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Chronometric geodesy applies general relativity to study the problem of the shape of celestial bodies including the earth, and their gravitational field. The present paper discusses the relativistic problem of construction of a background geometric manifold that is used for describing a reference ellipsoid, geoid, the normal gravity field of the earth and for calculating geoid's undulation (height). We choose the perfect fluid with an ellipsoidal mass distribution uniformly rotating around a fixed axis as a source of matter generating the geometry of the background manifold through the Einstein equations. We formulate the post-Newtonian hydrodynamic equations of the rotating fluid to find out the set of algebraic equations defining the equipotential surface of the gravity field. In order to solve these equations we explicitly perform all integrals characterizing the interior gravitational potentials in terms of elementary functions depending on the parameters defining the shape of the body and the mass distribution. We employ the coordinate freedom of the equations to choose these parameters to make the shape of the rotating fluid configuration to be an ellipsoid of rotation. We derive expressions of the post-Newtonian mass and angular momentum of the rotating fluid as functions of the rotational velocity and the parameters of the ellipsoid including its bare density, eccentricity and semi-major axes. We formulate the post-Newtonian Pizzetti and Clairaut theorems that are used in geodesy to connect the parameters of the reference ellipsoid to the polar and equatorial values of force of gravity. We expand the post-Newtonian geodetic equations characterizing the reference ellipsoid into the Taylor series with respect to the eccentricity of the ellipsoid, and discuss the small-eccentricity approximation. Finally, we introduce the concept of relativistic geoid and its undulation with respect to the reference ellipsoid, and discuss how to calculate it in chronometric geodesy by making use of the anomalous gravity potential.

Keywords: physical geodesy, reference ellipsoid, geoid, relativistic geodesy, reference frames, general relativity and gravitation

1. INTRODUCTION

Accurate definition, determination and realization of terrestrial reference frame is essential for fundamental astronomy, celestial mechanics, geophysics as well as for precise satellite and aircraft navigation, positioning, and mapping. The International Terrestrial Reference Frame (ITRF) is materialized by coordinates of a number of geodetic points (stations) located on the Earth's surface, and spread out across the globe. Definition of the coordinates is derived from the International Terrestrial Reference System (ITRS) which is a theoretical concept. ITRF is used to measure plate tectonics, regional subsidence or loading and to describe the Earth's rotation in space by measuring its rotational parameters (Petit and Luzum, 2010).

Nowadays, four main geodetic techniques are used to compute the accurate terrestrial coordinates and velocities of stations—GPS, VLBI, SLR, and DORIS, for the realization of ITRF. The observations are so accurate that geodesists have to model and include to the data processing the secular Earth's crust changes to reach self-consistency between the various ITRF realizations referred to different epoch. It is recognized that in order to maintain the up-to-date ITRF realization as accurate as possible the development of the most precise theoretical model and relationships between parameters of the model is of a paramount importance.

This model is not of a pure kinematic origin because the gravity field plays an essential role in geodetic network computations (Heiskanen and Moritz, 1967; Hofmann-Wellenhof and Moritz, 2006) making a particular theory of gravity a part of definition of the ITRS. Until recently, such a theory was the Newtonian theory of gravity. However, current SLR/GPS/VLBI techniques allow us to determine the transformation parameters between the coordinates and velocities of the collocation points of the ITRF realization with the precision approaching to ~1 mm and ~1 mm/year, respectively (Petit and Luzum, 2010, Table 4.1). At the same time, general relativity predicts that the post-Newtonian effects in measuring the ITRF coordinates, as compared with the Newtonian theory of gravity, is of the order of the Earth's gravitational radius that is about 1 cm (Kopejkin, 1991; Müller et al., 2008). This general-relativistic effect distorts the coordinate grid of ITRF at the noticeable level which can be detected with the currently available geodetic techniques and, hence, should be taken into account.

ITRS is specified by the Cartesian equatorial coordinates rotating rigidly with the Earth. For the purposes of geodesy and gravimetry the Cartesian coordinates are often converted to a geographical system of elliptical coordinates (h, θ, λ) referred to an international reference ellipsoid which is a non-trivial solution of the Newtonian gravity field equations found by Maclaurin (Chandrasekhar, 1967). It describes the figure of a fluid body with a homogeneous mass density rotating around a fixed z-axis with a constant angular velocity ω. The post-Newtonian effects deforms the shape of Maclaurin's ellipsoid (Chandrasekhar, 1965; Bardeen, 1971) and modify the basic equations of classic geodesy (Müller et al., 2008; Kopeikin et al., 2011, 2016). These relativistic effects must be properly calculated to ensure the adequacy of the geodetic coordinate transformations at the millimeter level of accuracy. A pioneering study of relativistic effects in geodesy have been carried out by Bjerhammar (1985).

Post-Newtonian equilibrium configurations of uniformly rotating fluids have been discussed in literature by researchers from USA (Chandrasekhar, 1965, 1967a,b,c, 1971a,b; Bardeen, 1971; Chandrasekhar and Elbert, 1974, 1978; Chandrasekhar and Miller, 1974), Lithuania (Bondarenko and Pyragas, 1974; Pyragas et al., 1974, 1975), USSR (Tsirulev and Tsvetkov, 1982a,b; Tsvetkov and Tsirulev, 1983; Galtsov et al., 1984) and, the most recently, scientists from the Fridrich Schiller University of Jena in Germany (Petroff, 2003; Ansorg et al., 2004; Meinel et al., 2008; Gürlebeck and Petroff, 2010, 2013). These papers focused primarily on studying the astrophysical aspects of the problem like stability of the rotating stars, the points of bifurcations, exact axially-symmetric spacetimes, emission of gravitational waves, etc. The present paper focuses on the post-Newtonian effects in physical geodesy. More specifically, we extend the research on the figures of equilibrium into the realm of relativistic geodesy and pay attention to the possible geodetic applications for the adequate processing of the high-precise data obtained by various geodetic techniques that include but not limited to SLR, LLR, VLBI, DORIS, and GNSS (Drewes, 2009; Plag and Pearlman, 2009).

Important stimulating factor for pursuing more advanced theoretical research on relativistic effects in geodesy and the Earth figure of equilibrium is related to the recent breakthrough in manufacturing ring laser gyroscopes (Schreiber, 2013; Beverini et al., 2014; Hurst et al., 2015). Earth rotation and orientation provide the link between the terrestrial (ITRF) and celestial reference frames (ICRF). Traditionally, the Earth orientation parameters (EOPs) are observed by the International Earth Rotation Service (IERS) that operates the global VLBI network. VLBI technique determines EOPs off-line after accumulating the data over sufficiently long period of time. Moreover, VLBI depends on suitable models of Earth's troposphere and geophysical factors which are difficult to predict. Ring laser gyroscopes provide direct access to the Earth rotation axis and a high resolution in the short-term. Currently, the modern quantum optics has matured to a point where the ring laser gyroscopes can resolve rotation rates of 10−12 rad/s after 1 h of integration and demonstrate an impressive stability over several month (Schreiber, 2013). The combination of VLBI and ring laser measurements offers an improved sensitivity for the EOPs in the short-term and the direct access to the Earth rotation axis. Another application of the ring laser gyroscopes is to measure the Lense-Thirring effect predicted by Einstein's general relativity (Ciufolini and Wheeler, 1995), in a terrestrial laboratory environment (Beverini et al., 2014).

Another, rapidly emerging branch of relativistic geodesy is called chronometric geodesy (Petit et al., 2014). This new line of development is pushed forward by the fascinating progress in making up quantum clocks (Poli et al., 2013), ultra-precise time-scale dissemination over the globe (Kómár et al., 2014), and geophysical applications of the clocks (Bondarescu et al., 2012, 2015). Clocks at rest in a gravitational potential tick slower than clocks outside of it. On Earth, this translates to a relative frequency change of 10−16 per meter of height difference (Falke et al., 2014). Comparing the frequency of a probe clock with a reference clock provides a direct measure of the gravity potential difference between the two clocks. This novel technique has been dubbed chronometric leveling. It is envisioned as one of the most promising application of the relativistic geodesy in a near future (Mai and Müller, 2013; Mai, 2014; Petit et al., 2014). Optical frequency standards have recently reached stability of 2.2 × 10−16 at 1 s, and demonstrated an overall fractional frequency uncertainty of 2.1 × 10−18 (Nicholson et al., 2015) which enables their use for chronometric geodesy at the absolute level of one centimeter.

The chronometric leveling directly measures the equipotential surface of gravity field (geoid) without conducting a complicated gravimetric survey and solving the differential equations for the anomalous gravity potentials (Stoke's or Molodensky's problem Hofmann-Wellenhof and Moritz, 2006; Torge and Müller, 2012). Combining the data of the chronometric leveling with those of the conventional geodetic techniques will allow us to determine the normal heights of reference points with an unprecedented accuracy (Bondarescu et al., 2012). An adequate physical interpretation of this type of measurements requires more precise theoretical definition of geoid (Kopeikin et al., 2015; Oltean et al., 2015) and is inconceivable without an accompanying development of the corresponding mathematical algorithms accounting for the major relativistic effects in the description of the equipotential level surface and its, so-called, normal) gravity field (Hofmann-Wellenhof and Moritz, 2006; Torge and Müller, 2012).

The objective of the present paper is to suggest a solution of Einstein's gravity field equations that gives rise to the post-Newtonian equipotential surface described by the second-order polynomial which exactly coincides with the shape of the Maclaurin ellipsoid in the Newtonian gravity. Our previous paper (Kopeikin et al., 2016) has explored the post-Newtonian case of a homogeneous density distribution of a uniformly rotating perfect fluid. We have shown that the post-Newtonian effects inevitably distort the Maclaurin ellipsoid of rotation to a surface described by the fourth-order polynomial which cannot be reduced to the ellipsoidal surface of the second order by doing coordinate transformations. In the present paper we assume that the mass distribution is not homogeneous but an ellipsoidal one with a free parameter, and prove that under this assumption the equipotential level surface can be made as an exact ellipsoid of the second order which may be found more convenient for doing the reduction of high-precise geodetic measurements with taking into account relativistic corrections.

The paper consists of several sections, bibliography and appendix. Section 2 explains briefly the principles of the post-Newtonian approximations and describes the post-Newtonian metric tensor. In Section 3 we give definition of the post-Newtonian geoid. Section 4 discusses the post-Newtonian ellipsoid which generalizes the Maclaurin ellipsoid and is, in general, the surface of the fourth order. It also introduces the reader to the concept of the post-Newtonian coordinate freedom and shows how this freedom can be used to simplify the mathematical description of the PN-ellipsoid. Sections 5–7 calculate respectively the Newtonian and post-Newtonian gravitational potentials inside the rotating PN-ellipsoid. Sections 8, 9 give the post-Newtonian definitions of the conserved mass and angular momentum. Section 10 derives the post-Newtonian equations of the equipotential level surface. Sections 11, 12 provide the reader with the relativistic generalization of the Pizzetti and Clairaut theorem of classical geodesy (Pizzetti, 1913). Section 13 approximates the relativistic formulas which can be used in practical applications of relativistic geodesy and shows how to build the exact reference-ellipsoid in the post-Newtonian approximation. Finally, Section 14 introduces the concept of the post-Newtonian geoid's undulation and its relation to the current problem of the measurement of the global average sea level. Appendix contains technical details of calculations of the mathematical integrals which appear in the main part of the paper.

The following notations are used throughout the paper:

• the Greek indices α, β, … run from 0 to 3,

• the Roman indices i, j, … run from 1 to 3,

• repeated Greek indices mean Einstein's summation from 0 to 3,

• repeated Roman indices mean Einstein's summation from 1 to 3,

• the unit matrix (also known as the Kroneker symbol) is denoted by [image: image],

• the fully antisymmetric symbol Levi-Civita is denoted as [image: image] with ε123 = + 1,

• the bold letters a = (a1, a2, a3) ≡ (ai), b = (b1, b2, b3) ≡ (bi), and so on, denote spatial 3-dimensional vectors,

• a dot between two spatial vectors, for example [image: image], means the Euclidean dot product,

• the cross between two vectors, for example (a × b)i ≡ εijkajbk, means the Euclidean cross product,

• we use a shorthand notation for partial derivatives [image: image],

• covariant derivative with respect to a coordinate xα is denoted as ∇α;

• the Minkowski (flat) space-time metric ηαβ = diag(−1, +1, +1, +1),

• gαβ is the physical spacetime metric,

• ḡαβ is the background spacetime metric describing the gravitational field of the reference ellipsoid,

• the Greek indices are raised and lowered with the metric ḡαβ,

• G is the universal gravitational constant,

• c is the speed of light in vacuum,

• ω is a constant rotational velocity,

• ρ is a bare constant density of the fluid,

• a is a semi-major axis of the ellipsoid of revolution,

• b is a semi-minor axis of the ellipsoid of revolution,

• ρ0 is a constant bare density of matter,

• [image: image] is a dimensional parameter characterizing the strength of gravitational field,

• a bar above any quantity indicates that it belongs to the background spacetime manifold with the metric ḡαβ.

 Other notations are explained in the text as they appear.

2. POST-NEWTONIAN SPACETIME AND METRIC TENSOR

Discussion of the chronometric geodesy starts from the construction of the spacetime manifold for the case of a rotating Earth. We shall employ Einstein's general relativity to build such a manifold though some other alternative theories of gravity discussed, for example in Will (1993), can be used as well. Einstein's field equations represent a system of ten non-linear differential equations in partial derivatives for the ten components of the metric tensor, gαβ, which represent gravitational potentials. Because the equations are difficult to solve exactly due to their non-linearity, we apply the post-Newtonian approximations (PNA) for their solution (Chandrasekhar, 1965).

The PNA are applied in case of slowly-moving matter having a weak gravitational field. This is exactly the situation in the solar system which makes PNA highly appropriate for constructing relativistic theory of reference frames (Soffel et al., 2003) and relativistic celestial mechanics in the solar system (Soffel, 1989; Brumberg, 1991; Kopeikin et al., 2011). The PNA are based on the assumption that a Taylor expansion of the metric tensor can be done in the inverse powers of the speed of gravity c that is equal to the speed of light in vacuum in general relativity. Exact mathematical formulation of a set of basic axioms required for doing the post-Newtonian expansion was given by Rendall (1990). Practically, it requires to have several small parameters characterizing the source of gravity. They are: εi ~ vi ∕ c, εe ~ ve ∕ c, and [image: image], [image: image], where vi is a characteristic velocity of motion of matter inside a body, ve is a characteristic velocity of the relative motion of the bodies with respect to each other, Ui is the internal gravitational potential of each body, and Ue is the external gravitational potential between the bodies. If one denotes a characteristic radius of a body as L and a characteristic distance between the bodies as R, the internal and external gravitational potentials will be Ui ≃ GM ∕ L and Ue ≃ GM ∕ R, where M is a characteristic mass of the body. Due to the virial theorem of the Newtonian gravity (Chandrasekhar, 1965) the small parameters are not independent. Specifically, one has [image: image] and [image: image]. Hence, parameters εi and εe are sufficient in doing post-Newtonian approximations. Because within the solar system these parameters do not significantly differ from each other, we shall not distinguished them. Quite often we shall use notation κ ≡ πGρa2 ∕ c2 to mark the powers of the fundamental speed c in the post-Newtonian terms.

We assume that physical spacetime has the metric tensor denoted as gαβ. This spacetime is well-approximated by a background manifold with the metric tensor denoted ḡαβ. The perturbation of gravitational field is denoted with ϰαβ and is called the anomalous gravity potential. We, first, build the metric tensor of the background manifold by solving Einstein's equations in harmonic coordinates xα = (x0, xi), where x0 = ct, and t is the coordinate time. The class of the harmonic coordinates is defined by imposing the de Donder gauge condition on the metric tensor (Fock, 1964; Weinberg, 1972),

[image: image]

Einstein equations for the metric tensor are a complicated non-linear system of differential equations in partial derivatives. Because gravitational field of the solar system is weak and motion of matter is slow, we focus on the first post-Newtonian approximation of general relativity. We also assume that the source of the background metric is a perfect fluid. Under these assumptions the post-Newtonian background metric has the following form (Kopeikin et al., 2011)

[image: image]

where the gravitational potentials entering the metric, satisfy the Poisson equations,

[image: image]

with [image: image] and vi being pressure and velocity of matter respectively, and [image: image] is the internal energy of matter per unit mass. We emphasize that [image: image] is the local mass density of baryons per a unit of invariant (3-dimensional) volume element [image: image], where u0 is the time component of the 4-velocity of matter. The local mass density, [image: image], relates in the post-Newtonian approximation to the invariant mass density [image: image], namely (Kopeikin et al., 2011)

[image: image]

The internal energy, [image: image], is related to pressure, [image: image], and the local density, [image: image], through the thermodynamic equation

[image: image]

and the equation of state, [image: image].

We shall further assume that the background matter rotates rigidly around fixed z axis with a constant angular velocity ω. This makes the background spacetime stationary with the background metric being independent on time. In the stationary spacetime, the mass density ρ* obeys the exact equation of continuity

[image: image]

Velocity of rigidly rotating fluid is

[image: image]

where ωi = (0, 0, ω) is the constant angular velocity. Replacing velocity vi in Equation (10) with Equation (11), and differentiating, reveals that

[image: image]

which means that velocity of the fluid is tangent to the surfaces of a constant density [image: image].

3. RELATIVISTIC GEOID

The Newtonian concept of Earth's geoid was extended to the post-Newtonian approximation of general relativity in Soffel (1989) and Kopejkin (1991). Exact concept of the relativistic geoid in general relativity that is not limited to the first post-Newtonian approximation has been discussed in Kopeikin et al. (2015) and Oltean et al. (2015).

We consider the Earth as made up of the background matter with small perturbations which reflect the actual mass distribution, stresses, and velocity flow of Earth's matter with respect to the rigidly rotating frame of reference. The angular velocity, ω, of Earth's rotation also slowly changes because of precession, nutation, polar motion and variations in the length-of-day. The physical metric, gαβ, depends on time and spatial coordinates. It is decomposed into an algebraic sum of the background metric ḡαβ, and its perturbation, ϰαβ,

[image: image]

In the present paper, we shall neglect dependence of the perturbation ϰαβ on time because it produces very tiny relativistic effects that are currently unobservable.

Terrestrial reference frame is formed by the world lines of observers being fixed with respect to the crust of the Earth. Each observer moves in spacetime with four-velocity uα = c−1dxα ∕ dτ where xα = {x0, x1, x2, x3} are coordinates of the observer, and τ is its proper time defined in terms of the metric tensor Equation (13) as follows,

[image: image]

Physical space of observers at each instant of time is represented by a three-dimensional hypersurface of constant proper time that is orthogonal everywhere to the world lines of the observers. The metric tensor on this hypersurface is denoted as hαβ and is given by Zelmanov et al. (2006) and Landau and Lifshitz (1975)

[image: image]

It is used to measure the spatial distances. Rising and lowering of Greek indices of geometric objects residing on the perturbed manifold are done with the help of the full metric gαβ.

Similarly to classic geodesy, general relativity offers two definitions of relativistic geoid (Soffel, 1989; Kopejkin, 1991)

Definition 1: The relativistic u-geoid represents a two-dimensional surface at any point of which the rate of the proper time, τ, of an ideal clock carried out by a set of fiducial terrestrial observers is constant.

The u-geoid is determined by equation W = const., where the physical gravity potential

[image: image]

Because [image: image], where the dot means the total time derivative with respect to the coordinate time t, Equation (16) becomes,

[image: image]

This matches the Newtonian definition of the geoid after decomposition of the metric tensor in the post-Newtonian series and discarding all post-Newtonian terms.

Definition 2: The relativistic a-geoid represents a two-dimensional surface at any point of which the direction of a plumb line measured by the terrestrial observer, is orthogonal to the tangent plane of geoid's surface.

In order to derive equation of a-geoid, we notice that the direction of the plumb line is given by a four-vector of the physical acceleration of gravity, [image: image] where [image: image] is a four-acceleration of the terrestrial observer being orthogonal to uα. In case of a stationary rotating configuration of matter, we get (Lightman et al., 1975, Problems 10.14 and 16.17)

[image: image]

where W is calculated in Equation (17). We consider an arbitrary displacement, [image: image], on the spatial hypersurface being orthogonal to uα everywhere, and make a scalar product of [image: image] with the direction of the plumb line. It gives,

[image: image]

From definition of a-geoid the left-hand side of Equation (19) must vanish due to the condition of orthogonality of the two vectors, [image: image] and gα. Therefore, it makes dln(1−W∕c2) = 0, which means the constancy of the gravity potential W on the three-dimensional surface of the a-geoid. Thus, the surface of a-geoid coincides with that of u-geoid.

Calculation of the geoid is a difficult mathematical problem of geodesy. It is solved by introducing a reference surface of reference ellipsoid. Geoid's surface is defined in terms of the geoid undulation (height) with respect to the reference ellipsoid.

4. POST-NEWTONIAN REFERENCE ELLIPSOID

In classical geodesy the reference figure for calculation of geoid's undulation is the Maclaurin ellipsoid which is a surface of the second order formed by a rigidly rotating fluid of constant density ρ. Maclaurin's ellipsoid is a surface of the second order (Chandrasekhar, 1969)

[image: image]

where a and b are semi-major and semi-minor axes of the ellipsoid. We also assume a > b, and define the eccentricity of the Maclaurin ellipsoid as

[image: image]

Physically, the ellipsoidal shape of rotating, self-gravitating fluid is formed because the Newtonian gravity potential is a scalar function represented by a polynomial of the second order with respect to the Cartesian spatial coordinates, and the differential Euler equation defining the equilibrium of the gravity and pressure is of the first order partial different equation which leads to the quadratic (w.r.t. the coordinates) equation of the level surface.

We shall demonstrate in the following sections that in the post-Newtonian approximation the gravity potential, W, of the rotating fluid is a polynomial of the fourth order as was first noticed by Chandrasekhar (1965). Hence, the post-Newtonian equation of the level surface of a rigidly-rotating fluid is expected to be a surface of the fourth order. We shall assume that the surface remains axisymmetric in the post-Newtonian approximation and dubbed the body with such a surface as PN-ellipsoid.

We shall denote all quantities taken on the surface of the PN-ellipsoid with a bar to distinguish them from the coordinates outside of the surface. Let the barred coordinates [image: image] denote a point on the surface of the PN-ellipsoid with the axis of symmetry directed along the rotational axis and with the origin located at its post-Newtonian center of mass 1. Let the rotational axis coincide with the direction of z axis. Then, the most general equation of the PN-ellipsoid is

[image: image]

where κ ≡ πGρa2 ∕ c2, [image: image], is the post-Newtonian parameter which is convenient in the calculations that follows,

[image: image]

and [image: image]1, [image: image]2, [image: image]1, [image: image]2, [image: image]3 are arbitrary numerical coefficients.

Each cross-section of the PN-ellipsoid being orthogonal to the rotational axis, represents a circle. The equatorial cross-section has an equatorial radius, [image: image], being determined from Equation (22) by the condition [image: image]. It yields

[image: image]

The meridional cross-section of the PN-ellipsoid is no longer an ellipse (as it was in case of the Maclaurin ellipsoid) but a curve of the fourth order. Nonetheless, we can define the polar radius, [image: image], of the PN-ellipsoid by the condition, [image: image]. Equation (22) yields

[image: image]

The equatorial and polar radii of the PN-ellipsoid should be used in the post-Newtonian approximation instead of the equatorial and polar radii of the Maclaurin reference-ellipsoid for calculation of observable physical effects like the force of force, etc. We characterize the “oblateness” of the PN-ellipsoid by the post-Newtonian eccentricity

[image: image]

It differs from the eccentricity Equation (21) of the Maclaurin ellipsoid by relativistic correction

[image: image]

The PN-ellipsoid vs. Maclaurin's ellipsoid is visualized in Figure 1.


[image: image]

FIGURE 1. Meridional cross-section of the PN-ellipsoid (a red curve in on-line version) vs. the Maclaurin ellipsoid (a blue curve in on-line version). The left panel represents the most general case with arbitrary values of the shape parameters [image: image]1, [image: image]2, [image: image]3 when the equatorial, re, and polar, rp, radii of the PN-ellipsoid differ from the semi-major, a, and semi-minor, b, axes of the Maclaurin ellipsoid, re ≠ a, rp ≠ b. The right panel shows the most important physical case of [image: image]1 = [image: image]2 = 0 when the equatorial and polar radii of the PN-ellipsoid and the Maclaurin ellipsoid are equal. The angle φ is the geographic latitude (−90° ≤ φ ≤ 90°), and the angle θ is a complementary angle (co-latitude) used for calculation of integrals in appendix of the present paper (0 ≤ θ ≤ π). In general, when [image: image]1 ≠ [image: image]2 ≠ 0, the maximal radial difference (the “height” difference) between the surfaces of the PN-ellipsoid and the Maclaurin ellipsoid depends on the choice of the post-Newtonian coordinates, and may amount to a few cm (see Section 13). Carefully operating with the residual gauge freedom of the post-Newtonian theory allows us to make the difference between the two surfaces much less than that.



Theoretical formalism for calculation of the post-Newtonian level surface can be worked out in arbitrary coordinates. For mathematical and historic reasons the most convenient are harmonic coordinates which are also used by the IAU (Soffel et al., 2003) and IERS (Petit and Luzum, 2010). The class of the harmonic coordinates is selected by the gauge condition Equation (1). Different harmonic coordinates are interrelated by coordinate transformations which are not violating the gauge condition 1. This freedom is known as a residual gauge (or coordinate) freedom. The field Equations (5)–(7) and their solutions are form-invariant with respect to the residual gauge transformations.

The residual gauge freedom is described by a post-Newtonian coordinate transformation,

[image: image]

where functions, ξα, obey the Laplace equation,

[image: image]

Solution of the Laplace equation which is convergent at the origin of the coordinate system, is given in terms of the harmonic polynomials which are selected by the conditions imposed by the statement of the problem. In our case, the problem is to determine the shape of the PN-ellipsoid which has the surface described by the polynomial of the fourth order Equation (32) with yet unknown coefficients [image: image]1, [image: image]2, [image: image]3. The form of the Equation 32 does not change (in the post-Newtonian approximation) if the functions ξα in Equation (28) are polynomials of the third order. It is straightforward to show that the admissible harmonic polynomials of the third order have the following form

[image: image]

where h, k, p, and q are arbitrary constant parameters. Polynomials Equations (30a)–(30c) represent solutions of the Laplace Equation (29). We choose ξ0 = 0 because we consider stationary spacetime so all functions are time-independent.

Coordinate transformation Equation (28) with ξi taken from Equations (30a)–(30c) does not violate the harmonic gauge condition Equation (1) but it changes the numerical post-Newtonian coefficients in the mathematical form of Equations (22) and Equation (23)

[image: image]

Thus, it makes evident that only one out of the five coefficients [image: image]1, [image: image]2, [image: image]1, [image: image]2, [image: image]3 is algebraically independent while the four others can be chosen arbitrary. To simplify our calculations and eliminate the gauge-dependent terms from mathematical equations we choose [image: image]1 = [image: image]2 = [image: image]1 = [image: image]2 = 0. The constant [image: image]3 ≡ [image: image] is left free. It will be fixed later on. With the accepted choice of the coordinates the polar radius rp = b, the equatorial radius re = a, the eccentricity of the PN-ellipsoid ϵ = e, and function

[image: image]

Let xi = {x, y, z} is any point inside the PN-ellipsoid. We introduce a quadratic polynomial

[image: image]

This polynomial vanishes on the boundary surface of the PN-ellipsoid in the Newtonian approximation. However, in the post-Newtonian approximation we have on the boundary the following condition

[image: image]

as a consequence of Equation (22). In terms of the polynomial [image: image] function [image: image] in Equation (32) can be formally recast to

[image: image]

The term being proportional to [image: image] can be discarded on the boundary of the PN-ellipsoid. Now we shall calculate the gravitational potentials of the rotating PN ellipsoid which enter the metric tensor Equations (2)–(4).

5. NEWTONIAN POTENTIAL [image: image]

Newtonian gravitational potential [image: image] satisfies the inhomogeneous Poisson's equation

[image: image]

inside the mass. Its particular solution is given by

[image: image]

where [image: image] is the volume occupied by the matter distribution. We shall assume that the density has an ellipsoidal distribution inside the body which differs from the homogeneous density, ρ0, only in the post-Newtonian approximation. Moreover, we shall consider the most simple, linearized case of the ellipsoidal distribution

[image: image]

where ρ0 is a constant bare density, and [image: image] is as yet undetermined numerical constant. This assumption allows us to perform integration in Equation (37) explicitly. Inside the mass the integral Equation (37) can be calculated by making use of spherical coordinates. The procedure is as follows (Chandrasekhar, 1969).

Let us consider a point xi = {x, y, z} inside the PN-ellipsoid Equation (22). It is connected to the point [image: image] on the surface of the ellipsoid by vector [image: image] where Ri = Rℓi, [image: image], and a unit vector, ℓi = {sinθcosλ, sinθsinλ, cosθ}. We have

[image: image]

Substituting Equations (39)–(22) yields a quadratic equation

[image: image]

where

[image: image]

We solve Equation (40) by iterations by expanding [image: image], where [image: image] is either [image: image] or [image: image] corresponding to two solutions of the quadratic Equation (40) with the right hand side being nil. The bare solution [image: image] is used, then, to calculate the right side of Equation (40) for performing the second iteration. We obtain

[image: image]

where

[image: image]

where the term [image: image] vanishes because of Equation (40).

We make replacement of variable x′ in Equation (37) to r = x − x′, and use spherical coordinates to perform integration with respect to the radial coordinate r = |x − x′| from the point r = 0 to the point lying on the surface of the PN ellipsoid, r = R−(θ, λ) or r = R+(θ, λ). For the internal point, the angular integration in the remaining integral over the surface of the PN ellipsoid is performed over the solid angle 4π, and the integration with the point R−(θ, λ) equals to that with the radial direction R+(θ, λ). This observation makes the angular integration easier because the integral Equation (37) can be written down in the following form (Chandrasekhar, 1969)

[image: image]

where R+ and R− are defined in Equation (42), and the integral

[image: image]

takes into account the ellipsoidal distribution of the density. After making use of Equation (42) and expanding the integrand in Equation (44) with respect to the post-Newtonian parameter κ, the Newtonian potential takes on the following form

[image: image]

where all post-Newtonian terms of the higher order in κ have been discarded, and integration is performed over a unit sphere S2 with respect to the angles λ and θ, dΩ ≡ sinθdθdλ is the element of the solid angle.

Now, we expand F± in polynomial w.r.t. R±,

[image: image]

where the coefficients

[image: image]

are the polynomials of z only. We also notice that on the surface of the PN-ellipsoid, [image: image], as follows from Equation (35) where we can use, [image: image], in the post-Newtonian terms.

Replacing Equations (47) in (46) transforms it to

[image: image]

where

[image: image]

Equations (52)–(55) describe the Newtonian potential exactly both on the surface of the PN-ellipsoid and inside it. These equations cannot be extended to the external space which requires a separate integration which will be discussed somewhere else.

The integrals entering V in Equations (54), (55) are discussed in Appendix A in Supplementary Material. The integrals I1 appears besides Equation (53) also in the post-Newtonian potentials of the gravitational field in Equation (80), and its discussion is postponed to section 7. After evaluating the integrals in the internal point and reducing similar terms, potentials VN and VpN take on the following form:

[image: image]

where

[image: image]

and the polynomial coefficients α0, α1, α2, α3, α4 are given in Equations (48)–(52). It is worth noticing that VpN obeys the Laplace equation

[image: image]

and Equation (57) represents the harmonic polynomial of the fourth order.

6. POST-NEWTONIAN VECTOR POTENTIAL [image: image]

Vector potential Vi obeys the Poisson equation

[image: image]

which has a particular solution

[image: image]

For a rigidly rotating configuration, vi(x) = εijkωjxk so that

[image: image]

where

[image: image]

It can be recast to the following form

[image: image]

where [image: image] is the Newtonian potential given in Equation (56). Because the potential [image: image] appears only in the post-Newtonian terms we can consider the density [image: image] as constant, [image: image]. In this case the second term in the right hand side of Equation (66) can be integrated over the radial coordinate, yielding

[image: image]

After making use of Equation (42) to replace R+ and R−, we obtain

[image: image]

where we have omitted the post-Newtonian terms (with κ) since the vector potential [image: image] itself appears only in the post-Newtonian terms. Integrals entering Equation (68) are given in Appendix A in Supplementary Material. Calculation reveals

[image: image]

[image: image]

Substituting this result to Equation (66) and making use of Equation (56) yields

[image: image]

where

[image: image]

7. POST-NEWTONIAN SCALAR POTENTIAL [image: image]

Potential [image: image] is defined by equation

[image: image]

where function

[image: image]

Potential [image: image] enters only the post-Newtonian equations. Therefore, everywhere in calculation of [image: image] we can assume the density [image: image] being approximated as constant. The pressure [image: image] inside the massive body can be calculated from the hydrostatic equilibrium equation with a constant value of the bare density [image: image]. The solution is Chandrasekhar (1969)

[image: image]

Making use of Equation (77) and Equation (56) we can write down function [image: image] as

[image: image]

Particular solution of Equation (75) can be written as

[image: image]

where we have introduced two integrals

[image: image]

Notice that the integral Ī1 has already appeared in the calculation of the Newtonian potential in Equation (45) while the integral Ī2 is a new one.

The integrals can be split in several algebraic pieces,

[image: image]

where the integrals

[image: image]

We use the results of Appendix A in Supplementary Material to calculate these integrals, and obtain

[image: image]

Substituting these results in Equations (82) and (83) yields

[image: image]

Replacing these expressions to Equation (79) results in

[image: image]

where

[image: image]

This finalizes the calculation of the post-Newtonian potentials inside the mass.

8. POST-NEWTONIAN MASS

The post-Newtonian conservation laws have been discussed by a number of researchers the most notably in textbooks (Fock, 1964; Will, 1993; Kopeikin et al., 2011). General relativity predicts that the integrals of energy, linear momentum, angular momentum and the center of mass of an isolated system are conserved in the post-Newtonian approximation. In the present paper we deal with a single isolated body so that the integrals of the center of mass and the linear momentum are trivial and we can always choose the origin of the coordinate system at the center of mass of the body with the linear momentum being nil. The integrals of energy and angular momentum are less trivial and requires detailed calculations which are given below.

The law of conservation of energy yields the post-Newtonian mass of a rotating fluid ball that is defined as follows (Fock, 1964; Will, 1993; Kopeikin et al., 2011)

[image: image]

where [image: image] is the volume of PN-ellipsoid, and

[image: image]

is the rest mass of baryons comprising the body, and

[image: image]

is the post-Newtonian correction.

In order to calculate the rest mass, MN, we introduce normalized spherical coordinates r, θ, ϕ related to the Cartesian (harmonic) coordinates x, y, z as follows,

[image: image]

In these coordinates the integral Equation (95) is given by

[image: image]

where r(θ) describes the surface of the PN-ellipsoid defined above in Equations (22), (32)

[image: image]

Integration in Equation (98) results in

[image: image]

The post-Newtonian contribution, MpN, to the rest mass reads

[image: image]

The total mass Equation (94) becomes

[image: image]

The inverse relation is used to convert the density ρ0 to the total mass,

[image: image]

The total post-Newtonian mass, M, depends on the sum of the parameters, [image: image]+[image: image].

9. POST-NEWTONIAN ANGULAR MOMENTUM

Vector of the post-Newtonian angular momentum, Si = (Sx, Sy, Sz), is defined by Fock (1964), Will (1993), and Kopeikin et al. (2011)

[image: image]

where [image: image] and [image: image] are the Newtonian and post-Newtonian contributions respectively,

[image: image]

and vector-potential [image: image] has been given in Equations (64) and (72).

It can be checked up by inspection that in case of an axisymmetric mass distribution with the ellipsoidal density distribution Equation (38), the only non-vanishing component of the angular momentum is S3 = Sz ≡ S. Indeed, v = (ω × x), and (x × v)i = (x × (ω × x))i = ωi(x2 + y2 + z2) − xi ω z. It results in

[image: image]

By making use of the coordinates Equation (97) the reader can easily confirm that [image: image], and [image: image] reads

[image: image]

where r(θ) is defined in Equation (99). After integration we obtain,

[image: image]

Replacing the density ρ0 by the total mass M with the help of Equation (102), makes the Newtonian part of the angular momentum take on the following form,

[image: image]

It is straightforward to prove that x and y components of [image: image] also vanish due to the axial symmetry, and only its z component, [image: image], remains. We notice that

[image: image]

where D1 is taken from Equation (73). Therefore,

[image: image]

Making transformation to the coordinates Equation (97) and approximating [image: image], yields

[image: image]

The total angular momentum becomes

[image: image]

10. POST-NEWTONIAN EQUATION OF THE LEVEL SURFACE

The figure of the rotating fluid body is defined by the boundary condition of vanishing pressure, p = 0. The surface p = 0 is called the level surface. Relativistic Euler equation derived for the rigidly rotating fluid body tells us that the level surface coincides with the equipotential surface of the post-Newtonian gravitational potential [image: image] which is expressed in terms of the centrifugal and gravitational potentials by the following expression (Kopejkin, 1991; Kopeikin et al., 2011, 2015)

[image: image]

where [image: image], and the potentials [image: image] have been explained in Sections 5–7. After substituting these potentials to equation Equation (115) it can be presented as a quadratic polynomial with respect to function C(x),

[image: image]

where the coefficients of the expansion are the polynomials of the z coordinate only. In particular, the coefficient [image: image] is a polynomial of the fourth order,

[image: image]

where

[image: image]

Coefficient [image: image] in Equation (116) is a polynomial of the second order,

[image: image]

where

[image: image]

Coefficient [image: image] in Equation (116) is constant,

[image: image]

On the level surface of the PN-ellipsoid2 we have all three coordinates interconnected by Equation (34) of the PN-ellipsoid, [image: image], so that Equation (116) becomes

[image: image]

and the term with [image: image], is discarded as negligibly small. After reducing similar terms, the potential [image: image] on the level surface is simplified to the polynomial of the fourth order,

[image: image]

where

[image: image]

Because the potential [image: image] is to be constant on the level surface (Kopeikin et al., 2015), the numerical coefficients [image: image] and [image: image] must vanish. The first condition, [image: image], yields a relation between the angular velocity of rotation, ω, and the eccentricity, e, of the rotating fluid ellipsoid:

[image: image]

Equation (130) generalizes the famous result that was first obtained by Colin Maclaurin in 1742, from the Newtonian theory of gravity to the realm of general relativity.

The second condition, [image: image], yields an algebraic equation for the two coefficients [image: image], [image: image],

[image: image]

Equation (131) imposes one constraint on two coefficients [image: image], [image: image] defining the shape of the PN-ellipsoid and the law of distribution of mass density. One more constraint is required to fix these coefficients. We can use, for example, the Maclaurin relation Equation (130) to set an additional (geodetic) constraint on the parameters by demanding that the post-Newtonian part of Equation (130) vanishes.

We explored another possibility to impose self-consistent constraints on the shape parameters of the PN-ellpsoid directly related to the gravimetric measurements in geodesy. Newtonian theory of rotating reference-ellipsoid connects the shape parameters of the Maclaurin ellipsoid with the measured values of its gravity force at the pole and equator of the ellipsoid through the Pizzetti and Clairaut theorems (Pizzetti, 1913; Torge and Müller, 2012). Let us denote the force of gravity measured at the pole of the ellipsoid by γp ≡ γi(x = 0, y = 0, z = b), and the force of gravity measured on equator by γe ≡ γi(x = 0, y = a, z = 0). Due to the rotational symmetry of the ellipsoid the equatorial point can be, in fact, chosen arbitrary. The classic form of the Pizetti theorem is

[image: image]

while the Clairaut theorem states

[image: image]

These two theorems were crucial in geodesy of XIX-th century for deeper understanding that the geometric shape of Earth's figure can be determined not only from the measurements of the geodetic arcs but, independently, from rendering the intrinsic measurements of the force of gravity on its surface. The gravity-geometry correspondence led to the pioneering idea that the gravity force and geometry of space must be always interrelated—the idea which paved a way in XX-th century to the development of the general theory of relativity by A. Einstein. We derive the post-Newtonian analogs of the Pizzetti and Clairaut theorems in the next two sections and explore what kind of natural limitations (if any) they can set on the shape parameters of the post-Newtonian ellipsoid.

11. POST-NEWTONIAN PIZZETTI'S THEOREM

The force of gravity on the equipotential surface of a massive rotating body is defined by equation (Kopeikin et al., 2011)

[image: image]

where [image: image], the post-Newtonian gravity potential [image: image] is given in Equation (116), and

[image: image]

is the matrix of transformation from the global coordinates to the local inertial frame of observer, vi = (ω × x)i is velocity of the observer with respect to the global coordinates, and VN is the Newtonian potential Equation (56). We emphasize that we, first, take a derivative in Equation (134), and then, take the spatial coordinates, x, on the equipotential surface described by the equation of the post-Newtonian ellipsoid Equation (22).

Velocity vi is orthogonal to the gradient [image: image] everywhere, that is

[image: image]

Indeed, it is easy to prove that

[image: image]

Partial derivatives of W are calculated from Equation (116),

[image: image]

Replacing the partial derivative from Equations (138) to (137) yields Equation (136). After accounting for Equations (136), (134) is simplified to

[image: image]

We shall denote the force of gravity on the pole by γp ≡ γi(x = 0, y = 0, z = rp), and the force of gravity on the equator by γe ≡ γi(x = 0, y = re, z = 0) where the equatorial re and polar rp radii are defined in Equations (24) and (25) respectively. Taking the partial derivative from [image: image] in Equation (139), yields

[image: image]

We form a linear combination

[image: image]

Making use of integrals given in Appendix A in Supplementary Material, we can check that Equation (142) is simplified to

[image: image]

In order to compare Equation (143) with its classic counterpart Equation (132), we convert, then, the density ρ0, to the total relativistic mass of the PN-ellipsoid by making use of Equation (103). It allows us to recast Equation (143) to

[image: image]

This equation represents the post-Newtonian extension of the classical Pizzetti theorem (132).

12. POST-NEWTONIAN CLAIRAUT'S THEOREM

In order to derive the post-Newtonian analog of the Clairaut theorem Equation (133) we follow its classic derivation given, for example, in Pizzetti (1913). To this end we form a linear difference between the forces of gravity measured at the pole and on the equator of the PN-ellipsoid by making use of EquationS (139) and (140). We get

[image: image]

We use the results of Appendix A in Supplementary Material to replace the integrals entering the right side of Equation (145), with their explicit expressions given in terms of the eccentricity e of the Maclaurin ellipsoid Equation (20). It yields

[image: image]

This form of the Clairaut theorem apparently depends on the shape parameters [image: image], [image: image] in different combinations and can be used to impose a constraints on one of them in addition to the constraint given by the level surface Equation (131). For example, we could demand that all post-Newtonian terms in Equation (146) vanish.

The last step is to replace the density ρ0 in Equation (146) with the total mass of the PN-ellipsoid by making use of the gauge-invariant expression Equation (103). We get

[image: image]

This is the post-Newtonian extension of the classical Clairaut theorem Equation (133).

13. REFERENCE ELLIPSOID IN SMALL-ECCENTRICITY APPROXIMATION

Let us apply the formalism of previous sections to derive practically useful post-Newtonian relationships used for processing geodetic and gravimetric measurements on the surface of Earth and in space. To this end we notice that the flattening, f of the terrestrial reference ellipsoid is about f≃e2 ∕ 2 ≃ 1 ∕ 298 = 0.0034 (Petit and Luzum, 2010, Section 1) that can be used as a small parameter for expanding all post-Newtonian terms in the convergent Taylor series with respect to f. We shall keep the Newtonian expressions as they are without expansion, and take into account only terms of the order of e2 in the post-Newtonian parts of equations by systematically discarding terms of the order of ~e4, and higher. Because, according to Maclaurin's relation Equation (130), the square of the angular velocity, ω2 ≃ e2, (see Pizzetti, 1913; Chandrasekhar, 1969; Torge and Müller, 2012 for more detail), we shall also discard terms of the order of ω4 and ω2e2. This procedure shall dubbed as a small-eccentricity approximation.

Now, we have to make a decision about what kind of constraints on the model parameters of the PN ellipsoid [image: image], [image: image] would be more preferable for practical applications. We have considered the case of [image: image] = 0, [image: image] ≠ 0 in our previous work (Kopeikin et al., 2016). We have proved that [image: image]≃O(e4), and can be ignored in all geodetic equations of the small-eccentricity approximation under assumption of the homogeneous density distribution. In the present paper we explore the complementary case [image: image] ≠ 0, [image: image] = 0. This constraint makes the level surface of the post-Newtonian ellipsoid coinciding exactly with the classic ellipsoid Equation (20) which means that the ellipsoidal coordinate system, having been ubiquitously used in geodesy, is not deformed by the relativistic corrections to the gravity field at all. This requires to adopt that the mass density inside the ellipsoid has an inhomogeneous ellipsoidal distribution given by Equation (38) depending on the parameter [image: image] which is determined from the equation of the level surface Equation (131). We solve Equation (131) under this constraint with respect to [image: image], and find out that it can be approximated with

[image: image]

that yields

[image: image]

Post-Newtonian correction to the mass of the Earth, M⊕, can be evaluated from Equation (102). Because the mass couples with the universal gravitational constant G, it contributes to the numerical value of the geocentric gravitational constant [image: image] m3s−2. Numerical values for the geopotential and the semi-major axis, a⊕, of reference ellipsoid are given in Petit and Luzum, 2010, Table 1.1.) They yield, [image: image]. After expansion of the right side of Equation (102) with respect to the eccentricity e, the relativistic variation in the value of GM⊕ is

[image: image]

where the numerical value of κ was calculated on the basis of relationship [image: image]. The current uncertainty in the numerical value of GM⊕ is [image: image] m3s−2 (Petit and Luzum, 2010, Table 1.1) which gives the fractional uncertainty

[image: image]

This is comparable with the relativistic contribution Equation (150) that must be taken into account in the reduction of precise geodetic data processing which are currently based on the Newtonian theory.

The Maclaurin relation Equation (130) takes on the following approximate form

[image: image]

which, after replacing ρ0 with the help of Equation (103) and expansion, can be recast to

[image: image]

This can be further decomposed and presented as follows

[image: image]

where

[image: image]

is the currently used value for the Earth angular velocity of rotation, [image: image] rad·s−1 (Petit and Luzum (2010). Contribution from the post-Newtonian term in the right side of Equation (154) amounts to 7.1 × 10−10 which makes it evident that the currently adopted value for ω⊕ should be corrected by the IUGG.

The approximate version of the post-Newtonian Pizzetti theorem Equation (144) reads

[image: image]

The post-Newtonian corrections in the Clairaut theorem Equation (147), after they are expanded with respect to the eccentricity, yield

[image: image]

The post-Newtonian corrections to the gravitational field entering the the Pizzetti and Clairaut theorems Equations (156), (226) are not so negligibly small, amount to the magnitude of approximately 3 μGal (1 Gal = 1 cm/s2), and are to be taken into account in calculation of the parameters of the reference-ellipsoid from astronomical and gravimetric data in a foreseeable future.

Equations (148)–(151) extrapolates the Newtonian relations adopted by IERS and IUGG for definition of the Earth reference ellipsoid and for connecting its parameters to the angular velocity ω and gravity field, to the realm of general relativity.

14. POST-NEWTONIAN GEOID'S UNDULATION

We define the anomalous (disturbing) gravity potential [image: image] ≡ [image: image](x) as the difference between the physical gravity potential, W ≡ W(x), and the background gravity potential, [image: image], of the PN reference ellipsoid

[image: image]

The gravity potential W is defined by the Einstein equations with the sources that take into account the real distribution of density, pressure, etc. of the real Earth. We don't need to solve the full Einstein equations again in order to find out [image: image]. Because the difference between W and [image: image] is very small, we can consider merely a linear perturbation of the background metric tensor [see Equation (13)]

[image: image]

The gravity potential W is constant on the perturbed equipotential surface, and is defined by

[image: image]

where [image: image] is the proper time of observer in the real physical spacetime. Making use of Equations (160) and (16) allows us to recast Equation (158) to

[image: image]

which can be further simplified by noticing that

[image: image]

where ūα is the unperturbed four-velocity of observer which coincides with the four-velocity of matter of the rotating reference ellipsoid. Accounting for definition Equation (161), we get the anomalous gravity potential in the form,

[image: image]

which is fully sufficient for practical applications. We emphasize that ϰαβ is the difference between the actual physical metric, gαβ, and the metric ḡαβ of the background manifold, and as such, should not be confused with the post-Newtonian expansion of the metric gαβ around a flat spacetime with the Minkowski metric ηαβ = diag(−1, 1, 1, 1) like it is shown in Equations (2)–(4). Our next task is to derive the differential equation for the anomalous gravity potential [image: image].

Let us assume that inside the Earth the deviation of the real matter distribution from its unperturbed value is described by the symmetric energy-momentum tensor

[image: image]

where uα is four-velocity, 𝔢 is the energy density, and 𝔰αβ is the symmetric stress tensor of the perturbing matter. The stress tensor includes the isotropic pressure (diagonal components) and shear (off-diagonal components), and is orthogonal to uα, that is [image: image]. The energy density of the matter perturbation

[image: image]

where ρ is the mass density of the perturbation, and 𝔓 is the internal (compression) energy of the perturbation. For further calculations, a more convenient metric variable is

[image: image]

where [image: image]. The dynamic field theory of manifold perturbations leads to the following equation for lαβ (Kopeikin and Petrov, 2013, 2014),

[image: image]

where [image: image] is the gauge vector function, depending on the choice of the coordinates, [image: image] is the Riemann (curvature) tensor of the background manifold depending on the metric tensor ḡαβ, its first and second derivatives, [image: image]—the Ricci tensor, and [image: image] is the tensorial perturbation of the background matter induced by the presence of the perturbation 𝔗αβ (see Kopeikin and Petrov, 2013, Equations 148–150 for particular details).

In what follows, we focus on derivation of the master equation for the anomalous gravity potential [image: image] in the exterior space that is outside of the background matter of the reference ellipsoid. This assumption is normally used in geodesy (Torge and Müller, 2012). To achieve our goal, we introduce two auxiliary scalars,

[image: image]

where

[image: image]

In terms of the scalar 𝔮 the anomalous gravity potential Equation (163) reads

[image: image]

where we have used the property ϰ = l. Taking from both sides of Equation (171) the covariant Laplace operator yields

[image: image]

where [image: image] is to be calculated from Equation (167).

We notice that according to Kopeikin and Petrov (2013, Equations 148–150) [image: image] is directly proportional to the thermodynamic quantities of the background matter and, thus, vanishes in the exterior (with respect to the background matter) space. Hence, we can drop off [image: image] in (237) in the exterior-to-matter domain. After contracting Equation (167) with ḡαβ, and accounting for Equation (170) we obtain

[image: image]

where all terms depending on the Ricci tensor [image: image] cancel out, [image: image], and we still have terms with the gauge field Aα. Now, we use the gauge freedom of general relativity to simplify (246). More specifically, we impose the gauge condition

[image: image]

where [image: image]. This gauge allows us to eliminate function 𝔭 from Equation (173) and, after making use of Equation (172), reduce it to to a simple form of a covariant Poisson equation

[image: image]

In the Newtonian approximation the trace of the energy-momentum tensor is reduced to the negative value of the matter density of the perturbation, 𝔗≃−ρ, while □[image: image]≃ΔN[image: image]. Hence, Equation (175) matches its Newtonian counterpart. Outside the mass distribution the master equation for the anomalous gravity potential is reduced to the covariant Laplace equation

[image: image]

Equations (175), (176) extend equations of classic geodesy to the realm of the post-Newtonian chronometric geodesy. The main difference is that the covariant Laplace operator in Equations (175), (176) is taken in curved space with the metric ḡαβ. The explicit form of the covariant Laplace operator applied to a scalar [image: image] in coordinates xi = {x1, x2, x3}, reads (Lightman et al., 1975, Problem 7.7.)

[image: image]

where the repeated indices mean the Einstein summation, [image: image] is the partial derivative with respect to the spatial coordinates, and we omitted all time derivatives because the background spacetime is stationary. For the geodetic purposes it is convenient to choose a spherical coordinate system, {x1, x2, x3} = {r, θ, λ} co-rotating rigidly along with the reference ellipsoid and with z-axis directed along the axis of the rotation. With a sufficient post-Newtonian accuracy the metric tensor of the background spacetime in this coordinate system reads

[image: image]

where [image: image] is the Newtonian gravitational potential defined in Equation (56). Determinant of the metric

[image: image]

After calculating the inverse metric ḡαβ, substituting it to Equation (177), and discarding all terms od the order of O(c−3), the equation for the anomalous gravity potential takes on the following form

[image: image]

where

[image: image]

is the Laplace operator in the spherical coordinates. The post-Newtonian equation Equation (184) can be solved by iterations by expanding the distrubing potential in the post-Newtonian series

[image: image]

where TN is the Newtonian disturbing potential expressed, for example, by the Stokes integral formula (Heiskanen and Moritz, 1967, Equations 2–163a), and TpN is the post-Newtonian correction which we are searching for. Substituting Equation (186) in Equation (184) yields the inhomogeneous differential equation for TpN,

[image: image]

which can be solved by means of standard mathematical techniques for known TN.

We introduce the relativistic geoid height, [image: image], by making use of relativistic generalization of Bruns' formula (Heiskanen and Moritz, 1967, Equations 2–144). We consider a set of equipotential surfaces defined by constant values of the gravity potential W. Let a point [image: image] lie on an equipotential reference surface [image: image]1 and has coordinates [image: image], and a point [image: image] lie on another equipotential surface [image: image]2, and has coordinates [image: image]. The height difference, [image: image], between the two surfaces is defined as the absolute value of the integral taken along the direction of the plumb line passing through the points [image: image] and [image: image],

[image: image]

where nα ≡ gα ∕ |g| is the unit (co)vector along the plumb line, gα is the relativistic acceleration of gravity Equation (18), [image: image], and ℓ is the proper length defined in space by Zelmanov et al. (2006) and Landau and Lifshitz (1975)

[image: image]

where [image: image] is the metric tensor in three-dimensional space. In case, when the height difference is small enough, we can use the second mean value theorem for integration (Hobson, 1909) and approximate the integral in Equation (188) as follows

[image: image]

where g[image: image] = |g([image: image])| denotes the magnitude of the relativistic acceleration of gravity taken on the equipotential surface [image: image]1. Equation (190) is exact. Separation of the height [image: image] in the Newtonian part and the post-Newtonian corrections depends on how we define the reference equipotential surface [image: image]1.

Let us choose the reference surface by equation [image: image] where [image: image] is the normal (relativistic) gravity field of the reference ellipsoid. Then, expanding the logarithm in Equation (190) with respect to the ratio W∕c2 and making use of definition Equation (158) of the anomalous gravity potential [image: image], we obtain from (190)

[image: image]

where the disturbing potential, [image: image], is measured at the point [image: image] on the geoid surface W, and the acceleration of gravity γ[image: image] ≡ g[image: image] is measured at point [image: image] on the reference surface [image: image].

Relativistic Bruns' formula Equation (191) yields geoid's undulation with respect to the unperturbed reference level surface, [image: image], in general relativity. Because we have defined this surface as an equipotential surface [image: image] which is the post-Newtonian solution of the Einstein equations, the height [image: image] does not represent the undulation of the relativistic geoid W with respect to the Newtonian equipotential surface defined by the surface of the constant Newtonian gravity potential, [image: image]. Expansion of the height [image: image] in Equation (191) in the post-Newtonian series around the value of the surface [image: image], yields

[image: image]

where 𝔑 is the classic definition of the geoid height given in terms of the Newtonian disturbing potential, [image: image] as explained, for example, in textbook (Vaníček and Krakiwsky, 1986, chapter 21). The post-Newtonian correction 𝔑pN to the height 𝔑 is caused by the difference between the post-Newtonian terms in W and [image: image], and has a magnitude of the order [image: image], where VN is the Newtonian gravitational potential of the Earth. Because the largest undulation of the Newtonian geoid of the Earth does not exceed 100 m (Torge and Müller, 2012), the explicit post-Newtonian correction 𝔑pN to the undulation is exceedingly small, [image: image] cm.

Thus, the main relativistic effects in terrestrial geodesy enter through the difference between the equipotential surface of the relativistic potential of the gravity force, [image: image], and one of the Newtonian gravity potential VN. This difference amounts to [image: image] cm which looks pretty small but crucially important in the current study of the changes in the global average sea level which is now rising twice as fast as it did over the past century, providing clear evidence of global warming on a short time scale. The measurements are done with the help of the the satellite laser altimetery which is so precise that allows us to measure the change in the global average sea level with the uncertainty ≤ 1 mm/year (Fu and Haines, 2013; Ablain et al., 2015) which is a factor of 10 larger than the post-Newtonian effects in the determination of the equipotential level surface!

ACKNOWLEDGMENTS

We thank the referees for valuable comments and suggestions for improving the presentation of the manuscript. The work of SK has been supported by the grant No 14-27-00068 of the Russian Science Foundation (RSF).

SUPPLEMENTARY MATERIAL

The Supplementary Material for this article can be found online at: http://journal.frontiersin.org/article/10.3389/fspas.2016.00005

FOOTNOTES

1Post-newtonian definitions of mass, center of mass, and other multipole moments can be found, for example, in Kopeikin et al. (2011).

2We remind the reader that the coordinates on the surface of the PN-ellipsoid are denoted as [image: image], ȳ, [image: image].
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