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In the present work, the λ mechanism (left-right weak boson exchange) and the light
neutrino-exchange mechanism of neutrinoless double beta decay is studied. In
particular, much attention is paid to the calculation of nuclear matrix elements for
one of the neutrinoless double beta decaying isotopes 82Se. The interacting shell
model framework is used to calculate the nuclear matrix element. The widely used
closure approximation is adopted. The higher-order effect of the pseudoscalar term of
nucleon current is also included in some of the nuclear matrix elements that result in
larger Gamow-Teller matrix elements for the λmechanism. Bounds onMajorana neutrino
mass and lepton number violating parameters are also derived using the calculated
nuclear matrix elements.
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1 INTRODUCTION

Neutrinoless double beta decay (0]ββ) is a rare second-order weak nuclear process. In this process,
neutrino comes as a virtual intermediate particle when two neutron pairs decay into two proton pairs
inside some even-even nuclei. Thus, it violates the lepton number by two units. The 0]ββ experiment
is one of the possible ways to determine the effective neutrino mass (Schechter and Valle, 1982;
Tomoda, 1991; Avignone et al., 2008; Rodejohann, 2011; Deppisch et al., 2012) and can help to solve
many mysteries of neutrinos, such as whether neutrinos are their own anti-particle (Majorana
neutrino) or not (Dirac neutrino) (Schechter and Valle, 1982; Rodejohann, 2011; Deppisch et al.,
2012).

As lepton number conservation is not exact in most of the beyond the standard model (BSM)
physics theories, many particle mechanisms of 0]ββ have been proposed in different BSM theories
such as light neutrino-exchange mechanism (Šimkovic et al., 1999; Rodin et al., 2006), heavy
neutrino-exchange mechanism (Vergados et al., 2012), left-right symmetric mechanism (Mohapatra
and Senjanović, 1980; Mohapatra and Vergados, 1981), and the supersymmetric particles exchange
mechanism (Mohapatra, 1986; Vergados, 1987).

The decay rate for any particle mechanism of 0]ββ is connected by nuclear matrix elements
(NMEs) and absolute neutrino mass. These NMEs are calculated using theoretical nuclear many-
body models (Engel and Menéndez, 2017). Popular nuclear models are quasiparticle random
phase approximation (QRPA) (Vergados et al., 2012), the interacting shell-model (ISM) (Caurier
et al., 2008; Horoi and Stoica, 2010; Sen’kov and Horoi, 2013; Brown et al., 2014; Iwata et al., 2016),
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the interacting boson model (IBM) (Barea and Iachello, 2009;
Barea et al., 2012), the generator coordinate method (GCM)
(Rodríguez and Martínez-Pinedo, 2010), the energy density
functional (EDF) theory (Rodríguez and Martínez-Pinedo,
2010; Song et al., 2014), and the projected Hartree-Fock
Bogolibov model (PHFB) (Rath et al., 2010). Other
techniques includes, ab initio calculations for lower mass
nuclei (A � 6–12) using variational Monte Carlo (VMC)
method (Pastore et al., 2018; Cirigliano et al., 2019; Wang
et al., 2019).

In the present work, we focus on the left-right weak boson (WL-
WR) exchange λmechanism along with the standard light neutrino-
exchange mechanism (WL −WL exchange) of the 0]ββmediated by
light neutrinos (Bhupal Dev et al., 2015; Horoi and Neacsu, 2016;
Šimkovic et al., 2017). The λ mechanism has origin in the left-right
symmetric mechanism with right-handed gauge boson at the TeV
scale (Šimkovic et al., 2017). Thus, it will be interesting to study how
the λ mechanism can compete with the standard light neutrino-
exchange mechanism when both the mechanisms co-exist. Hence,
in the present work, we are eager to study the λ and light neutrino-
exchange mechanisms together.

In left-right symmetric model, there is another mass
independent mechanism called η mechanism which occurs
through WL − WR mixing. It will be interesting to study η
mechanism along with λ mechanism of 0]ββ. But, η
mechanism is suppressed due to WL − WR mixing as
compared to λ mechanism (Barry and Rodejohann, 2013).
Hence, in the present work, we are interested to study the
mass independent λ mechanism along with the mass
dependent standard light neutrino-exchange mechanism. In
future studies, we will extensively explore the η mechanism of
0]ββ along with other mass independent and dependent
mechanisms in left-right symmetric model.

One of the motivations of the present work is to include
effects of some of the revisited formalism of Ref. (Štefánik et al.,
2015) on light neutrino-exchange and λ mechanism of 0]ββ.
The revised formalism was exploited to include the effects of the
pseudoscalar term of nucleon currents. Using the revised
formalism of Ref. (Štefánik et al., 2015), the NMEs for λ, and
light neutrino-exchange mechanisms of 0]ββ are calculated
using the QRPA model for several 0]ββ decaying isotopes
using closure approximation in Ref. (Šimkovic et al., 2017).
Most of the NMEs relevant for λ and light neutrino-exchange
mechanisms are also calculated using ISM in Ref. (Horoi and
Neacsu, 2018) using the closure approximation for different
0]ββ decaying isotopes (including 82Se). In this case, some of the
NMEs are calculated without including the higher-order terms
(for example, pseudoscalar and weak magnetism terms) of the
nucleon currents. Recently, using the revised formalism of Ref.
(Štefánik et al., 2015), we have also calculated the NMEs for 48Ca
in Ref. (Sarkar et al., 2020a) using the non-closure
approximation and found a significant change in some of the
NMEs for including the pseudoscalar term. Thus, we have tried
here to include the revised higher-order effect of the
pseudoscalar term of nucleon current for the λ mechanism of
0]ββ of 82Se using ISM. The 0]ββ of 82Se is one of the
experimental interests of CUPID (Dolinski et al., 2019;

Pagnanini et al., 2019) and NEMO-3 (Arnold et al., 2020)
experiments. Hence, it is important to study the nuclear
structure aspects of 0]ββ of 82Se theoretically. In recent
years, one of the most important studies on light neutrino-
exchange 0]ββ of 82Se was performed in the ISM framework in
Ref. (Sen’kov et al., 2014) using the non-closure
approximation. Here we focus on the λ mechanism of 0]ββ
of 82Se in the closure approximation using the revised nucleon
current term.

This paper is organized as follows. In Section 2, the
expression for decay rate and the theoretical formalism to
calculate NMEs for the λ and light neutrino-exchange
mechanisms of 0]ββ are presented. The results and
discussion are presented in Section 3. A summary of the
work is given in Section 4.

2 THEORETICAL FRAMEWORK

2.1 Decay Rate for λ Mechanism of 0νββ
If both light neutrino-exchange (WL − WL exchange) and λ
mechanisms (WL − WR exchange) of 0]ββ co-exist, one can
write the decay rate for 0]ββ as (Štefánik et al., 2015; Šimkovic
et al., 2017)

[T0]
1/2]−1 � η2]Cmm + η2λCλλ + η]ηλcos ψCmλ, (1)

where the coupling constant λ is defined as (Šimkovic et al., 2017)

λ � MWL/MWR( )2. (2)

The MWL and MWR are masses of the Standard Model left-
handedWL and right-handedWR gauge bosons, respectively. The
η] of Eq. 1 is an effective lepton number violating parameters for
WL − WL exchange, ηλ is an effective lepton number violating
parameters for WL − WR exchange, and ψ denotes the CP
violating phase. These parameters are given in Ref. (Šimkovic
et al., 2017) as

η] �
mββ

me
, ηλ � λ|∑3

j�1
mjUejT

*
ej|, (3)

ψ � arg ∑3
j�1

mjU
2
ej( ) ∑3

j�1
UejT

*
ej( )[ ]. (4)

Here, mββ is the effective Majorana neutrino mass defined by
the neutrino mass eigenvaluesmj and the neutrino mixing matrix
elements Uej (Horoi and Stoica, 2010):

〈mββ〉 � |∑
j

mjU
2
ej|. (5)

The U, and T are the 3 × 3 block matrices in flavor space,
which constitute a generalization of the Pontecorvo-Maki-
Nakagawa-Sakata matrix, namely the 6 × 6 unitary neutrino
mixing matrix (Štefánik et al., 2015; Šimkovic et al., 2017).

The amplitude of λ mechanism is given by (Bhupal Dev et al.,
2015)
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Aλ � G2
Fλ∑

i

UejT
*
ej

1
q
, (6)

where λ is defined earlier, GF is the Fermi constant for weak
interaction, and q is the virtual Majorana neutrino momentum.

The coefficients CI (I � mm, mλ and λλ) of Eq. 1 are linear
combinations of products of nuclear matrix elements and phase-
space factors (Šimkovic et al., 2017).

Cmm � g4
AM

2
]G01, (7)

Cmλ � −g4
AM](M2−G03 −M1+G04), (8)

Cλλ � g4
A M2

2−G02 + 1
9
M2

1+G011 − 2
9
M1+M2−G010( ). (9)

Calculated values of phase-space factors G0i (i � 1, 2, 3, 4, 10
and 11) for different 0]ββ decaying nuclei are given in Ref.
(Štefánik et al., 2015).

2.2 Nuclear Matrix Elements for λ
Mechanism of 0νββ
Matrix elements required in the expression of CI are (Šimkovic
et al., 2017).

M] � MGT − MF

g2
A

+MT, (10)

M]ω � MωGT − MωF

g2
A

+MωT, (11)

M1+ � MqGT + 3
MqF

g2
A

− 6MqT, (12)

M2− � M]ω − 1
9
M1+. (13)

The (MGT,ωGT,qGT) (MF,ωF,qF), and (MT,ωT,qT) matrix elements
of the scalar two-body transition operator Oα

12 of 0]ββ can be
expressed as (Brown et al., 2014)

Mα � 〈f|Oα
12|i〉 (14)

where, |i〉, and |f〉 are the initial and the final 0+ ground state
(g.s) for 0]ββ decay, respectively, and α � (GT, F, T, ], ωGT, ωF,
ωT, ]ω, qGT, qF, qT, 1 +, 2−), τ− is the isospin annihilation
operator. The scalar two-particle transition operatorsOα

12 of 0]ββ
containing spin and radial neutrino potential operators can be
written as

OGT,ωGT,qGT
12 � τ1−τ2−(σ1.σ2)HGT,ωGT,qGT(r, Ek),
OF,ωF,qF

12 � τ1−τ2−HF,ωF,qF(r, Ek),
OT,ωT,qT

12 � τ1−τ2−S12HT,ωT,qT(r, Ek),
(15)

where, S12 � 3(σ1.r̂)(σ2.r̂) − (σ1.σ2), r � r1 −r2, and r � |r| is inter
nucleon distance of the decaying nucleons. The Ek is the energy of
the virtual intermediate state (|k〉) of 0]ββ. The intermediate state
|k〉 is achieved when one neutron from the initial state |i〉 is
converted into one proton. Subsequently, from the |k〉 state,
another neutron is converted into another proton to achieve the

final state |f〉 of the 0]ββ. For the present manuscript, |i〉 is the 0+
g.s. of 82Se, |f〉 is the 0+ g.s. of 82Kr, and |k〉 are all the allowed
spin-parity states of intermediate nucleus 82Br.

There are two approximations for calculating the NME, one is
non-closure approximation and another is the widely used
closure approximation. In non-closure approximation, the
radial neutrino potential Hα(r, Ek) has explicit dependence
on energy of the intermediate state |k〉. In non-closure
approximation, the radial neutrino potential for λ mechanism
of 0]ββ are is given as integral over Majorana neutrino
momentum q (Sen’kov and Horoi, 2013):

Hα(r, Ek) � 2R
π

∫∞

0

fα(q, r)qdq
q + Ek − (Ei + Ef)/2) (16)

where R is the radius of the parent nucleus, and the fα(q, r) factor
(AppendixB) contains the form factors that incorporates the effects of
finite nucleon size (FNS), and higher-order currents (HOC) of
nucleons (Šimkovic et al., 1999), which is given in Appendix B of
themanuscript. TheEi andEf are the g.s. energy of the initial and final
nucleus of the 0]ββ decay, respectively. The non-closure
approximation is computationally very challenging, because
in this approximation, the NME has explicit dependence on
the energy of large numbers of virtual intermediate state |k〉 and
calculating these states requires enormous computational
power. Particularly, for higher mass region isotopes, some of
the calculations are still beyond the reach of current
generation’s high-performance computers. Fortunately, the
most of the contributions on NME of 0]ββ come from low
lying energy states up to 10–12 MeV of the intermediate nucleus
(Sen’kov and Horoi, 2013; Sarkar et al., 2020a). Thus, one can
replace the effects of Ek with a suitable constant energy called
closure energy 〈E〉 without affecting the value of NME too
much, and this approximation is known as closure
approximation. In this approximation, one assumes (Sen’kov
and Horoi, 2013)

(Ek − (Ei + Ef)/2)→ 〈E〉, (17)

and the radial neutrino potential operator of Eq. 16 becomes

Hα(r) � 2R
π

∫∞

0

fα(q, r)qdq
q + 〈E〉 , (18)

In closure approximation, the 0]ββ decay operators defined in
Eq. 15 become

OGT,ωGT,qGT
12 � τ1−τ2−(σ1.σ2)HGT,ωGT,qGT(r),

OF,ωF,qF
12 � τ1−τ2−HF,ωF,qF(r),

OT,ωT,qT
12 � τ1−τ2−S12HT,ωT,qT(r).

(19)

The closure approximation is widely used in literature as it
eliminates the complexity of calculating a large number of virtual
intermediate states (Horoi and Stoica, 2010; Sen’kov and Horoi,
2013; Sarkar et al., 2020a). One can find suitable values of 〈E〉
using the method described in Ref. (Sarkar et al., 2020a), such that
using closure approximation, one can get NME near to the non-
closure approximation.
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In the calculation of the NME of 0]ββ, it is also necessary to
take into account the effects of short-range correlations (SRC). A
standard method to include SRC is via a phenomenological
Jastrow-like function (Vogel, 2012; Menéndez et al., 2009;
Šimkovic et al., 2009). Including SRC effect in the Jastrow
approach, one can write the NME of 0]ββ defined in Eq. 14
as (Vogel, 2012)

Mα � 〈f|fJastrow(r)Oα
12fJastrow(r)|i〉, (20)

where Jastrow-type SRC function is defined as

fJastrow(r) � 1 − ce−ar
2(1 − br2). (21)

In literature, three different SRC
prametrizationparameterization are used: Miller-Spencer,
Charge-Dependent Bonn (CD-Bonn), and Argonne V18
(AV18) to parametrize a, b, and c (Horoi and Stoica, 2010).
These parameters are chosen in such a way that the two-body
wave function of two-body matrix elements (TBME) for 0]ββ
are still normalized. The parameters a, b, and c in different SRC
parametrizations are given in Table 1.

This approach of using a Jastrow-like function to include the
effects of SRC is extensively used in Refs. (Menéndez et al., 2009;
Horoi and Stoica, 2010; Neacsu et al., 2012).

2.3 The Closure Method of Nuclear Matrix
Elements Calculation for 0νββ in ISM
The (MGT,ωGT,qGT) (MF,ωF,qF), and (MT,ωT,qT) matrix elements of the
scalar two-body transition operatorOα

12 of 0]ββ can be expressed as
the sum over the product of the two-body transition density
(TBTD) and anti-symmetric two-body matrix elements
(〈k1′ , k2′ , JT|Oα

12|k1, k2, JT〉A) (Brown et al., 2014):

M0]
α � 〈f|Oα

12|i〉
� ∑

J,k1′ ≤ k2′ ,k1 ≤ k2
TBTD(f, i, J) × 〈k1′ , k2′ , JT|Oα

12|k1, k2, JT〉A, (22)

where, α � (F, GT, T, ωF, ωGT, ωT, qF, qGT, qT), J is the
coupled spin of two decaying neutrons or two final created
protons, τ− is the isospin annihilation operator, A denotes that
the two-body matrix elements (TBME) (Appendix A) are
obtained using anti-symmetric two-nucleon wavefunctions,
and k1 stands for the set of spherical quantum numbers (n1;
l1; j1) (similar definition for k2, k1′, k2′). The |i〉 is 0+ ground
state (g.s.) of the parent nucleus, and |f〉 is the 0+ g.s of the
granddaughter nucleus.

The TBTD can be expressed as (Brown et al., 2014)

TBTD(f, i, J) � 〈f [A+(k1′ , k2′ , J)⊗ ~A(k1, k2, J)](0)




 



i〉, (23)

where,

A+(k1′ , k2′ , J) � [a+(k1′ )⊗ a+(k2′ )]JM�������
1 + δk1′ k2′

√ , (24)

and

~A(k1, k2, J) � (−1)J−MA+(k1, k2, J,−M) (25)

are the two particle creation and annihilation operator of rank J,
respectively. Most of the available public shell model code does
not provide the option to calculate TBTD directly. One of the
ways is to calculate TBTD in terms of a large number of two
nucleon transfer amplitudes (TNA), assuming 0]ββ decay
occurs through (n − 2) channel (Brown et al., 2014). In (n −
2) channel of 0]ββ, the TNA are calculated with a large set of
intermediate states |m〉 of the (n − 2) nucleons system, where n
is the number of nucleons for the parent nucleus. In this
approach, the TBTD in terms of TNA is expressed as
(Brown et al., 2014)

TBTD(f, i, J) � ∑
m

TNA(f,m, k1′ , k2′ , Jm)TNA(i, m, k1, k2, Jm),

(26)

where, TNA are given by

TNA(f,m, k1′ , k2′ , Jm) � 〈f A+(k1′ , k2′ , J)




 



m〉������

2J0 + 1
√ . (27)

Here, Jm is the spin of the allowed states |m〉 of intermediate
nuclei. J0 is spin of |i〉 and |f〉. Jm � J when J0 � 0 (Brown et al.,
2014).

3 RESULTS AND DISCUSSION

We have used JUN45 effective shell model Hamiltonian
(Honma et al., 2009) of fpg model space to calculate the
relevant initial, intermediate, and final nuclear states for
0]ββ of 82Se. In the fpg model space, valence nucleons can
occupy the orbitals 0f5/2, 1p3/2, 1p1/2, and 0g9/2. For the 0]ββ
decay of 82Se through (n − 2) channel, the states of allowed
spin-parity of 80Se acts as intermediate states for TNA
calculations. The nuclear shell model code KSHELL
(Shimizu et al., 2019) was used in the calculation. For
comparing some of the TNA values, NushellX@MSU
(Brown and Rae, 2014) code was also used. In the present
calculation, we have included the first 100 states of different
allowed spin-parity of 80Se in calculating the TNA. Earlier, it
was found that considering around the first 50 states is enough
to get the saturated value of NME, as the most dominating
contributions come from the first few initial states (Brown
et al., 2014; Sarkar et al., 2020b).

We have adopted the widely used closure approximation with
the closure energy 〈E〉 � 0.5 MeV. Earlier studies of Refs. (Sarkar
et al., 2020a; Sarkar et al., 2020b) suggested that 〈E〉 � 0.5 MeV is
a suitable value that is close to optimal closure energy and, thus,
gives NME near to the NME in the non-closure approximation.

TABLE 1 | Parameters for the short-range correlation (SRC) parametrization of
Eq. 21. Values are taken from Ref. (Horoi and Stoica, 2010).

SRC type a b c

Miller-Spencer 1.10 0.68 1.00
CD-Bonn 1.52 1.88 0.46
AV18 1.59 1.45 0.92
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The non-closure method can give the exact value of NME, but the
present study is beyond the scope of studying it. But, according to
earlier results (Sarkar et al., 2020a; Sarkar et al., 2020b), with 〈E〉
� 0.5 MeV, one can get NME in the closure approximation close
to the NME in non-closure approximation (within 1%
difference).

Different types of NMEs for light neutrino-exchange and
λ mechanism of 0]ββ for 82Se is shown in Table 2. Here,
NMEs are calculated in different SRC parameterization
schemes. All standard effects of FNS + HOC are taken
care of in all calculations. It is found that the Gamow-
Teller matrix elements dominate over Fermi and tensor
type matrix elements. Also, it is found that the MqGT type
matrix element associated with the λmechanism is relatively
large as compared to standard light neutrino-exchange
Gamow-Teller matrix element MGT. This leads to the
large value of total NME M1+ for λ mechanism as
compared to total NME M] for light neutrino-exchange
mechanism.

This increment of MqGT type of NME, which is obtained
through the new revised expression of the nucleon currents of
Ref. (Šimkovic et al., 2017), is surprisingly high. It is coming
through the new revised expression of the nucleon currents of
Ref. (Šimkovic et al., 2017) which includes the higher-order
term (pseudoscalar) of the nucleon currents. In our calculation,
Eq. 39 is used to calculate MqGT type NME using the revised
formalism of nucleon currents of Refs. (Štefánik et al., 2015;
Šimkovic et al., 2017).

An old equivalent expression of Eq. 39 is also found in Ref.
(Horoi and Neacsu, 2018), which one can write using Eq. (A2c)
and Eq. (A4b) of Ref. (Horoi and Neacsu, 2018) as

fqGT(q, r) � 1

1 + q2

Λ2
A

( )4 qrj1(qr). (28)

Using this old value of fqGT (q, r), the MqGT type NME will be
significantly smaller, as reported earlier.

Here we include the higher-order current effect of
pseudoscalar term in Eq. 39 as suggested in Ref. (Šimkovic

et al., 2017) which is enhancing the MqGT type NME as
compared to standard MGT type NME. A similar type of
enhancement in MqGT type NME was also found in our earlier
study for 48Ca (Sarkar et al., 2020a).

We have also decomposed the NME in terms of coupled spin-
parity (Jπ) of two decaying neutrons and two created protons in
the decay. Decomposed NME gives us a picture of the role of
individual spin-parity on NME. The contribution of NMEs
through different Jπ is shown in Figures 1–3 for different
types of NME. Figure 1 examines the decomposition for
MF,GT,T type matrix elements associated with light neutrino-
exchange mechanism, where Figures 2, 3 examine the NME
as function of Jπ for MωF,ωGT,ωT and MqF,qGT,qT type NMEs,
respectively, for λ and interference mechanism. All results are
presented for AV18 SRC parameterization.

TABLE 2 | NMEs for 0]ββ (light neutrino-exchange and λ mechanism) of 82Se.

SRC TypeNME Type

None Miller-Spencer CD-Bonn AV18

MF −0.633 −0.442 −0.674 −0.621
MGT 3.681 2.536 3.247 3.068
MT −0.020 −0.020 −0.020 −0.020
M] 3.529 2.790 3.645 3.433
MωF −0.630 −0.441 −0.671 −0.618
MωGT 3.075 2.453 3.165 2.986
MωT −0.020 −0.020 −0.020 −0.020
M]ω 3.485 2.751 3.599 3.388
MqF −0.330 −0.274 −0.384 −0.372
MqGT 11.667 10.167 12.538 12.184
MqT −0.097 −0.097 -0.097 −0.097
M1+ 11.636 10.241 12.409 12.076
M2− 2.192 1.613 2.220 2.046

FIGURE 1 | (Color online) Variation of MF, MGT, and MT type NMEs
with Jπ of two initial neutron-neutron and final proton-proton pairs.

FIGURE 2 | (Color online) Variation of MωF, MωGT, and MωT type NMEs
with Jπ of two initial neutron-neutron and final proton-proton pairs.
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For all types of NMEs, the most dominating contribution
comes from 0+ states and 2+ states. The pairing effect is in play for
dominating even-Jπ contributions (Brown et al., 2014). The NME
from 0+ and 2+ states has opposite signs and, thus, cancel the
effects of each other. Other non-negligible contributions come
through 4+, 3−, 5−, and 7− states.

Now we will discuss how the calculated NMEs will help to
determine the bounds on Majorana neutrino mass and various
lepton number violating parameters, using the lower limit on the
experimental half-life of the decay. The inverse of half-life for
0]ββ is given in Eq. 1. It is found that the half-life is influenced by
the term CI (I � mm, mλ, λλ), lepton number violating term η]
and ηλ, which are unknown, and CP-violating phase ψ. The CI are
defined in Eq 7 and (8), (9), which contains mainly phase space
factors and relevant NMEs. To calculate CI, we have used the
improved values of phase space factors calculated in Ref. (Štefánik
et al., 2015), and for the NMEs, we have used the results of
Table 2 using ISM.

The results for CI of light neutrino-exchange and λ
mechanisms of 0]ββ decay of 82Se and 48Ca are presented in
Table 3. Here, the results for 48Ca are taken from our earlier work
using the closure approximation on the λ mechanism (Sarkar

et al., 2020a). It is found that values of Cmm (light neutrino-
exchange) and Cλλ (λ mechanism) are similar in values, which
shows the dominance of each of these mechanisms on 0]ββ half-
life. The interference term (Cmλ) of both the mechanisms are
relatively smaller, which shows the less importance of the
interference mechanism.

We have also calculated the upper bound on unknown
Majorana neutrino mass (mββ) and lepton number violating
parameter: the right-handed current coupling strength ηλ,
using the experimental constraint on T0]−exp

1/2 of Ref. (Arnold
et al., 2005) for 82Se and of Ref. (Arnold et al., 2016) for 48Ca. The
upper limits on mββ and ηλ are also presented in Table 3 for 82Se
and 48Ca when both light neutrino-exchange and λ mechanisms
co-exist. With the experimental lower limit on T0]−exp

1/2 , the upper
limits on Majorana neutrino mass (mββ) are found to be 1.83 and
17.92 eV, respectively, for 82Se and 48Ca. This difference of mββ

value for 82Se and 48Ca is quite large and also found in earlier
work (Šimkovic et al., 2017). With the recent progress and future
prospects of new generation experiments, lower limits on T0]−exp

1/2
will be gradually improved and thus, will improve the upper limit
on mββ and also reduce the differences for different isotopes.

4 SUMMARY

In summary, we have studied how the left-right weak boson
exchange (λ) mechanism of 0]ββ decay is competing with the
standard light neutrino-exchange mechanism. Our interest of
isotope was one of the prominent 0]ββ decaying isotope 82Se.
Particularly, we have calculated the NMEs for 0]ββ of 82Se when
both standard light neutrino-exchange and λ mechanisms co-
exist. The revised formalism for nucleon currents to include the
pseudoscalar term was taken care of. The nuclear shell model
framework was used in the calculation, and the widely used
closure approximation was adopted with suitable closure
energy. Nuclear states of initial, final, and intermediate states
are calculated for fpg model space with JUN45 effective shell
model Hamiltonian using shell model code KSHELL. These
nuclear states are used to calculate TNA, which comes in the
expression of NME of 0]ββ through (n − 2) decay channel. Using
the calculated NMEs, we have also calculated the upper bounds
on Majorana neutrino mass and lepton number violating
parameters.

FIGURE 3 | (Color online) Variation of MqF, MqGT, and MqT type NMEs
with Jπ of two initial neutron-neutron and final proton-proton pairs.

TABLE 3 | Results for half-life and bounds on neutrino mass and lepton number violating parameters. The T0]−exp
1/2 is taken from the experimental lower limit on half-life from

Ref. (Arnold et al., 2005) for 82Se and from Ref. (Arnold et al., 2016) for 48Ca. All results are for AV18 type SRC parameterizaionparameterization. We have assumed CP
conservation (ψ �0). The results are compared with QRPA calculations for λ mechanism of Ref. (Šimkovic et al., 2017).

Quantity 82Se 82Se Ref.
Šimkovic

et al. (2017)

48Ca 48Ca Ref.
Šimkovic

et al. (2017)

T0]−exp
1/2 [Years] 2.5 × 1023 2.5 × 1023 2.0 × 1022 2.0 × 1022

Cmm [Years]−1 31.21 × 10–14 51.3 × 10–14 4.06 × 10–14 2.33 × 10–14

Cmλ [Years]
−1 10.46 × 10–14 −27.0 × 10–14 3.37 × 10–14 −1.04 × 10–14

Cλλ [Years]
−1 36.19 × 10–14 150.0 × 10–14 5.39 × 10–14 10.1 × 10–14

mββ [eV] 1.83 1.43 17.92 23.7
ηλ 3.32 × 10–6 1.63 × 10–6 30.44 × 10–6 22.30 × 10–6
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The results show that particularlyMqGT type matrix element of λ
mechanism is significantly enhanced as compared to standardMGT

type NME for the inclusion of the higher-order effect of the
pseudoscalar term in the nucleon current. A similar type of
enhancement in MqGT type NME was also found in our earlier
study for 48Ca (Sarkar et al., 2020a). The dominance of 0+ and 2+

states of neutron-neutron (proton-proton) pairs were also observed,
just like earlier studies.

With the experimental lower limits on the half-life, we have
used our calculated NMEs to set the upper bounds on Majorana
neutrino mass (mββ). The upper limits of values ofmββ are found
to be 1.83 and 17.92 eV, respectively, for 82Se and 48Ca. With the
new generation of experiments, the lower limit on half-life will be
further improved, and thus we can expect a much more refined
upper bound on mββ, which may be below 1 eV. Also, the
difference for the value of mββ will be reduced.

The term CI (I � mm, mλ, λλ), which contains the phase space
factors and NMEs, was also evaluated. The Cmm for light neutrino
exchange and Cλλ for λ mechanism were found to be similar in
values, that were larger than the termCmλ for the interference of both
the mechanisms. This shows the dominance of light neutrino
exchange and the λ mechanisms over the interference
mechanism. The overall dominant effect of light neutrino-
exchange mechanism is observed over λ mechanism and
interference of both the mechanisms for very small values of
lepton number violating ηλ parameter.

In the future, it will be interesting to see the competing
effect of the λ mechanism on the light neutrino-exchange
mechanism and also how their contribution on 0]ββ half-life
will be evaluated in the current and future generation
experiments.
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APPENDIX A

One can write anti-symmetric two-body matrix elements for
transition operator Oα

12 of 0]ββ defined in Eq. 22 as

〈n1′ l1′j1′ , n2′ l2′j2′ : JT|τ−1τ−2Oα
12|n1l1j1, n2l2j2: JT〉A

� 1����������������
(1 + δj1′ j2′ )(1 + δj1j2)

√
(〈n1′ l1′j1′ , n2′ l2′j2′ : JT|τ−1τ−2Oα

12|n1l1j1, n2l2j2: JT〉
−(−1)j1+j2+J
×〈n1′ l1′j1′ , n2′ l2′j2′ : JT|τ−1τ−2Oα

12|n2l2j2, n1l1j1: JT〉),

(29)

where,

〈n1′ l1′j1′ , n2′ l2′j2′ : J|Oα
12|n1l1j1, n2l2j2: J〉

� ∑
S′ ,S

∑
λ′ ,λ

l1′
1
2

j1′

l2′
1
2

j2′

λ′ S′ J
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× ∑

n′ ,l′ ,N′ ,L′
∑

n,l,N,L
∑
J

1�����
2S + 1

√ 1������
2J + 1

√ U(L′, l′, J, S′: λ′J )

×U(L, l, J, S: λJ )〈n′, l′, N′, L′|n1′ , l1′ , n2′ , l2′〉λ′
×〈n, l, N, L|n1, l1, n2, l2〉λ〈l′, S′: J Sα12





 



l, S: J 〉
×〈n′, l′|Hα(r)|n, l〉.

(30)

One can write in terms of 9j symbol

l1′
1
2

j1′

l2′
1
2

j2′

λ′ S′ J

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�
�����������������������������
(2j1′ + 1)(2j2′ + 1)(2λ′ + 1)(2S′ + 1)

√
×

l1′
1
2

j1′

l2′
1
2

j2′

λ′ S′ J

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
.

(31)

In terms of 6j symbol one can write

U(L′, l′, J, S′: λ′J ) � (−1)L′+l′+S′+J ������
2λ′ + 1

√ ������
2J + 1

√
L′ l′ λ′
S′ J J{ }. (32)

〈n′, l′, N′, L′|n1′ , l1′ , n2′ , l2′〉λ′ is the harmonic oscillator bracket
used to convert the radial integral of neutrino potential from
individual coordinate system of nucleons to relative and center of
mass coordinate system of the nucleons.

APPENDIX B

The fα(q, r) factor of Eq. 16 can be written in terms of radial
dependence, spherical Bessel function jp (qr) (p � 0, 1, 2 and 3),
and FNS + HOC coupling form factors in closure approximation
as (Šimkovic et al., 2017).

fGT(q, r) � j0(qr)
g2
A

g2
A(q2) −

gA(q2)gP(q2)
mN

q2

3
(

+g
2
P(q2)
4m2

N

q4

3
+ 2

g2
M(q2)
4m2

N

q2

3
( )),

(33)

fF(q, r) � g2
V(q2)j0(qr), (34)

fT(q, r) � j2(qr)
g2
A

gA(q2)gP(q2)
mN

q2

3
− g2

P(q2)
4m2

N

q4

3
(

+g
2
M(q2)
4m2

N

q2

3
),

(35)

fωGT(q, r) � q

(q + 〈E〉)fGT(q, r), (36)

fωF(q, r) � q

(q + 〈E〉)fF(q, r), (37)

fωT(q, r) � q

(q + 〈E〉)fT(q, r), (38)

fqGT(q, r) � g2
A(q2)
g2
A

q + 3
g2
P(q2)
g2
A

q5

4m2
N

(
+gA(q2)gP(q2)

g2
A

q3

mN
)rj1(q, r),

(39)

fqF(q, r) � rg2
V(q2)j1(qr)q, (40)

fqT(q, r) � r

3
g2
A(q2)
g2
A

q − gP(q2)gA(q2)
2g2

A

q3

mN
( )j1(qr)(

− 9
g2
P(q2)
2g2

A

q5

20m2
N

2j1(qr)/3 − j3(qr)[ ]( )),
(41)

where one can write in dipole approximation (Šimkovic et al.,
1999).

gV(q2) � gV

1 + q2

M2
V

( )2,
(42)

gA(q2) � gA

1 + q2

M2
A

( )2,
(43)

gM(q2) � (μp − μn)gV(q2), (44)
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gP(q2) � 2mpgA(q2)
(q2 +m2

π)
1 − m2

π

M2
A

( ). (45)

μp − μn � 4.7, MV � 850 MeV, MA � 1,086 MeV mp and mπ

are the mass of protons and pions (Sen’kov and Horoi, 2013).

In the present calculation, vector constant gV � 1.0 and bare
axial-vector constant gA � 1.27 (Sarkar et al., 2020b) are used.
Both the pseudo scalar and weak magnetism terms of the
nucleon currents are included in fGT,T,ωGT,ωT (q, r) factors
whereas pseudo scalar term is included in fqGT,qT (q, r) factors
(Šimkovic et al., 2017).
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