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Kinetic wave-particle interactions in Earth’s outer radiation belt energize and
scatter high-energy electrons, playing an important role in the dynamic
variation of the extent and intensity of the outer belt. It is possible to model
the effects of wave-particle interactions across long length and time scales
using quasi-linear theory, leading to a Fokker-Planck equation to describe the
effects of the waves on the high energy electrons. This powerful theory renders
the efficacy of the wave-particle interaction in a diffusion coefficient that varies
with energy or momentum and pitch angle. In this article we determine how the
Fokker-Planck equation responds to the temporal variation of the quasi-linear
diffusion coefficient in the case of pitch-angle diffusion due to plasmaspheric
hiss. Guided by in-situ observations of how hiss wave activity and local number
density change in time, we use stochastic parameterisation to describe the
temporal evolution of hiss diffusion coefficients in ensemble numerical
experiments. These experiments are informed by observations from three
different example locations in near-Earth space, and a comparison of the
results indicates that local differences in the distribution of diffusion
coefficients can result in material differences to the ensemble solutions. We
demonstrate that ensemble solutions of the Fokker-Planck equation depend
both upon the timescale of variability (varied between minutes and hours), and
the shape of the distribution of diffusion coefficients. Based upon theoretical
construction of the diffusion coefficients and the results presented here, we
argue that there is a useful maximum averaging timescale that should be used to
construct a diffusion coefficient from observations, and that this timescale is
likely less than the orbital period of most inner magnetospheric missions. We
discuss time and length scales of wave-particle interactions relative to the drift
velocity of high-energy electrons and confirm that arithmetic drift-averaging is
can be appropriate in some cases. We show that in some locations, rare but
large values of the diffusion coefficient occur during periods of relatively low
number density. Ensemble solutions are sensitive to the presence of these rare
values, supporting the need for accurate cold plasma density models in
radiation belt descriptions.
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1 Introduction

Earth’s outer radiation belt is shaped by wave-particle
interactions, whereby electromagnetic waves mediate energy
and pitch-angle changes of high-energy electrons. There is a
large range of electromagnetic waves that are implicated in wave-
particle interactions and all play important roles in Earth’s
radiation belts. Ultra-low frequency (ULF) waves have
frequencies ~ 1 mHz and contribute towards radial diffusion
(Fei et al., 2006; Su et al., 2015; Mann et al., 2016; Sandhu
et al., 2021). Electromagnetic ion cyclotron waves (EMIC) have
frequencies ~ 1 Hz and contribute towards loss of enegetic
electrons (Anderson et al., 1992; Halford et al., 2010; Usanova
et al., 2012; Meredith et al., 2014; Ross et al., 2021). Whistler-
mode waves exist as chorus (Tsurutani and Smith, 1977; Santolik
and Gurnett, 2003; Li et al., 2009; Meredith et al., 2020),
plasmaspheric hiss (Agapitov et al, 2018; Meredith et al,
2018; Kim and Shprits, 2019; Ripoll et al., 2020a), hiss-like
emissions outside the plasmasphere (Santolik et al., 2010; Li
et al,, 2012), lightning-generated whistlers (Green et al., 2020)
and even man-made emissions from ground-based high-power
transmitters (Ma et al., 2017; Meredith et al., 2019; Ross et al,,
2019). Whistler-mode waves contribute to energization (Horne
et al., 2005; Thorne et al., 2013; Allison and Shprits, 2020) and
loss (Selesnick et al,, 2003; Kim et al, 2020) of high-energy
electrons, where high-energy is usually understood to correspond
to energies E 2 0.5 MeV.

Wave-particle interactions are an important process that
govern the variability of the number of high-energy electrons
in the outer radiation belt. The strength of resonant wave-particle
interactions depends upon the energy of the electrons and the
frequency and wavenumber of the electromagnetic waves. The
wave frequency w and wavenumber k are related by the wave
dispersion relation, which in the cold plasma limit depends upon
local magnetic field strength, number density and plasma
composition. Numerical models of wave-particle interactions
can be made using physics-based initial-value simulations.
Particle-in-cell methods yield detailed information regarding
the linear and nonlinear stages of the wave growth (Hikishima
and Omura, 2012; Ratcliffe and Watt, 2017; Li et al., 2019) or the
energy and pitch-angle diffusion process itself (Allanson et al.,
2019; Allanson et al., 2020). These kinetic plasma numerical
experiments provide deep insight into the wave-particle
interaction but require short grid lengths dx less than the
wavelength of interest, typically of the order of the electron or
ion inertial length, or even the Debye length. Explicit schemes
require timesteps dt that satisfy the Courant-Friedrichs-Lewy
(CFL) condition (dt < dx/c, where c is the speed of light), and
therefore timesteps that resolve the plasma period are
commonplace. These short time and length scale constraints
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prevent particle-in-cell treatments being used to describe the
global evolution of radiation belt dynamics over length scales of
tens of thousands of kilometres and timescales of days and weeks.
Instead, we use diffusion coefficients Dj; (where i, j can indicate
energy or momentum and pitch-angle) to describe the results of
the wave-particle interaction on much longer timescales, and
over much larger spatial scales. The radial diffusion coefficients
D;; that are due to ULF wave-particle interactions are
constructed in a different way to the localised energy/pitch-
angle D;; and are not the focus of this work.

Diffusion coefficients are an extraordinarily powerful way to
describe the microphysics of a kinetic wave-particle interaction
on timescales of hours and days and across the entire extent of
the outer radiation belt. Early methods of calculating diffusion
coefficients (Lyons et al., 1972; Lyons, 1974) have been refined
(Réveillé et al., 2001; Glauert and Horne, 2005; Ni et al., 2008)
and are now routinely used to construct both statistical (Ripoll
and Mourenas, 2012; Horne et al., 2013; Cervantes et al., 2020)
and event-specific (Thorne et al, 2013; Tu et al., 2014; Ripoll
et al., 2016; Zhao et al., 2018; Millan et al., 2021; Pierrard et al.,
2021) models of D;;. Radiation belt models that use event-specific
Dj; often yield different results to those that use averaged models,
suggesting that the temporal and spatial variability of the waves
and plasma conditions from event to event are not currently
captured well by statistical models. Unfortunately, in-situ
observations of waves and plasma are not routinely available.
Even recent state-of-the-art missions that target the radiation
belts such as JAXA Arase or NASA Van Allen Probes cannot
provide global instantaneous coverage. Both have a finite mission
lifetime. When operational, spacecraft may be sampling the dusk
sector when there is increased whistler-mode activity in the dawn
sector, or at noon when there is key wave activity at midnight. It
is still necessary to construct reliable statistical models of wave
activity and hence Dj; to ensure sufficient global and temporal
coverage of past and future events.

Models of Dj; are constrained by observation, where the
temporally and spatially-varying observations can be combined
in different ways. Recent work demonstrates that there is a large
and significant difference between the act of processing
individual sets of concurrent and simultaneous measurements
into an observation-specific diffusion coefficient before
averaging, versus averaging observations before processing the
diffusion coefficients (Watt et al., 2019; Ross et al., 2020). Both
the shape and the strength of the diffusion coefficients depends
upon the order of the averaging process. When we construct
models of wave-particle interactions by averaging observation-
specific Dj; for particular locations, or geomagnetic conditions
(Ross et al., 2020), we imply that it is appropriate to ignore the
temporal variability of the diffusion coefficients and consider
only the average. We are therefore motivated to explore how the
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temporal variability of D;;(t) changes the solution of the Fokker-
Planck equation that is often used to describe the evolution of
high-energy electron phase space density in Earth’s outer
radiation belt. Our initial analysis (Watt et al., 2021) indicates
that the timescale of variability At changes the behaviour of the
solutions to the Fokker-Planck equation; there is a significant
difference in behaviour for rapid variability (At = 2 min) and for
much slower variability (At = 6 h). In this work, we run a range of
ensemble numerical experiments using a range of At between
these two limits and investigate distributions of diffusion
different
magnetospheric (L*, MLT)-space, where L* defines a drift-

coefficients  constructed  for locations  in
path for a high-energy electron and MLT is the magnetic local
time. The results indicate the importance of being able to
estimate At for drift-averaged diffusion coefficients, as well as
the importance of considering temporal and spatial variation of
waves and plasma properties when constructing drift-averaged
Dj; in the first place. We also highlight the importance of
considering the variability in both wave and plasma properties
when constructing appropriate models of D;.

First we describe the methods used to construct the
numerical experiments in Section 2 before presenting the
results in Section 3. The implications of our results when
considering drift-averaging, or how quickly drift-averaged Dj;
vary, are set out in Section 4.3. The importance of understanding
the underlying distribution of D;; and the contribution of rare
lower-than-average number density to the Dj; is discussed in
Section 4.4. Our conclusions are summarized in Section 5.

2 Numerical experiment methods

We make the assumption that for plasmaspheric hiss, pitch-
angle diffusion dominates over energy/momentum space
diffusion (Lyons et al, 1972). We perform a series of
ensemble numerical experiments using a one-dimensional
approximation of the Fokker-Planck equation for radiation
belt electrons:

g = ;<2 <Dm(t)Tsin2ag>> - i

ot Tsin2a\o« o TL M

where f is the phase space density of high-energy electrons, « is
the pitch-angle, and T(«) is given by:

T () = 1.3802 — 0.3198 (sin & + sin"? a). (2)

The second term on the right hand side of Eq. 1 accounts for
losses due to atmospheric collisions where the loss timescale 77 is
a quarter of the bounce period inside the loss cone arc and
infinite outside (Shprits et al., 2008).

As described in (Watt et al., 2021), Eq. 1 is solved using an
explicit time stepping scheme with timesteps of 0.1s. The
resolution of the pitch-angle grid is 1°. The stability of the
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code with respect to timestep has been established (Watt
et al.,, 2021). We assume that far into the loss cone, collisions
result in isotropy of the phase space density distribution, hence
% =0ata =0 (Glauert et al., 2014). We also constrain % =0at
90° to reflect the assumed symmetry of f with pitch-angle. All
experiments are initialised with an isotropic pitch-angle
distribution fla) = 5 x 10’ cm™s'sr'keV". The distribution
is then allowed to evolve over a 30 day period with no additional
sources.

The differences in numerical experiments arise from the
treatment of D,,(tf). To mimic the time variation of D, («),
we randomly select from empirical distributions of diffusion
coefficients P[Dgy, ()] constructed from individual co-located
Van Allen Probe of
plasmaspheric hiss wave intensity 0B* electron number

and simultaneous measurements
density n, and magnetic field intensity By. The distributions
P[Dgq (@)] to be used in this investigation are constructed using
the British Antarctic Survey PADIE code (Glauert and Horne,
2005). Plasmaspheric hiss is identified by excluding waves with
ellipticity less than 0.7 to separate potential magnetosonic wave
activity, and using a commonly-used number density threshold
(Sheeley et al., 2001) to separate measurements likely made inside
the plasmasphere from those likely made outside [full details for
construction of the plasmaspheric hiss Dy,(«a) including
information on wave rfequency spectrum, dependence on
wavenormal angle, and assume latitudinal dependence of the
waves are found in (Watt et al., 2019)]. Electron energy is fixed at
E = 0.5 MeV.

The P[D, («)] are obtained for three observation bins in the
Van Allen Probe dataset with (09 < MLT < 10, -5 <A < +5°). We
choose three bins in L* to study the diffusion coefficients due to
plasmaspheric hiss; L* is used rather than another parameter in
order to align well with the drift-paths of high-energy radiation
belt electrons. Observations with 2.45 < L* < 2.55 are referred to
as the L* = 2.5 bin, (2.95 < L* < 3.05) referred to as the L* = 3.0
bin, and (3.45 < L* < 3.55) referred to as the L* = 3.5 bin [see
(Watt et al., 2019)]. These values of L* and MLT are chosen
because they lie in a region of strong plasmaspheric wave activity
(Meredith et al., 2018). The distributions of diffusion coefficients
are shown in Figure 1. Although the P[D,, («)] are calculated for
a fixed energy, the whistler-mode wave resonant condition varies
across the 3 L* bins chosen. The shape of the D,,(«) change
between the three bins as a result of the variation in the resonant
condition. It is therefore likely that we can generalise some of the
results obtained through the numerical experiments shown here
to pitch-angle diffusion at other energies.

We assign a; ¢ in the numerical code to its equivalent value
for a dipolar field line with L = L* for each bin. The observation
bins are chosen to represent regions of the magnetosphere where
plasmaspheric hiss is strong (Meredith et al., 2018), and the size
of the bin is chosen to minimise potential radial or MLT
variations in the distribution of D,,(«). We therefore interpret
the range of Dy,(a) in each bin as a result of temporal variation
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FIGURE 1

Probability distribution functions for D,4(a) in each of the 3 L* bins used in this numerical study. The number of individual observation-specific
D,.(@) in each distribution N is indicated at the top of each panel. See (Watt et al., 2019) for choices made during construction of observation-
specific Dyq.
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FIGURE 2

Ensemble results for numerical diffusion experiments using D,(L* = 2.5). Each panel shows a column-normalised probability distribution
function for the phase space density fjust outside the loss-cone a, ¢ for (A) At = 2 min, (B) At = 10 min, (C) At = 30 min, (D) At =2 h, (E) At = 4 h, and (F)
At = 6 h. Note that each histogram is displayed using the same vertical binning, giving the histograms a pixelated appearance
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only. There are N > 1,000 individual D,,(«) in each distribution,
where N is indicated at the top of the Figure. It is important to
reiterate (Watt et al., 2019; Watt et al., 2021) that both the shape
and the strength of D,,(«) varies as a result of the unique
combination of 8B? n, and B, used in its construction.

Each ensemble numerical experiment has 60 scenarios,
ie, 60 individual 30-day experiments are run with the same
initial and boundary conditions, the same timescale of variability
At, but different random selections of D,,(«). Ensemble
convergence for more than 60 scenarios in each ensemble is
demonstrated in (Watt et al., 2021). The timescale of variability
At is an important parameter in our numerical experiments. In
each scenario in an ensemble of experiments, a time-series of
Dy, (e, t) is constructed by randomly sampling the appropriate
P[Dyy («)]. At time £, = 0, a random value of D,,(«) is chosen,
and kept constant until ¢ = #, + At. Then another random value of
Dy, () is chosen from the same P[D,, («)], and kept constant
until £ =, + 2At, and so on. We have run 18 ensemble numerical
experiments in this study: 6 values of At are used for P [Dy, ()]
from 3 L* bins.

In previous work (Watt et al., 2021), the small timescale
chosen was At = 2 min, representing the typical length of time the
spacecraft take to traverse the observation bin and over which
there is often little variation in D, («) [see Figure 2 of (Watt et al.,
2021)]. The largest timescale chosen was At = 6 h, since it was
clear from the orbital sampling of each observation bin that there
is significant variation in Dy,() between each successive orbit.
Our initial study indicated that there were significant differences
in the ensemble results between At = 2 and Af = 360 min. In this
study, we investigate At = 2, 10, 30, 120, 240 and 360 min to
determine how the results change with temporal scale.

3 Results from numerical experiments

For each numerical experiment, we have 60 scenarios of f («,
t) at 1° resolution in « and 0.1 s resolution in time. To visualize
one of the important aspects of the evolution of the ensembles, we
choose a value of pitch-angle that is close to but greater than, a; ¢
and plot the probability distribution function of the ensemble as a
function of time. For L* = 2.5, we plot f (a = 13°), for L* = 3.0, we
plot f (« = 10°) and for L* = 3.5, we plot f (a« = 9°).

The results for the L* = 2.5 bin are shown in Figure 2, where
At is (a) 2 min, (b), 10 min, (c) 30 min, (d) 120 min, (e) 240 min
and (f) 360 min. Panel (a) shows that for the rapidly-varying
diffusion coefficients, the ensemble exhibits very little variation
from one scenario to another; the probability distribution
function has a large peak and very little spread. The evolution
of the peak of the distribution indicates a rapid initial drop as the
loss-cone is evacuated, followed by a slower decline as pitch-
angle scattering acts to smooth out the sharp gradient at the loss-
cone. As At increases [moving from panels (a) to (f)], the
ensemble results show much more spread. The probability
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distribution function exhibits increasing variation as At
increases, even though the median ensemble behaviour is
similar. Note that in each case, the median behaviour of the
ensemble is similar to the behaviour of a numerical diffusion
experiment using a diffusion coefficient averaged over the entire
distribution of individual diffusion coefficients, Dy ae(@) =
(Dygi(®)y. We have chosen not to show this explicitly in
individual panels of Figure 2 in order to highlight the
narrowness of the distributions in panels (a) and (b), but a
comparison can be made with Figure 4A of (Watt et al., 2021).

Figure 3 displays results from the numerical ensemble
experiment using diffusion coefficients from the L* = 3 bin. In
this case, the diffusion coefficients for E = 0.5 MeV tend to be
much larger than those at L* = 2.5, and so the values of f (a;¢)
reach much lower values than in Figure 2. Similar trends exist as
At s increased from 2 min to 360 min: for rapidly varying D (),
the probability distribution function is strongly peaked with little
spread. As At increases, the probability distribution function
exhibits significant spread.

Finally, we demonstrate the results from the numerical
ensemble experiment with L* = 3.5 in Figure 4. In this
observation bin, the values of D,,(«) for E = 0.5 MeV are in
general much smaller than those seen at L* = 2.5 or L* = 3. As
expected, for all values of At the ensembles indicate that f (arc)
remains at much higher levels than for other L* experiments. For
small values of At shown in panels (a), (b) and (c), we again
observe that the probability distribution function of f (arc) is
strongly peaked and exhibits very little spread. For panels (d), (e)
and (f), we see a significant increase in spread of the probability
distribution function. Additionally, these numerical experiments
exhibit new behaviour that is not seen in Figures 2, 3. For the
period 2 < t < 8 days in panel (d), and 2 < t < 10 days in panels (e)
and (f), there appears to be two different sets of solutions in the
ensemble. There is a strong peak at the initial value f (a;c) =5 x
10° cm s 'sr ke V!

indicating that for many scenarios in the ensemble, very little

that gradually decreases with time,
diffusion has occurred. For a minority of scenarios in each
ensemble, a lot more diffusion has occurred, as indicated by a
much wider peak in the probability distribution function for f
(arc) = 1-4 x 10° cm s 'sr 'keV . The strong peak at the initial
value of f (a;c) fades more slowly as At increases.

To compare directly between different At, we summarize the
numerical experiment results in Figure 5. The top row [panels (a)
to (c)] show the median of logy [f (arc)] for each ensemble as a
function of time. The L* values are indicated at the top of the
figure. The bottom row [panels (d) to (f)] show the interquartile
range (IQR) of logio [f (arc)], again as a function of At and
experiment time. To aid with interpretation of information in the
bottom row, if IQR = 1 then there is an order of magnitude
between the 25th percentile and the 75th percentile of the
ensemble. Note that the median and IQR of logy [f (arc)] are
used because the ensemble values of f (azc) at each t are not
normally-distributed (Watt et al., 2021).
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FIGURE 3

Ensemble results for numerical diffusion experiments using D,,(L* = 3). Each panel shows a column-normalised probability distribution function
for the phase space density fjust outside the loss-cone a, ¢ for (A) At = 2 min, (B) At = 10 min, (C) At = 30 min, (D) At =2 h, (E) At=4 h,and (F) At=6 h.
Note that each histogram is displayed using the same vertical binning, giving the histograms a pixelated appearance.

In general, Figure 5 shows that in each experiment the
median value of logo [f (arc)] decreases more slowly as At
increases, although for L* = 3.0 the difference in median
behaviour is very small. The biggest difference between
experiments comes when we consider the IQR; the ensemble
results are much more variable as At increases. The IQR varies in
time in each case, most notably so when At is large.

The value of log;of is important in modelling, as models are
often interpreted and evaluated on a log scale. However, other
physical quantities are important when judging the effects of
temporal variability in the ensembles. The ensemble results also
indicate large variability in the amount of loss-cone scattering
due to plasmaspheric hiss. We calculated the percentage loss in
each scenario by comparing the flux integrated over pitch-angle
at the beginning of the experiment, and at the end of the
experiment. Results are shown in Figure 6 where panels (a-c)
show results from numerical experiments with At = 2 min, and
panels (d-f) show results from experiments with At = 6 h. The
amount of loss varies at each L* bin, as does the dependence of
loss on At. At L* = 2.5, in the rapidly-varying experiments
(i.e., low At), there is a total loss of flux of roughly 42% after
30days in every scenario. However, for slowly-varying
experiments (large At), the loss varies between 32% and 48%.
At L* = 3.0, all scenarios, no matter the timescale, experience a
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loss of 85% in f over 30 days. Finally, for L* = 3.5, in the rapidly-
varying experiments, all scenarios show a loss of 38%. However,
for slowly-varying experiments, scenarios experience large
differences in the amount of loss between 5% and 65%. The
loss values are large across all experiments because the initial
condition is a full loss cone that is immediately depleted.
However, the variation in the amount of loss across the
ensemble is due only to the differences in temporal variation
in the diffusion coefficients between each scenario.

4 Discussion

4.1 Diffusion coefficients modelled using
quasi-linear theory

The quasi-linear theory of wave-particle interactions
(Drummond and Pines, 1962; Kennel and Engelmann, 1966;
Lyons et al., 19725 Lyons, 1974) yields diffusion coefficients D;;
such that microscopic wave-particle interactions may be
included in numerical models with time and length scales that
are much longer than those of the waves themselves. To construct
models of diffusion coefficients, it is necessary to use
observations or models of magnetospheric magnetic field,
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number density, and composition in addition to information
about wave intensity and how it varies in space, frequency and
wavenormal angle. We discuss here the implications of our
numerical results for the accurate modelling of quasi-linear
diffusion coefficients using observations from in-situ spacecraft.

We have modelled our diffusion coefficients using a
statistical distribution of observation-specific (Watt et al,
2019; Ross et al., 2020) values. The free parameter in our
numerical study is the temporal scale of variation At. Our
results indicate that when used in ensembles of Fokker-Planck
models, temporal variation of quasi-linear diffusion coefficients
with timescales greater than 30 min yields significant uncertainty
in the model results. For timescales of variation less than 30 min,
an average of the observation-specific diffusion coefficients is a
reasonable approximation to the ensemble result (Watt et al.,
2021). Recent work (Zhang et al., 2021a) indicates that observed
timescales for plasmaspheric hiss patches are typically less than
10 min, and so plasmaspheric hiss activity would appear to vary
sufficiently rapidly that averaging observation-specific diffusion
coefficients should be appropriate. We discuss timescales relative
to drift-averaging in Section 4.3 below.

Quasi-linear diffusion coefficients must be calculated on
timescales that are long compared to the wave period
T ~ le, and the particle de-correlation time 7c ~ T, where 7¢
increases for decreasing wave amplitude (Lemons, 2012; Liu
et al,, 2012; Allanson et al., 2020; Allanson et al., 2022). For
whistler mode waves in the terrestrial magnetosphere, these
timescales are short and usually much less than 1s. As a
result, individual wave-spectra observations from spacecraft

Frontiers in Astronomy and Space Sciences

08

such as the NASA Van Allen Probes have already averaged
over timescales longer that the appropriate minimum
timescale. There are also important upper limits to the time
over which diffusion coefficients should be estimated from
observations. An important upper limit is a timescale of the
order of D;; (Lemons, 2012; Liu et al., 2012; Allanson et al,,
2022). For many observation-specific diffusion coefficients used
in this study, this timescale is at least a few days. However, for the
largest diffusion coefficients (see Figure 1), this can be as little as a
few hours. It is also implicitly assumed in quasi-linear
constructions of diffusion coefficients (Lyons et al., 1972
Lyons, 1974) that ambient conditions such as the magnetic
field strength and the number density do not change with
time, since these parameters change the resonant condition
for the energetic electrons. The dependence of D;; on energy
and pitch-angle is very sensitive to values of number density and
ambient magnetic field, and so temporal variation of these
quantities is important. It is therefore likely that there is a
maximum useful averaging timescale to construct individual
diffusion coefficients that describe wave-particle interactions
in the inner magnetosphere. For plasmaspheric hiss, the
variation in observation-specific diffusion coefficients is much
larger between successive Van Allen Probe orbits than it is during
an orbital pass through a small region (Watt et al., 2019). This
was our original motivation for using a range of At that spans a
range between 2 min and 6 h. We therefore suggest that a useful
maximum averaging period for calculating observation-specific
diffusion coefficients should be tied to the grid on which they are
constructed.
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Many models of D;; are constructed from long-term
statistical studies of wave activity in the magnetosphere. To
connect observations to the D; J» grid is often constructed in
real space on which to collect observations that are then
statistically averaged. In-situ observations relative to that grid
are collated and averaged to provide averaged wave amplitudes
(Tu et al., 2013; Sicard-Piet et al., 2014; Li et al., 2015; Ma et al.,
2017; Meredith et al., 2018; Zhu et al., 2019; Green et al., 2020;
Meredith et al., 2020), averaged frequency distributions (Li et al.,
2016; Zhu et al, 2019) or averaged wavenormal angle
distributions (Ni et al., 2013). The averaged properties are
then combined with models of the magnetic field and number
density to form diffusion coefficient models (Horne et al., 2013;
Wang et al.,, 2017; Ma et al., 2018). In each case, observations are
averaged over many months, sometimes years or decades (Watt
etal, 2017; Watt et al,, 2019). During these long time periods, all
of the inputs are highly variable (Watt et al., 2019). We therefore
recommend that where observations are used to constrain
models of quasi-linear diffusion coefficients:

+ D;;should be calculated using co-located and simultaneous
measurements based upon a grid in e.g. magnetic local time
and L*. Spacecraft such as the NASA Van Allen probes
travel through such a grid rapidly enough that observations
are quite similar within grid cells [see e.g., (Watt et al,
2019)], and so observations from a single pass through the
grid should be used to construct each observation-specific
diffusion coefficient.

Statistical models should then be constructed from those

observation-specific values [see e.g., (Ross et al., 2020)]

o The natural timescales of variation for diffusion due to
each wave mode should be studied and quantified

o Where timescales of variation are sufficiently short (in the
case of plasmaspheric hiss, less than around 30 min),
averaged models can then be constructed from averages
of the observation-specific values.

Note that although we focus only on the pitch-angle
scattering coefficient D,, due to plasmaspheric hiss in this
work, the consequences of our results should hold for
diffusion coefficients in energy and the cross-terms (Albert
et al, 2009), as well as for diffusion coefficients describing
wave-particle interactions with other wave modes.

4.2 Temporal scales of variability leads to
different levels of uncertainty in model
results

It is important to carefully interpret the ensemble results. The
median of the ensemble provides an indication of the general
trend when a collection of numerical scenarios are grouped
together. No single ensemble scenario resembles the median
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evolution; each individual scenario experiences rare big
changes when large values of diffusion coefficients are chosen
from the distribution, with very little change at other times when
only small values of diffusion coefficients are experienced [see
Figure 3 of (Watt et al.,, 2021) for an example]. The IQR is a
measure of the variability of each numerical ensemble. We
reiterate from our initial study (Watt et al, 2021) that the
time-integrated diffusion in all experiments at the same L* is
the same, the only difference in each case is the value of At.

The IQR in each ensemble experiment depends both on At
and the average strength of the diffusion coefficients in the
distribution P(Dgy(«)). When At is small and average
diffusion rates are small, IQR values are also small; ensembles
display very little uncertainty. Examples of this can be seen in
Figures 5D,F. The long-term behaviour of the ensemble closely
mimics that obtained with a time-averaged diffusion coefficient
(Wattetal, 2021), and so time-averaging of diffusion coefficients
is effective, even when the underlying distribution of diffusion
coefficients is highly variable (Watt et al., 2019).

In contrast, large IQR values where At is large, or average
diffusion rates are large, indicate significant amounts of
uncertainty in the outcome of the ensemble numerical
experiments. For example, the IQR is more than an order of
magnitude in most experiments using P (Dy, (a)) for L* = 3,
shown in Figure 5E. Where the IQR is large, there are large
differences between individual scenarios in the same ensemble.
Where average diffusion rates are large, or where temporal scales
of variability are large, time-averaging of diffusion coefficients is
less effective and masks significant uncertainty in the numerical
experiment result.

The numerical experiments reported here only consider
resonant quasilinear diffusion coefficients [e.g., (Lyons et al,
1972; Lyons, 1974)]. However, non-resonant wave-particle
interactions [e.g., (Zhao et al, 2022)], although usually much
weaker, also depend upon wave amplitudes. For the most intense
waves, the nonresonant interaction could be as large as the
resonant interaction during typical periods. We advocate more
research in this important area, towards possible inclusion in
large-scale radiation belt models.

Uncertainty in the model results shown in Figures 2-4
provide bounds and other statistical information regarding
potential solutions to the diffusion equation under idealized
circumstances. In some cases, these bounds are very wide.
Over a 30-day period, with no other influences on the
evolution of the numerical experiment other than the
changing diffusion coefficients (e.g., no sources of phase space
density either due to radial or energy diffusion), the uncertainty
in the experiments changes in time (see also Figure 5). This is
especially marked for large At. Large uncertainties in the
ensemble solutions can arise due to the changes in the shape
of Dyo(a) as well as in its strength. The range of « over which D,
is large can change with plasma to gyrofrequency ratio (Horne
and Thorne, 2003; Glauert and Horne, 2005; Watt et al., 2019).
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For some values of this ratio, the range of large D,, can
momentarily extend to large a, and act like a temporary
source of plasma to be diffused to low a. These effects are
associated with periods of large and varying uncertainty in the
ensemble numerical experiments.

When we envisage using stochastic parameterizations of D;;
in full 3D radiation belt diffusion models, the consequences of
large variability may be compounded. For example, the
uncertainties in the amount of loss (Figure 6) can be very
large. There is a complicated relationship between the size
and shape of the diffusion coefficients, and the resulting
uncertainty. In a full 3D diffusion model with diffusion across
pitch-angle, energy and L* space, it is likely that the interplay of
uncertainty in diffusion in three dimensions, as well as
uncertainty due to variable physical sources included through
boundary conditions in L* and energy space, will result in
significantly more uncertainty as models progress. We argue
that the results presented here prompt us to seek ways to reduce
the uncertainty in the diffusion coefficients used in radiation belt
models. Reducing uncertainty is not just about reducing error
bars of a model, reducing uncertainty reduces the number of
potential paths a model might take through the potential
solutions of phase space density in (L*, E, «) space.
Identifying and reducing uncertainty in diffusion coefficient
descriptions (Bentley et al., 2019; Watt et al., 2019), boundary
conditions, and even the magnetic field models used in
coordinate transforms (Loridan et al., 2019; Thompson et al.,
2021) will allow us to use models 1) to correctly attribute a
change in radiation belt evolution to a particular physical process
(Mann et al.,, 2016; Shprits et al., 2018), 2) to identify a realistic
range of radiation belt responses to geomagnetic disturbances or
3) as an effective operational forecast tool.

Where At is large, or average diffusion rates are large,
uncertainty in model behaviour could be reduced by
minimizing the variability in the distribution of diffusion
coefficients (Thompson et al., 2020). Reduction of variability
can be achieved through parameterization (Bentley et al., 2019),
ie, where diffusion coefficients are binned according to
parameters that control their behaviour. Parameterizations are
widely used to construct wave amplitude maps (Horne et al,
2013; Glauert et al., 2014; Bentley et al., 2018; Bentley et al., 2020;
Meredith et al., 2020; Aryan et al., 2021), and could be used to
construct models of diffusion coefficients equally as effectively
(Watt et al., 2019; Ross et al., 2020).

4.3 Temporal variability and drift-
averaging

Our numerical experiments indicate that there are some
circumstances where averaging is appropriate. It is therefore
important to determine whether this is true for drift-averaging. It
is therefore important to determine whether Recent work (Zhang
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(A) Histogram of temporal lags between spacecraft that yield
correlations with R? > 0.5 for whistler-mode wave power. (B)
Amplitude ratio of whistler-mode waves measured by each
spacecraft for temporal lags shown in histogram. Subset of
correlation data where Van Allen Probes A and B both have L* < 4
taken from Zhang et al. (2021a).

etal,, 2021a) has characterised the temporal and spatial scale sizes
of patches of plasmaspheric hiss in the inner magnetosphere.
Using both NASA Van Allen Probe spacecraft (Mauk et al,
2013), integrated wave power from the Wave Form Receiver in
the Electric and Magnetic Field Instrument Suite and Integrated
Science [EMFISIS (Kletzing et al., 2013)] was cross-correlated.
The varying separation of the two Van Allen Probes as they travel
on similar orbits allows good estimates of both temporal and
spatial correlations. Spatial correlations are estimated by
correlating the time series of integrated wave power from each
satellite with no lag. Zhang et al. (2021a) demonstrated that
correlations were higher when the spacecraft were closely
separated in space less than ~ 0.23Rg or ~ 1500 km apart.
Temporal correlations are estimated correlating the spatial
series of integrated wave power where the temporal lag
between the spatial series depends upon the spacecraft

this (2021a) again
that were higher the
spacecraft were closely separated in time less than 10 min apart.

separation. In case, Zhang et al

demonstrated correlations when

Although diffusion coefficients depend both on wave
amplitude and local parameters such as number density and
magnetic field strength, here we will use the results of Zhang et al.
(2021a) to consider constraints on the temporal and spatial scales
of the plasmaspheric hiss itself. Future investigations should be
performed to incorporate the spatial and temporal variability of
the number density in the inner magnetosphere, as it is a key
parameter in the calculation of diffusion coefficients (see
Section 4.4).

In Figure 7, we collect data from the Zhang et al. (2021a)
study where both Van Allen Probes have L* < 4 to coincide with
our observation bins at L* = 2.5, 3.0 and 3.5. Figure 7A shows a
histogram of temporal lags when the correlation coefficient of the
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(A) Histogram of spatial lags between spacecraft that yield correlations with R? > 0.5 for whistler-mode wave power. (B) Amplitude ratio of
whistler-mode waves measured by each spacecraft for spatial lags shown in histogram. (C) Estimated dwell time in largest observed whistler-mode
wave patches as a function of energy. Subset of correlation data where Van Allen Probes A and B both have L* < 4 taken from Zhang et al. (2021a).

two spacecraft observations R” > 0.5. The high correlation is used
as identification of coherent spatial patches of plasmaspheric hiss
activity. The corresponding temporal lags indicate that patches
last for a few minutes with an observed maximum of around
25 min. Figure 7B shows the amplitude ratio for the same patches
indicating that when the correlation is high, the amplitudes of the
patches observed by each spacecraft are similar. If we assume that
the patches are not moving in space, then we can interpret the
temporal lags as the temporal scale of the patches. When we
compare to the results of the numerical experiments, the hiss
patch timescale ( <25 min) corresponds to the smaller values of
At < 30 min, where the experiments often show low values of
uncertainty.

It is important to note that when constructing a diffusion
coefficient for a high-energy electron (e.g., with E= 0.5 MeV), we
must also consider its experience as it drifts around the Earth
under the influence of gradient and curvature drifts. Some of the
“temporal” changes in wave-particle interactions experienced by
the drifting electron arise due to its rapid transit of spatially
coherent patches of plasmaspheric hiss, and so we must also
consider the spatial size of these patches. Figure 8 shows a subset
of data with L* < 4 from the Zhang et al. (2021a), study, but this
time looking at spatial correlations. Figure 8A shows a histogram
of spatial separations when the correlation coefficient of the two
spacecraft observations R* > 0.5. Note that events in this study are
chosen such that the spacecraft separation is < 1Rg, and so this is
an imposed constraint on the extent of spatial scales studied.
Most of the highly-correlated events have much smaller
separation scales than 1Rp. Amplitude ratios for these events
are shown in Figure 8B, and we see that amplitude ratios of the
waves are less similar as spacecraft separation increases.

We consider the largest plasmaspheric hiss patches identified in
the Zhang et al. (2021a), study (with the caveat that this largest value
is self-imposed), and estimate how long it would take electrons of
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different energies to gradient-curvature drift through the patches at
L* = 3. Assuming the magnetic field is essentially dipolar, and that
electrons have 90 pitch-angles, dwell times in hiss patches with scale
sizes of 1R are shown in Figure 8C. For the example energy
considered throughout this paper (E = 0.5 MeV), dwell times are
less than 3 min. So when we consider the apparent timescales of
wave patches, as experienced by a drifting high-energy electron at
L* = 3, these also correspond to the smallest values of At < 10 min
used in the numerical experiments, which again show low values of
uncertainty.

Given the numerical experiment results reported here, our
analysis of the temporal and spatial scale sizes of patches of
plasmaspheric hiss indicate that averaging of diffusion
the
reasonably accurate determinations of drift-averaged diffusion

coefficients in azimuthal direction would provide
coefficients as experienced by high-energy electrons in the outer
radiation belt. In all of our numerical experiments where we
model the variability of wave-particle interactions using small
timescales similar to those experienced by an electron as it drifts
through a plasmaspheric hiss patch, ensemble scenarios are very
similar, and the evolution of the model closely follows that of a
model performed with an arithmetic average of the diffusion
coefficients. Even when the underlying distribution of diffusion
coefficients varies over many orders of magnetidue (see Figure 1),
if the timescales of varation are rapid enough, ensembles produce
very similar results that tend to the same behaviour as
experiments run with averaged values (Watt et al, 2021).
Note that averaging is less accurate and leads to more
uncertainty as the average value of the diffusion coefficients
increases.

We therefore suggest that it is important to perform an analysis
of the temporal variation of drift-averaged diffusion coefficients in
the magnetosphere. For plasmaspheric hiss, this could be achieved
with probabilistic models of the evolution and spatial structure of
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wave patches, using distributions of observed wave amplitudes
(Watt et al, 2019) and information about their spatial and
temporal scales (Zhang et al., 2021a) as well as their distribution
in L* and relative to the plasmapause (Malaspina et al., 2016).

For other magnetospheric waves, such as whistler-mode
chorus, it will be necessary to study the effects of averaging
the wave-particle interactions over the bursty structure of chorus
elements (Li et al., 2012), and over the temporal extent of chorus
patches (Zhang et al., 2021b). For chorus, temporal variation is
often very fast, again suggesting that arithmetic averages might be
reasonable approximations, especially for constructing drift-
averages. However, we reiterate the importance of determining
how the drift-averaged diffusion coefficients vary in time, given
what we know about chorus wave behaviour in time and space
(Aryan et al., 2016; Agapitov et al., 2018; Shen et al., 2019; Zhang
et al, 2021b). The temporal variation of drift-averaged
quasilinear diffusion coefficients is currently a key unknown
in our modelling efforts.

Note that in the 3 L* cases we have studied, the average value of
the diffusion coefficient at a;is ~ 1078 st at L* = 2.5, ~ 107® s ' at
L*=3.0,and ~ 1078 s7 at L* = 3.5. Our results suggest that there
may be a relationship between average value of diffusion coefficient
and the size of the uncertainty in numerical experiments given the At
used, but we have yet to fully describe that relationship
quantitatively. This is left for future work.

4.4 The importance of number density in
wave-particle interactions

We turn finally to the ensemble experimental results that
display some bifurcation for large At, namely those for L* = 3.5
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(see Figure 4). These ensembles are different from others at early
times: most of the ensemble members show very little diffuson,
whereas a minority display much more. To understand these
differences, we analyse the P (Dgyq(arc)) for each L* bin.
Empirical cumulative distribution functions (ECDFs) of the
D) are shown in Figure 9, colour-coded by L* bin with
blue (L* = 2.5), orange (L* = 3), and yellow (L* = 3.5). The ECDFs
at L* = 2.5 and 3 have a smooth profile with gradually changing
gradients, indicating that they could probably be accurately
estimated by a

single, smooth probability distribution

function. The ECDF at L* = 3.5 displays a sharp change in

gradient at D, (ac) =2 x 107 s7*

, indicating that there are
perhaps two distributions of diffusion coefficients added together
at L* = 3.5. The first distribution, corresponding to lower ~ 95%
of the diffusion coefficients has a median around Dy, (a;c) =
107° 57", and a similar variance (slope) to the ECDF for L* = 3.
However, the upper ~ 5% of diffusion coefficients is much larger
than a smooth continuation of the first distribution would
suggest.

The existence of multiple distributions of diffusion
coefficients at L* = 3.5 is a possible explanation for the
behaviour of the ensemble of numerical solutions of f (a;¢) in
Figure 4. Let’s consider the experiments with large At first. For
early times in the ensemble ( < 10 days), the majority of ensemble
members with large At experience very little diffusion. This is
likely because for the majority of scenarios in the ensemble, the
time series of diffusion coefficients picked from P (Dgq (arc))
only includes diffusion coefficients from the lower ~ 95% of the
distribution. This part of the distribution is much smaller than in
other L* bins. There are some scenarios, however, where
diffusion coefficients from the upper ~ 5% of the distribution
have been chosen, and these exhibit significantly more diffusion
that the other scenarios in the ensemble. After ~ 10 days, it is
likely that more scenarios experience a large diffusion coefficient
from the upper ~5% of the distribution, and so they also
experience increasing diffusion at this energy. For those
experiments with small At, the entire distribution of D, (a;c)
is rapidly sampled, and nearly all scenarios in the ensemble
experience roughly the same diffusion.

The unexpectedly large values of D,,(«) in the upper ~ 5% of
the distribution can also be seen faintly in the top left of the L* = 3.5
panel in Figure 1. It would appear that for a minority of cases, Dyq(c)
is larger and has a much less pronounced gradient at low pitch-
angles. To investigate the possible origins of the second distribution
of large diffusion coefficients at L* = 3.5, we investigate two of the
parameters used as inputs to the diffusion coefficient calculation.
Here we choose number density, which controls the resonance
condition between the electrons and the waves, and the wave
intensity itself. Note that in the original calculations of diffusion
coefficients (Watt et al, 2019), the waves were assumed to have
Gaussian dependence on frequency, with a peak at f = 252 Hz, and
the wave intensity scales the size of the Gaussian spectra. We isolate a
distribution of D40z ) > 107 s7', and compare the inputs of those
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diffusion coefficient calculations to all the inputs used to construct
the full distribution of D,,(a; ) at L* = 3.5. These results are shown
in the form of histograms in Figure 10 with blue indicating all inputs
and orange indicating the inputs for D,,(azc) > 107 s7. The
histograms are normalized so that the area of the bars adds to 1.

Figure 10A demonstrates that the number density inputs to
the diffusion coefficient calculations for particularly high values
of D, (arc) are consistently the lowest values of the overall
distribution of number density inputs. In our original
diffusion coefficient study (Watt et al., 2019), we applied the
Sheeley et al. (2001) number density criterion to identify
observations inside and outside the plasmasphere. Although
these measurements correspond to values close to that
criterion, they are identified as inside the plasmasphere.
Figure 10B shows the distribution of wave intensity for
Dyolarc) > 107 s7' (orange) compared to all inputs at L* =
3.5 (blue) For the wave intensity parameter, there is little
difference in the distributions between the particularly large
Dyo(arc) and all the Dy4(azc). We suggest that the origin of
the two distributions in D,, is mostly related to the number
density. This feature is only seen in the largest L* bin used in the
study, most likely because the other two are too far away from the
more dynamic density region closer to the plasmapause.

We interpret these results to indicate the key importance of
electron number density in the efficacy of scattering due to
plasmaspheric hiss. The plasmapause is not always a sharp
boundary and exhibits a lot of spatial and temporal structure
(Moldwin et al., 1994; Moldwin et al., 2002), yet rare periods of
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relatively low density (that are likely near the plasmapause) are
very important for wave-particle interactions with hiss as they
can result in much higher than usual diffusion coefficients. The
temporal and spatial variability for density may be different than
that for wave amplitude which would complicate our suggested
study of the temporal variability of drift-averaged diffusion
coefficients. However, our study adds weight to the increasing
evidence for the importance of number density in models of wave
diffusion coefficients in Earth’s radiation belts (Ripoll et al., 20165
Ripoll et al., 2020a; Ripoll et al., 2020b; Allison et al., 2021).

5 Conclusion

We use ensemble numerical experiments with diffusion
coefficient models that are driven by individual Van Allen Probe
observations in order to study the pitch-angle diffusion due to
plasmaspheric hiss in Earth’s magnetosphere. We demonstrate that
ensemble solutions of the Fokker-Planck equation depend both
upon the timescale of variability (varied between minutes and
hours), and the shape of the distribution of diffusion coefficients.
The median ensemble solutions vary slightly with timescale, but the
inter-quartile range (or variance) of the ensemble solutions depends
both upon the timescale and the strength of the diffusion
coefficients; longer timescales, and larger average diffusion
coefficients result in larger variance.

We use observed time and length scales of plasmaspheric hiss
patches to identify suitable methods to construct appropriate
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drift-averaged diffusion coefficients for high-energy drifting
Arithmetic of
diffusion coefficients is appropriate in many cases due to the

electrons. averaging observation-specific
small temporal and spatial scales of hiss patches, although
arithmetic drift-averaging will become less accurate as the size
of the diffusion coefficients increases. We argue that arithmetic
averaging of observed inputs (e.g., wave amplitude, wave
frequency spectrum, number density or background magnetic
field strength) prior to constructing diffusion coefficients does
not yield appropriate averaged values of the diffusion coefficient
because there is a maximum useful averaging timescale that for
many missions is shorter than the orbital period.

The distribution of observation-specific diffusion coefficients
is found to vary with L*. In two of the three chosen bins, the
distribution of diffusion coefficients is a single probability
distribution. In the remaining chosen location, which is at
larger L*, the probability distribution exhibits two different
components, where rare but large values of the diffusion
coefficient occur during periods of low number density. We
argue that it is of vital importance to include accurate cold plasma
models to radiation belt diffusion codes to improve the
description of wave-particle interactions, especially during
times when they are most effective.

Our results, along with others (Thompson et al., 2020; Watt
etal, 2021), indicate the importance of understanding timescales
of variation of wave-particle interactions throughout the outer
radiation belt. Once these timescales are understood, numerical
experiments similar to those reported here can be used to
indicate where further parameterisation is necessary in order
to reduce the uncertainty in our models. Due to the limited
temporal and spatial sampling by spacecraft of localised waves
and plasma properties in the outer radiation belt, some kind of
model will always be required to monitor the evolution of drift-
Earth’s
magnetosphere. In this paper we have endeavoured to

averaged quasilinear diffusion coefficients in

motivate further important work in this area.
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