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Inter-Satellite links (ISLs) will be an important technique for a global navigation satellite
system (GNSS) in the future. Based on the principles of general relativity, the time transfer
in an ISL is modeled and the algorithm for onboard computation is described. It is
found, in general, satellites with circular orbits and identical semi-major axes can benefit
inter-satellite time transfer by canceling out terms associated with the transformations
between the proper times and the Geocentric Coordinate Time. For a GPS-like GNSS,
the Shapiro delay is as large as 0.1 ns when the ISL passes at the limb of the Earth.
However, in more realistic cases, this value will decrease to about 50 ps.
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1. INTRODUCTION

Inter-Satellite links (ISLs), also called crosslinks, will be a promising technique for enhancing the
reliability and integrity of a global navigation satellite system (GNSS). Since the early stage of the
Global Positioning System (GPS), ISLs have been a part of it. ISLs are applied to transfer the Nuclear
Detonation Detection System data and the autonomous navigation and ranging data between space
vehicles (Sonntag, 1997). For the Block IIR satellites of GPS, the pseudorange measurements with
ISLs are used by the onboard computers to update the stored navigation messages, including the
ephemeris and clock states, which endows the satellites with the ability to maintain accuracy for
a specified period of time after loss of contact with the control segment (Abusali et al., 1998).
The network system of ISLs and its uses for the next-generation GPS was discussed (Maine et al.,
2003). The European Space Agency (ESA) also assessed the potential improvements on a GNSS for
navigation and dissemination performance by introducing ISLs for ranging and communication
(Fernandez, 2011). It was officially reportedthat China is developing and testing the new-generation
Beidou Navigation Satellite System, which will have a new system of navigation signaling and ISLs.

In order to fulfill these practical purposes, time signals of onboard clocks together with other
information need to be transfered among the satellites through ISLs for ranging and computing
clock offsets. In the procedure of time transfer, Einstein’s general relativity (GR) has “long since
passed from the realm of theoretical physics to the realm of engineering design” (Nelson, 2011). In
fact, GR is an inevitable part of a GNSS (Ashby, 2003; Han et al., 2011). In the light of the principles
of GR, it is necessary to abandon the Newton’s absolute time for different kinds of times: proper
times and coordinate times (Misner et al., 1973; Landau and Lifshitz, 1975).

Theoretically, the readings of an ideal clock give the proper time t, which is an observable and
only belongs to the clock itself. However, there exists no such thing as an ideal clock. An atomic
clock, which is widely used on the ground and in space, drifts from the ideal clock with some
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known and unknown factors. The coordinate times cannot be
measured directly. However, they might be used as variables
in the equations of motion of celestial and artificial bodies
and light rays. The coordinate times are connected with the
proper time through the four-dimensional spacetime interval,
which changes the way of clock synchronization and time
transfer significantly (Petit and Wolf, 2005; Nelson, 2007, 2011).
Experiments involving time/frequency transfer might also be
used for testing theories of gravity (Samain, 2002; Cacciapuoti
and Salomon, 2009; Christophe et al., 2009; Wolf et al., 2009;
Christophe et al., 2012; Deng and Xie, 2013a,b, 2014; Hees et al.,
2014; Zhang et al., 2014; Delva et al., 2015; Xie and Huang, 2015).

The relativistic time transfers in various contexts, such as in
the vicinity of the Earth (Klioner, 1992; Petit and Wolf, 1994;
Wolf and Petit, 1995; Petit and Wolf, 1997; Kouba, 2002, 2004;
Petit and Wolf, 2005; Nelson, 2007, 2011) and in the Solar System
(Nelson, 2007, 2011; Deng, 2012; Pan and Xie, 2013, 2014, 2015),
have been intensively studied and discussed. In such contexts,
one clock is on-board a space vehicle and the other clock or a
user is usually on the ground. However, for ISLs, each end of a
link is a satellite with clocks in orbital motion, which makes the
description of the time of light propagation in the ISL different
from previously mentioned cases. In the present work, we will
model the time transfer through ISLs and discuss its algorithm
for onboard computation, where the relativistic effects are fully
taken into account.

The paper is organized as follows. Section 2 is devoted to
modeling the time transfer through ISLs. Some mathematical
details for this purpose can be found in the Appendix. The
algorithm for onboard computation is also discussed. Finally,
in Section 3, we summarize our results and discuss their
implication.

2. GENERAL RELATIVISTIC DESCRIPTION
OF TIME TRANSFER IN AN ISL

We consider an ISL between two satellites 1 and 2 in the
vicinity of the Earth. It is also assumed that these two satellites
belong to a GNSS like GPS. The proper times of their onboard
clocks are 71 and ;. Satellite 2 emits electromagnetic signals
encoded with its proper time of this emission of 7, and other
necessary information, such as its ephemeris and clock offset.
Satellite 1 receives these signals at its proper time 7;, decodes
out 7, and other messages and computes 71 — 7. In the
framework of the International Astronomical Union (IAU) 2000
Resolutions for general relativistic reference systems (Soffel et al.,
2003), we describe this problem in the Geocentric Celestial
Reference System (GCRS), which is physically adequate to
describe processes occurring in the vicinity of Earth. For the time
transfer in the ISL, we can have

d‘L'l N d‘L’l dT] dT2 (1)
d‘L’2 a dT] dT2 d‘C2 ’

where T; and T, are the time coordinates of GCRS, called the
Geocentric Coordinate Time (TCG).

The first and third terms on the r.h.s of Equation (1) account
for the relativistic four-dimensional transformations between
the proper time and TCG. Considering a post-Newtonian
development and keeping all terms larger than one part in 108,
the first term on the r.h.s of Equation (1) reads (Wolf and Petit,
1995; Petit and Wolf, 1997)

d 1 _ _
d—;ll =1- 62|:UE(X1) + EVf + U(xg + X1) — Ugr(xg)
—X; - VU(xg) + X; - Q] + O(e*). )

Here, ¢ = ¢! and cis the speed of light; Ug(X) is the Newtonian
gravitational potential of the Earth evaluated at the position of
satellite 1, X; V7 is the velocity of satellite 1 in GCRS; U(x) is
the Newtonian gravitational potential of external masses (except
the Earth) evaluated at the coordinate of x; xg is the coordinate
of the Earth’s center of mass in the Solar System Barycentric
Celestial Reference System (BCRS); the Q term is related to the
four-acceleration of the Earth’s center of mass in the external
gravitational field due to its mass quadrupole and it is numerically
at the order of ~ 107! m s72. It was found in Kouba (2004)
that, at the pico-second (ps) precision level (or the inaccuracy
of frequency of 10719), the effects of external masses can be
neglected in time transfer for GPS. Therefore, we can simplify
Equation (2) as

dr 2 1., 4

— =1- Ue(X -V O(e?), 3
a7, 6[E(1)+21+(6) 3)
and we get a similar equation for the third term in Equation (1)
as

dr 1
=14 62|:UE(X2) + fvﬁ] + O(e"). (4)
dl’z 2

It was also pointed out in Kouba (2004) that only the first
oblateness term J, in Ug is necessary for the orbital altitude of
GPS satellites. In the GPS relativistic transformations between
the proper time and TCG, both the orbit perturbations and the
Earth gravity field oblateness ], which is a main cause of the
perturbations, need to be taken into account together (Kouba,
2004).

The second term in Equation (1) describes the propagation of
the electromagnetic signal from satellite 2 to satellite 1 in TCG.
For a one-way signal transmission, we can have the coordinate
time interval as (Blanchet et al., 2001)

Ty — Ty = €Fi(T1, To) + € Fa(Th, Tz) + O(e*), (5)
where

Fi(T1, Ty) = |X1(T1) — X2(T2)I, (6)
R<T1)+X<T1>-N] )

Fy(Ty, T;) = 2GMg 111|: =
R(T,) + X(T>) - N

Here, €F; is the Euclidean geometric effect and €*F, is the
Shapiro time delay (Shapiro, 1964; Weinberg, 1972) where we
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only consider the monopole component of the Earth’s potential.
R, X, and N are quantities associated with the propagation of the
signal so that

~ X - X5

N= 1772 (8)
X7 — X5

X(T) = Xp(T3) + cN(T — T>) + O(?), 9)

R(T) = |X(T)|. (10)

Substituting Equations (3-5) into Equation (1), we can have

dn dFr 1 5 2 1»
— =1 —_— = Ur(X -V Ur (X -V
a0 +6dT2 €| Ug( 1)+2 1]+ €| Us( z)+2 >
dF, dF; 1
3 3 2
2 ST (X)) + -V
€ T, de[ E( 1)-1—2 1:|

+63@|:UE(X2) + %V%:| +0(eh). (11)

dT;

Leaving the details of integration in the Appendix, we can finally
have

T — Ty = Atg + AT, + Ats, + Atgy + O(e?h), (12)
where the terms due to Euclidean geometry, Atg, time

transformations for satellite 1 and 2, Ats, and Artsg,, and the
Shapiro delay, Atgy, are

Atg = €|X1(T1) — Xa(T2)I, (13)
Ats, = —52/ 1 {UE[XI(T)] + %Vf(r)’d‘[, (14)
Ats, = €2 /TI {UE[XZ(I)] + %Vg(‘[)}dt, (15)

Atg, = 263GMgIn [|X1(T1)| + 1X2(T2)| + 1X1(Ty) —XZ(T2)|].

IX1(T)| + |X2(T2)| — 1X1(T1) — X3(T2)
(16)

In order to calculate all of the above terms, models of clock offsets
and ephemerides for both satellites are required. In principle,
according to the model of clock offset used in GNSS data
processing (Ashby and Spilker, 1996), the difference between the
proper time 7 and T in TCG can be determined as

T—1=cy+ci(t — 1)+ ca(t — 19)* + 2/GMgaesin E, (17)

where ¢, ¢1, and c¢; are the coefficients of the clock offset model,
a is the orbital semi-major axis of a satellite, e is the orbital
eccentricity and E is the eccentric anomaly. All these quantities
are available in the navigation messages.

For the Euclidean term Atg, Ty, and T, can be obtained
by the clock offset models by Equation (17), and X;(T;) and
X,(T5) can be calculated by the ephemerides, which are basically
represented in the form of orbital elements and are also available
in the navigation messages. If we consider a GPS-like GNSS that
a; ~ ay ~ agaand e ~ e; ~ 0, where a; and a, are the
orbital semi-major axes of satellite 1 and 2, e; and e, are the

26559.7 km, we can find that
IX1(T)] = [X2(T2)| ~ a, |X1(T1) — Xa(T2)| < 2,/a® — RE and
Atg < 0.172 s, where Rg is the radius of the Earth. In order
to maximize |X;(T1) — X5(T2)|, the ISL needs to pass through
the Earth, which never happens in practice. In a more realistic
situation, when X;(T1) is perpendicular to X,(T>), Atg is about
0.125s.

For the time transformation terms, when the oblateness of the
Earth J, can be neglected, it can be found that (Nelson, 2011)

orbital eccentricities and a ~

At = —62<§GTAIIEA‘E + 24/ GMgaje; sin Eq Tl)
T
+ O(€?),), (18)
Ats, = eze%ﬁim +2/GMgase; sin B j)
2
+ 0’ ), (19)

where At = 171 — 17, and E; and E, are the eccentric anomalies
of the two satellites. When satellite 1 and 2 are set in the orbits
with almost the same size and close to circles, Ats, + Ats, will
nearly cancel out each other. In the case that ], has to be taken
into account, additional corrections will be needed and their
mathematical expressions can be found in Ashby (2003); Kouba
(2004); Nelson (2011). For a GPS satellite with an inclination of
i = 55.0°, the drift rate of the secular term due to J, is at the
level of —3.4 x 10717 and the amplitude of the periodic effect is
24 ps. For a GPS-like system but with different inclinations, the
maximum value of the drift rate is about 5.2 x 107> for i = 0°
and the maximum value of the amplitude of the periodic effect
is 36 ps for i = 90°. Because of its dependence of the orbital
inclination, the argument of perigee and the true anomaly, the
J2-associated component in Ats, + Ats, will generally not cancel
out each other.

For the Shapiro time delay, if we consider that a; ~ a; ~ a
and e; ~ e; =~ 0, we can find that the maximum value of
Atgy, = 0.12 ns when the ISL is passing the limb of the Earth.
However, in more probable cases, this value will be much smaller.
For example, when X(T}) is perpendicular to X5(T2), Atgy is
about 52 ps.

It was reported in Hadas and Bosy (2015) that, for GPS, real-
time clocks accuracy is 0.28 ns and orbits accuracy is 5 cm (0.17
ns). Based on the above estimation, the J, effects and the Shapiro
time delay can be neglected for ISLs in a GPS-like system.

3. CONCLUSIONS AND DISCUSSION

In the framework of GR, we investigate the time transfer for
ISLs, which will be a promising technique for a GNSS in the
future. We give a model describing the difference between
two onboard clocks of an ISL and discuss its algorithm for
onboard computation. It is found that the difference between the
proper times of two satellites contains the contributions from
Euclidean geometry, time transformations between the proper
time and TCG for these satellites and the Shapiro delay. For
a GPS-like system, the net effect of the time transformations
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is close to 0 because they cancel out each other and the J,
effects in these transformations are less than several tens of
ps. The Shapiro delay is about 52 ps in such a system. For
current clocks accuracy of GPS, the effects of J; and the Shapiro
delay can be neglected. After all of the differences among
the clocks in a GNSS are obtained, the ephemeris and the
clock states can be evaluated and updated to maintain the
system.

In practice, some additional factors need to be taken into
account as well, such as the time delay caused by the Earth’s
atmosphere and instruments. Due to the limited capability of
on-board computation, the question about how to optimize the
constellation of a GNSS and the measurements through ISLs is
another important issue. More detailed and specific case studies
are definitely required.

In the future, when optical clocks and laser links (Chou
et al., 2010a; Chou et al., 2010b; Predehl et al., 2012; Bloom
et al,, 2014) are deployed and applied in space, the external
gravitational effLects can no longer be neglected and will have
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APPENDIX: DERIVATION OF EQUATION
(12)

Integrating Equation (11), we can have

dF 1
T1—T) =€ —1dr —€ /[UE(X1)+ 7Vf]dr2
dT, 2

1
+€2/ |:UE(X2)+*V%i|dTZ

dF;
_63/ dT2 |:UE(X1)+ Vl]dfz

dF,
+e3/dT |:UE(X2)+ V2:|dr2

3 2 4
—d O(e%). Al
+é [ Rdn+ o (AD
Since Equation (4) can lead to
1
dr) = {1 — €2|:UE(X2) + EV%:I }dTZ + 0(64), (A2)
and Equation (5) can give
dT, dF; sz
— =1 — — 4+ O(€%), A3
ar, =1 Tean, te Gsz+ (€ (A3)
we can combine some terms in Equation
(A1) as
dF; dF;
—d Ue(X. Vs |d
€ a7 Tt € /dT[E( 2)+ = 2] 15)
= e|X1(T1) = Xa(T)| + O(e?),  (A4)

62/ |:UE(X1)+%V%]df2—€3/ :1; |:UE(X1)+ Vz]dfz

= —62/ |:UE(X1) + %Vi]dl’] + 0(64), (A5)

f—dr = 2¢3GME In [W]ww)
R(T>) + X(T2) - N

X1 (T)| + | Xo(T2)| + 1X:(Th)

= 263GMg In —Xa(T2)] O(eh),
X1 (T))| + [Xo(T2)| — X (Th)
—Xo(T7)| (A6)

where different forms for Shapiro time delay can also be found
in Nelson (2011). By putting all of the three equations above into
Equation (A1), we can finally obtain that

71 — 1o = €|X1(T1) — Xo(T3)|

e / ! {UE[XI(T)] + %v%(r)}dr (A7)
+e2/ 1 {UE[Xz(r)l + %vi(r)}dr
X1 (T + [X2(T2)| + | X1 (Th)
_X,(Ty)|
263GMg 1 [ } O(eh).
e M | o T KT = Kty ) )
—X5(T>)| (A8)

In fact, the difference between the proper time and coordinate
time can be neglected in the terms with the orders of €2 and € in
the above equation.
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