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Conditions for perfect
transmission of quantum
particles across layered
heterostructures and resonance
effects of an auxiliary well
potential

Yaroslav Zolotaryuk* and Alexander V. Zolotaryuk

Bogolyubov Institute for Theoretical Physics, National Academy of Sciences of Ukraine, Kyiv, Ukraine

We consider the bilayer heterostructure composed of the layer described by
a rectangle-like potential and the background layer with an arbitrary potential
profile given only by a transmission matrix. The conditions for the perfect (zero
reflection) transmission of quantum particles across this structure is derived in
the form of two basic equations on the rectangular layer parameters and the
distance between the layers. The solution of these equations is analyzed in detail
including some special cases and squeezing approximations. The effect of a
rectangular well potential on the tunneling of particles with infinitesimally low
energy through the background layer is investigated.

KEYWORDS
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1 Introduction

In this paper, we derive some general conditions for resonant tunneling in the
heterostructures composed of parallel layers. The electron motion in such a multi-
layered structure is confined in the longitudinal direction (say, along the x-axis), which is
perpendicular to the planes, and is free in the transverse direction. The three-dimensional
Schrodinger equation of this structure can be separated into longitudinal and transverse
parts, resulting in the reduced one-dimensional Schrédinger equation with respect to the
longitudinal component of the wave function ¥ (x) and the electron energy E. Thus, in the
units as i%/2m* = 1, the one-dimensional stationary Schrdinger equation reads

— 9" (%) + V)Y (x) = Ey (x), 1

where V(x) is a potential and the prime stands for the differentiation over the space x.

In general, resonant tunneling effects in heterostructures are studied when the potential
profile V(x) is a compactly supported regular function. However, due to a rapid progress in
fabricating micro- and nanodevices in recent years, the study of the electron transmission
through heterostructures can additionally and effectively be investigated in the zero-
thickness limit approximation when their width shrinks to zero. Within such an asymptotic
approximation it is possible to produce the so-called point interaction models [see the
book [1] for details and references], which are quite useful because they admit exact closed
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analytical solutions providing relatively simple situations, where
an appropriate way of squeezing to zero can be chosen to be in
relevance with a real structure. A whole body of literature [see, e.g.,
the works [2-11], to mention a few] has been published, where a
number of interesting effects was discovered for the Schrodinger
Equation 1 with the potentials in the form of distributions.

An example of such point interaction effects is the resonant
tunneling through potentials squeezed to one point. This effect
has been discovered and discussed in the works [12-23] for the
potential V(x) = y&§(x), §'(x): = d(x)/dx, where §(x) is
Dirac’s delta function and y the potential strength. A non-zero
transmission through this singular single-point potential (referred
from now on to as the §'-potential) has been shown to occur under
certain conditions imposed on the strength y, forming a discrete
resonance set. It has been derived that the resonance set for the §'-
potential depends on the sequence of §'-like regularizing functions.
This leads to the conclusion about the existence of a hidden
parameter in the Schrédinger Equation 1 with the §'-potential.

The structures in which (regular) background potentials are
perturbed by a point potential are also of significant importance.
Thus, the perturbation of a harmonic oscillator by a so-called
§'-interaction [24] [the term adopted in the book [1] for which,
at the point of singularity, the derivative v/(x) is continuous
and v (x) discontinuous] as well as by a triple of §'-interactions
[25] has rigorously been defined as self-adjoint Hamiltonians.
Another type of the point interactions, which were used as a
perturbation of background potentials is the §'-potential defined
as the derivative of the delta function [the terms & -interaction
and &’-potential mean different point interactions, as suggested to
distinguish these notions in Brasche and Nizhnik [26]]. This point
interaction has been used as the perturbation of a constant electric
field and a harmonic oscillator [27] as well as the perturbation
of an infinite square well [28]. Three exactly solvable models
with a one-dimensional V-shaped (conic) potential have been
elaborated in the work [29]. These studies, which concern the
perturbation of isotropic harmonic and conic potentials by a point
interaction located at the origin have been extended to two and
three dimensions in the papers [30-32]. All these systems are
combined from a specific regular subsystem plus a point interaction
centered inside this subsystem. In the work [33], the situation
has been examined when a point interaction is found outside a
background system at some finite distance.

In the present paper, we focus our attention on the perturbation
of the background system with a general potential shape, which
is characterized only by a transmission matrix. The perturbation
is accomplished by a rectangle-like potential barrier/well located
beyond the background system at an arbitrary distance. This
potential geometry is applicable to heterostructures composed of
two parallel layers described by corresponding potential profiles.
A particular ubiquitous case of such systems is the double-barrier
potential model that plays a key role in investigation of tunneling
effects, beginning from the pioneering work [34, 35].

The motivation for this study is twofold. First, it is worthwhile
to find the conditions for a perfect transmission across such a
bilayer in the sense that there is no reflection of particles from
the bilayer. Second, it would be of interest to investigate the effect
of controlling the tunneling of particles with infinitesimally low
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energy through a background layer by “tuning” the parameters of
an auxiliary rectangular well potential.

2 Preliminaries

Transmission matrix for a single layer structure: Consider a
potential profile V(x) of an arbitrary shape with the support on the
interval x; < x < x, where x; and x; are arbitrary points on the
x-axis. The transmission matrix for Equation 1 that connects the
boundary conditions at x = x; and x = x; is defined through the
matrix equation

Ylx) | _ ¥ (x1) _ [ A A2
(W’(&)) =4 (1/’/(961)) A= <A21 A2 ) @

where Aj; € Rand det A = 1.

For a structure consisting of one layer, it is supposed that
V(x) = h € R on some finite interval of length [ and V(x) = 0
beyond this interval. When h > 0 (h < 0), we are dealing with
a barrier (a well), respectively. For this potential, the A-matrix
(Equation 2) is calculated explicitly.

In the case when the potential V(x) in Equation 1 is a piecewise
constant function, the A-matrix can be calculated explicitly. In
particular, for the rectangle-like structure with the potential profile
V(x) = h € R defined on an interval x; < x < x and V(x) =0
beyond this interval, the transmission matrix is

. cos(ql) g~ !sin(gl) S _ D =Xy —
A _( gsintal) costal) )’ q:=vVk*—h, li=x3—x.

3)

Reflection-transmission probabilities expressed in terms of
transmission matrix elements: For positive energy solutions of
Equation 1 and the left-to-right current, let us define the reflection-
transmission coeflicients R and T through the scattering setting

el 1 Re kY for — 00 < x < X1,
x; k) = . k:=+E, E>0.
Vi k) { Teikx for x; < x < 00, VE
(4)
Using these expressions as boundary conditions at x = x; and

X = Xy in the matrix Equation 2, one can express the reflection
and transmission probabilities in terms of the matrix elements A;;

as follows
P? 4+ Q? 1
R:=R?= ——= d =T —
R= g ™ T=11= g
(5)
where

1
P:= 3 (M1 —222) and Q:= = (kip +k 1), (6)

| =

Hence, according to Equations5, 6, the transmission
probability 7 through the rectangular potential of height/depth h

and width [ reads

. h\ sin®(gl) -
7’_|:1+<2k> o , heR, (7)
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where g is defined in Equation 3. As follows from this formula,
no reflection occurs in the trivial case (h = 0), i.e., 7 = 1. The
transmission of particles over the barrier/well with h € R \ {0} is
an oscillating function, while in the case of tunneling (k* < h), the
probability 7 is a monotonically decreasing function of height h
and width L.

Point interactions realized from rectangular potentials: In
general, a point approximation of the Schréodinger Equation 1 can
be implemented by replacing the potential V(x) by 7" V(x/e),
where v > 0 is an appropriate number and ¢ a dimensionless
parameter that tends to zero, so that a given one-dimensional
system (for instance, a layered heterostructure) shrinks to a point
ase — 0.

In the particular case of a rectangular barrier with height & > 0
and thickness /, a point approximation is materialized by replacing
realistic values of h and I by e “Vh and ¢, respectively. Inserting the
replaced values into the transmission probability (Equation 7), for
the tunneling through the barrier (k* < ), we obtain

1 forv <1,
T={[1+ @20 forv=1 a:=hl.  (8)
0 forv > 1,

It follows immediately from the comparison of the limit
expressions (Equation 8) with the formula (Equation 7) that only
the value v = 1 turns out to be suitable for the point
approximation of a rectangular barrier, whereas the values v #
1 are not appropriate. The point interaction resulting from
1 is described by Dirac’s delta

function §(x). It is called the §-potential or §-interaction. Its

the approximation with v =

strength « is defined in Equation 8. The tunneling probability
T is a monotonically decreasing function of this strength and
therefore this is an adequate description of the tunneling behavior.
The corresponding A-matrix connecting the two-sided boundary
conditions for the wave function ¥ (x) and its derivative ¥'(x) at
x = %0, is obtained immediately as a ¢ — 0 limit of the matrix

A=A5((x):=<; ?) )

The transmission probability across a well (k > 0) with depth

(Equation 3):

d > 0 is determined by the same formula (Equation 7) where h
is replaced by —d. In this case, instead of the monotonic behavior,
the transmission 7 is described by an oscillating function with the
amplitude values 7 = 1 at the points vk*> +dl = nx,n € N.
Setting in Equation 7 h = —d, we obtain the non-trivial point limit
of the transmission of particles over a squeezed rectangular well for
two values of the parameter: v = 1 and v = 2. However, the value
v = 2 from the physical point of view is adequate and in this case
we have

_ 1 for x/al:nrr,

T="T:= 0 for «/El;énrr,

eN (10)

As follows from this asymptotic representation, only the value
v = 2 turns out to be closer to the realistic oscillating behavior
described by Equation 7 where h = —d < 0. The value v = 1
is not appropriate because the transmission 7 for this value is a
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FIGURE 1
Potential setting for a bilayer structure. Both the potential profiles of
the A-layer: the barrier of height h > 0 (blue) and the well of depth
h < 0 (red) are shown in the form of rectangles.

monotonically decreasing function. The other values v and are not
suitable because at these values the transmission is either perfect
or completely reflective. However, unlike the barrier case, the non-
zero transmission, being perfect, occurs only at some parameter
values of the well forming a set of Lebesgue measure zero, namely

Ev::{d,l‘x/al:mt,neN}. (11)

This set consists of the countable family of curves on the {d, I}-
plane. The transmission matrix is

A=Ay:=(-1)"I, neN, (12)

where I is the identity matrix.

3 A bilayer model

In the present paper, we consider a heterostructure composed
of two parallel layers separated by a distance » > 0, one of which
(called A-layer) has a rectangular potential profile (barrier or well)
and for the other one (called B-layer) the potential profile is of an
arbitrary shape. More precisely, the potential in Equation 1 for this
bilayer structure is defined by the function

heR\{0} forx; <x <y,

V(x) =1 Vg(x) forx; < x <y, (13)
0 otherwise,
where y; < x; (so that r: = x; — y; > 0). Schematically, this

potential profile is shown in Figure 1.
The background B-layer is given by the transmission matrix
that connects the boundary conditions at x = x, and x = y;:

oo (Cll 512>’ cjeR, detC=1. (14)
1 €22
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Then the transmission matrix of the full bilayer system is the
product A = CAgA 4, where the matrix A4 is given by Equation 3
with the A-layer parameters h and /, and the matrix

Ao = ( cos(kr) (15)

—ksin(kr)  cos(kr)

k= sin(kr) )
corresponds to the free space between the layers. It is obtained from
the A 4-matrix by setting there & = 0. As a result of computing the
product, the elements of the full A-matrix become

—

cos(gl) cos(kr) — (q/k) sin(ql) sin(kr)]

k cos(gl) sin(kr) + g sin(ql) cos(kr)] ,

k! cos(ql) sin(kr) + g~ sin(ql) cos(kr)]
cos(gl) cos(kr) — (k/q) sin(ql) sin(kr)] ,
cos(gl) cos(kr) — (q/k) sin(ql) sin(kr)]

k cos(ql) sin(kr) + g sin(ql) cos(kr)] ,

k! cos(ql) sin(kr) + g~ sin(ql) cos(kr)]
cos(gl) cos(kr) — (k/q) sin(ql) sin(kr)] .

All =1

[

—C12

—

A2 =11
+ c12

A2l =21

—

(16)

—

— 22

[

A2 =1
+ 22

— —

In the case if the A-layer is located behind the background layer,
the transmission matrix is the product

- A A
AZ:AAA()C: —11 —12 .
A2l A2

17)
The elements of this matrix are obtained from the matrix elements
(Equation 16) by the following replacements:

A1 = Al — c1)s Az = Anlenn — 2),

_ (18)
Aoz = Ailerr = c22).

M1 = hai(e2 = en)s

There is no loss of generality if we consider only the situation

when the A-layer is located in front of the background layer. For

this case, the conditions P = 0 and Q = 0 (see Equations 5, 6) for
perfect transmission result in the following two equations:

u = [(g/k)enn — (k/g)ex2] tan(ql) tan(kr)
+ (gc12 + q 'ca1) tan(ql) + vtan(kr), (19)
y = [(kz/q)clz + (q/k2)521] tan(gl) tan(kr)
+ [(g/k)caz — (k/q)c11] tan(gl) — utan(kr), (20)
where
u:i=cy —cy and v:=kepn+k loy. (21)

The conditions (Equations 19, 20) can be considered as equations
with respect to the unknowns tan(gl) and tan(kr). Here, all the
terms with tan(gl) are real independently whether q is real or
imaginary. Notice also that the quantities « and v in general depend
on k.

In the particular case when the B-layer is fully transparent, i.e.,
v = 0, then we have tan(ql) = 0. This means that the
A-layer is also transparent. More precisely, tan(gl) = 0 if and

u =

only if u = v = 0 and the distance r in this case is arbitrary.
To prove this, we insert ¢;; = ¢ (u = 0) and ¢y = —k*cpp
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(v = 0) into Equations 19, 20 and assuming that tan(gl) # 0, these
equations become
tan(kr) = —kcyp/c11 and  tan(kr) = ¢y /kera, (22)
respectively, which are contradictory. Therefore tan(gql) = 0.
Vice versa, assuming in Equations 19, 20 tan(gql) = 0, we obtain
the equations
u =vtan(kr) and v = —utan(kr), (23)
which can be satisfied only if u = v = 0.
In a general case if uz + 2 # 0, the solution of Equations 19,
20 with respect to sin(gl) [or cot(gl)] and tan(kr) reads

k h/ka)?
sin(q)) = i?q\/m or cot(ql) = % (2/+q)2 —1,(24)
ur +v
1 s
tan(kr) = kq=tein — k~tqean + veot(ql) 25)

k2q~lc1a + k=2qcy — ucot(ql)

If the A-layer is located behind the background layer, the elements
c11 and ¢y must be rearranged in these equations, so that in
Equation 25 we have to accomplish the replacement ¢ — ¢j)
andu — —u.

The representation (Equations 24, 25) determines the relation
between the whole set of system parameters: (i) the height/depth
h and the thickness I of the rectangle-like A-layer, (ii) the
characteristics of the B-layer provided by the elements c;(k) of the
C-matrix (Equation 14), and (iii) the distance r between the layers,
at which a given energy E = k? is transmitted across this bilayer
structure perfectly (with zero reflection). It is important that this
representation allows us to express explicitly (at any fixed energy
E = k?) the parameters [ and r as functions of & and the matrix
elements c;j(k). Indeed, from Equation 24, the width [/ is found as a
function I = I(k; h; c;j). Using this dependence in Equation 25, we
find the function r = r(k; h; c;;) of the same parameters.

Now it remains to prove the validity of the right-hand sides
of both Equations 24, 25. Consider first the regime of tunneling
through the A-layer (k* < h). In this case, from Equation 24, we
explicitly find the thickness of the A-layer:

1
I = farcsinh<%(\/u2+v2>, K:=~h—k, (26)
K

while the other parameter r is calculated from Equation 25 where

2
g =ik, cotlql) = —icoth(cl), coth(cl) = 1+ S/
u? 412

(27)
Thus, we arrive at the following conclusion: For the perfect (zero

reflection) transmission of particles with a given finite energy E = k
across the whole bilayer structure, in the regime as the particles
tunnel through the A-barrier potential with height h > 0 (k* < h),
there exists a non-empty set of the system parameters defined as
follows: The height h and the matrix C = C(k) can be arbitrary, but
thickness | is uniquely defined by the expression (Equation 26) and
the series of distances r is calculated according to Equation 25 where
cot(ql) is given by Equation 27.
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In the special case k? = h, the k — 0 limit of Equations 26, 27
yields expressions

2 2
Zszﬂ , (28)

1 VU +v2i+v
r = —arctan| ———— | . (29)
k keppvu2 +v2 —u

The solution with ¢ > 0 (h may be negative) corresponds to
the situation when a particle passes over the barrier or well of the
A-layer. In this case, Equation 24 is well-defined only if

2

h
L PR+ PR, 5=

—oco< x <1. (30)

Solving this inequality, we find the two critical values of h:

k2 2 2 4 2
he®) = 02+ (£14 = —1) <& G

that determine the intervals
—oco<h<h_<0 and 0<hy <h<k (32)

on which the values for the height/depth h are admissible. Thus, one
can conclude: Contrary to the tunneling regime through the A-layer,
for the perfect transmission of particles with a given finite energy
E = k? over the A-barrier potential with height h > 0 (k* > h), the
values of barrier height must be bounded from below (h > h..). In the
case of the transmission over the A-well potential with depth h < 0,
the values of well depth must be bounded from above (h < h_). The
countable sets of thickness | and spacing r are calculated according to
Equations 24, 25, respectively.

Schematically, the regions of admissible values of height/depth
h € R\ {0} for the perfect transmission of particles with a given
energy E = k? across the whole bilayer structure are represented in
Figure 2 in the form a “band structure.” Here, the band h_ < h <
hy is a forbidden region for the perfect transmission.

In the case as the background B-layer is completely transparent
(i.e., u = v = 0), the A-layer must be also transparent. This can
happen only in the case of a well (h = —d < 0) when gl =
VE+dl = nm,n € {0} UN. Therefore, the perfect transmission
through the full system can be realized at the energies

Vdl
>7a
-

E:E,,:(—)Z—dzo, " (33)

l
and an arbitrary distance r > 0.
For the squeezed A-barrier, the §-point approximation (h —
e~ 'hand I — el) with any strength & = hl reduces (Equations 24,
25) to

kvu? + 2 (34)
v+ oo u? +v2

Cuta o +2)

o

tan(kr) (35)

Therefore, for the perfect transmission through the full system, the
strength « and the wave number k are coupled by Equation 34, and
the distance r > 0 is calculated from Equation 35.
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tunneling

=Y

FIGURE 2

Regions of admissible values of height/depth h at which particles
with a given energy E = k? are perfectly transmitted across the
whole bilayer structure. Three regimes of transmission across the
A-layer are shown by filled areas: tunneling (gray) and transmission
over barrier and well (blue).

For the A-well squeezed by the replacements d — &~2d and
I — ¢l (see also Equation 10), Equation 24 reduces to tan(v/d 1) =
0, so that the A-well appears to be fully transparent only on the set
Jdl = nm, n € N. Therefore the perfect transmission across the
full system can occur only if the background B-layer is also fully
transparent, i.e., if 4 = v = 0. In this case, the distance r > 0
is arbitrary.

4 Perfect transmission in the case of a
rectangle-like B-layer

One of special cases of the perfect transmission through the
bilayer structure is the trivial situation when one of the layers is fully
transparent. Then the other layer must also be fully transparent.
This is a trivial case when the layers do not interact and the distance
between the layers is arbitrary.

The other cases when tan(gl) # 0 in Equation 24 and u? 4+ #
0 are non-trivial because of back and fourth reflections between
the A- and B-layers. Below we will consider the cases when the
elements of the C-matrix as well as the quantities u(k) and v(k) are
given explicitly.

4.1 Rectangle-like potentials

In the particular case when the whole bilayer structure is
composed of two rectangle-like layers, the quantities u(k) and v(k)
can be calculated explicitly. Let us use here a symmetrized form of
notations replacing h by h; and [ by ;. Denote the barrier/well
parameters that describe the rectangular B-layer by h, and b,
respectively. Thus, the whole system is assumed to be consisting
of two rectangles, each of thickness /;: = y; — x;j and amplitude
hj € R\ {0} (j = 1,2), which are separated by distance r =

X2 —y1 > 0. Denote also gj : = k2 — hj . The origins hy = hy =0
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are excluded, otherwise the distance r does not make sense. In this
case, we have

_ I

qu

u=0 and v sin(q2h) (36)

and therefore Equations 24, 25 can be represented in the form

h
sin(q )=+ g sin(qzl) or
higa

h 2
cot(q1ly) = :i:\/(hlqz> sin_z(qzlz) -1,

2491

(37)
k
(h1 + h2)k* — hihy
[q1h2 cot(q111) + qa2h cot(qaly)] -

tan(kr)=

(38)

In the particular case of identical barriers (h; = hy = h > 0,
g =+vk*—h,k* < h I} = L, = ), Equation 37 becomes an
identity and Equation 38 reduces to the equation

(39)

cot(kr) = % <§ + %)tan(ql)

that  describes  the standard

double-barrier system.

tunneling  through the

Since the C-matrix for the rectangle-like B-layer is given
explicitly, the analytical results based on Equations 24, 25 can
be verified numerically. One of the ways to solve this problem
can be developed as follows. Based on the Equations 5, 6 for the
transmission probability 7', where the matrix elements 1;; given
by the expressions (Equation 16) and the transmission matrix for
the B-layer

c_ ( cos(q2h) (40)

q2_1 sin(g2l)
—q2 sin(qzl2)

cos(q2h2)

are used, we compute the probability 7 as a function of the
wave number k fixing the system parameters. However, here
the functional dependences I} = Ii(k; hi; hp, ) and r =
r(k; hi; hy, o) described by Equations 37, 38 are inserted into the
formulas for 7 forming a “pathway" for the parameters [; and d.
Then, fixing the parameters h;, h; and I, we obtain the function
T = T(k). Therefore, if Equations 37, 38 correctly determine
the parameter set {h1, I1; hy, b; r}, at which a given energy E =
k? is transmitted across the whole bilayer structure with zero
1 for all
k > 0. The numerical analysis has been accomplished for the

reflection, then we have to get the identity 7 (k) =

three regimes: (i) the tunneling through the A-layer (0 < P <
hy), (ii) the transmission over the A-barrier (k¥ > h;), and (iii)
the transmission over the A-well, which correspond to the band
structure illustrated by Figure 2. The results of this analysis are
depicted in Figure 3, where it is demonstrated that 7(k) = 1 if
both the dependences of I} and r on hy, h, and I, are involved.
It is illustrated that for some r lying beyond the pathway r =
r(k; hi, hy, 1), the identity 7 (k) = 1 in general fails. The value
T = 1reaches only at those r which appear on this pathway.
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4.2 Point-like potentials

For realizing point interactions from rectangles in the bilayer
structure we approximate a rectangle-like potential barrier for each
layer by a §-function (v = 1) and a well by the squeezing rate with
v = 2 as described in Section 2. In other words, this approximation
is suggested to be implemented by using the replacements: h; —
s_lhj (v = 1, barrier), dj = —h; — 8_2dj (v = 2, well) and
lj — slj (barrier and well), j = 1, 2.

First, we consider the case when only the B-layer is
approximated by point potentials. In the case of a barrier (h, > 0),
for its point approximation by a delta potential, we replace by, —
£ 'hyand I, — el . Then Equations 37, 38 reduce to

o \2
sin(qi1l)) = + q—laz or cot(qil}) ==+ (—1> —1,(41)
hy q1a2

k[ h
tan(kr) = — [71 + cot(q111)i| >
q1 Lo2q1

(42)

where h; € R\ {0} and a2 : = hzl, > 0 is a strength of the delta
potential. These equations can be obtained directly from the basic
Equations 19, 20, inserting there u = 0 and v = a/k. Similarly,
when the A-layer is a o;8(x) potential and the B-layer is a finite-
thickness rectangle, in Equations 41, 42, the subscripts “1" and “2"
have to be rearranged.

In the case of the point representation of the B-well, we replace
in Equations 37, 38 hy = —dy — —& 2dy and I, — &l . Then the
only admissible case occurs if Vil = nw,n=1,2,.... It follows
from Equation 37 that q; > 0 and tan(q;/;) = 0 resulting in the
condition g1y = Vk* =l = mm, m = 0,1,.... Clearly, the
distance r here is arbitrary.

Consider the case when both the A- and B-layers are point
potentials. Here, the two-point squeezing can be defined by the
limits x; — y; and y, — x, fixing the distance r. The only non-
trivial case is that when both the layers are barriers. In this case, we
obtain from Equation 37 that «; = o, = « and from Equation 38
the equation

tan(kr) = —2k/a. (43)

Note that this equation can also be obtained directly from
Equation 39.

5 Effect of an auxiliary well on the
tunneling of particles with extremely
low energy

Consider a background B-layer structure described by the
potential with an arbitrary shape. In particular, it may be a multi-
layered structure. Assume that the transmission matrix C for the
B-layer is defined by Equation 14, where the elements c;; are
arbitrary functions of the wave number k. Suppose also that the
limits of c;(k)s as k — 0, which describe the transmission of
quantum particles with infinitesimally low energy, are finite. Then,
as follows from the notations for u and v given in Equation 21, and
the expression

4

T:T:i
Prariyn

(44)
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FIGURE 3

k,nm~

Transmission probability 7~ as a function of wave number k. The solid red straight lines 7 = 1 represent the calculations along the pathway defined
by Equations 37, 38. Parameter values are hy = —h, = 0.25eV and [ = 10nm. Calculations beyond the pathway (Equation 38), but for different fixed
values of r, are represented by curves: (a) r = 0.25nm (black), r = 1 nm (blue), r = 5nm (green); (b, ¢) r = 0.25 nm (black), r = 1 nm (blue). Here, the
“+"-solutions are shown by solid lines and the “-"-solutions by dashed lines. The dimensions are chosen in the system for which h2/2m* =1 where
m* is an effective electron mass. In the calculations we have set m* = 0.1 m. where m, is the free electron mass, so in our case 1 eV = 2.62464 nm~2.

1

(see the second Equation 5), the zero-energy (k — 0) limit of
tunneling through the B-layer is impossible if limg_, ¢ ¢21 (k) # 0.

Let us consider the k' — 0 limit of the X;-element given in
Equation 16 for the full system, where the A-layer is considered
as an auxiliary well, also called a prewell [36]. Assume that the
parameters of this well are characterized by depth d and width I.
Setting g = v/k* + d in 1] , we obtain

Mlk(k) ~ [cos/dD — +/dsin(VD)] C“k(k) —Vd Sm(f” e (K).
(45)
Consider first the case when limy_, o k™ 51 (k) is finite. In this
case, limy_, o cz2 # 0 because det A = 1. The asymptotic equality
(Equation 45) becomes finite if sin(v/dl) = 0. In the case if
limy_, o k~'¢z1 (k) is infinite, we need to provide the cancellation of
divergences in Equation 45. Then sin(v/d 1) # 0 and therefore we
get the equation

e e
’ k—0 Cz](k)

, (46)

vd tan(«/al) = ﬁ,

Frontiers in Applied Mathematics and Statistics

for the A-layer located in front of the background B-layer.
In the other case as the A-layer is located behind the B-
layer, the condition (Equation 46) has the same form where
p = limg_,o(c11/c21)-

Thus, the presence of an auxiliary well (either in front
of a background B-layer or behind it) provides a non-
zero k  — 0 limit of tunneling through the full system
at some values of the parameters d and [ being a solution
This the resonance set

of Equation 46. solution forms

Q: = {d,l‘«/&tan(«/ﬁz) - (r+p)*1}. (47)

The set Q includes the particular case as limy_ ok~ cy (k) is
finite because in this case |[p| — o0, reducing Q to the set

Q:{d,z‘ﬁl:nn,neN]. (48)
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6 Special cases of tunneling in the
zero-energy limit

Consider the influence of an auxiliary rectangular well on
single- and double-layer structures. In the case of barriers, the
tunneling through these structures with infinitesimally low energy
E = k? becomes impossible. However, as follows from Equation 46,
a non-zero tunneling occurs at some values of the well parameters
d and [ that form the discrete set 2 defined by Equation 47.

6.1 Single-barrier structure

Let us consider as an example the case of a single background
rectangular barrier. In this case, for such a barrier with height
hp and width Ip, according to Equation 3, the transmission C-
matrix reads

cosh(kpl ~1sinh(kp!
C:( (KBB) “B ' (KBB)>, Kgizm.

kpsinh(xglg)  cosh(xglp)
(49)
Here, according to Equation 6,

hp

P=Pg=0
B ZkKB

and Q=Qp=

sinh(kglp) (50)

and, therefore, for the tunneling through the B-barrier alone (see
the general second Equation 5) we obtain

) -1
Ts = [1 + 7smh (KBIB)} — 0 (51)

4k2ic3

as k — 0. In the case when a pre-well is incorporated, for the
probability 7 of the whole bilayer structure, instead of the behavior
(Equation 51), in the limit as k — 0, we get Q — 0, so that

1

T=—s
1+ P2

(52)

where

p? = % (hi + %B + z) sinh?(v/hg Ip) sin?(Vd ). (53)
B

In addition to this equation, in the k — 0 limit (see Equation 46),
we have

p = h3'""* coth(v/hp I). (54)

One can check numerically how the incorporation of a
rectangular well provides the appearance of resonance peaks in the
tunneling through the full system. To this end, we have performed
the direct calculation of the transmission of low-energy particles
through the full bilayer structure based on the Equations 5, 6,
inserting the matrix elements c;;(k) given by Equation 49 into the
elements (Equation 16) where ¢ = +k*+d. As a result, the
transmission probability 7 is represented by a contour graph in
Figure 4 as a function 7 = T (d, ).
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FIGURE 4

Transmission probability 7 as a function of pre-well parameters d
(depth) and [ (width). Black curves (points) that represent the
resonance set Q given by Equation 47 are shown for the first three
resonances with n = 1, 2, 3. Parameters of the background barrier
are hp =0.1eV, [g = 2nm and r = 100 nm. The dimensions are
chosen in the same system as for Figure 3.

6.2 Double-layer structure

In the following, we denote C%: = limy_, o C(k). In the case of
a double-layer system with heights h; € R\ {0}, j = 1,2, using the
k — 0 limit of the matrix elements (Equation 16), we obtain

Ch
cos(v/—hy Iy) cos(+/—hy 1)
1+h i —nry —hiln —hyln + 7
:( h, T1T2 170 10 2 2 0 (55)

1+ h;lflfz — Ta1p

-7 — T2+ 7121

where

i =/—hjtan(\/—hj]), j=1,2, (56)

and ro is a distance between the barriers. Here, the subscript
bb (double-
wb (well-barrier), and

B denotes the four possible configurations: B =
barrier), B = bw (barrier-well), B =
B = ww (double-well).

Let Qp be a set of the parameter values for a given B-
configuration at which the transmission of particles in the limit
as k — 0 is possible. This behavior occurs if the c;-element
of the matrix (Equation 55) is zero. As a result, we obtain the
following Q2p-sets:

Q= 9,
Qhwz{hl,llidz,lz;r‘sfl-f-t;l:ro},

Il
=
R
—
0
3
3

waZ[dl,ll:hz,lz: r‘tfl-i-sz_l

waz{dl,ll;dz,lz; 7‘tfl+t;1

o).

where s;: = —7j(hj > 0) and t;: = tj(hj < 0). Therefore,
for the B-configurations with a well, the k — 0 limiting
transmission is possible even without the presence of an auxiliary
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well at the parameter values given in the sets (Equation 57).
The “switching on” of the additional rectangular well with the
parameters d and [ given by the set (Equation 48) provides the
transmission on the sets (Equation 57). However, beyond the
set (Equation 48), the transmission on the sets (Equation 57)
is impossible. Instead, it occurs on the sets (Equation47), so
that the sets (Equation57) appear to be shifted accordingly.
In other words, we have here the effect of controlling the
transmission of zero-energy particles through a double-layer
structure by “tuning” the parameters d and [ of the auxiliary
rectangular well.

In the case as the double-layer structure is approximated by
two-point interactions, the k — 0 limit of the matrices Cg becomes

0 _ 1—|—O{1T0 10
3 o) + oy +ajoarg 14 agrg

14 agr 7
cgv=<—1>"( P 10), Vil =,

1
Cls = (=" ( o

ay 1+ oo

); Vil = nm,

C0vv=(—l)"’+”<(l) ;0) Vailh =nw, Jdy b, =nm.

(58)
Here, @j > 0, so that only the double-well configuration
admits  the Notice
that the connection matrices Cg with B = §Vv,Vvé and
VvV make sense only under the conditions pointed out in

transmission of zero-energy particles.

Equation 58.

7 Concluding remarks

In summary, we have determined the two types of conditions,
which are useful for the analysis of transmission across bilayer
heterostructures. The potential profile of one (background) layer
is assumed to have an arbitrary shape. It is only specified
by a transmission matrix C with real elements for which
detC =
in the form of a rectangle, which may be either a barrier

1. The profile of the other layer is considered

or a well.

The first type of conditions concerns the perfect (zero
reflection) transmission across the bilayer structure. We
have derived the system of two general Equations24, 25
with respect to the parameters of the rectangular layer and
the elements of the C-matrix. For a given energy E = &2,
height/depth h and the elements c;(k), one can explicitly
calculate the A-layer thickness I

then find the series of distances r using Equation25. The

from Equation24 and

only restriction on the A-layer parameters is that the well
has to be sufficiently deep according to the inequalities
(Equation 32).

The second type of conditions describes the general effect of
the A-well on the transmission of particles with infinitesimally
low energies E = k? across the whole bilayer structure with

the B-layer of an arbitrary potential profile provided by the
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transmission C-matrix. Even in the case as the B-barrier is
fully non-transparent for zero-energy particles, the presence of
an auxiliary well always leads to a non-zero transparency of
these particles at some parameter values of this well. A general
Equation 46 for finding these resonant values has been derived.
The particular cases where the transmission matrix C = Cg for
the B-layer can be computed explicitly, have been considered.
Here, these cases are specified by rectangular single- and double-
layers. It is shown that in the case of barriers, a rectangular A-
well makes the tunneling of zero-energy particles through these
barrier structures possible on certain resonance sets. Notice that
from the point of view of fabricating nanodevices, the transmission
of quantum particles with extremely low energy in heterostructures
is of big interest.
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