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Sagnac Gyroscopes and the GINGER
Project

Angela D. V. Di Virgilio*

Istituto Nazionale di Fisica Nucleare (INFN) Pisa Section, Pisa, Italy

Large-frame optical Sagnac gyroscopes, more commonly called ring laser gyroscopes,
are considered the only device able to provide fast and very high sensitivity measurement
of the length of the day (LOD) and of the Earth rotation axis variations. Several large-frame
Sagnac gyros are presently operative with a high duty cycle and a sensitivity well below
fractions of nrad/s in 1 s measurement. At present, other inertial angular rotation sensors
are not competitive with ring laser gyroscopes. The feasibility depends on the so-called
hetero-lithic ring lasers. The present state of the art is reported and the feasibility of the
main goals for geodesy discussed.
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1. INTRODUCTION

More than 100 years ago, the French physicist Georges Sagnac, in his research aimed at the
discovery of the ether, found an effect of special relativity (now usually referred to as the Sagnac
effect): the interference of two beams counter-propagating in a closed path attached to a frame is
proportional to the rigid rotation of the frame (Sagnac, 1913a,b; Post, 1967). The discussion of how
to correctly interpret Sagnac’s experiment is interesting (Pascoli, 2017). The Sagnac effect has had,
and still has, a large impact on inertial navigation, and it is relevant for GNSS (ESA, 2020) and
fundamental physics tests in space (Spallicci et al., 1997). The family of inertial angular rotation
sensors based on the Sagnac effect (SG) is rather large. These can be based on atoms or light; if the
latter, there are devices based on optical fibers (FOG) and others based on resonant ring cavities.
This last group is further divided in two: passive ring cavity (PRC) and active ring cavity, also called
ring laser gyro (ARC or RLG). PRC and RLG are based on the same apparatus: in one case the
laser light is injected from the outside, while the other contains an active medium and operates as
a laser with two counterpropagating modes. The same apparatus could in principle be operated as
active or as passive, and this is a very interesting feature for very high sensitivity measurements to
get rid of the systematic. The scale factor of any SG depends on its geometry. General Relativity
is necessary to fully describe the Sagnac effect and, for that we refer to, the work of Tartaglia et al.
(2017), the main result can be seen in section 3. Here, we refer to the classical relationship, which in
general is proportional to the ratio %, where 2 is the wavelength of the light and A the area enclosed
by the ring path:

56 8TA_
= —n-
Ac

Q (1)
where c is the velocity of light, 7 the normal vector upon the area, and € the rate of rotation of
the device. The situation is a bit different in the case of the RLG and PRC; here, it is proportional
to the LA)\, where L is the perimeter of the ring and the ring an optical cavity. Equation (2) reports
the general classical mathematical expression linking the Sagnac frequency of RLG and the angular
rotation rate:
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A
fs=4n o Qcos(¢) (2)

where ¢ is the angle between 7 of the RLG and the absolute
orientation of the angular velocity Q of the apparatus (2
being the modulus of the angular velocity). Any geometry or
orientation change affects the response of the apparatus. For this
reason, the details of the experimental apparatus matter in the
final sensitivity and in general in its long time response. Besides
that, it is very important to note that f; is the difference in
frequency, induced by the rotation to the two counterpropagating
modes; f; is quite often confused with the beat note f,, between
the two modes taken at the output of the RLG. The two quantities
fs and f,, are not equal, and other effects, mainly coming from
the laser dynamic (which is non-linear), must be taken into
account. The relation of the Sagnac effect taking into account
the GR terms (Tartaglia et al., 2017), the main ones being the
de Sitter and Lense-Thirring effects, is reported in subsection 3.
The highest sensitivity sensors are lasers with ring cavities (laser
ring or gyro-laser) and have perimeters from a few meters up
to tens of meters. They have a record of sensitivity, response
speed, and long-term stability. The most sensitive laser gyroscope
currently active is G, 16 m perimeter (2001), of the Wettzell
geodetic station in Bavaria. G was built almost 18 years ago to
study the fast variations of the Earth rotation rate. Any RLG
attached to the Earth crust is affected mainly by Qe it is based
on a monolithic design utilizing a block of Zerodur!, in practice
the geometrical scale factor is constant by construction. Since this
design cannot be further extended and cannot be utilized to form
an array, the subsequent large base RLGs are based on hetero-
lithic HL designs?. Examples of HL prototypes are GINGERINO,
14.4 m perimeter (2015), located inside the INFN laboratory of
the Gran Sasso since 2015, and ROMY, 36 perimeter (2017),
Schreiber et al. (2018) located in the seismological observatory
of Bavaria, the first tri-axial observatory. A similar project has
been recently funded in China, at HUST, Wuhan, but they are
developing passive gyros with an HL design (Liu et al., 2019).
Three sensors are the minimum number needed to reconstruct
the three components of the rotation. RLGs can be oriented at
will, and it is natural to develop arrays of RLGs. In 2011, we
proposed the GINGER project to measure the Lense-Thirring
effect with and array of RLG (Bosi et al., 2011; Di Virgilio et al.,
2017; Tartaglia et al., 2017) in an Earth-based experiment. As
shown in subsection 3, f; contains additive terms due to GR, in
particular with the Lense-Thirring effect, and the confrontation
of the measured f; with the measurement of Earth rotation
rate carried out by the international system IERS gives us the
opportunity to measure the Lense-Thirring effect on Earth. It
is important to note that the Lense-Thirring effect has been
measured in a space-based experiment (Ciufolini and Pavlis,
2004; Everitt et al., 2011; Ciufolini et al., 2016; Lucchesi et al.,

!Ultra-low expansion material: we note that very small RLGs for navigation have a
similar monolithic design.

2In the HL RLG, the mirrors are contained in small vacuum boxes in steel and
connected together by tubes in order to enclose the whole light path in the same
vacuum tank; the whole is supported by a rigid frame in reinforced concrete or
granite. The mirrors are equipped with actuators and can be moved to optimize the
relative alignment. In this case, the scale factor has to be electronically controlled.

2019), but the measurement of GINGER is not an averaged
one and does not require a precise map of the gravity field.
GINGERINO was built to validate the underground site of the
Gran Sasso INFN laboratory for GINGER; at present, it is the
only ring laser of great operational sensitivity in a seismically
active area in the Mediterranean region, and it is able to operate
with more than a 95% duty cycle and sensitivity of fractions
of nrad/s in 1s. Not only has it given unique information for
geophysics since it is located in a very important seismically
active area, but it has also provided a large amount of data in a
very stable environment, demonstrating a possibility to improve
the comprehension of the instrument, with special attention to
the influence of laser dynamic.

The principle upon which the Sagnac effect is based may
be exploited both for practical and for fundamental physics
purposes. As for pure science, there are a number of activities
under development: for example, GINGER has recently been
proposed for Lorentz violation tests (Moseley et al., 2019).
Moreover, there are also some proposals for measurements to be
performed in space. In fact, the difference between right- and left-
handed times of flight for electromagnetic waves traveling along a
closed path gives information, first of all, on the absolute rotation
(with respect to the “fixed stars”) of the device, such as the
practical applications on vehicles or the use for dynamic geodesy
and precise determination of the length of the day. However, the
asymmetry of the propagation accounts also for the structure
of the space-time in which the light moves. In particular, it is
related to the spinning of the source of gravity, be it the Earth,
the Sun, or even the Milky Way. Experiments evidencing this
kind of phenomenon may be planned for testing, verifying, or
disproving the General Relativity theory. While GINGER pursues
these objectives on Earth, proposals of measurements in space
that are all based on a Sagnac-like approach involve the Lagrange
points of the Sun-Earth pair and the Galileo constellation around
the Earth. The idea of the use of the Lagrange points (L-points)
is based on the fact that such points accompany the Earth in
its orbit around the sun, keeping a fixed configuration; putting
transponders in three of the L-points (L4, L2, and L5) therefore
draws a triangle (a closed circuit) at the scale of the inner
solar system. This is the content of the LAGRANGE proposal
(Tartaglia et al.,, 2018); the experiment would give information
about the angular momentum of the Sun, but it could also
put upper limits on the angular momentum of the Milky Way
and, interestingly, on that of its dark matter halo (Tartaglia,
2018, 2019). Another proposal considers a triangle made of three
satellites of the Galileo constellation, two located in an orbital
plane and one in a different orbital plane; such configuration
would give rise to an enclosed area changing in time and to
a cyclically oscillating orientation of the plane of the triangle
with respect to the galactic plane. In practice, a modulation
would be introduced enabling the experiment to single out
the galactic contribution from other components of the signal
(Ruggiero and Tartaglia, 2019).

In the following a brief history of RLG will be reported,
with details on fundamental physics and geophysics. The main
expected objectives for geodesy are reported, and, at the end the
sensitivity limits, the main problem on the reconstruction of the
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array and the importance of the reconstruction of the Sagnac
signal taking into account the laser dynamic are discussed. Some
of the most recent results of GINGERINO will be discussed.

It is important to say that sections 3 and 6 are simplifications
extracted of our previous work (Di Virgilio et al., 2017), which
contains calculations to find the specifications of the GINGER
project designed for the Lense Thirring test; we have decided
to report here those calculation with some simplification and
making it more uniform with the present paper since they
are straightforward mathematical calculations, but it is rather
important to understand the key points and the requirements to
combine the signals of RLG arrays keeping the shot noise limit.
Our previous work was aimed at providing a full description of
the requirements for GINGER as far as the GR test is concerned,
while this paper is only focusing on providing the present status
of art of RLG focusing on applications for geodesy and near
future prospects.

2. A BIT OF HISTORY AND LINK WITH
FUNDAMENTAL PHYSICS AND
GEOPHYSICS

The light is the simplest probe we have in nature: extremely fast
with constant speed and no coupling with the outside world
nor with nearby masses. Moreover, it can be easily handed
with mirrors and optical devices, and it is at the base of
most very high-sensitivity meterological devices. The success
of instrumentation based on light is at present in front of
our eyes: VLBI, gravitational waves interferometers and optical
interferometry in general, highly stabilized laser to build atomic
clock that can measure gravity by gravitational red-shift just to
give a list of top sensitivity apparatus, but the list could be much
longer adding the use of light in everyday life. A comparison of
two light beams that have followed a closed path in two different
directions was used at the end of the nineteenth century for the
intensive search of the ether. Certainly, it was not simple for
Geoge Sagnac to observe the interference of two light beams
counterpropagating in a closed path on 0.86 m?, rotating with
2 Hz rate, but he succeeded and observed the interferogram of
0.07 & 0.01 fringes, a shift that was directly proportional to the
rate of rotation. His observation, universally referred to as the
Sagnac effect, was the first evidence of the non-reciprocity of the
time of flight of two photons count-propagating in a closed path.

Equation (1) reports the proportionality between the phase
difference and the absolute rate of rotation of the entire
apparatus, showing that this effect can be used to develop
gyroscopes. Based on this, the optical path has been created by
optical fibers or mirrors; in the first family, very long fibers are
utilized in order to increase the response of the device, and in
the second family, the mirrors are arranged in order to form a
Fabry-Perot cavity. In this case the response follows Equation
(2), and the scale factor is a bit different since it contains the
ratio area over perimeter and not the only area. This simple
fact is rather important for very high sensitivity applications;
for a given required long-term stability, for example, to measure
Q with relative accuracy 1 part 10'° since the scale factor is a

multiplicative factor, it must be stable up to 1 part 10, assuming
that A can be measured with very high accuracy, in the case in
which it depends on L. It is, however, necessary to keep it constant
up to this level, which is rather demanding for large rings, while
in the case in which the ratio A/L matters, it has been shown
that it is possible to find a saddle point, and the control of the
geometry can be relaxed (Santagata et al., 2015; Di Virgilio et al,,
2017). In this section, it is important to remember that small size
ring lasers have application in inertial navigation, and this kind
of device is still produced, though at present FOG probably have
larger diffusion.

It is absolutely necessary to cite the very important work
of Jeffrey Stedman (Canterbury University, Christchurch, New
Zealand) for the development of high-sensitivity ring laser
gyros, work that has been completed later on by Karl U.
Schreiber (TUM, Technical University of Munich, Germany).
The importance for fundamental physics has been clear since
the beginning, and the first experiment for the Lense Thirring
test was proposed in the 1980s (Scully et al., 1981); however, the
sensitivity has come close to the required sensitivity only in the
last 10 years.

2.1. Link With Geophysics

The surface of the Earth moves with the passage of seismic
waves generated by Earthquakes or by the interaction between
the fluid component and the solid component of the planet as
well as the effect of the dynamics of its interior. The complete
description of the motion of a continuous medium requires at
least six components, three linear and three rotational (there are
also six component of strain). Traditionally, due to the greater
difficulty inherent in their measure, the latter have generally been
neglected by seismology, despite clear observations of their effect
on buildings and geological structures have long been known.
Completing the observation on all the six degrees of freedom
would lead to progress in understanding the internal dynamics,
the origin of the noise field generated by the Earth’s ocean, and
in general on inverse seismic problems aimed at reconstructing
the structure and the source (Takeo and Ito, 1997; Cochard et al.,
2006; Igel et al, 2007); as it would allow to better represent
the wave field by analyzing components of the ground motion,
otherwise ignored in the normal seismological modeling, but
which could have non-secondary effects. Last but not least, it
has been demonstrated that the use of rotational components
allows to obtain direct measurements of the phase velocity of
seismic waves (Cochard et al., 2006; Igel et al., 2007; Simonelli
et al.,, 2018). As a result, it would allow to address in a complete
new way seismological problems related to natural risks and for
geophysical exploration. Rotational seismology is becoming a
reality thanks to the development of suitable sensors, such as
optical gyroscopes based on the Sagnac effect, which are very
widespread and produced on an industrial level mainly for air,
sea, and submarine navigation. Geophysical applications have
required the development of more sensitive tools. There are
two categories: portable sensors of relatively low sensitivity or
very high-sensitivity sensors fixed permanently to the ground.
The portable sensors are predominantly modified submarine
navigation sensors.
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n2

0 local colatitude n1
0=C-a

FIGURE 1 | Pictorial view of the geometrical quantities: RLGs versors, the
angular rotation vectors, and the main angles. The total angular rotation vector
2 is the sum of two different vectors Qg, the Earth angular rotation, and .
The angles are positive with the convention expressed by the small arrows,
and the RL, is horizontal (5 is vertical). The versors of the two RLGs, A1 and
A are shown with thicker lines, the main angles ¢, y, «, and & are shown, the
angle « is the angle between Q and 52@, while & is the angle between @ and
s‘ze;. Adapted from Tartaglia et al. (2017) under the Creative Commons

CCBY license.

3. THE RLG SIGNAL EXPRESSED WITH
THE GR TERMS

Since large based RLGs are mainly sensitive to the Earth rotation
rate g and we deal with an array, in the following the discussion
will be extended to 2 RLGs, 1 and 2, with area versors in the
meridian plane and é@ dominant angular rotation term>. The
calculations are done in two dimensions in order to simplify
the calculations and since the GR terms are seen by the RLG as
vectors contained inside the meridian plane.

Let us consider two RLGs defined by the area versors #;,;. As
shown in Figure 1 the area versors of the two RLGs are 71, and 711,
¢ is the angle between Q and #i2, and y is the angle between 71,
and 711, which can be independently measured. The two indices
can be interchanged.

The GR components depend on the ratio of Schwarzschild

radius to the radius of the Earth (parameter a = If;\f? o~

1.3918082245(20) - 107?) and on its dimensionless moment
of inertia (parameter b = Glo 2.301326(700) - 10710),

R},
accordingly for example the RLG, output Sagnac frequency f, is
expressed in function of a and b as

3This discussion is done using RLGs, but it is general and can be applied to any
array based on Sagnac gyroscopes.

fo = Qg cos (B) — (a— b)sinb sin (B — 6)
+2bcosB cos (B —0) | (3)

where the absolute value bars | have been introduced just to
remember that the frequency is always a positive quantity; and
B is the angle between 7 and Qe B=(—a following Figure 1.
The angle « is defined in GR (Tartaglia et al., 2017), and it is
a = (a — 3) cos B sin 6; taking into consideration that @ = 1,
and evaluating 1) from Equation (3), it is possible to write

n = (a — b) sin? @ + 2b cos’ O (4)
(a —3)cos0Osinf

nL

It is therefore possible to evaluate a and b if n, and n) are
evaluated from the experiment?, obtaining

(3n) sin(20) + 31 cos(20) + n1)
a= (5)

4sin6 cos6

1
b = E(m\ — 11 tan())

From the numerical value of a and b, it is possible to show that
of the GR terms gives ] ~ 8.1 - 107%andn; ~ —3.5-10710
or, equivalently, n ~ 8.82 - 1071% and & ~ 23.37°. If only the
LT effect is taken into account, we obtain 1 ~ 1.15 - 10710
and ) ~ 3.45 - 1070 or, equivalently, n ~ 3.64 - 107! and
& ~ 71.56°. The procedure is valid if only the LT test is required;
in this case, the de Sitter term, which is in principle well-known
(Everitt et al., 2011), should be summed to the measurement of
Qg done by IERS. It can be demonstrated that, with a single array
and with the independent measurements of Qg done by IERS, it
is possible to evaluate 1 induced by the Lense-Thirring effect.

It is important to note that the vector associated with Lense-
Thirring contribution is inside the meridian plane, but it cannot
be distinguished from any geophysical perturbation. It is true that
it is a DC term and most of the geophysical signals are not so,
in particular, the tectonic plaques motions are less than the GR
contribution, and its average motion is independently measured.

4. LARGE-FRAME RING LASER AND
GEODESY

The rotation rate of the Earth and the orientation of its rotational
axis in space are the key observables linking the reference frames
terrestrial (ITRF) and celestial (ICRF). In order to link the
two reference frames, a set of far away radio sources (quasars)
are interferometrically monitored. The network of VLBI radio
telescopes and GNSS is utilized in order to constantly recover
those two quantities. The International Association of Geodesy
(IAG) carries out this effort, and, at present, accuracy limits are of
about 10 us for the measurement of the Length of Day (LOD) and
0.5 nrad for measurement of the pole position. The operation of
such a large network requires quite a huge effort. It is worthwhile
to explore complementary methods for the accurate estimation

411 and 7y are the projections of ®, the vector we are going to evaluate, and are
perpendicular and parallel, respectively, to Q.
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of Earth rotation and polar motion. A gyroscope based on the
Sagnac effect provides suitable independent approach (Schreiber
et al,, 2011; Nilsson et al., 2012). RLGs are potential candidates,
and a very attractive is the possibility to provide fast variations.
The requirements for geodesy can be summarized as follows:

e sensitivity to angular motion of <0.1 prad/s over an
integration time of about 1 h

e sensor stability of 1 part in 10° over several months
(requirement for the measurement of the Chandler and
Annual Wobble with high temporal resolution)

e resolution for the sensor orientation of ~1 nrad (in 1 h),
corresponding to a polar motion effect of around 1 cm at
the pole

The expected sensitivity of GINGER is expressed as relative
accuracy in the Earth rotation rate, the first target being 10~ and
the final one 10712; the first target is perfectly compliant with the
above requirements.

5. SHOT NOISE, THE FUNDAMENTAL
SENSITIVITY LIMITS

The RLG is a shot-noise limited instrument, the sensitivity

limit @, expressed as amplitude spectral density, is
Schreiber and Wells (2013)
cL  [hyv;,
Wsp = —— 2= (6)
4AQ\ Pyt

where c is the velocity of light, L the ring perimeter, A its area,
hy the Planck constant, vy, the frequency of light, Q the quality
factor, and P,, is the total lost power of the cavity (P, = uPj,);
w indicates the total losses of the cavity and Pj, the intra-cavity
power), while ¢ is the time of measurement. Equation (6) can be
rewritten expressing the different quantities in term of the total
losses fu: let us define u; as the total losses of each mirror, in
our case i = 1:4; we assume all u; = s, and no other loss
mechanism?®, and jt = 4 - [i,. In the ideal case in which A/L =
I/4, I being the side length of the square ring cavity, the quality

factor Q = Zfljf*, Equation (6) can be rewritten in function of
s
the losses:
2 h
¢ w
W= 5o 7)
472\ v, Pyt

Equation (7) shows that w/, scales as the second power of the side
length I.

Sensitivity and stability of the apparatus are two important
points. In principle the larger the ring the better, but compact
rings are advantageous in term of stability; at present, RLGs with
a side between 4 and 10 m have been built and successfully
operated. ROMY is the RLG array operative in Germany, and
each ring has a perimeter of 36 m. Figure 2 clearly shows that
an RLG attached with the earth crust could fulfill the Earth
rotation rate measurement with precision 1 part 10° in 1 h

°For instance, this implies that losses associated with the gain tube must
be minimized.

integration time. Similar conclusion could be done for the angle
variation measurement, but it is not possible to discriminate
among variations of rotation or angle with a single RLG. For
that purpose, an array of RLGs is necessary. In the following,
assuming the scale factor is fixed and the constraints required
in building the array are in keeping as limiting noise, the shot
noise will be described. Each RLG can be oriented in principle at
will, but the sensitivity depends on the alignment with the Earth
rotation rate.

Figure 2 shows the expected sensitivity, starting from
the state-of-the-art (mirrors produced by FIVE9) of
10 prad/sHz~'/2, with & = 44 ppm, assuming a reduction
of the losses per mirror down to 6 ppm.

5.1. Resolution for Angular Rotation Rate
and Angle Changes

RLGs are shot-noise limited sensors. In this section, the
sensitivity limit induced by the shot noise will be discussed in
function of the angle ¢, assuming the device ideal, i.e., comparing
the variations of Equation (2) with the sensitivity limits induced
by the shot noise. The measured quantity is f;, the Sagnac
frequency, and it is therefore necessary to express the frequency
variation 8f; of f; due to shot noise:

372 [ hotts
V TPy

4]

8fn = (8)

Equation (2) shows that changes in scale factor (i), in orientation,
ie., 8¢, and angular rotation rate changes dw will affect the
response of the instrument. Since our gyros are fixed to the
ground, all those changes are small, and can be studied with a first
order expansion. The scale factor is a proportionality coeflicient,
should be stabilized by means of electronic control, and will
be discussed in the scale factor control; here, the sensitivity for
angular rotation rate and the inclination angle will be evaluated
and discussed assuming that the inclination angle is ¢ 4+ §¢ and
the angular velocity 2 + 8. Equating the variations with shot
noise the following limits are found:

hpus
5 2 sec(;‘),/c}f[}’;in

Q=—
42 ©)
| hpps
A esc (2) c/\%m
8¢ = > (10)
4T >Q2

The final sensitivity depends to the second power of the side
length of the square device and on the static angle ¢, the
orientation of the RLG with respect to the angular rotation rate
direction. Regarding 8<2 it is straightforward to see that angle
¢ £ 7 must be avoided, while §¢ cannot be evaluated when
the area versor is co-aligned with the velocity direction %.
An angle of £m/2 must thus be avoided for measurement of
2, and when it is co-aligned, at the maximum Sagnac signal, it
measures the modulus of € but is not sensitive to the variations
of the inclination angle 8¢. With the choice us = 1.5 - 107°,
Pi, = 70 mW, static inclination angle of 45° we obtain the

i 1071 1077 .
sensitivity %rad/ s, and 7'7121¥ rad for the angular rotation
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10712 Cavity Total Losses 6 ppm ( mirrors with present status of art), intracavity power 20mW
1 hour integration time 107 Earth rot. rate E
107" B
1 day integration time E
3 |
E ]0_14 1 week integration time E|
2 <
3 ]
2 ]
L
Z 100 days integration time ]
= 1077 — E
= =
By F = |
= e = |
< C ]
: 6 years integration time :
1071
\10"35;‘:1:”0:. rate el
-17
10 \ 1 L . L L .
10° 10'
Side Length [m]
FIGURE 2 | Sensitivity limit in function of the RLG side length, assuming 6 ppm total losses of the cavity (present best mirrors), internal power 70 mW (output power
20 nW, mirror transmission 0.3 ppm). The two GINGER targets, expressed as fraction of Earth rotation rate, are over-imposed.

and the angle, respectively. The sensitivity of the RLG at { = 0

—11
is slightly better %rad/s. Assuming the integration time

T = 3,600s, it is possible to show that the RLG must have side
length I > 3.5 m in order to fulfill the above listed requirements,
and [ > 6 m will provide a shot noise a factor three below
the target.

In general, a single RLG response will change the angular
rotation rate or the relative alignment, and it is impossible
to discriminate between 82 or 8¢; the RLG is aligned at the
maximum Sagnac signal, and it provides the modulus of € and
the variations of 82, while it is fairly insensitive to 8¢, which
affects to second power. Each RLG cannot be oriented with 6 =
=+/2 since in this case the error would be too high. When it is
aligned with the direction of €2, the device is insensitive to 8¢,
called RLG at maximum Sagnac signal, and it is the best solution
to deliver the modulus of €2, and the error is also minimal.

6. RING LASERS FOR RETRIEVING A
GENERAL ROTATION VECTOR AND
EVALUATION OF ¢

The beat frequency f of the RLG is proportional to the flux of the
total rotation vector €2 across the area of the ring. In general, we
may write:
=827 (11)
where 7 is the unit vector perpendicular to the plane of the ring,
S = % is the scale factor of the RLG, and A and P are the area
and perimeter of the ring cavity.
Taking into account the fact that Qg and the GR terms are
contained inside the meridian plane, it is possible to restrict the

analysis to the case of only two RLGs, arranged in such a way that
these versors 7 and the Q are all contained in one plane, and the
problem becomes bi-dimensional. Calling the two, RL, and RL;,
making the scalar products explicit, we may write:

fi = S1Qcos(y —¢)
fr = $2Q2cos¢

(12)

As shown in Figure 1 the area versors of the two RLGs are 1 and
#11, ¢ is the angle between €2 and 71, and y is the angle between 71,
and 71, which can be independently measured. The two indices
can be interchanged. Using Equation (12) the quantities €2 (the
magnitude of Q), and ¢ can be retrieved:

. VBt =215 cos(y) + 7

13
$182 sin(y) (13)
¢ = tan~! (flsz - LS COS(V))
f2S1sin(y)
or equivalently as ¢ = cos™! ( S251sin(y) ). Each

VESI=208152 cos()+S})
scale factor depends on the geometry of the RLG; devices with

equal scale factors (S, = S; = ) are feasible to a certain extent,
and the equations simplify if the RLG have equal scale factors
(S =8 =9):
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{ =tan~! h fzfl:’;()y (14)
Q— NI =2f1 cos(y)
- Ssin(y)

The combination of the frequencies of the two RLGs determines
the measurement of the amplitude of €2, and, if the angle y
between the two RLs is independently measured, it is possible to
measure ¢, the angle between the versor 71, and the axis of the
vector Q@ (y — ¢ being the angle between 71; and €, which in the
following will be called ¢7).

It is extremely important that in this two-RLG system it
is possible to determine the angle ¢ of one of the two RLGs
with respect to Q. It is necessary to estimate the error in
the measurement of ¢, which depends on the independent
measurement of y and the indetermination of the frequencies,
i.e., the shot noise. The error 8¢, of ¢ is proportional to the error
8y of the measurement of y:

f2 (fa — fi cos(y))
f3 = 2fafi cos(y) + 2

In general, the term multiplying §y on the RHS of Equation (15)
is not small, and the error in the measured ¢ depends on §y, i.e.,
the error in the measurement of the relative angle between RL;
and RL,.

Other noises will affect the evaluation of ¢. The output
frequencies of the RLGs are shot-noise limited, and,
assuming that the different contributions are independent,
we therefore have

(15)

8¢y =

8¢ = \J52,)? + (8602 + (581)? (16)
fisin(y)
) ~ sns 1
2 —2ff1 cos(y) +f22 +f2 o, 17
fasin(y)
b} ~ sns
N reos) 1242

where §f;, is the shot noise, expressed in frequency. This
noise contribution will be equal for both RLGs since they are
considered equal in geometry, power, mirrors, etc.

Let us consider the special case in which RL; is closely aligned
with the total axis of rotation (Q) In this case, the angle ¢; < 1,
assuming that y is known with the error 8y (¢ = y + 8y — ¢),
substituting in Equation (12), it is possible to show that the error
8¢ depends at first order on the product ¢; - 8y:

8¢y ~ cot(¢) - &1 8y (18)

Assuming that cot{ < 2 (20° < ¢ > 140°), it is straightforward
to note that the error is depressed by the value of ¢;: improving
the alignment of RL; with the axis of rotation, the error 8¢,
decreases. For example, assuming ¢; ~ 107° rad, and 8y ~
107° rad, we have 8¢, ~ 10712 rad. For example, if the RL; is
horizontally aligned with precision of 107° rad with respect to
the local vertical, and ¢; < 1070 rad, it is possible to say that the

angle y is equal to the co-latitude with an error §y ~ 107 rad,
and it is not necessary to directly measure the angle y .

Since a lot of disturbances will affect the apparatus, the
orientation of the RL, will change with time, and ¢ will change
accordingly (i.e., RL; is a reference system not stable with respect
to the local reference), it is impossible to distinguish between
changes in the orientation of the RL,, or changes of &, but the
relative angle is always determined. The absolute orientation of
RL; does not play a significant role as long has ¢; is sufficiently
small; in the discussion of the experimental specifications the
maximum allowed ¢; will be evaluated.

The combination of two RLGs with one at maximum signal
is very meaningful, as it allows very high precision in the
determination of the angle ¢ and the measurement of Q2 (see
Equation 12).

6.1. Array of RLGs in Order to Evaluate éw
and §¢

As clearly said before the variation of the Sagnac frequency §f;
of a single RLG can be interpreted as §Q2 or as §¢, in order
to discriminate the two, it is necessary to combine together
more RLGs differently oriented, and, as we deal with vectors,
three components are required in principle. So far, the response
of each RLG in function of the orientation has been shown
expressing the final sensitivity as shot noise is limited. The general
response is that the discrimination is possible provide the relative
angles y1 3 ,3 are independently measured with adequate accuracy
8y1,2,3; in this way, enough equations can be written and solved
(Tartaglia et al., 2017). In order to be shot-noise limited, the
different 81,2 ,3 have to be at least compatible if not lower than
the shot noise limits for §Q and 8¢, bearing in mind that no one
of the RLG of the array has one of the not suitable orientations
between the area. In order to evaluate §¢, at least two RLGs
are necessary (since the Earth rotation axis is in the meridian
plane, so the two RLG should have versors contained in the
meridian plane), and the relative angle y between the two RLGs
should be independently measured with an error smaller than the
shot noise limit of §¢. For instance, the sensitivity for the angle
measurements should have an amplitude spectral density lower
than the shot noise one 7.7 - 1077 /PPrad/s/~/Hz; this is a rather
tall order, and the larger the RLGs the higher is the required
accuracy. In few words, for 6 m side rings, the required accuracy
should be below 20 nrad in 1s, and to that it is necessary to add
the necessary continuous operation since it is possible that the
angles may slightly change with time at the level of tens of nrad.
Despite that, it must be said that suitable optical metrological
systems exist (Donazzan et al., 2016) that have adequate accuracy;
the problem is the cost and the fact that those systems measures
distances between reference points, not between the light spots
on the mirrors. A suitable solution exists that even avoids any
external meterological system (Di Virgilio et al., 2017) with ad-
hoc relative alignment of the rings: the RLG number 1 is aligned
at the maximum Sagnac signal, and within an angular error that
depends on the sensitivity required, this first ring will provide the
modulus of €. The second ring could be horizontal, and in this
way they will have both the area versor inside the meridian plane.
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FIGURE 3 | Pictorial view of GINGER, the three RLG are separated one from the other, and the details of the mechanical arrangement are shown.

The third could be vertical but not orthogonal or parallel to the
meridian plane. Other solutions could be found for this third ring
based on the available space and its orientation with the North®.
Figure 3 shows a pictorial view of GINGER.

As already said, the RLG 1 at the maximum Sagnac signal,
i.e., parallel to the poles, has to be parallel to the poles with
a certain error and has, in principle, adequate accuracy; for
example, the proposed target could be obtained aligning the RLG
at the maximum signal with mrad precision Di Virgilio et al.
(2017). The second ring will provide changes of ¢ in the meridian
plane, while the third the projection of the changes in the plane
defined by the two area versors of the first and third RLG.

Our prototype in Pisa, called GP2, is an example of a RLG
aligned at the maximum signal; it is fixed, and so its alignment
has not been optimized, but this is certainly feasible with “ad hoc”
design of the mechanical HL RLG, equipped with actuators to
optimize the alignment (Figure 4).

6.2. Scale Factor Control

As already said the scale factor control is one of the requirements
for high-sensitivity RLGs. Quite often, the control is simply
done by controlling the perimeter in order to keep constant the
wavelength. In short, a signal proportional to the wavelength can
be obtained comparing one of the light modes with a reference
laser source or also by observing the beat note between the
higher-order modes resonating (in the same direction) inside
the laser cavity, which is called auto-referencing. These methods,
particularly the auto-referenced one, assume that the signal
estimated with the wavelength depends on the geometry and
the rotational signals only, while this should be avoided if noise

®It is important to remind that we are talking to RLG attached to the Earth crust,
which basically are going to study the Earth rotation rate Qg changes in amplitude
and absolute orientation.

of any nature affects the wavelength. To control the geometry,
avoiding the RLG signals is feasible, and a simple procedure has
been developed for GINGER. The control procedure will work
in two steps. In the first step, the two diagonals are carefully
measured and compared. Since the ring laser emission frequency
is related to the ring perimeter length, it is possible to implement
a procedure to optimize the geometry of the ring optical path
by acting on the corner mirrors, as theoretically described in
Santagata et al. (2015). It is possible to obtain a path which is
as close as possible to a square by measuring the laser frequency
at the same time with the diagonal lengths. In the second step,
during the GINGER operation, the optical path geometry will
be actively stabilized by locking the diagonal lengths to an
external reference wavelength standard and will also act on the
corner mirrors. From an experimental point of view, the diagonal
lengths can be easily optically exploited, as they constitute two
Fabry-Perot cavities, so that standard metrological techniques
can be used. In these conditions, according to our analysis, a
long-term stability of the scale factor of the order of 10~!? can be
obtained if the error in the positions of the mirrors with respect to
the square perfect geometry is lower than 1um (Santagata et al.,
2015). This is the required stability for the 1% test of the Lense-
Thirring effect (Di Virgilio et al., 2017). The GP2 prototype has
been installed in a laboratory of the basement of the INFN Pisa
building with the purpose of studying the experimental details
of these procedures, and the main parts of the above explained
procedure have already been tested (Beverini et al., 2020).

7. THE MAIN RESULTS OF GINGERINO

In this section the main results of the large frame RLGs will be
reported. It is a well-known fact that the G ring (monolithic RLG)
of the geodetic observatory of Wettzell is the most sensitive one,
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FIGURE 4 | The RLG prototype GP2, oriented at the maximum Sagnac signal and devoted to tests of the geometry control.

FIGURE 5 | GINGERINO at the time of assembling. The mirror box and the
pipes connecting the boxes, one of the Mitutoyo screw to orientate the mirrors
is visible in front of the box. The mechanical structure is in steel, and the whole
is attached to the granite monument, cross shaped, which provides stability of
the ring perimeter.

and it has already proved the relative sensitivity of 1 part 3-10° of
Q. The planned RLGS array, as ROMY (Schreiber et al., 2018),
is based on the HL RLG mechanical scheme, and it is important

to discuss the results of GINGERINO (square ring 3.6 m in side),
which is an HL device operative on a continuous basis and of
a similar shape to G (4 m in side) (see Figure 5). GINGERINO
is based on a simple mechanical structure (made of steel), but
it takes advantage of an underground quiet and thermally stable
environment since it is located inside the Gran Sasso laboratory.
Typically, the thermal stability is of the order of a few hundredths
of a degree. GINGERINO is operative on a continuous basis
unattended and free running with 95% duty cycle and sensitivity
better than fractions of nrad/s in 1 s measurement. It has been the
first HL operative with high duty cycle and sensitivity (Belfi et al.,
2018). Since the geometry control has not been implemented,
mode jumps and split mode operations do occur’, but typically
they affects <5% of the data (Belfi et al., 2017, 2018). Our most
recent study has shown that the main limitations are due to
the systematic of the laser (Beghi et al, 2012; Cuccato et al,
2014; Di Virgilio et al,, 2019), and we have developed a new
analysis approach accordingly in order to improve the sensitivity.
As already said, the measurement is based on the evaluation of
the Sagnac frequency w; from the measured beat note w,, of

7When the geometry changes, the wavelengths of the two modes changes
accordingly. The mode jump is when they jump together while the split mode is
when the difference between the two modes is separated by one free spectral range
of the cavity. The mode jump affects a very small portion of data, typically a few
seconds, while the split mode operation affects several hours, and split modes of
several hours duration may occur.
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7.1. The Analysis Scheme to Take Into

Account Laser Dynamic

The general aim of the research is to evaluate the Sagnac
frequency, eliminating the systematic due to the laser non-linear
dynamic and using the available data: the measured beat note
and the monobeams signals (Di Virgilio et al.,, 2019, 2020b). In
the following, the Sagnac frequency will be express as a pulse
frequency ws (f; = ws/2/m). This may generate confusion, but
it is the preferable solution for the calculation which takes into
account the laser dynamic. In our analysis, the true Sagnac signal
ws can be evaluated as the linear sum of several terms:

ws = wy +§& - Wsg + Wps1 + Wps2 + WK1 + WK2 + Ousk (19)

wso contains most of the signal and takes into account the back-
scatter term. In order to better define wy and take into account
the dark currents in the photodiode signals, the term & - wg
has been introduced. & is a proportionality constant that has to
be evaluated by statistical means. These two terms are perfectly
defined by the available measurements, and they do not depend
on the laser dynamic:

1 [2w?IsIs; cos(2€) Om
W = = | T L2+t 20
s0 2\/ Ll m 2 s& ( )
Is1 Iy 2, cos(2€)
Wsg = ;’: 2151Iq2:12 cos(2¢) 5 (21)
21112\/7\ Ilr;z =+ wy,

where w,, is the measured beat note (expressed as pulse
frequency), and Iy 5, I;1,52, and € are respectively the DC level of
the mono-mean signals, the amplitude at the beat note frequency,
and the relative phase between the two beams.

The other terms in Equation (21) are rather small and can be
evaluated by the available signals, but they require the evaluation
of the Lamb coefficients (Menegozzi and Lamb, 1973)% and the
knowledge of the losses of the cavity p. This quantity can be
determined by the ring down time of the cavity with typically
10% error, but it can also display changes with time. As far as
GINGERINO is concerned, it has been evident that x changes
with time, probably because the gain tube of the laser is not well-
fixed, and its tiny motion modulates the losses of the optical
ring cavity.

The general aim of the analysis will be to reconstruct w;
without any adjustment or fit, but since we are in a development
phase and it is necessary to deeply investigate the quality and

8 All those calculations are feasible with the available data, but they require other
information, such as beam size at the discharge, pressure of the gas, polarization of
the gas, detailed characteristics of the gas, etc.
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limits of the instrumentation, the present analysis is trying the
recover ws with statistical means. This is feasible since the
dependence of the term w,s1 = 1 - @ys, Where u is the total
losses, considered unknown, while @, can be evaluated with the
available measurements. In summary, the different terms @,
are evaluated and stored on disk, and, in the second level of the
analysis, the £ and u coefficients are found with linear regression
models. It is important to remember that the available signals
from the RLG are acquired at high frequency (typically 5 kHz),

and the whole calculations have to be done at high frequency, in
our case 2.5 kHz, and the data stored after decimation, usually
2, 1, or 0.1 Hz. The diagram in Figure 6 shows the first level,
while Figure 7 shows the second analysis level. In Figure 8, we
show on the left wy and on the right the improvement after
the subtraction with linear regression methods of ws and wy,.
In order to evaluate the influence of the environmental data on
the apparatus, pressure, temperature, and other environmental
monitors can be added to the linear regression model (Di Virgilio
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et al., 2019) (see Figure7), assuming that they have a linear
relationship with wy, which is certainly a good approximation
for very small variations.

7.2. Analysis Results

Several bunches of data are at present under investigation, and
we briefly report here the evaluated w; of 11 consecutive days
starting from MJD 58007. Figure 9 shows the modified Allan
deviation of the above data; with an integration time of 3 h,
the MAD is 7 - 1078, a figure a factor 70 far from the first
target of GINGER. At present, we do not know the origin of
the extra noise present in the region of several days, but we
have checked that this level noise is a factor 2 — —3 larger
than the polar motion signal (Di Virgilio et al., 2020a). It is
important to remember that the geometry is not controlled, and
the thermal expansion certainly plays a role. As far as we know,
at present this is the best result for HL RLGs. This analysis has
also shown that the orientation of the apparatus of GINGERINO
is stable at the level of purad, indicating that the Gram Sasso
laboratory it a good location for the installation of a RLG at the
maximum signal.

8. CONCLUSIONS

The G ring of the geodetic observatory of Wettzell has
demonstrated the feasibility of the measurement of the Earth
rotation rate with relative precision of at least of 1 part in
3. 10°. G is based on a monolithic cavity, a scheme which

cannot be further extended to develop an array of RLGs. The
second generation of large frame RLGs are based on the so-
called HL mechanical scheme, The HL RLG GINGERINO
has already obtained 95% of duty cycle with high sensitivity
(Belfi et al., 2018). It is a well-known fact that the dynamic
of the laser is non-linear, and this fact so far has been a
strong limitation for the diffusion of those instruments. At
the end of 2018, we were able to find a suitable way to
improve the analysis taking into account the laser dynamic.
This analysis is still ongoing, the preliminary result shows that
the response of GINGERINO is highly dominated by the laser
dynamics. For example, the analysis of 11 days (September
2017) shows a Modified Allan Deviation going down to 7 -
1078 after 3 h of integration, a value compatible with the
thermal expansion of the geometry, with an improvement
of more than a factor 10 with respect to the standard
analysis approach.

GINGERINO has also shown that the Gran Sasso laboratory
is stable in orientation at the level of a few urad in the time lag of
a few months, showing that it is a suitable location for the RLG at
the maximum Sagnac signal. An RLG oriented at the maximum
Sagnac signal would provide the modulus of the Earth angular
rotation, and any other orientation would provide a projection
of 52@.

HL RLG are improving their sensitivity and the proposed
target for application in geodesy of RLG seams now feasible.

Due to its very high sensitivity, GINGER, and any
other similar RLG array, will provide at the same
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time suitable data for fundamental

and geophysics.
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