participation in the study must be positive, or

more precisely:
P[Rj = 1|Ryj_1) = 1,X;, Y] > 8 > 0. (17)

(2) The dropout model’s probability needs to be correctly
specified; hence, Aij () = P[R,-j = 0|R,-(i,1) =1, X;, Y,-(j,l)].
Given the MAR assumption, the probabilities of staying within the
study, 7;j(«r) can be calculated as follows

mij (@) =P I:Rij = 1|Ri(jfl) =1, X, Yi,..., Yi(j—1)>“]~ (18)
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Following the aforementioned assumptions, valid parameter
estimates will be given in repeated measures data with MAR
dropouts by employing the weighted estimating equations

Y i—xip) £7'wi(a) =o,

i=1

19)

where W; (&) = diag{ Wi (&) yenn
Wiy = 1.
Within the framework of a weighted marginal model, designed

, Wi, (&)} forj =2,...,t;and

for continuous outcomes that employ an identity link function, it is
postulated that the parameter estimations in question will manifest
in distinct and predictable configurations.

: -1
B=(Zx§§i‘wi(&)xi> Y (xEwi@)y,). eo
i=1

and
" -1
Cov (B) = (ZX;filwi (@) Xl.>

i=1

(Zx;ii_lwi (&) W; (&)/ X,‘)
ljl .

(ngiilw,- (@) Xl.) :
i=1

1)

Simulation scenario

Study design

This research investigates how MI and IPW perform in
managing MAR dropout in longitudinal data settings with
continuous response variables. To achieve this aim, the following
procedures are implemented: (1) Complete repeated measures
data with continuous outcomes were generated using 100 random
samples for two sample sizes, N = 100 and N = 250. A marginal
regression model was utilized to obtain parameter estimates; (2)
MAR dropout scenarios were created at varying dropout rates for
both sample sizes; (3) MI and IPW were applied to each simulated
dataset. The results obtained from these methods were compared
with those derived from complete data; and (4) to test how MI
and IPW performed, the study examined bias, coverage, and mean
squared error (MSE) as evaluation criteria.

Data generation

Simulated data were generated to mimic data frequently
observed in longitudinal clinical trial studies. The repeated
measures data with dropout were simulated by first generating
complete datasets. Next, random samples of 100 were drawn in
sizes N = 100 and 250 individuals. During the simulation,
individuals were assumed to receive two treatment arms. Namely,
the treatment variable is a binary dummy variable coded as 1

for treatment and 0 for control. Measurements were recorded at
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four separate time points (j = 1, 2, 3, 4). These time points
are equidistant (e.g., time points at baseline, week 1, week 2, and
week 4). Several studies support the selection of four time points;
for instance, see [5]. The outcome of interest (Yj;) represents the
measurement of an individual i at time j. Therefore, repeated-
measure data were created based on the following marginal
regression model:

E(Y; |Tj, Trt) = Bo + BT + BoTrti + B T; Trt;. (22)

For this model, we fixed By = —0.25, B; = 0.5, B, = 1,
and B3 = 0.2. An autoregressive covariance structure of order
1 or AR(1) with p = 0.7 and 0 =
The linear regression model presented in Equation 22 explains

6.0 is assumed for Yj;.

the mean response changes over time and their relationship
to the covariates, which include treatment, Trt, time, T and
time-by-treatment interaction, TxTrt. Essentially, this model
describes the relationship between responses at each occasion
and their corresponding covariates. For each simulated dataset,
dropouts in Yj were stochastically generated. All individuals
were observed at the initial time point, with potential dropouts
occurring at the second and third time points. That is, the
dropout probability is modeled as P(Di:di| Y1), where d;
denotes a specific value taken by the dropout indicator D;. MAR
dropouts were generated using a logistic regression model as
given below:

logit (Rij = 1|y) = vo + n1 Yiji—1 + »2Yij—2, (23)

where the parameters yy, yi, and y; are set to be —2, 1, and 0.5,
respectively. Dropout rates were chosen to roughly correspond
to 5%, 15%, and 30%. A monotonic dropout pattern was
employed, in which data for an individual were available
up until a specific time point. This simulates a scenario in
which an individual’s withdrawal serves as the sole cause
of dropout.

Data analysis

In the imputation process, SAS PROC MI was used to fill in
the dropouts for each simulated sample. The imputation model
incorporated all variables found in Model (22) and employed
Markov chain Monte Carlo (MCMC) sampling method to generate
multiple sets of plausible values for the missing values. With
a dropout rate below 30%, the chosen value for M was 5, as
suggested and substantiated by [4, 21, 22], who asserted that,
for a low percentage of missing data, an M value between
3 and 10 typically yields satisfactory imputation results. The
imputation process began with 100 preliminary iterations and
used the default settings of the SAS framework, including a
Jeffreys non-informative prior and initial estimates based on the
posterior mode from the EM algorithm. Finally, using SAS PROC
MIXED, Model (22) was applied to each imputed dataset to
obtain parameter estimations, and the results from all five datasets
were combined using SAS PROC MIANALYZE to form a single
inference. Conversely, IPW was employed for each of the simulated
samples using SAS macros developed by [6]. IPW was employed
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through a three-step process: (1) creating a dropout model with an
outcome variable (Y;;) and predictors, including prior outcomes
(Yij—1) at previous occasions and relevant covariate data, using
the DROPOUT macro; (2) constructing a weighted regression
with inverse dropout probability weights via the DROPWGT
macro, considering past non-dropout probabilities. The final factor
involves the probability of either dropping out or persisting in the
study; and (3) applying model (22) with an identity link function,
presented in Equation 15. Alongside this marginal model, the
AR(1) covariance structure is employed to represent the correlation
of Yj; within individuals, as repeated measures data typically
exhibit unequal correlations between measurements on the same
individual over time, but decrease as measurements get farther
apart from each other. In line with established approaches for
analyzing longitudinal data, the marginal regression model has
been applied to estimate population-average effects in repeated
measures with continuous outcomes [10]. An AR(1) covariance
structure was chosen to reflect realistic within-subject correlations
over time [5]. These choices contribute to a rigorous simulation
framework for comparing the performance of MI and IPW under
the MAR assumption.

Criteria of performance assessment

We evaluate the performance of MI and IPW primarily based
on the suggested criteria in [7, 23], focusing on bias, coverage,
and mean square error (MSE). First, bias is determined as: Bias =

(E — ,3) ,where f is the actual value of the estimate being analyzed,

and g = Y %, with s being the total number of simulations
conducted and B; signifying the estimate of interest within each
i = 1, 2, 3,...s simulations. Second, coverage refers to the
proportion of 95% confidence interval estimates that contain the
true parameter over 1,000 repetitions. As per [23], a coverage below
90% signifies a severe under-coverage as it is equivalent to double
the nominal error rate (0.05). A well-functioning method should
exhibit an actual coverage near the nominal rate (95%). Finally,
MSE assesses parameter estimation accuracy by incorporating
measures of bias and variability. It is expressed as: MSE =

(E - ,3>2 + (SE (,3))2, where SE (B) represents the calculated

standard error of the estimated value obtained from all simulations
conducted in this study.

Results

Simulation results for sample size N=100

Table 1 displays the simulation results for 5%, 15%, and 30%
dropout rates with regard to bias, coverage, and MSE values when
N = 100 sample size.

For a 5% dropout rate, it was found that the bias was lower
in the MI estimates compared to IPW; however, the estimates
from both methods were quite similar overall. The table also
indicates that MI and IPW generated comparable coverage rates.
Following the above definition of coverage, both methods offered
equally relevant confidence intervals for all variables incorporated
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TABLE 1 Bias, coverage and mean square error (MSE) of Ml and IPW when N = 100.

Dropout rate Effect Coverage (True level = 95%) Mean square error (MSE)
Mi IPW Mi IPW
5% Intercept 0.011 0.019 0.951 0.929 0.029 0.037
By 0.052 0.059 0.963 0.934 0.036 0.048
Ba 0.022 0.029 0.955 0.906 0.077 0.086
Bs 0.012 0.018 0.958 0915 0.048 0.049
15% Intercept 0.068 0.075 0.976 0.874 0.039 0.091
By 0.043 0.048 0.971 0.903 0.042 0.084
B, 0.083 0.090 0.962 0.852 0.081 0.119
Bs 0.091 0.098 0.947 0.862 0.042 0.089
30% Intercept 0.082 0.103 0.910 0.808 0.066 0.098
B1 0.066 0.091 0.922 0.813 0.087 0.906
Ba 0.072 0.108 0.941 0.797 0.099 00.10
Bs 0.093 0.199 0.899 0.866 0.112 0.126

in the analysis model, with coverage rates mostly exceeding 90%.
According to the rationale provided by [11], their performance does
not contribute to an increased Type-I error rate. Examining the
MSE criterion revealed that MI outperformed IPW in general due
to its smaller estimated values. Nevertheless, the differences in MSE
estimates between the two methods were minor since their values
were fairly close.

A comparison of a 15% dropout rate revealed that MI
biased Its
performance regarding bias was evident through all parameter
estimates. Unlike the 5% dropout rate scenario, MI and IPW
showed no significant similarity in coverage results. Their

consistently generated less estimates. efficient

estimates were varied significantly in magnitude. Namely, the MI
method proved to be nearly more effective at this level of dropout
rate. The IPW-related MSEs were larger than those provided by
MI for all cases, where IPW’s MSE deteriorated. As a result, IPW’s
MSEs were generally worse than those generated by MI.

Regarding a 30% dropout rate, IPW-based results exhibited
higher estimation bias compared to MI, signifying a discrepancy
between the average estimates and true values. In terms of
coverage criteria, the MI method once again demonstrated
acceptable performance since its values exceeded 90%. For
the MSE criterion, IPW’s calculated results yielded the largest
values, demonstrating no considerable improvement across varying
dropout rates in comparison to MI-derived results in the
considered sample size. There was no deviation from this rule for
all estimates.

Simulation results for sample size N=250

Table 2 illustrates the simulation results for bias, coverage, and
MSE using MI and IPW with a sample size of 250, under 5%, 15%,
and 30% dropout rates.

In the scenario with a 5% dropout rate, the MI method exhibits
satisfactory performance, implying that its bias estimations closely
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align with the actual data. Nonetheless, IPW tends to generate the
most biased estimates more frequently than MI, giving MI a slight
edge in mitigating bias. Furthermore, coverage rates exceeding 90%
were obtained by both methods, except for B3 associated with IPW.
As for MSE, IPW introduced marginally higher values, indicating
no improvement in the method’s performance, with an increase
in sample size to 250. Overall, both methods provided completely
different MSE values from each other in all cases.

Under 15% dropout rate, IPW’s estimates showed greater
bias compared to MIs. Additionally, MI maintained equally
acceptable coverage rates with none falling below 90%. On
the contrary, IPW performed poorly at the true level of 95%,
as its coverage rates for all estimates dipped under 90%. In
reference to MSE criteria, MI outshone IPW across all cases as
the method generally displayed larger values for all parameter
estimates evaluated in the analysis. This result implies that
MTI’s performance improves as the sample size and dropout
rate increase.

Finally, when examining a 30% dropout rate scenario and
comparing the two methods’ performance with respect to bias
criteria, it is evident that MI surpasses IPW even in higher
dropout situations. The increasing dropout rate also seemed to have
minimal impact on the MI method’s coverage performance, as MI
provided estimates that exceeded 90%. This was not the case for
the IPW method, which provided coverage rates less than 90% in
all cases. Upon evaluating the MSE criteria, stability was observed
in the performance of both methods, as the MI method provided
much lower values than the IPW method. Thus, the IPW method
continued to exhibit poor performance.

Figure 1 displays MSE for the MI and IPW methods across
dropout rates of 5%, 15%, and 30% for sample sizes of 100 and
250. Across all parameter estimates, the MI method consistently
produced lower MSE values than IPW at each dropout level and
sample size, indicating higher precision. These findings underscore
the superior performance of MI in addressing dropout, particularly
under moderate to high dropout scenarios.

frontiersin.org



https://doi.org/10.3389/fams.2025.1636153
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Salih et al.

10.3389/fams.2025.1636153

TABLE 2 Bias, coverage and mean square error (MSE) of Ml and IPW when N = 250.

Dropout rate Effect Coverage (true level=95%) Mean square error (MSE)
Mi IPW Mi IPW
5% Intercept 0.054 0.060 0.956 0.913 0.042 0.075
B1 0.078 0.081 0.978 0.928 0.050 0.099
[ 0.068 0.074 0.944 0.911 0.045 0.089
B3 0.016 0.022 0.948 0.891 0.049 0.092
15% Intercept 0.069 0.101 0.946 0.845 0.051 0.169
By 0.107 0.144 0.941 0.837 0.036 0.238
[ 0.099 0.111 0.952 0.896 0.025 0.131
B3 0.105 0.120 0.945 0.881 0.067 0.178
30% Intercept 0.103 0.121 0.921 0.906 0.022 0.224
By 0.113 0.136 0.917 0.865 0.044 0.137
B2 0.162 0.201 0.926 0.875 0.089 0.275
B3 0.096 0.155 0.909 0.884 0.031 0.292
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FIGURE 1
Mean squared error (MSE) for Ml and IPW methods across dropout rates at sample sizes of 100 and 250.

Serum cholesterol study

Since the purpose of this study is to rigorously evaluate the
performance of the MI and IPW methods by applying them to
simulated data inspired by clinical trials, we also tested their
performance in the case of practical application to real-world data,
an important aspect of statistical validation in clinical research.
In the following paragraphs, we will present an applied study to
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determine the performance of these two methods if they are used
in real experimental data.

In this study, we present the application of the methods to
data from the National Cooperative Gallstone Study (NCGS).
Additional background details on this data can be found in [24].
The data involved randomly assigning 103 patients to either a
high-dose (750 mg/day), a low-dose (375 mg/day), or a placebo
group. The treatment period lasted for 4 weeks. Our current
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analysis focuses on a subset of data concerning patients with
floating gallstones, who were randomly allocated to the high-dose
and placebo cohorts. The NCGS proposed that chenodiol could
dissolve gallstones while potentially increasing serum cholesterol
levels. The NCGS aimed to determine the efficacy of chenodiol
in dissolving gallstones while examining its potential impact on
serum cholesterol levels. Consequently, serum cholesterol (mg/dL)
measurements were taken at baseline and during 6, 12, 20,
and 24 weeks of follow-up. Dropouts were prevalent in these
measurements due to missed visits, loss or inadequacy of laboratory
specimens, or termination of patient follow-ups. Additionally, all
subjects had observed values at week 6. A segment of the patients
received the study treatment (drug and placebo) but dropped out
before the scheduled post-baseline period, specifically at the 12-
week time point. However, other individuals dropped out either
at week 20 or 24. This resulted in data reflecting three distinct
dropout patterns (dropout at time points 12, 20, or 24). All 103
patients were observed during the first week, while 67, 78, and 93
patients attended during weeks 4, 3, and 2, respectively. Table 3
shows the percentage of patients continuing through each week
by treatment arm. Based on a previous study of this data using
sensitivity analysis, the dropout assumption has been shown to
be MAR [25]. In this study, we present a detailed description at
the potential influence of dropout on serum cholesterol levels.
The analysis will predominantly focus on estimated parameters,
standard errors, and p-values.

We proceeded to apply the two statistical methodologies, MI
and IPW, to a dataset comprising serum cholesterol measurements.
These measurements, denoted as Yij, represent the serum
cholesterol level recorded on the jth occasion for the ith patient.
Our primary focus was to assess the impact of two different
therapeutic approaches on serum cholesterol levels over time. To
conduct the statistical analysis, we utilized Model (22) for both MI
and IPW. For the latter, the GLS technique was employed. The
results of these methods are presented in Table 4. Upon reviewing
the results, it was apparent that neither method found significant
treatment effects or time-by-treatment interactions; all associated
p-values exceeded the 0.05 level for significance. Although both

TABLE 3 Percentage of patients continuing in the study through each
week by treatment arm.

Treatment 6 Week 12 Week 20 Week 24 Week
arm

Drug 100 45 57 46
Placebo 100 62 63 69

10.3389/fams.2025.1636153

MI and IPW indicated that these effects were not statistically
significant, the estimates they provided differed substantially.
Furthermore, the p-values associated with the intercept and time
effects diverged markedly between the two methods. MI yielded
highly significant p-values, while the IPW method did not.
This inconsistency also extended to the parameter estimates and
standard errors, which varied greatly in magnitude between MI
and IPW. In summary, our analysis revealed notable differences
in the performance of the MI and IPW methods when applied to
repeated measurements of continuous outcomes, such as serum
cholesterol levels.

Discussion and conclusion

This study investigated the application of the MI and
IPW methods for addressing incomplete repeated measures data
due to an MAR dropout. The focus was limited to repeated
measures involving continuous outcomes. Both methods were
selected for this study as they are well-established methods to
tackle problems stemming from the MAR dropout assumption.
There are limited studies that compare MI and IPW for
handling dropout in repeated measures with continuous outcomes,
prompting this study to assess these methods’ performance under
varying sample sizes and dropout rates. An MAR dropout
assumption was assumed under different rates. The methods
were examined by employing simulated repeated measurements
data with varying sample sizes. The evaluation was conducted
utilizing bias, coverage, and MSE criteria for comparison. The
subsequent conclusions were drawn from the results of this
analytical comparison.

Throughout the range of simulations encompassing both small
and large sample sizes, the MI method demonstrated superior
performance, suggesting that its efficacy is not influenced by
variations in sample size. The findings of the current analysis
revealed that the bias associated with MI-based estimators was
found to be minimal, thus confirming that the imputed values
did not substantially skew the results. Consistent with the
observations by eminent researchers [5, 6, 13, 19], the MI
approach produces more reliable estimation provided that the
imputation model is accurately specified. The results in general
favored MI over IPW. This MI advantage is well documented in
the previous research conducted by [26], who noted that when
both IPW and MI methods are valid and correctly implemented,
MI is typically more efficient. On the other hand, it was
revealed that IPW demonstrated lower efficiency in comparison
to MI, irrespective of the dropout rate. The results indicated

TABLE 4 Parameter estimates, standard errors, and p-values received from Serum cholesterol data.

MI IPW
Estimate Standard error p-value Estimate Standard error p-value
Intercept 216.122 12.334 0.000 194.025 10.012 0.072
T; 4.464 8.766 0.4262 1.263 6.554 0.701
Trt; 7.801 1.989 0.0024 5.444 0.259 0.048
T; + Trt; -1.012 1.321 0.365 —3.028 0.997 0.662
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a decline in performance as the dropout rate increased. This
is consistent with the guidance posited in [27], which advises
against employing the IPW method in instances where the MI
approach is applicable, as the former is typically less efficacious
due to its exclusive reweighting of complete cases and inability
to incorporate incomplete auxiliary variables. Nevertheless, in
scenarios characterized by a small sample size, IPW demonstrated
generally acceptable performance, notably under conditions of low
dropout rates. This conforms with previous findings indicating
the suitability of this method when the prevalence of dropout is
low [28].

Despite the observed inconsistency between MI and IPW
results, it is essential to keep in mind several key aspects when
examining IPW analysis for continuous outcomes in incomplete
repeated measures. The reality is that the IPW approach might
be more suitable for various discrete outcome categories, rather
than continuous ones, when the aim is to draw conclusions
about population averages instead of individual cases. Furthermore,
the MI method mitigates several significant limitations inherent
to direct modeling methods, such as the disproportionate
influence of individual weights in IPW estimation, as discussed
in [29]. The poor performance of IPW can be further justified
by the fact that the primary challenge encountered in IPW
performance when dealing with continuous responses in repeated
measures is the computation of correlations between various
measurements pertaining to the same individual. In this study,
only the AR (1) covariance structure has been applied, as
others created computational issues. However, this achievement is
rather gratifying when compared with the analysis documented
in the study by [30], where within-individual correlations were
entirely ignored while employing an IPW method. Ignoring
these correlations in our case may yield inefficient parameter
estimates. Another drawback associated with the IPW method
was that the assumed AR (1) covariance structure could be
the assumption of the time-invariant scale parameter ¢, which
contradicts the nature of repeated measures data properties like
those seen in our data, where variances between measurements
generally fluctuate across different time points. As a final remark,
it is crucial to acknowledge that the IPW method might be a
less favorable option for handling incomplete repeated measures
data when compared to more sophisticated methods, like the
MI method, for continuous responses. Evidently, this finding
should not be perceived as a conclusive validation but rather
contributes to the existing understanding of these methods’
comparative effectiveness.

Limitations and future research

While this study offers valuable insights into the comparative
performance of MI and IPW under monotone MAR dropout
in repeated measures data with continuous outcomes, several
limitations should be acknowledged. First, the simulation
design was restricted to two sample sizes and a specific
marginal model with a fixed autoregressive covariance structure
AR (1). In real-world scenarios, variance heterogeneity and
alternative correlation structures may influence the effectiveness
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of dropout-handling methods. Second, the study focused
exclusively on monotone dropout, whereas non-monotone
patterns are common in practice and may affect method
performance differently. Future research could expand the
simulation framework to include non-monotone missingness,
unequal measurement intervals, and more complex outcome
Additionally,

to real-world longitudinal

structures. applying the compared methods
datasets with varying dropout
mechanisms

the findings.

would help validate the generalizability of
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