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Compact extra dimensions as the
source of primordial black holes

Valery V. Nikulin!, Maxim A. Krasnov ** and Sergey G. Rubin 2
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2N. . Lobachevsky Institute of Mathematics and Mechanics, Kazan Federal University, Kazan, Russia

This article discusses a model of primordial black hole (PBH) formation at the
reheating stage. These small/massive black holes appear due to the specific
properties of the compact extra dimensions. The latter gives rise to the low
energy model, containing an effective scalar field potential capable of
domain wall production. Formed during inflation, these walls are quite
dense, meaning they collapse soon after inflation ends. Discussion of the
model is framed by the scope of multidimensional f(R)-gravity. We study the
possibility of the pure gravitational formation of primordial black holes
(PBHs). Interpreting the scalar curvature of compact extra space R, as an
effective scalar field in an Einstein framework and consider effective scalar-
field theory that might potentially be capable of producing domain walls with
a certain choice of parameters. Hence, we demonstrate that f(R)-gravity
contains a mechanism for PBH formation. The study assumed that
cosmological inflation is an external process, which satisfied all the
cosmological constraints on our mechanism.

KEYWORDS

gravity, extra dimensions, modified gravity, f(R)-gravity, primordial black holes,
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1 Introduction

Extra dimensions are usually studied within the framework of elementary particle
physics Feruglio (2004), for example in the context of the unification of interactions
Dienes et al. (1999); Hall and Nomura (2001), explaining the nature of Standard Model
fields Grobov and Rubin (2013), or searching for their manifestations in collider
experiments Hewett and Spiropulu (2002); Deutschmann et al. (2017). This article
explores another possible cosmological consequence, indicating that the compact extra
dimensions may be the cause of primordial black hole (PBH) formation immediately after
the end of the inflation.

One of the central aims of theories with compact extra dimensions is to account for
compactification and stabilization Witten (1982) during cosmological evolution. This can
be done, for example, by introducing additional scalar fields Carroll et al. (2002) or f(R)-
modification of gravity Rador (2007); Bronnikov and Rubin (2006). The latter approach is
particularly promising because the Starobinsky quadratic f{R)-gravity Starobinsky (1980);
Vilenkin (1985) provides the best fit for the observational constraints of the parameters of
inflation Akrami et al. (2020). Moreover, in multidimensional f{R)-gravity, the processes
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of
manifestations of general gravitational dynamics in different
subspaces Fabris et al. (2020).

The possibilities of f(R)-gravity are widely studied De

cosmological inflation and compactification are

Felice and Tsujikawa (2010); Capozziello and De Laurentis
(2011); Nojiri and Odintsov (2011); Nojiri et al. (2017). They
offer solutions to many cosmological problems Capozziello
and Laurentis (2012); Bronnikov et al. (2007, 2017, 2020);
Petriakova and Rubin (2022). One of the problems that f(R)-
gravity can solve is the existence of primordial black holes.
Today, the primordial origin of some discovered black holes
(quasars at small z Falomo et al. (2014); Dokuchaev et al.
(2007), black holes of intermediate masses detected by
gravitational-wave The LIGO Scientific
Collaboration (2019)) are widely discussed Carr and
Kuhnel (2021); Luca et al. (2020); Sakharov et al. (2021).
There are various proposals on the mechanisms that lead to

observatories

PBH formation, for example, based on hydrodynamic
perturbations Escriva (2022) and scalar field fragmentation
Cotner et al. (2019). In this paper we demonstrate how
primordial black holes can appear as a result of inflationary
dynamics in the framework of the f(R)-gravity model. The
proposed mechanism is based on the known possibility of
domain wall formation during cosmological inflation followed
by their collapse into primordial black holes (Rubin et al.
(2000); Belotsky et al. (2019)). The formation of these domain
walls requires a scalar field with a nontrivial potential
containing several vacuums. This type of scalar field
effectively arises in multidimensional f(R)-models in the
Einstein frame Lyakhova et al. (2018); Bronnikov and
Rubin (2006); Fabris et al. (2020). This field controls the
size of the compact extra space, and its different vacuums
correspond to different universes. In this paper, we calculate
the parameters of the domain walls formed by the field and
conclude that, as they appear at the inflationary stage, they will
immediately collapse into PBHs during reheating. For a
remote observer in the Jordan frame, the appearance of this
PBH is interpreted as a manifestation of the non-trivial f(R)-
gravitational dynamics of multidimensional space. These
PBHs that are formed grow rapidly in the process of
further cosmological evolution due to accretion and are
capable of turning into observable supermassive quasars at
(2018).
multidimensional f(R)-gravity and reduce it to an effective

small z Dolgov In Section 2, we consider
field theory. In Section 3, we explore the potential of the
resulting scalar field theory, showing that the theory can
contain domain walls. In Section 4, we model domain walls
and calculate their characteristic parameters in the considered
theory. In Section 5, we discuss how such domain walls can be
created in the early Universe and obtain the model parameters
for which this mechanism works. In Section 6, we study the
collapse of the obtained domain walls and show that it leads to

the appearance of primordial black holes of various masses.
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2 Model

This study is based on the modified f(R) gravity acting in D =
4 + n dimensions. It is described by the action’.

D-2
mp

S[gyv] = Jd4+nx |gD|

X [f(R) +c1R4pRY + CZRABCDRABCD]>

f(R) =a,R* + R-2Ap, 1)

where mp, is the multidimensional Planck mass. The parameters
ay, €1, ¢, of the Lagrangian (1) have dimensionality [ml‘)z], the
cosmological constant A has dimensionality [m7?]. Hereafter we
will work everywhere in units mp = 1, unless it is explicitly
specified. In this work we will represent multidimensional space
as the direct product of M = My x M, where M, is—four-
dimensional space, Mj,—an n-dimensional compact extra
space with metric

ds? = gwdxl‘dxv _ ezﬁ(z,x)del. @

Here g, is a 4-dimensional metric My, f3 is a metric function, and
dQ? is the linear element square of a maximally symmetric
compact extra space M, with positive curvature.

Cosmological scenarios based on this theory Lyakhova et al.
(2018); Fabris et al. (2020); Bronnikov and Rubin (2021). Are
finished by an effective 4-dim theory at the low energy. Its
properties are defined by the Lagrangian parameters of action
(1). The procedure for obtaining such a theory is also described in
Bronnikov and Rubin (2006).

Following this procedure, we assume maximal symmetry of
the extra space M. Its radius p = ¢ does not depend on the extra
coordinates. In addition, the useful approximation of this
effective theory works in a region where the extra curvature
R, =
curvature and changes slowly:

n (n — 1)/e* is large compared to the 4-dimensional

R=R,+R,+ P, Py=2nd"B+n(n+1)(3p),

Ry, Pc<R,. (3)

where Ry, R,, are Ricci scalars for My, M.

The approximation (3) applied to action (1) leads to the
effective 4-dim model with a non-minimal coupling between the
observed 4-dimensional gravity R, and the scalar field Bronnikov
and Rubin (2006). Let us review briefly this application. Firstly we
will reduce (1) to four dimensions, it is done by integrating over
extra coordinates:

2
S= ﬂJd“x —gae”

2 4)
x [f(R) +c1RagR*® + c,Rppcp RV,

1 In this paper we use the following conventions for the Riemann

B B B B .

curvature tensor Rﬂw = aarfw - B},l"fm + l"fml“ﬂu - F,f,l,l"fm, and the Ricci
tensor is defined as follows: Ry, = R,

frontiersin.org
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FIGURE 1

Graphs of the potential term and kinetic factor (7), (8) for
parameters: n = 6, ¢; = —8,000, ¢, = 5,000, a, = -500. The left
minimum of the potential is at ¢ = 0, but it is impossible to roll
down to it in a finite time because of the increasing friction
effect of the kinetic factor, the right minimum is at ¢min = 2.3-107%.

where my = \[27'7/T (1) is square root of volume of compact

n-dimensional extra space with unit curvature. Using the
smallness of Ry and R, (3), we can perform a Taylor
decomposition like (R) = f (R,,) + f(R,) - (Ry + Py) + -+ with
f(R,) = dfldR, where only linear term would be taken into
account. We do the same for RuR*® and R,pcpRAEP
(calculations for these terms are omitted due to their
tediousness). Therefore (4) is now:

S = %Jd“x =gie” [f(R)+ f'(R)- (Ry+P)+-].
€

We obtained a 4-dimensional theory with a non-minimal
coupling between gravity R, and the new effective field ¢ =
R,. This is the so-called Jordan frame, and we will use it as a
physically observed one Capozziello et al. (2010); Bahamonde
et al. (2017). To exclude non-minimum coupling (which greatly
simplifies the analysis) it is helpful to perform conformal
mapping: guy = g, = " F'(¢) gu» that translates the action
into Einstein frame Bronnikov and Rubin (2006), Bronnikov
and Rubin (2013):

st =% [ dixyegi sign(7)[R + K (8) @) -2V (9)]. ©

where g’f is a 4-dimensional metric, the Ricci scalar of the extra
space is perceived as new effective scalar field ¢ = R,, and f= fl¢)) =
ap* + ¢ — 2Ap and f = dfid¢.

The action (6) contains a potential term V(¢) and a nontrivial
kinetic term K(¢), which are expressed through the initial
parameters of the Lagrangian (1) [see Fabris et al. (2020)]:

_ U [ee( LY [\ nn+2)] a+a
<=5 [ (7) -2o(7) 52 72 0
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_ sign(f') ] " C1+2C2/(”—1) 2
vio) -] i 22l |

®)

The validity of the transition from 1 to 6 dictated by
inequalities (3) will be analyzed later.

Thus we have reduced the original f(R)-gravity model to an
effective field theory determined by the potential and the kinetic
term. Next, we will explore the potential and the kinetic term of
this theory.

3 Effective scalar field potential

For a wide range of parameters, the potential term (8) has two
minima corresponding to different vacuums of the Universe
(Figure 1). The value of the potential at these minima must
be almost zero according to the almost zero value of the
cosmological constant A, This leads to a relation of the
parameter ¢ = 1/4 (a + c¢,/n), where ¢, = ¢; + 2¢,/(n — 1).

The rolling of the field ¢ = R, into the right minimum of
the potential (8) corresponds to the stabilization of the
compact extra space R, # 0 (the extra space is compactified
and has some radius p,) and leads to the observed cosmology
Fabris et al. (2020). The presence of the left minimum R,, = 0
suggests the possibility of another scenario Bronnikov and
Rubin (2021), in which the extra space is unstable and expands
to the macroscopic scale.

The non-trivial kinetic factor (7) significantly modifies the
character of the field evolution ¢(f) in comparison to the
standard scalar-field theory, providing increasing friction
when rolling to the left minimum, see Figure 1. One can
simplify the Lagrangian by substituting

L4
v=m [ K@), V) =mVew). K)o
o

&)

In this case, y(¢) is monotonic and invertible (which is
required to find the potential in the expression (10)). After
simple algebra, the Lagrangian is reduced to the standard
form

m? 1 -

S = 74J‘d49€\/—g4 R4+ Jd4X\/—g4 [E(BW)Z —V(l//) 5 (10)
where  m?=167%/15 for  chosen  extra  space
dimensionality n = 6.

It is well known that potentials such as (2), which contain
several minima (vacuums), can lead to the formation of non-

trivial ~ field Shellard
(1994)—“bubbles” of one vacuum inside another, surrounded

configurations ~ Vilenkin  and

by a domain wall. In the next section, we model the domain wall
in the potential (2).

frontiersin.org
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FIGURE 2
Graph of the potential term V (y) of the effective theory (10)
for the parameters chosen in Figure 1. The right minimum is at
Ymin = 84.3. Strictly speaking, the left minimumis at y = —co, but for
this illustration, a very accurate approximation y = 0 is
sufficient (corresponding to ¢ = ¢o), up to which the effective
theory (6) still works. The maximum value of the potential in the
transition region between vacuury Viax = 4.1-1072% and the
steepness of the slope used \\V (y,,,) = 2.7-1071

80|
Jo.20
70} -
a Q
= 015 £
E e0f m
‘
2 Joo %
S 50 =
s
40 -0.05
30 C 1 1 1 1 1 1 l- 000
780 785 790 795 800 805  81.0
ux10'? [mp™"]
FIGURE 3

Numerical solution of (11) under boundary conditions: the left
minimum V(w) (Figure 2) is reached inside the bubble y(0) = 0, and
the right minimum is reached for the remote observer y(u — co) =
Ymin (@nd forms our Universe). In the graphs: the blue line is

the direct solution of y(u) (domain wall) and the red dashed line is
its corresponding function ¢(u). In this example the bubble radius is
ug = 8- 10%.

4 Domain walls

This configuration was investigated by deriving the field
equation for y from the effective action (10). For simplicity,
we consider it spherically symmetric and static, which gives the

equation:
2y, -~
Yt ==V () =0, (11)
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FIGURE 4

Energy density (13) profile along the radial coordinate u for

the solution shown in Figure 3. In the case of spherical symmetry,
the domain wall forms a bubble with surface energy density 0= 5 -
107 and wall thickness § = 1.2 - 10", according to (14), (15).

where u is the radial coordinate. When considering a sufficiently
large “bubble” (such that its radius is much larger than the
characteristic thickness of the domain wall y,,,, > 2y,/u) it can
easily be reduced to a first-order equation

0y = £ 2V (y).

The characteristic solution of Eq. 12 connecting the left

(12)

vacuum of the potential V (y) to the right one (Figure 2) is
shown in Figure 3 (blue line).

We can calculate the domain wall energy density ¢, as a
component T of energy-momentum tensor for the scalar field
Lagrangian y-:

oL,
) 9(d0y)
=5 (0uy) +V(y) =2V (y ).

00(

oy -L,g"

g (u) =T" (u) =

(13)

Integration over the radial coordinate (13) gives the surface
energy density of the domain wall in multidimensional Planck

units (mp = 1):
Yinin

U=T£w(u)du=wr¥dv/= J 2V () dy.  (4)

0 0 0

We can also formally estimate the characteristic wall thickness
0 as

J=‘[2V(1//)duz2%6 = ==
0

max

(15)

The domain walls considered in this paper appear to be very
large (Figure 4). As a result, they could be a source of primordial
black holes. The mechanism of formation and collapse of such
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domain walls is well studied in Liu et al. (2020); Garriga et al.
(2016); Rubin et al. (2000) and leads to the formation of
primordial black holes in a wide range of masses.

In this section, we calculate the characteristic parameters of
the domain wall. However, it is necessary to study how realistic
the mechanism of wall formation is, as explored below.

5 Generation of domain walls during
inflation

As stated above, the rolling of the y field to the right
minimum of Figure 2, creates the observable Universe. For its
formation, a mechanism of cosmological inflation is required. In
order not to complicate our consideration, we will consider
inflation as an external process with a characteristic Hubble
parameter H.

The mechanism of inflationary production of the bubbles of
alternative vacuum is well known Rubin et al. (2000). As a result
of repeated quantum fluctuations, the field y can be flipped from
the region of rolling down to the right minimum to the region of
rolling down to the left minimum in some areas of the
inflationary Universe. The size of this region is growing
during inflation while the v field is frozen near the potential
maximum. After the end of inflation, the field tends to have one
minimum inside the bubble and another minimum outside it.
Increasing energy density gradually forms the domain wall
(Figure 4) around the bubble.

Several constraints must be imposed on the working model of
domain wall production in the considered f(R)-gravity:

1. During cosmological inflation, 4-dimensional space is
12H?,

the
approximation (3) is applicable only for field values ¢ =
R, > R, = 12H". From Figure 1 we see that ¢ ~ 10°-107%,
so to satisfy the constraint we need H < 107

described by a de Sitter metric with curvature Ry =

where H is the Hubble parameter. Therefore,

2. To generate walls via quantum fluctuations of field y (near the
maximum of potential 2) its slow rolling is required:

V' (¥,.) <H. According to Figure 2 we see that

WV (¥,,..) ~ 107", meaning to satisfy the constraint we

need H > 107"

3. Domain walls should not be too dense to avoid dominating
the inflaton: &, < ;¢ ~ H*mj. From Figure 4 we see that &, ~
107, so to satisfy the constraint we need H > 107'".

4. The fluctuations of the y field during inflation should not be
too large to prevent overproduction of the domain walls: dy =
H/2m < y. As one can see from Figure 2, ¢ ~ 10, meaning to
satisfy the constraint we need H < 10.

All constraints above are satisfied if the inflation has the
characteristic scale 10" « H <« 10™*. Here my = 5.75 for n = 6
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according to (6). All estimations are given in the Einstein frame
and if the dimensionality is not explicitly specified, all
calculations are carried out in mp = 1 units.

As a physically observable example, the Jordan frame is often
considered for instances in which it is possible to manipulate the
4-dimensional Planck scale M, = Q(¢.;n)m4 by adjusting the size
of extra space. Following on from this, we will transform the final
physical results into the Jordan frame. Cosmological inflation
should be described in a physically observable frame—that is the
Jordan frame (denoted by the index J):

1
She = [ dxyFal [ @07 - U 00)],

where x is the inflaton whose potential U(y) determines the
Hubble parameter H ~ /GU () during the inflation. The
constraint above on H has been checked for the inflation in

(16)

the Einstein frame (denote it by the index E). The transition to it
from (16) is known Domeénech and Sasaki (2015); Fabris et al.

(2020):
g{w = Q’ngv, where Q7 = e"ﬁ(“’)lf'(qﬁ)l. (17)

Substituting (17) into (16), we obtain the action written in
Einstein frame:

S = [ g [307 @0 - v ()] =
< [yt [y - ()| = st

where transformations of the inflaton x* = Q7'y’ and its potential

(18)

U® = Q7*U to the Einstein frame are made. Here we use the fact
that during inflation the field ¢ is practically frozen (constraint 2)
and is in the region of maximum of potential, so the factor Q(¢)
can be considered constant and equal Q = Q(¢nax) ~2Pmin) ~
10° for the parameters chosen in Figure 1.

The Hubble parameter for the inflaton y* observed in the
Einstein frame is related to the Hubble parameter for the y’
inflaton observed in the Jordan frame as follows:

HE ~\[GUE(y) =[G U/ (x) ~ Q2H.  (19)
From this, in accordance with the constraint for H obtained
above for the Einstein frame, it follows that H > 10° ~ 10~ [M,] ~
10" [GeV] at the chosen parameters, which is consistent with the
observed data Akrami et al. (2020).

We derived constraints on the inflationary production of
domain walls formed in effective field theory. Our next step is to
discuss the mechanism of their collapse into primordial black
holes.

6 Formation of primordial black holes

During the inflationary stage, the classical motion of the
scalar field y is frozen—this is determined by the constraint two
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in Section 5). If there is a seed for the future domain wall it
appears during quantum fluctuations (the field jumps to the left
slope of the potential in Figure 2). Then, in this place the field
values y should lie near the potential maximum since the
fluctuations are small (constraint four in Section 5). At the
end of inflation, the inflaton the Hubble parameter vanishes,
and the v field begins to rapidly roll from the maximum to the
potential minima (to the left minimum, for the inner region of
the bubble, and to the right minimum for the outer region).
During this roll-off, the energy density o(f) in the transition
region gradually grows up to the value o calculated in the
In addition,

expansion, the radius of the region is growing u,(f) = upa(t)

previous sections. due to postinflationary
also, where uy is radius at the end of inflation and a(t) is scale
factor. Because of this, the mass of the formed domain wall
increases m,(t) = 4mu,(t)*o(t) together with its gravitational
radius uy(t) = 2Gm,,(t). At a certain time, the gravitational radius
will cross the entire domain wall u, (t) = u,, (t-) and a primordial
black hole with mass m,, (¢-) will form for a remote observer.
The moment #« of the crossing of the wall by the gravitational
radius in our model happens before it reaches the final energy
density o. This can be seen from the fact that the ratio of the
gravitational radius to the size of the wall is greater than unity
(assuming that the wall has a final energy density o)

u
4 = 8aGou,, >m;*08 ~ 16,

Uy

(20)

where the fact that the wall radius is always larger than its
thickness u,,(tf) > 6 is used. The ratio (20) is calculated for the
wall parameters obtained in Figure 4 and holds for any model
parameters (1) satisfying the set of constraints discussed in
Section 5. The wall is formed long before the field rolls to the
potential minima. The black hole is formed at the time ¢ when
the horizon radius u, is approximately equal to the wall radius w,,.
Hence, the mass of the PBH can be estimated as

Mppy = my (t:) =ty (t*)/ZG = U, (t*)/ZG = upa (t*)/ZG.
(21)

All processes described above occur in a very short time interval £,

which is significantly less than the characteristic time of the field v

roll-off to the of
—1

tx<Ty ~ \V (Yp) = 10* [M;']. This time in our model is
less than the inflation time Tjyr =~ 60 H™! ~ 106 [M,']. Therefore,

the roll-off of field y process occurs at the reheating stage (as for the

minimum potential,

inflaton), the scale factor at which we can approximately Lazarides
42

(002 at) = (o + /) ¥ < (i

+Ty) Ting) ™ ~ (1 + 1071)% ~ 1, where v is the index of degree

in the inflaton potential. It means that the time interval . is very

consider

short and one can neglect the post-inflationary expansion.

The radius u, is determined by the moment of inflationary
generation of the fluctuation, leading to the subsequent formation of
the wall. If the fluctuation is formed at the e-fold N of total number
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Nins then its size by the end of inflation will be uy = HyteNor™N . For
example, suppose that the fluctuation of the y field leading to the
wall formation occurred at N = 25 e-fold of Nj,r = 60 and the
inflation scale is H ~ 10" GeV (which are characteristic parameters
Akrami et al. (2020)) a PBH of mass Mpgy ~ 1,/2G ~ u/2G =
4rM3H e ~ 10" [GeV] ~ 107¢ [Mo] is then
immediately after the inflation ends. During further cosmological

formed

evolution in the reheating stage, the PBH will gain mass as a result of
accretion. Since such black holes are formed in the super-dense
Universe, immediately after the end of inflation, their masses can
reach many solar masses.

The dynamics of the accretion process are rather complicated
and depend on the properties of the reheating stage Carr et al.
(2018). There are practically no observational data, and properties of
that epoch could be calculated via chosen inflation mechanism. The
Universe expansion rate at this time is much slower compared to
inflation but much faster compared to today. There is still no
solution without singularities for accretion problems in
expanding universes (Faraoni and Jacques (2007)), especially in
high density examples. The properties of the accretion determine the
final mass spectrum of PBHs. Therefore, obtaining a final PBH mass
spectrum and studying its properties are separate works that should
be explored in future research.

Calculation of the initial (post-inflationary) mass spectrum
N(M) of the above described PBH is reduced to the calculation
of the size spectrum N(u) for the y field fluctuations generated at the
inflationary stage. It can be done by substituting the connection u =
u,, = 2 GM. The spectrum N(u) is calculated in such works as
Belotsky et al. (2019); Nikulin et al. (2017, 2019). They investigated
the dependence of this spectrum on inflation parameters and the
initial field value v, with which the modern horizon appears. In
these works, it was shown that the width of the spectrum, the
characteristic masses, and the total number of PBHs strongly depend
on the choice of y,. We will not investigate the spectrum in the
present paper, since its goal was to demonstrate a new mechanism
for PBH formation, arising in f{R)-gravity with the extra dimensions.

7 Conclusion

This article discusses a model of multidimensional f(R)-
gravity that gives rise to the formation of primordial black
holes at an early stage of cosmological evolution. For a remote
observer in the Jordan frame, the formation of such black holes
can be interpreted as a manifestation of non-trivial gravitational
dynamics of multidimensional space after cosmological inflation.

In this paper, the dynamics of the extra dimensional metric
are reduced to the dynamics of the effective scalar field. The
domain wall formation occurs just after the completion of
cosmological inflation. We show that PBH nucleation is
inevitable in our model for that range of parameters of f(R)-
gravity, which both satisfies cosmological constraints and leads to
a non-trivial effective scalar field potential. The mechanism of
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collapse into primordial black holes has been studied in Belotsky
et al. (2019); Nikulin et al. (2017, 2019).

Primordial black holes arising in the developed mechanism
appear at the reheating stage and then actively grow due to
accretion. In addition, the formation of several domain walls
under one gravitational radius is possible, which modifies our
mechanism. These complex processes affect the formation of the
final mass spectrum of primordial black holes and will be
considered by us in future works.

The cosmological consequences of multidimensional f(R)-
gravity are quite rich and lead to a variety of exotic observational
manifestations. As our study shows, the widely discussed primordial
black holes are such manifestations. Therefore, the confirmation of
the primordial origin of some classes of black holes may be evidence
in favor of the existence of extra dimensions.
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