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Inverse problems in covariate
data analysis

Stanley Luck*

Vector Analytics LLC, Wilmington, DE, United States

The fact that Pearson’s correlation coefficient and effect size are perspective
functions of covariance parameters demonstrates that how covariance is defined
is one of the most important issues in data analysis. We suggest that covariance
analysis for pairwise numeric, categorical, and mixed numeric-categorical data
types are mathematically distinct problems. This is because of the disparate
algebraic properties and systematic effects associated with numeric and
categorical quantities. We examine the weighted least squares (WLS) formulation
of linear regression and obtain definitions for heteroscedastic covariance and
variance. Covariance and variance as functions of centered variable vectors
are instrumental quantities. Then it is essential that the instrumental effects
cancel when dividing covariance by the variance to estimate the slope in linear
regression. The tensor product form of the covariance demonstrates that the
composite properties of variable vectors are intrinsic to covariate data analysis.
The solution of the inverse problem for linear regression takes the form of a
relation between slope and covariance parameters, and requires the specification
of an error model for the data; otherwise, the inverse problem is ill-posed. We
propose that, in current practice, the term “effect size” is ambiguous because it
does not distinguish between the different algebraic components of the inverse
problem in a case-control data analysis. Then, it is necessary to identify the
analogs of WLS covariance for case-control data and to distinguish between
covariance and functional parameters in effect size analysis. The development
of effect size methodology for studies of complex systems is complicated by the
fact that the functional inverse problem is ill-posed.

KEYWORDS

inverse problems, heteroscedastic covariance, measurement error, weighted least
squares, case-control effect size, parametric linear regression, covariance vector,
multiway correlation

1 Introduction

In applied mathematics, the computational challenge of converting data into
information is termed the “inverse problem” [1, 2]. Forward operators specify the mapping
of a system’s functional coordinates onto its observable properties. Then, mapping data
to functional parameters involves the inversion of forward operators. The correlation
concept is widely used in data analysis with formulations for Pearson’s r, the point-
biserial coefficient (rp), and ¢ [3]. The latter are categorical variants of r where one or
both of the covariates in 7, and ¢, respectively, are associated with binary outcomes.
However, both r,, as an effect size measure [4] and ¢* as a linkage disequilibrium
(LD) measure [5] are confounded by unbalanced sample sizes; in LD analysis, ¢? is
referred to as r2. Moreover, there are still fundamental questions about the treatment of
measurement error in linear regression [6] and the associated attenuation of Pearson’s r [7],
and the meaning of effect size [8]. Our research is motivated by high-dimensional data
analysis problems in the application of genome-wide association studies (GWAS) [9] and
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RNA-Seq gene expression [10] technologies for agricultural
R&D. This involves using statistical association methods to
search large biological datasets [11, 12] to identify markers for
improving the agronomic performance of crop species. However,
high-dimensional data analysis is challenging because deducing
functional models for a complex system from data is an ill-posed
inverse problem [13]. Then, the lack of consensus on the merits of
effect size [14, 15] stems from the inability to connect covariance
parameters with the functional or model-dependent part of the
inverse problem. In recent work, we discussed underlying algebraic
issues in the formulations for ¢, Tob> and r. The factorization
and identification of the four alternative forms of marginal
scaling invariant proportions (MP) for a 2 x 2 contingency
table and the correspondence between Gini information gain and
the ¢ coefficient in classification and regression tree (CART)
methodology are described in [16]. We also demonstrated that
using the difference between MPs as an effect size measure in
CART yields more intuitive results than ¢. CART [17, 18] is an
important machine learning technique for exploring covariance
effects in multivariate data, especially for problems where the
development of functional models is difficult [19, 20]. The covariate
sort algorithm for identifying the statistical parameters for point-
biserial data (v,p) and the correspondence between mean squared
error information gain and rp,p, in CART are described in Luck [21].
We also demonstrated that the non-overlap proportion (ppp) and
Cohen’s d offer more intuitive results in CART compared to
rpb- In Luck [22], we describe the parametric linear regression
(PLR) algorithm for fitting a straight line in m-dimensions, along
with the formulations of multiway parametric covariance vectors
and correlation coefficients. The term “parametric” comes from
the fact that the linear relation is parameterized by a weighted
average for the linearly related variable vectors (LRVVs). Our
investigation of the PLR problem is motivated by the normalization
problem in RNA-Seq data analysis [23]. Scaling corrections are
needed to adjust for systematic error arising from instrumental
variation in read counts between samples. The read count
values for a sample can range over more than three orders of
magnitude with heteroscedastic signal-to-noise ratios [22]. Then,
PLR analysis is important in estimating parameters for the best
fit m-dimensional line for an RNA-Seq dataset, which can then
be transformed to adjust for the systematic error across a set
of samples.

Covariance serves as the elementary measure of bivariate
dependence in r. Consequently, we take the view that covariance
is a fundamental concept, while the correlation coefficient and
effect size correspond to perspective functions of covariance
parameters. Covariance alone does not imply causation. Our
objective is to describe how the covariance concept is used in
solving inverse problems for the three covariate data types and
demonstrate that the usual textbook definitions for sample [24]
and random variable [25] covariance coeflicients are not sufficient
for practical applications. The main novel contributions of this
work are centered on two aspects of covariate data analysis,
as follows:

(1) Weighted least squares (WLS) methods are important
in accounting for data quality and experimental error in solving
inverse problems for real-world data analysis. To the best
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of our knowledge, there are no previous reports [26, 27] on
the formulation of the WLS or heteroscedastic covariance
coefficient for linear regression. We use the terms “WLS” and
“heteroscedastic” synonymously in referring to covariance and
variance coefficients. The Cheng and Riu paper [6] discusses
the importance of replicated measurements for assessing
experimental errors and the treatment of heteroscedasticity in
linear measurement error regression (MER). We show that the
parametric representation is necessary for the partitioning of
residual effects and the formulation of heteroscedastic covariance
for MER. Thus, the emphasis in Luck [22] on the role of
the Moore-Penrose inverse algorithm in MER for treating
heteroscedastic effects, while covariance is homoscedastic, is
not warranted. The estimate for the PLR slope is obtained
by dividing the WLS covariance by the corresponding WLS
variance (Equations 20, 26), where the weights account for the
errors in the data for the dependent variable. This formulation
demonstrates that it is necessary to adjust for measurement
error within the covariance itself, which contrasts with the use
of the reliability ratio as a correction factor for the attenuation
of the slope due to measurement error [28]. Equations 20, 26
demonstrate that the solution for the inverse problem (SIP)
for PLR is expressed as a relation between functional and
covariance parameters. Furthermore, the spacings between data
points in an MER graph are determined by the experimental
procedure, which implies that covariance, variance, and the
correlation coefficient as functions of centered variable vectors
(VVs) are
correlation coefficient (rp g,,) is defined as the WLS contraction

instrumental quantities. The heteroscedastic PLR

of multiway Pearson correlation and LRVV alignment tensors
(Equation 30). In Section 3, we use Monte Carlo (MC) simulations
of heteroscedastic covariance for LRVV data with varying dynamic
range (DR) to demonstrate the instrumental nature of covariance
and correlation.

(2) We describe an algebraic scheme (Equation31) that
specifies the main components of the inverse problem in
case-control data analysis. Then, in current practice, the term
‘effect size’ actually refers to a compound algebraic problem,
which leads to ambiguity in the debate about the merits of
effect size. By analogy with the SIP for PLR, we suggest that
its important to separate the two main components: case-
control covariance and functional parameters for the system
response. Then, it is necessary to identify the case-control
parameters for categorical (Section 2.3.2) and point-biserial
data (Section 2.3.3). Covariance is associated with the center of
mass coordinates (Equation 33) for the case-control parameters,
and effect size requires the specification of the relation between
the covariance and functional parameters for the case-control
response. Our framework shows that accounting for instrumental
effects requires distinct formulations for covariance and correlation
for the three pairwise data types: numeric (R x R), categorical
(C2 x (), and point-biserial (C; x R) (Proposition 3). This
finding contrasts with current practice, where Pearson’s » formula
is regarded as providing the general framework for the formulation
of correlation for all three covariate data types but requires the
artificial {0]1}-numeric substitution procedure for dichotomous
data [29, 30].
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2 Methods

In this section, we discuss the fact that covariance, as a measure
of bivariate dependence, is an essential component in the SIP for
covariate data analysis. There is a different covariance problem
associated with each of the three distinct covariate data types. For
numeric data, Equation 20 demonstrates that the SIP takes the form
of a relation between model parameters and WLS covariance for
PLR. We provide a comprehensive discussion of the instrumental
heteroscedastic properties of covariance (Equation 26) and
correlation (Equation 30). We use the term “case-control”
generically to refer to classifications obtained through an
instrumental process. In the usual experimental protocol, the
classifications result from observing the system’s behavior under
contrasting “case” and “control” conditions. For example, the
CART algorithm involves an exhaustive search over binary
partitions of multivariate data to create a decision tree [16, 21].
Similarly, in GWAS, the SNPs are instrumental in partitioning
the phenotype or trait data in the search for causal effects [31]. In
case-control data analysis, the term ‘effect size’ refers to statistical
measures of system response [8]. However, in current practice, the
effect size is ambiguous because it does not distinguish between the
different algebraic factors in the inverse problem (Equation 31). By
analogy with Equation 20, we propose that specifying the SIP is
necessary in defining effect size; then it’s important to distinguish
between case-control covariance and functional parameters.
From now on, the term “effect size” refers to the functional
form, unless otherwise stated. Then, it is necessary to identify
bivariate parameters that serve as the analogs of WLS covariance in
case-control data analysis.

2.1 Notation

Detailed discussions of our notation and terminology for
covariate data analysis are found in Luck [16, 21, 22]. By necessity,
those papers serve as the primary source for definitions and
explanations of important concepts such as parametric covariance
vector, m-way correlation, non-overlap proportion, and MP. Those
concepts cannot be adequately explained by a few short definitions.
Comprehensive discussions of linear algebra and vector spaces are
found in many data analysis textbooks [32-34]. Scalars are denoted
by lowercase italics, a, vectors by bold lowercase letters, y = (y;) =

192,93
[xij]. Suppose the functional principles that determine the behavior

-»Ydim(y))> and matrices by bold uppercase letters, X =

or state of a system are expressed in terms of the parameter vector,
h € R". Then, the observed values of a property, Y, are given by the
forward equation [2],

yi = My(h) + ey, (1

where My (h;) is the forward operator and e, is the residual
error. The Y subscript indicates that My is specified for each
element of the set of observable quantities, Y € . Then,
an instrumental process (Z) makes n joint observations for m
experimental quantities to produce a dataset, {y;|y; € G,1 < i <
n,1 < j < m}, where the generic data type can be either numeric
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or categorical, G = R|C. We use convenient terminology from the
statistics literature where each axis of a regression graph is assigned
toa VV,y; € R”, the linear combinations Zj kjy; are elements of
the variable space, and each point in the graph corresponds to an
observation vector y; € R™ [24]. A didactic discussion of VVs
and the fact that various formulae for covariance, correlation, and
linear regression can be given geometric interpretations is found
in Rodgers and Nicewander [3]. However, we observe that the
variable space framework implies that the data must be regarded
as corresponding to the Cartesian product,

where yj € G", and dim())) = n x m. Then, the inverse problem in
covariate data analysis is summarized in the following scheme:
7 4 MY

(hj)) = Y+— vi——— E(h), (3)
where 7 creates a data set, ), for instantiations of a system
with functional coordinates (h;), an algorithm (A) produces the
statistical parameters, v, and the set of inverse operators {./\/l;jl}
for the observable quantities, {Yj}, produces estimates for the
functional parameters (E(h)). This work is particularly concerned
with the application of the covariance concept in solving inverse
problems for covariate data. This approach contrasts with the
statistics literature, where sample covariance [3] and random
variable covariance [25] serve only as abstract forms because they
are defined without reference to an inverse problem. The fact that
categorical data do not form vector spaces implies that there are
distinct covariance analysis problems associated with the three
different pairwise data types: linear regression for (R x R), point-
biserial for (C; x R), and categorical for (C2 x C;). The subscript
for C, indicates the number of categories, and the bi-categorical
restriction is imposed because there are no standard procedures
for constructing center of mass coordinates for systems with more
than two degrees of freedom (Section 2.3 of [21]). We use the term
“point-biserial” generically to refer to the mixed C; x R data type
because of the connection with ,p, [30], emphasizing the fact that
we are interested in the composite properties of (¢, y) data. We use
the term “covariate data” when referring to generic quantities of the
form y; € G" and regard the algebra of variable vectors y; € R" as
a special case. Our objective is to discuss the fact that:

For numeric data, WLS covariance is associated with inner
and tensor products for centered LRVVs (Equation 18). For
categorical data, covariance is associated with MP for a 2 x 2
contingency table [16]. For point-biserial data, covariance is
associated with the Cartesian product of statistical parameters
from the covariate sort algorithm using the grouping property
of categorical data and the ordering property of numerical
data [21].

2.2 WLS parametric covariance for linearly
related variable vectors

The standard formulation of covariance in linear regression

is limited to two dimensions because it is based on the
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Cartesian representation, y = f(x). In Luck [22], the parametric
representation provides the necessary algebraic framework for
solving the general multidimensional linear regression problem.
However, that work treats covariance as homoscedastic and
overemphasizes the importance of the Moore-Penrose inverse
when estimating the WLS model parameters. In this section, the
objective is to describe the use of the WLS parametric covariance
vector in partitioning heteroscedastic residual effects for LRVVs.
We briefly introduce various statistical quantities (Equations 4-
7) from the PLR paper [22], then we derive the heteroscedastic
formulations for WLS covariance (Proposition 1) and the PLR
correlation coefficient (Equation 30). In Section 3, we use MC
simulations to illustrate the difference between the correlation
coeflicients for homoscedastic (Equation 35 in Luck [22]) and
heteroscedastic covariance (Equation 30).

Consider a set of LRVVs {J = (y)ly; € R"} with a
corresponding convex set [35] of weighted averages T € conv()),

r o 0 @
Zj Wj

with 0 < w;. The residual error for the difference between the
observed and true (y]’-") values is denoted e; = y; — y;‘; the “«’
symbol indicates true or fixed values. We regard the errors {eij}
as associated with independent normally distributed effects, or
approximately so. The averaging procedure results in the partial
cancellation of errors and an increased signal-to-noise ratio for
7. Our treatment of covariance is limited to LRVVs due to the
significance of this averaging property. The destructive interference
between signal and noise effects in averaging VVs that aren’t
linearly related leads to a loss of information and confounds the
interpretation of the covariance. As a result, our PLR algorithm
requires an error model for the data, £())), which is based on a
real-world evaluation [6] of random effects during data collection
to obtain estimates for the error variances: s%j = Var(eij),éij = 0;
&(Y) parameterizes the noise reduction effects. The variance for y;
is expressed as the sum, Var(y;) = Var(y;‘) + Var(e;), of functional
or systematic and residual error components, respectively. Then,
our goal is to construct an algebraic framework for parametric
covariance that incorporates this decomposition. The fact that y]*
is unknown implies that e; is undetermined. Thus, the standard
approach is to regard Var(e;) as a distributed quantity with mean
value, Zis%j /n. The optimal weights for T are obtained from the
minimum coefficient of variation for error (CVE) condition [22],

-1

K Hj
Yi= Var(e;) ; Var(e;) 5)

where w; is the weighted average for y;. We also associate LRVVs
with a Cartesian tensor algebra. This includes the dot product or
contraction, y; - yx = _;¥iVik- and the tensor product, y; ®
Yk = Yjyk [36]. Tensor products are important for representing
the composite properties of multicomponent systems in physical
applications [37]. A “c” subscript denotes a ‘centered’ vector: yj . =
y;j — 14j1, where 1 is the one-vector. The hat symbol denotes a unit-
length normalized vector, |[yj || = 1. Then, we previously defined

the homoscedastic m-way PLR correlation coeflicient for ) as the
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m-fold contraction of the Pearson correlation tensor, ?‘?m, with the
Yalignment polyad (Eq 35 in [22]),

o = (287) " (€75 (6)
= l_[ ?c . ?j,c, (7)

j

The “PLRi” label indicates the identity weight matrix form with
{Wyj = Wi = diag(1)/n} for homoscedastic covariance, which is
a special case of the general WLS form (Equation 30). Thus, rp; ¢;
serves as a measure of the mutual alignment of the yj. vectors
in the 7. direction. This expression serves as a demonstration of
how tensor products for variable vectors provide a compact way
to represent the composite properties of numeric data. The tensor
product of centered VVs serves as a multilinear measure of the
mutual alignment of the VVs. Thus, the parametric representation
allows the multidimensional generalization of linear regression
for a set of m LRVVs. Then, the LRVVs are associated with a
set of 2-way, 3-way, ..., m-way weighted averages, covariance
vectors, PLRs, and PLR correlation coefficients [22]. In this work,
our objective is to obtain the heteroscedastic generalizations for
covariance and rp| p;.

2.2.1 Heteroscedastic covariance
The MER model for ) = (x,y) is expressed as [6]

y = Ofxyl + ﬁxyx* + ey (8)
= ayyl + ﬁxyx + (ey - ﬁxyex)- )

The “xy” subscript indicates the correspondence with the
derivative, By = dy;“/ dx}, because it will be necessary to
distinguish between different parameterizations in Equation 24.
First, we consider the WLS optimization problem for Equation 8,
where the residual effects are assigned exclusively to y, with ex = 0
and x = x*. The WLS estimates for the model parameters (ctxy, Bxy)
are denoted (ayy, bxy), respectively. The weighted sum of squared
errors (WSE) is given by

WSE = Z wy, (yi — axy — bxyxi)2 (10)

1

= Wyieyey, 1m
with the diagonal weight matrix Wy = diag(w),), wy, = ci_ /> c}z,j,
0 < o and “:” indicates the 2-fold contraction for second-
rank tensors. In general, c,, must serve as a figure of merit for
yi [38], which depends on the instrumentation. However, the
common practice in data analysis literature is to assign cﬁ’_ =
s;l_z [34], which accounts only for dispersive effects and ignores the
signal component in assessing data quality. The partial derivative
condition d(WSE)/day, = 0 for a minimum produces the WLS

constraint [34]:
0= Z Wy;()’i — Oxy — bxyxi) (12)
i

= Wy l(y — ayy1 — byX). (13)
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Rearranging, we obtain the relation
Hy,wy = Axy + bxyﬂx,wy: (14)

for the weighted averages (xwy» uy,wy) = (Wy:1x, Wy:ly). The
minimum condition d(WSE)/dby, = 0 produces the weighted

covariance relations,

0= Z Wini(}/i — Qxy — bxyxi)> (15)
i
= Wyix(y — ayy1 — byx), (16)
= WY:XC(YC - bxyxc), (17)
where (Xc, yc) = (X — fixw, 1Y — iyw, 1). Solving for bxy, we obtain
Wy:ixeye
= —, 18
Y Wyixex, (18)
_ (Wy'xc)’Yc, (19)
(Wy X)) * Xc
WC ,
_ Weovkxy) (20)
WVary(x)
pas (WVary(x),WCov(x, y)). (21)

Equations 18, 19 exemplify different aspects of the algebra
for LRVVs. The statistics literature emphasizes the covariance
inner product form (Equation 19), particularly as the basis for
Pearson’s r [3]. In contrast, Equation 18 emphasizes the more
general perspective where multiway covariance is associated with
heteroscedastic contractions of tensor products of LRVVs, as
required for the formulation of the WLS parametric correlation
coefficient (Equation 30). Consequently, we propose that

Proposition 1. The weighted least squares definitions for
parametric variance and covariance are obtained from Equation 20
as WVary(x) = Wy:x.x, and WCov(x,y) = Wy:xcy,, respectively,
with weights Wy for the residual effects in y as the dependent

variable vector and x as the fixed variable vector with ey = 0.

The dyadic form of these quantities illustrates the importance
of the Cartesian tensor product in representing the composite
properties of variable vectors in covariance analysis. As discussed in
Luck [22], the order of the arguments in WCov(x, y) specifies which
quantities, x and y, are independent and dependent, respectively.
The “y” subscript identifies the dependent quantity in WVary(x),
and the roles are reversed in WCov(y,x) and WVarx(y). Then,
Wx # Wy and WCov(y,x) # WCov(x,y), in general. The
homogeneous coordinates equivalence in Equation 21 shows the
connection with the parametric slope when T = x in Equation 25.
We use the terms “WLS covariance” and “WLS variance” to
emphasize the association with Wy. The special case where Wy =
Wi corresponds to the ordinary least squares formulation for linear
regression (OLR), but the homoscedastic condition for ey is rare in
real data. WCov is defined by its role in solving the inverse problem
in PLR. WCov is not applicable for the treatment of measurement
error and partitioning of residual effects for multiple or polynomial
regression because of the loss of information for weighted averages
of non-LRVVs. Pearson’s r is usually defined in an arbitrary way
without considering the connection with linear regression so that r
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can be calculated for any pair of numeric VVs [3, 7]. This practice
implicitly assumes that covariance can be defined in an abstract way
as a bilinear form:

ACov(x,y) = WriXcYe, (22)

without specifying operational roles for Wy, x, and y. Pearson’s
r is obtained by dividing by ./Var(x)Var(y). The operational
ambiguities complicate the interpretation of ACov and explain why
r does not account for measurement error and its restriction to Wi.
We conclude that ACov and r are confounded because they are
not connected to an inverse problem and do not specify how to
partition residual effects.

2.2.2 Accounting for measurement error in linear
regression

The general solution for the MER problem requires the
parametric representation for partitioning residual effects for the
linear relation between x and y [22]. Using matrix notation, the PLR
problem is expressed as

M y ey
ary bey || T ey

where 7 is the min(CVE) average in conv(x, y). The WLS condition,
e; = 0, implies that 7 is fixed. We obtain the slope vector

(25)

(b b )_ (WCov(r,x) WCov(r,y))
T WVarg(t) WVary(t) )’

which reduces to Equation21 for T = x. This expression
demonstrates that accounting for measurement error requires
WLS covariances for both x and y, and there are different
weightings for Var(t) to account for the error in the VVs. The
spacings between the data points in a linear regression graph
are instrumental quantities because they are determined by the
experimental procedure. This explains why the definition of WLS
covariance in Proposition 1 incorporates Wy to explicitly account
for errors in the data. WLS variance, covariance, and correlation
for LRVVs are all instrumental quantities. Then, in estimating the
slope, it is essential that the instrumental effects cancel in dividing
the WLS covariance by the variance. This methodology contrasts
with the standard approach in MER, where the reliability ratio
serves as a correction factor for the attenuation of the slope (Figure
1 in Luck [22]). WCov(x,y) and WCov(y, x) serve as components
for the slope vectors for T = x and T = vy, respectively, and
correspond to different parameterizations of the statistical relation
between x and y. The special case with ¢ = x for e, = 0 and
Wy = W corresponds to the OLR algorithm.

The algorithm for fitting a straight line in m-dimensions [22]
is obtained by considering the multidimensional linear regression
problem for a set of m LRVVs, ) = (y;). The WLS estimates of the
slope and intercept vectors are given by

_ WCov(z,y;)
(bryf> o ( WVary, (1) )’ (26)
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and

(aryj> = (llj,wyj - bryjlﬁr,wyj) > (27)

respectively. These expressions constitute the heteroscedastic
covariance formulation of the PLR algorithm. We used MC
simulations to confirm the numerical agreement between the
parameter estimates from these expressions and the Moore-
Penrose inverse algorithm. Equations 20, 26 demonstrate that the
SIP takes the form of a relation between functional parameters
on the left-hand side and covariance parameters on the right-
hand side. The specification of the error model £()) and the
corresponding weights for partitioning residual effects for all
the LRVVs is a necessary requirement for solving the inverse
problem. Otherwise, the inverse problem is ill-posed [2]. The
WLS parametric correlation coefficient is defined as the m-fold
contraction of the WLS Pearson correlation and the ) alignment
tensors,

l—[ WCov(z,y;)
TPLRw = 8
j \/ W Vary, (t)W Vary, (v;)

[T(/Wy ) - (YWyome) @)
J

=1\ o (=

(/7 Tj,c) : (g@ Yj,c>> (30)

where ()" indicates unit vector normalization, and {7} and

(28)

{yjc} are weighted vectors. This expression simplifies to the
homoscedastic form, rp; p;, when Wy]. = Wi for all Y;-

2.3 The inverse problem for case-control
data

In this section, we discuss the fact that, in current usage, the
term ‘effect size’ is ambiguous because it does not distinguish
between the different algebraic components of the inverse problem
in case-control data analysis. Instead, we propose that it is necessary
to distinguish between covariance and functional parameters in
the SIP. This differentiation is important in resolving the debate
about the merits of effect size [14, 39]. Moreover, Pearson’s r
does not extend in a straightforward way to categorical covariate
data, (c,y) € C" x G", because of the non-numeric properties
of c. This leads to the question: What are the analogs of WCov
for case-control data? The following scheme summarizes the key
components of the inverse problem for case-control data:

-1

M;
h) & (@y) B (vpvp) s (B, (), Ey(h) &

(ay,up),

(31)

where 7 creates a set of instantiations of a system with functional
coordinates, h;, and a set of joint observations, (¢,y) € C; x G",
with case-control classifications, (c; = A|B), The case-control
data are processed using an algorithm, A, to obtain the bivariate
statistical parameters, (v " vg). The forward operator is inverted to
obtain the corresponding estimates for the functional parameters
for the case-control response, (E,(h), Eg(h)). Then, the utility
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function, U, for the cost-benefit trade-offs in h is applied to obtain
(u,,up). Consequently, we make the proposition:

Proposition 2. Equation 31 implies that covariance parameters,
(v4>vg), and functional effect size parameters, (E, (h), Ey(h)) and
(uy,up), are associated with different sides of the inverse problem
for case-control data. The dependence on the forward operator
implies that there is no principle that serves as the basis for the
specification of a universal effect size measure.

This functional proposition is consistent with the definition of
effect size as a “quantitative reflection of the magnitude of some
phenomenon that is used for the purpose of addressing a question
of interest” [8]. Furthermore, quantities that are strictly functions of
the statistical parameters, f(v A,VB), are also on the covariance side
of the SIP. This implies that so-called ‘effect size’ measures such as
Cohen’s d, Tpb> and ¢ are actually associated with covariance and
do not necessarily serve as functional measures. This explains why
“effect size” has been criticized as “misleading” [14].

2.3.1 Functionally ill-posed inverse problems for
case-control data

The case-control protocol is employed in many research
problems where the functional or operational principles and
the forward operator are undetermined. Then, the question of
how to interpret case-control covariance implicitly involves the
identification of functional principles, My (h;), from the data, ).
However, the algorithmic determination of My (h;) and u(v) from
data for a “complex system is an ill-posed inverse problem that is
impossible to solve” [13]. This implies that effect size analysis for
such a system requires the development of functional models for its
behavior and solving the forward problem [1]. This explains why
purely mathematical or statistical considerations are not sufficient
to resolve the debate about the merits of effect size methodology.

2.3.2 Covariance parameters fora 2 x 2
contingency table

As specified in Equation 31, it is necessary to identify
covariance parameters for case-control categorical data. String
concatenation serves as the intrinsic binary operation for
categorical data,

(c1,62) € C5 x C4 +— (cj¢ip) € Ch. (32)

Then, the occurrences of the Cj events are summarized ina 2 x 2

contingency table, which is associated with four forms of MP, as

described in Figure 4 of Luck [16]. Then, we make the physical
proposition:

The marginal scaling invariant proportions for a 2 X 2

P P P umc)s serve as the

basis for the representation of the bivariate properties of case-

contingency table, {P

rsum,r © rsum,c’ * csum,r’

control categorical data (c1,¢3). The corresponding center of mass
coordinates (Section 1.2 of Luck [16]) serve as the basis for the
analysis of proportional covariance and correlation.

The inversion of the forward operator for the SIP will involve
functions of these proportions.
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2.3.3 Covariance parameters for point-biserial
data

As specified in Equation 31, it is necessary to identify
covariance parameters for point-biserial data (c,y) € Cj x R". As
discussed in Equations 8, 16, and 18 of Luck [21], jointly sorting
the data using the intrinsic numeric ordering property of y and the
grouping property of ¢ produces two sets of bivariate parameters,
vy and v, respectively. Then, we make the physical proposition:

The bivariate sort parameters, Vo, = (Vy, Vo) >
(Voo Tpo Sf\, Slzg, ppb), serve as the basis for representing the covariate
properties of point-biserial data (c,y). The corresponding center of
mass coordinates (Section 2.3 of Luck [21]) serve as the basis for the
analysis of point-biserial covariance and correlation.

The inversion of the forward operator for the SIP will involve
functions of these parameters, and additional parameters will be
required for non-normal distributions. In Section 2.3 of Luck [21],
we provided a discussion of the ambiguity of the difference between
group means as an effect size measure. Here, we extend the
discussion by examining how the center of mass decomposition
applies to the weighted average of group means,

Wo - G = oD+ LD, ()
using the center of mass basis, (1,1) and (1, —1), with the weight
matrix for cost-benefit trade-offs, Wy = diag(wa,ws) for {0 <
wa, W, wa + wp = 1}, the weighted average, u; = (way, +
wgyg)/2, and the difference, §y = way, —wgyy. Then, the practice
of using 8y as a reduced representation for point-biserial variation
in effect size measures such as Cohen’s d is subject to ambiguity
because of the loss of information when 1, is ignored. Figure 1
shows that the ambiguity of dy is associated with an equivalence
class of proportional effects,

Su + 2y (py — pa) =0, (34)

where

_ (waY s, wBYp)

(Paspp) = ——= 2 (35)
WAYA + WBYp

This implies that the claim that “the difference between the
means” is the “most basic and obvious estimate of effect size” [40]
is not true, because /i, is ignored, the inversion of My (h) is not
taken into account, and Wy is implicitly replaced by the identity
matrix without operational justification. A more rigorous effect
size methodology involves the specification of cost functions for all
relevant covariance parameters in the transformation, (vy,vc) =
(u N A), and thresholds that account for all the degrees of freedom
in the functional response.

2.3.4 Covariance for the three pairwise data types
As discussed above, the three covariate data types are

associated with distinct instrumental effects, algebraic problems,

and covariance parameters. Therefore, we make the proposition:

Proposition 3. The distinct algebraic structures, parametric
covariance vectors for LRVVs (x™R") [22], the joint sort

algorithm and nonoverlap proportion for point-biserial data
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FIGURE 1

Proportional effects for a difference between mean values. Two
mean values (3, b) are associated with the center of mass
coordinates {(u, §/2)|u = @+ b)/2,8 =a — b}. Then, § as a reduced
representation for effect size is subject to ambiguity because of the
loss of information when p is ignored. This ambiguity is shown in
the curves for the equivalence class of proportional effects,

8+ 2ulpp — pa) =0, for (ps. pp) = (@ b)/(@ + b) and

5 ={0.01,0.02,0.03}.

(C3 x R™) [21], and 2 X 2 contingency tables for categorical data
(C3 x C%) [16], result from the distinct additive and non-additive
properties of numeric and categorical data, respectively. This
implies that there are distinct forms of covariance and correlation
for the three types of pairwise covariate data.

This has implications for Pearson’s r [3]. We conclude that
the implicit proposition that r, together with the C,-{0, 1}-numeric
conversion procedure, serves as a unified correlation measure for
numeric, categorical, and point-biserial data is false. The many-
to-one grouping property of categorical data is incompatible with
Pearson’s r as a measure of linear dependence between VVs. This
explains why ¢ [29] and rp}, [30] do not serve as well-defined effect
size measures in case-control data analysis, as shown in Fig 6A
in [16] and Fig 6A,C in [21], respectively.

3 Results

In this section, we use MC simulations of heteroscedastic
covariance to illustrate the instrumental properties of slope
(Equation 26) and correlation (Equation 28) in PLR. This requires
the specification of an error model for the data, £()). Then,
estimates for covariance and correlation parameters must be
qualified with distributions and confidence intervals associated
with &()). However, fractional transformation, bounded range,
and the discrete properties of categorical data complicate the
development of analytical approaches for the propagation of error
for ratios [41], correlation coefficients [42], and proportions [43].
Alternatively, MC methods allow the detailed simulation of
stochastic effects [34, 44] in the data acquisition and the assessment
of overdispersion in statistical parameters due to measurement
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Instrumental properties of covariance and correlation in PLR. Monte Carlo simulations of heteroscedastic covariance for evenly spaced fixed data,
(x*,y*) € (R'® x R'®) and y* = x* + 0.002, combined with 10° samples for independent normally distributed residual effects, (x,y) = (x* + e, y* +ey),
and quadratic variance error models for ey, s7. = 0.02(x/ + xl*z), and ey, s2 = 0.01(y; +y,.*2). Results are shown for three MC data sets with dynamic
range, DR = {5, 10, 100}, where DR = max(x*)/min(x*) and max(x*) = 1. (A) (x, y) data for an MC sample with DR = 100 and 2o xy-error bars for the
expected errors (sy, sy). (B) Averages of PLR slope for heteroscedastic covariance (Equation 26) for weighted averages {t = wyx

+(1 — wy)y|0 < wy < 1}. The curves intersect at the point (0.333, 1.0) for the min(CVE,) optimum, demonstrating that the instrumental effects must
cancel in dividing the WLS covariance by the corresponding variance to estimate the slope, (b, byy) = [WCov(z, x)/WVar(z), WCov(t, y)/WVar,(7)].
The reliability ratios, (ky, y), increase and the 2o confidence intervals decrease with increasing DR. (C) The endpoints of the concave-down curves
for homoscedastic r, o correspond to Pearson’s r, demonstrating that r is attenuated by measurement error. (C, D) The distinct curves for

DR = {5, 10, 100} demonstrate that rp o (Equation 7) and rp g, (Equation 30) are instrumental quantities that depend on the spacings between data
points and residual effects for linearly related variable vectors (LRVVs). The optimal min(CVE,) estimates are highlighted as circles. rp, ; does not
account for heteroscedasticity and is biased downwards compared to rp -

=
N
1

%

br
—_
b

]

—_
e}
1

0.84 1L

PLR slope

0.6 1
0.0

0.5 1.0

1.0 4

0.9 -
TPLRw 1 N
0.8 -

0.74 -

I
0.5 1.0
Wy

0.0

TABLE 1 Statistical parameters for the PLR simulations.

DR CVE, CVE, Kx Ky TPLRi "PLRW Optimum wy  PLR slope
5 0.238 0.168 0.749 0.856 0.907 0915 0.333 0.992
10 0.248 0.175 0.806 0.892 0.931 0.939 0.333 0.992
100 0.259 0.183 0.845 0.916 0.946 0.956 0.333 0.991

The coefficients of variation for error (CVEx, CVEy), reliability ratios (k, ky), and the optimal min(CVE;) correlation coefficients (rp; ;s 7pyp,y ) increase with the dynamic range DR =

max(x*)/min(x*). In contrast, the optimal min(CVE,) weight for T = wyx 4 (1 — wy)y, and the PLR slope are invariant.

errors: Var(y) = Var(y*) + Var(ey). This is important in correcting
for bias in effect size analysis [45]. An MC simulation produces a

distribution of datasets, P()|E())),
(V.60 ES POIED) — PEIEY)). (36)

Then, the corresponding distributions of statistical parameters,
Pv|EQY)), allows the estimation of distributions and confidence
intervals for case-control covariance (Figure 5 in Luck [16];
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Figure 7 in Luck [21]) and PLR parameters (Figure 4 in
Luck [22]). Figure2 shows results for MC simulations with
evenly spaced fixed effects, {(x*,y") € (R x RP)y* =
x* 4+ 0.002, max(x*) =
DR = max(x*)/min(x*), combined with independent normally

1} and varying dynamic range,

distributed residual effects subject to quadratic variance error [22]
’(ex, ey)|5;25,~ =0.02 (x:‘< + xj‘z) ,sii =0.01 (y:‘ —l—y}“z) } Three sets
of data, {Ppr(x, ¥)|(x,y) = (x"+ex, ¥* +ey)}, for DR = {100, 10, 5}
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are obtained. For demonstration purposes, we use Equation 5 as the
typical condition for instrumental performance. Then, the figures
of merit for the Wy and Wy matrices are of the form,

2 I}’fl
c, = . 37
Vi 52* ( )
Vi

This expression serves as an approximation, and it is not
intended to serve as a general form for real applications. The figures
of merit must reflect actual instrument performance and account
for all relevant uncontrolled effects. In practice, CVE™! is replaced
by signal-to-noise ratio, and y; is replaced by the signal value
for y;, including observations where y; = 0. The data collection
process must include replication, relevant control measurements,
and error analysis required for assessing data quality [6]. The
statistical parameters for the MC datasets are summarized in
Table 1. The reliability ratios (k, = Var(y*)/Var(y) [46]) and CVEs
increase with DR, but the optimum CVE weighting is invariant.
Figure 2A shows the MC sample data for a single iteration with
20 xy-error bars for the expected errors, {sy,,sy,}. The graphs in
Figures 2B-D display the average values of PLR analysis parameters
along with 20 confidence intervals for 100,000 MC iterations.
PLR parameters are estimated for a range of weighted averages,
{tw, = wex + (1 — wyyl0 < w, < 1}, for each MC
sample to obtain curves that illustrate the instrumental properties
of slope and correlation. The optimal CVE estimates (listed in
Table 1) are indicated by circles at w, = 1/3. The curves in
Figure 2B intersect at the point (1/3,1) corresponding to the
optimal PLR estimate for the slope, demonstrating the importance
of adjusting for instrumental effects in the covariance. The
endpoints of the concave-down curves for rp;p, in Figure 2C
correspond to Pearson’s r, demonstrating that r is attenuated by
measurement error [22]. Comparison with rp g in Figure 2D
shows that rp;; is attenuated in the presence of heteroscedastic
error. The distinct non-intersecting curves for varying DR in
Figures 2C, D demonstrate that correlation coefficients are subject
to instrumental effects. The larger confidence intervals in the PLR
estimates for slope as DR — 1 result from the numerical instability
as Var(x*) — 0.

4 Discussion

The ordinary linear regression method requires the special
homoscedastic condition for sample covariance. This work shows
that we can achieve generalization through WLS optimization
to account for heteroscedastic parametric covariance in PLR
analysis. The application of weighted least squares methods for the
normalization and analysis of RNA-Seq data is a topic for a future
publication. In studies of complex systems, the inability to connect
covariance parameters with the functional or model-dependent
part of the inverse problem complicates the data analysis.
This serves as motivation for the development of approximate
methodologies, such as CART [18], to explore covariance in
multivariate data and inform the creation of functional models
for complex systems. However, in implementing the binary split
algorithm in CART, it is necessary to account for all the degrees
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of freedom for the cost-benefit trade-offs in the case-control
response. We conclude that instrumental effects, functionally
ill-posed inverse problems, and tensor products for parametric
covariance are important issues in covariate data analysis.
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